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Differential relations for the largest root distribution
of complex non-central Wishart matrices

Raimundas Vidunas and Akimichi Takemura

Abstract.

A holonomic system for the probability density function of the
largest eigenvalue of a non-central complex Wishart distribution with
identity covariance matrix is derived. Furthermore a new determi-
nantal formula for the probability density function is derived (for the
dimensions m = 2, 3) or conjectured.

§1. Introduction

The Wishart distribution is an important higher dimensional gen-
eralization of the x2-distribution. In many applications the distribution
of roots (i.e., eigenvalues) of Wishart matrices are needed (see references
in Hashiguchi et al. [2]). In this paper we consider complex non-central
Wishart matrices, which are important for applications to performance
evaluation of wireless communication systems (Siriteanu et al. [7], [8]).
The purpose of this paper is to give differential relations for the largest
root distribution of complex non-central Wishart matrices based on the
result of Kang and Alouini [4].

Suppose we take n random vectors xz; € C™, i = 1,...,n, in-
dependently drawn from an m-variate complex Gaussian distribution
CN (v;, X)), with the mean vector v; and the covariance matrix 3. We
put those vectors into n x m matrices X and V. The distribution of the
random (symmetric, positive definite) m x m scatter matrices S = X*X
defines the complex Wishart distribution W, (X, V*VX~1 n) with de-
grees of freedom n, covariance matrix > and the non-centrality param-
eter matrix V*VX~!. We are interested in the distribution of largest
root of S.
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In the special case m = 1, we have the distribution of the value
|#1|? + ... + |2,]%. In the R-valued case, this is the y?-distribution.
The central x2-distribution (V' = 0) is a special case of the gamma
distribution.

The distribution of the largest root of the R-valued central Wishart
distribution is known, Muirhead [5]. The probability distribution func-
tion for the largest root is expressed in terms of a matrix hypergeometric

function:
Ly, (2 ) (det )~z x z\'2" ml g
(1) —— exp(——trZ_l) (—) ik, Ti YT,
Fm( +2+1) 2 2 +2+1 2

Here I, (2) = mim(m=1) [T, T (2= 1) is called the multivariate
Gamma function and the 1 Fy (M) function is defined in terms of symmet-
ric functions (zonal polynomials) of the eigenvalues of M; Constantine
[1], James [3].

A holonomic system for 1F1( ‘ M ) in terms of the eigenvalues \; of
M was derived by Muirhead [5]. For i € {1,2,...,m} we have

92 L1 “ ) B
j=0,j#1

Efficiency of the holonomic gradient method was demonstrated by Hashi-
guchi et al. [2].

In Section 2.2 we derive differential relations for the density function
of the largest root of complex non-central Wishart matrices with the
identity covariance matrix ¥ = Id. Additionally we assume the Gaussian
distribution to be circularly symmetric; see [6], [11, Complex normal
distribution]). A conjectural formula is given in Section 2.3. Later
sections are devoted to proofs and additional results for m < 3.

§2. Setting and the contributions

The cumulative distribution function F, ,,(z) for the largest root x
in the circularly symmetric case was derived by Kang and Alouini [4].
Let us recall the hypergeometric function

(3) 0F1<Z) = 0F1<; Z) = i (na)::k!’

k=0
where (n); = n(n+1) ... (n+k—1) is the Pochhammer symbol [11]. This
function is related to the non-central y2-distribution and the modified
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Bessel function [9, §9]

0 hesSa()

We introduce the integral

(5) H(z,y) = /Om t’“etoF1<ty>dt

n

related to the Marcum @Q-function [9, §9]

oo

“ Q"(I’y):(ne:i)! , tnletoE(fj)dt.

2.1. The distribution functions

Let Aq,..., A\, be the eigenvalues of V*V. The Kang—Alouini dis-
tribution function for the largest root of W,,(Id, V*V,n) is

(7) N
P = (e )

{tn—m)y™ IT TTu=29)

i=1 j>i

Here )", indicates the i-th row of an m x m matrix, with the column
index implicitly taken to be j.
The probability density function is

0
(8) UVnom (T, A,y Am) = %}'ﬂ’m(m)\l,...,)\m)
_/\1_ )‘771.
(9) = m_m Rn,m(xv)‘la"'v)‘m)v
(n—m)l}™ H H
i=1 j>1

where

9 n
(10) Ry (@ Aty A) = 5 det (Hn (@A) ) 1)

_ T H' D (2, M) )iST
11 =e 7 F det | “TnmmA I\ I iFk )
(11) ¢ ZO 1(n—m+1> ¢ < "I )i

h—1 i=k
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For example, an expanded expression for m = 3 is

Rnz(x, A1, A2, A3) =

" —1 xn—Z xn—3

A n n— n—:
ooy ("N, ) det | HSh ) HiZie ) M)
H) 5 (x,As)  H~ 22(1‘ As)  HZ3 (2, Ag)
+e "ol (n 22> det 1t x” 2 "3
Hy =y (x,hs)  HL73(x,As)  H) 75 (,As)
3 ooy (ES @) M) H )
rar ey () )aeo | k) 2 ) IS
T x 1

2.2. Main results

The main result of this paper is a holonomic system of differential
equations for Ry (2, A\1,...,Ay), for any dimension m. It is formu-
lated in the following two theorems. The first one introduces a holo-
nomic system with the differentiations 9/9\; only. Theorem 2.2 allows
to introduce or eliminate 9/0z.

Recall [10] that a least common left multiple (LCLM) of several
differential operators Lq,..., Ly in the Weyl algebra C(z,y)(9/dy) is a
differential operator £* of minimal order such that £* is a left multiple of
any L;, j € {1,...,k}. An alternative defining property is that L*Y = 0
is a differential equation of minimal order such that all Picard-Vessiot
[10] solutions of £;Y = 0 are solutions of L*Y = 0.

Theorem 2.1. Let us define the differential operators

0? 0
(12) PM{y]zyﬁJr(MJrl)a—y—x,
63 0? 0
(13) On umlyl = 6 5+ (M — y+2) (x+N+1)a—y+x.

Let us denote Ti[y] = Pn—m[y] and
(14) Tilyl = Qn-msjn-mlyl ~ for2<j<m.

The following operators annihilate Ry, m (2, A1, ..., Am):
(i)  The products Tg[M] -« Te[Am], for k=1,2,...,m.
(i)  The least common left multiples LCLM(T1[Ax],- -, Tm [ k])
with k=1,2,...,m
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Theorem 2.2. This second order operator annihilates the function
Rmm(l‘, /\1, ceey /\m):

m

3] 02 o) m(m — 1)

The theorems are proved in §3.1 and §3.3. To get differential equa-
tions for the density function ¢, ., (z, A1, ..., A\p), the presented opera-
tors must be modified by the gauge translations

o 0 1
(16) 6)\i'_>8>\¢+1+§/\i—/\j'
j#i

This is a standard technique to account for the front factor in (9).
By its determinantal form (10), the target function Ry, m (@, A1...; Am)
is a non-logarithmic and anti-symmetric function. In particular, it is

multiplied by the sign (—1)° under a permutation o of the variables
ALy Am

Theorem 2.3. (i)  The differential operators of Theorem 2.1
annihilating Ry m(z, A1, ..., A\m) generate a holonomic sys-
tem of rank 2m! - 3m~1,

(ii) Let S denote the subspace of anti-symmetric solutions in a
full solution space (of dimension 2m!-3™~1). Then dimS =
2.3m1L,

(iit)  The subspace of non-logarithmic anti-symmetric solutions has
the dimension 2™~ 1.

(i) There exists a holonomic system of rank < 3™ — 1 defined
over Q(x, A1, ..., A\p) and annihilating Ry, m (2, A1, ... Am).

This theorem is proved in §3.2. Our computations for m =2, m = 3
indicate that the lower rank system has markedly more complicated
equations and singularities. These computations are presented in §4.

2.3. A conjectural formula

We were led to Theorem 2.1 after computing holonomic systems for
Rn2(x, A1, A2) of rank 12 and 8, elimination of 0/0x, 0/0As and ob-
serving a differential operator in 9/0A; of order 5 with a simple LCLM
factorization. Computations for R, 3(x, A1, A2, A3) led to holonomic sys-
tems of rank 108 and 26 cumbersomely, but probing for a differential
operator in only 9/0A; quickly gave one of relatively low order 8 and a
remarkable LCLM factorization into operators of order 2 or 3. Theorem
2.1 establishes continuation of this pattern.
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The solution space of the holonomic systems in Theorem 2.1 is highly
factorizable by specificity of the presented generators. Particular solu-
tions are

(17) det <Yj($a)‘i) >L)’

where Yj(z,y) is a solution T;[y] Y; = 0. The LCLM operator in (i) an-
nihilates the kth row of this matrix, while the product in (i) annihilates
the kth column. Based on obtained new expressions for R, 2(x, A1, A2),
Rn.3(x, A1, A2, A3), solutions of O ar[y] and their recurrences, we con-
jecture that R, ., (z, A1,...,\p) has a determinantal expression (17).
Here is a formulation in the transposed form.

Conjecture 2.4. Let us define

ry Ty
1 oz, y) =n oF F
(18) Gna(z,y)=no 1(n>+yo 1<n+1>
<, xt
+(z—y—n+1)e’ e "o dt.
y

n+1

For m > 2, we recursively define
2

0
(19) Gomiae) = (=0 o = (0= + 1) 24410 G0

We conjecture that

Fl( o ) )j=1
20) Rum(z, A1, .., A\p) = C(z) det 01\ —m+1 I
( 1 G"—mﬂ}j(ifv >\i) >j:2

with
(n—m+ 1)z (3)-1e-me
[Ty (n —k+ 1)k

Note that ¢F; (n_ﬁlﬂ) is a solution of P, _,[y]Y = 0. As we show
in §3.4, the function Gy, ., (x,y) is a solution of Q4 jn_mly] = 0 for
any integers n > m > 0. Recurrence (19) stems from §3.4 as well.

Notably, the integral in (18) is complementary to HJ, ,(y, z).

The conjecture has been fully checked for m = 2 and m = 3, as
described in §4.2 and §4.4. Also, the front factor (21) has been confirmed
for m = 4. The conjecture happens to be true for m = 1 as well. In §4.2

we specifically prove
(22)

2n—2 ,—A1—A2—2x A1 T2
wn 2(1’7 )\1’ )\2) = z € det of1 (n—l) oF1 (n—l) .
' n!(n—2)1 (A1 =A2) Gra(x, A1) Gz, A2)

(21) Cla) =
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If Ay = )Xo, application of 'Hospital’s rule leads to differentiating a
matrix column. For comparison, expression (8) is
(23)
8det< HpZl(x, M) HpZi (e, 29) )
e Mir2 O H3ZH (M) HyZf (2, o)
{(n—2)!}2 A1 — Ao

Yn2(x, A1, A2) =

Not only the differentiation 0/dz is avoided, but the integral in (18) is
numerically preferable to the H 3:11, Hg:lz functions.

Significance of the conjectured formula is that it would utilize the
factorization structure of the holonomic system in Theorem 2.1. Ap-
plying the holonomic gradient method to the entries of the conjectured
matrix would be more efficient than employing the same method for the

large multi-variate holonomic system.

2.4. Auxiliary integrals

To get the holonomic system, we use recurrences for Hx (x, ) in (5)
and the generalization

(24) Hﬁ’g(iay) = / e_t tk({E - t)é 0F1 <ty)dt
0 n

Surely, H*O(z,y) = HF(x,y). These differentiations are straightfor-
ward:

(25) %Hﬁ(m,y) =rFe™® oFl(?),

(26) S HE @) = 1 HEE Y ),
Lemma 2.5. Ifk > 0, then

@7)  HE (ry) =HEa,y) + L HE (),

n(n—1) "t
%)  kHYY(w,y) = HE(x,y) — L HY ke oFy (Y

( ) n (l‘vy)_ n('rvy) n n+1($,y)+$ € oLt1 n )
n—y—1 Y
n(n—

(29)  kH)[(a,y) = HEt (2,y)

k
Hn(x7y) + 1) n+1

n—1

+ Ikex0F1< Ty >
n—1
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Proof. The first formula follows from the recurrence

(30) “”<ni1)::“*<Z>'*n@f;1>ﬁﬁ<nil>

that is equivalent to the hypergeometric equation (with a = n)
(31) 2Y"(2)+aY'(2) =Y (2) =0
for gFy(2). The second formula follows after integration by parts
* t
(32) HY(z,y) = — / tkoFl( y)def.
0 n

The last formula follows after substituting n +— n — 1 in (28) and elimi-
nating H¥_, (x,y) using (27). Q.E.D.

Formula (29) is equivalent to the differential equation
2

0 0 k _ k+l—=z Y
) (15,2 + (1 -w)y, —k—1) Hilwy) = e R (V).

We can obtain recurrences that shift only the indices k or n, presented in
the following lemma. Remarkably, both formulas lose an H-term when
k =n — 1. The simplified formulas are readily applicable to the j = m,
j=m—1 columns in (7).

Lemma 2.6. If k > 0, then

nin—1H;_(z,y) =n(y+n—DHE(z,y)+y(k—n+1)H},  (z,)

4 _ k+1 . —x F xry
(34) yxr e01<n+1,

HE () = (y —n+ 2k + 2)HE (2,) + k (n — k — DHE (,y)
(35) — (n—l)xkefonl <’I’Lz—yl> + (k—l’)il?keizoFl <:Z;Ly>

Proof. The first formula is obtained by eliminating H*~!(z,v),
HF~1(z,y) from these 3 equations: (28), the shift k — k — 1 of (27),
and the shift n — n — 1 of (28). For the second formula, we eliminate
HE (z,y), HEZ (2,y), HFT] (2, y) from these 4 equations: (28), (29),
the shift k — k — 1 of (27), and the shift k¥ — k + 1 of (28). Q.E.D.
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Lemma 2.7. The following recurrences with two H-terms hold, for
n > 0:

36) (=D ) =+ - DEE o) - “eran 7)),

n+1
B yx Ty
37 H" = H ! _ 27 e F
(37) Ho) =+ ) - e on 7))
_I"I’LeCD()};jl(l‘y)7
n

_ _ Ty
38 H" =nH" ! —z"e F .
( ) n+1(x7y) n n (%y) xr e 0 1<TL+]_>

Proof. The first two formulas constitute the special case k =n —1
of the previous lemma. The third formula is obtained by eliminating
H)(x,y) from (37) and the shift n +— n + 1 of (36). Q.E.D.

Formula (38) is comparable to the recurrence for the incomplete
gamma function y(a,z) = [} t* le~ dt:
(39) va+1,2)=a~(a,z) — z"e™".
The presented recurrences can be used to express all matrix entries in
(7) in terms of H"'"" | (x, \;) and two oF; functions.

Proposition 2.8. Any function HF(x,y) with integer n > 1 and
k>n—1 can be expressed as a Q(x,y)-linear combination of

_ _w T o x
HJI\\,[ 1(m,y), zNe 0F1<]\zf/), zNe 0F1<Nji1)

for any N > 1. The same statement applies to the derivatives of
HE(z,y) of any order (with respect to x,7y).

Proof. Lemma 2.7 proves the first claim for k =n — 1 and k = n.
Lemma 2.6 extends the statement to larger k. Differentiation rules (25)—
(26) imply the second claim. Q.E.D.

Recurrence relations H¥‘(x,y) are obtained by a straightforward
extension of the results for H”(z,y).

Lemma 2.9. For k>0, £ >0 we have
(40) @ Hp (a,y) = Hy ™ (2, y) + Hy (e, y),

k.t , Yy k41,6
(41) Hn—l(xvy) :H's Z(x’y) + m Hn::-_i (a:,y),

_ - Y
(42)  HY'(ey) =k H Y () — CHP T ayy) + - H (2,y).
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Proof. The first recurrence is obtained by splitting
(z—t) =z(z—t)" —t(x—1t)"!

in the defining integral (24). The other two equations follow similarly
as (27)—(28), from the three-term recurrence for the ¢F; function and,
respectively, by integration by parts. Q.E.D.

Lemma 2.10. For k>0, £ > 0 we have

(43) (n=1)H, "y (ay) = Hy () + CHY  (2,y)
+(n—k—=1H Y (zy),
(44) RH T (2yy) = HL (o) + CHPS (2,y).
Proof. First we show this intermediate equation:
k041 Y k+2,¢ _
(45) Hn—l (J?,y) + TL(TL—].) Hn+1 (xay) -
FrRoAtL zry FELL '
n (SC,y) + n(n—l) n+1 (Z,y)

It is annihilated by the relations of Lemma 2.9 as follows. The two terms
with denominators are eliminated by (41) and its shift k — k+ 1. Then
elimination of H*(z,y), H™" (x,y) by (40) and its shift n — n — 1
leaves no terms.

Now multiply equation (45) by (n—1) and apply the shifts k — k—1,
£+ {—1. Then subtract (42) and eliminate the terms with denominators
using the shifted version n — n + 1, £ — ¢ — 1 of (40). The result is
(43). The second claimed recurrence is the special case n = k + 1 of the
first one. Q.E.D.

§3. Proofs and analysis

The motivation for this article was potential application of the holo-
nomic gradient method [2] to computation of the probability density
function ¥, pm (2, A1, ..., Ap). Our main results are formulated in §2.2
for the function Ry, m (2, A1, ..., Am) as in (9). The obtained holonomic
systems are more complicated than expected, in the simplest cases m < 3
as well. As mentioned at the end of §2.3, application of the holonomic
gradient method to the entries of the conjectured matrix in (20) should
be more effective than employment of multi-variate holonomic systems.

This section proves the main results presented in §2.2. Additionally,
§3.2 discusses the obtained holonomic systems, and §3.4 presents explicit
solutions and recurrences relevant to Conjecture 2.4.
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3.1. Proof of Theorem 2.1

The product 71[A1]. .. 7T1[A\] annihilates Ry, 1 (2, A1,...; Am) because
the operators T1[\;] = Pp m[\i] annihilate the front factor oFy (nfsl’ﬁ)
of each term in (10). Remarkably, the other operators annihilate each

term in (10) as well.
Consider now the action of Tp,[y] = Qp m[y]. We have

T T A Rom (2, A1, Am) =

(46) eIiTm[Ak]oE(n Ak >det<Tm[/\i]HZ:£l*1($’)‘i) >3§?>.

Pt —-m+1 and Yiek

We claim that all m determinants are zero, because the matrices have a
specific kernel vector

m—1 j\ " T
(47) ((j—l)(*x)j >j:1> :
The scalar product of this vector with the ¢ = k rows

(48) (x"_l, 2 ,x"_m)T

m—1

jil) = 0 as well known.

equals 0 straightforwardly, since Z;ﬁ:l(—l)j (
We want to show

) (D) T ) =0,

By applying the differentiation

0 0

(50) Tmlyl = (8_y - 1)Pn,m[y] -m dy

and recurrence of Lemma 2.5,

n—j n—j € +] -1 n—j
Tl Hp =2y (2y) =a HYZD L (2,y) — ———— H 700 (2,y)

n—m-+1
51 _ it vy,
(51) v e o 1(n—m—|—2

We ignore the last term, for linear dependency with the i = k row. By
permuting the summation and integration, our target is

(52) /Oxe—tt"—m(x — )" Pz, t)dt = 0
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with
yt t(x+m—t) yt
53) P(z,t) = (x—t) oF ——~F .
(53) Plz,t) = (@=#)o 1<n—m+1) n-m+1 " "\n-—m+2
This integral is equivalent to the recurrence relation
(54)
(n—m+1) HyZ o (@ y) = Hy il ™ (,y) +m HyZ 5y ™ (2, y)

that is equivalent to (43). The claimed relation (49) follows.
Other products Ty[A1]--- Ty[Am] with 2 < ¢ < m annihilate the

function Ry, (x, A1, ..., Ap,) similarly, with the kernel vectors
q—1 i\ T
(55) (0, 0, (8 ) () >j:m_q+1)
m—gq

of the m matrices

(7:1 [/\i]HZ:rjn{ﬂ(Iv Ai) >§km>

") Yi=k

in an expression like in (46).
For ¢ =1,...,m, the LCLM(T1[\¢], ..., Tm[A¢]) transforms the func-
tion Ry m(z, A1,..., Am) tO

n—j i<m
. m Tk Hn—irt—&-_l'('r’)‘i) >i¢k,g
e Y R (n—m—!—l) det | LCLM H;, ), 1 (@, A) )i

k=1, 40 z"d )i=k

The i = ¢ row is proportional to the i = k row vector (48), because:
e For ¢ = 2,...,m, the operator 7,[\¢] makes the i = ¢ row
“orthogonal” to (55).
o The LCLM is a left factor of each 7;[\¢], thus preserves the
“orthogonality” property.
e The vector (48) is the only vector “orthogonal” to the m — 1
independent vectors.

Hence the LCLM operators annihilate all m terms of Ry, (2, A1, ..., Am).

3.2. Holonomic systems

Here we prove Theorem 2.3. To simplify technical details, we posit
that differential Galois theory [10] extends straightforwardly to the con-
sidered holonomic systems.

Let M denote the system of differential operators in Theorem 2.1
annihilating Ry, (2, A1, ..., Ap). It is a holonomic system, because the
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LCLM operators bound the order in each 9/9\;. Since the rank of an
LCLM operator equals 3m — 1, a straightforward upper bound for the
holonomic rank is (3m —1)™. After a choice of (Picard-Vessiot) solution
basis for each Ty [y], the subsystem of LCLM operators has the following
straightforward basis of solutions: g¢;, (A1) -+ gj,, (Am), where gi(y) is a
basis solution of T;. Let B denote this basis of (3m — 1)™ functions.

The solution space of M is considered inside the span of B. The
following 2m! - 3™~! functions in B will be solutions of the differential
system M: g1(Aj,) - gm (N, ), where gx(y) is a basis solution of Ty [y],
and (ji1,...,Jm) is a permutation of (1,...,m). Any other element of B
is not annihilated by at least one operator in (i) of Theorem 2.1, and
a linear combination of these elements will not be nullified by the same
operator(s). The claim (i) of Theorem 2.3 follows.

The solution space of M splits into a direct sum of 2-3™~! subspaces
that are invariant under the permutations of A{,..., \,,. Each of these
subspaces gives one independent anti-symmetric solution, and the claim
(i) follows.

Each operator T;[y] has logarithmic solutions at y = 0. A broad
reason is that appearance of oF; (Z) functions brings the ill-determined
functions OFl(an). More precisely, logarithmic solutions appear in a
limit @ — n of the general solution

(56) C,0F1<Z)+C//21aoF1< & >
a 2—a

of the hypergeometric equation (31) with generic a € C. Analysis of local
solutions of T¢[y] at the singularities y = 0, y = oo shows that the space
of non-logarithmic solutions of T[y] is one-dimensional for k& = 1 and
two-dimensional for k& > 2. Explicit instances in §3.4 demonstrate this.
Similarly as above, the space of non-logarithmic solutions for M has the
dimension 2™~ 'm!, and the space of non-logarithmic anti-symmetric
solutions has the dimension 2m~1,

Existence of a holonomic system of rank < 3™—1 of claim (iv) follows
from Proposition 2.8. It allows to express Ry m(z,A1,..., Ap) and its
derivatives as Q(z, A1, . .., Ap)-linear combinations of f1 (A1) -+ fin (Am),
where each

Aj Aj
(57) f;(0) € {Hi M@, A a"e Ry (Inj),x”eonl <nz—|—]1) 3

These functions generate the space of dimension 3™, but the term

H Y, M) - HP N, Ay
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does not appear, because Ry, (T, A1, ..., Ay, is defined after applying
0/0z, and further differentiations will not bring this term back. Exam-
ples of these linear expressions are given in §4.3.

Remark 3.1. The determinants in (17) linearly generate the space
of anti-symmetric solutions in Theorem 2.3 (). They form a Grassma-
nian-like variety in this space. Taking scalar multiplication of the rows
and the whole matrix into account, the dimension of this variety equals
(2—-1)4+ (m—1)(3—1)+ 1 = 2m. Similarly, the subvariety of non-
logarithmic anti-symmetric determinantal solutions has the dimension
(I1-1)+(m—1)-141=m. For m = 2, comparison with the dimension
count in (i) of Theorem 2.3 implies that a determinantal formula like
(22) is inevitable.

Remark 3.2. In the proof of Theorem 2.1 we may start with any

m—1 independent vectors (viq), .. 7v,(g)) “orthogonal” to monomial vec-
tor (x,22%,. 7x ™Tand take for T3[y], ..., Tm[y] the operators annihi-
lating 377" )H,TZ fnﬂ(x, y) up to a term proportional to (48). The

alternatlve operators
TelM] - Te[Aml, LCLM(T1[Ak], - - s T Ak])

would generate a holonomic system annihilating R, (2, A1, ..., Am) by
the same reasons. They would have order 3 as well by Proposition 2.8,
but they would be more complicated, with additional singularities. For
example, taking m = 3 and the vector (1, —xz,0)7 gives the differential
operator

58 ’ ” 12 2

68 Quali ey (g v o)
instead of Q,,_12[y] corresponding to (0,1, —z)”. As shown in §4.4,
the LCLM operators are apparently the same as in Theorem 2.1. This
powerfully demonstrates non-uniqueness of LCLM factorization in non-
commutative Weyl algebras [11]. But different products in Theorem
2.1(i) lead to different holonomic systems, of the same rank though.

3.3. Proof of Theorem 2.2
We have to prove that

0~ 02 0
(59) x&v—i-’;(/\ka)\i—i-(n—m—i-l—)\k)m)

") — 1. Note that

multiplies Ry, 1 (%, A1, .., Ay ) by the constant mn — (2
1) by Leibniz rule,

only 9/0x in (59) splits the summation factors in (1
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because the determinants do not depend on the respective \; in each
summand of (11).

The action of (59) on the front factor e in (11) is multiplication
by —z. This is compensated by the action on the oF; factors in (11),

because:

0 0
° x% _ )\kﬁi)\k nullifies oFy (2 Ag);
0

)\ka)\2 (n—m%—l)ﬁ :Pn_m[)\k]‘Fx

The action on the determinants gives

o0 e, 5 Jae(( )

- <
Tk H,~ m+1(33 Ai) >§¢km,e
=S () e e )
ke b=1,k20 and )i=k
because:
e Applying 9/0z to the rows i # k gives linear dependence with
the ¢ = k row;
e Formula (33) implies

2
(61) (AKW (n=m+1+A) )Hg*mﬂ(x,Ae)

n—j —x il?)\z
=(n-j+1)H" mﬂ(x M) —a" It le OFl(n—m—Fl);
e The new terms with oFj(z\;) can be ignored by linear com-
bination with the ¢ = k row.

We split the factors (n — j + 1) in the rows ¢ = ¢ into (n — j) and

(4+1). The (4+1)’s aggregate to multiplication of Ry, 1 (%, A1,. .., Am) by

m(m — 1)/m. The modified summation (60) becomes a sum of m special
instances ¢; = n — j of the following lemma:

Lemma 3.3. For any m X m matric (ai,j )7;1) and m scalars
C1y...,Cm we have

Zdet(a” ii?) (icj) det(a,j m 1)

cja
Jm>zé J=1

Proof. Each of the m! expanded terms of det (ai, j) gets multiplied
by c1,..., ¢y among the m - m! expanded terms on the left-hand side.
Q.E.D.
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In conclusion, (59) multiplies Ry, (2, A1, ..., Am) by

= m—+1 m
m + ]Ezl(n j)=m + mn ( 5 ) mn (2>

3.4. Solutions and recurrences

Here we present solutions of the differential equations Qn ap[y]Y =0
with N — M € {2,3,4}.

Lemma 3.4. Let N denote a positive integer, and let
Lo=y—xz+ N —1,
L3=1L3+2x— N+1,
Li=L3+302x—N+1)(La—1)— N +1.
o A solution of On n—2[y]Y =0 is

X X
(62) Ynoa(z,y) =Nk ( ;;) +yob1 (Nﬂy—l) + Lye¥ HY (4 (y, @).

o A solution of QN N—3[y]Y =0 is

N N—+1
+ Lze? HR,_H(y,x).

(63)  Yns(a,y) =N (L, 2>0F1<xy> +y(le - 1)°F1< - )

o A solution of Qn n_aly]Y =0 is

(64)  Yna(w,y) = N ((Ly —2)° + 2y + 22 + 2) oFy (”jf;)

Ly—1) ~N4+2) R ("
+y((La—1)+y+3z +2) 0 1(N+1)

+ LieY HY 4 (y, @).
Proof. The operator Qn, n_a[y] factors as Ko/Cq in R(x, N, y){(9/0y),
with

0 1
= — —1— —
’Cl ay L27

0? y ad



Differential relations for the largest root of Wishart matrices 427

The solution of I1Ys = 0 is Ya(x,y) = Loe¥. This is a solution of
Onn_2[y]Y = K3K1Y = 0 as well. A non-logarithmic solution of

KoY =0 is
1 Ty 1 Ty
Ya(y) = L <0F1<N> +11<70F1<N+1>)'

Solving On n—2[y]Y = 0 now means solving the non-homogeneous
K1Y = Y3. This leads to the integration

Y e ! xt t xt
F —oF dt.
/o (- + N1 ( 1<N)+N° 1<N+1>)

After a step of integration by parts (and multiplication by N), we obtain
(62).
The other two operators On n_am[y]l, M € {3,4} factor similarly

ICéM)ICgM) as Qn n—2[y]. In the same way, by solving the first order
IC%M)YQ(M) = 0 and the second order ICéM)Yg(M) = 0, we are led to
solving the non-homogeneous first order ngM)Y Yg(M). The equations
ICgM)Y;M) = 0 have M — 1 apparent singularities defined by Lj;Y = 0.
Maple 18 does not solve them, but looking at (non-logarithmic) power
series solutions multiplied by Lj; we recognize the solutions

M

1 M Y xy
65) v L ( )7F< )
(65) 3 Lar ; i) (N=M+1); " "\ N-M+j+1

Similarly as for M = 2, the solutions of ICﬁM)Y = Y3(M) are integrals
that can be simplified to (63) or (64) by applying integration by parts a
few times. Q.E.D.

A general non-logarithmic solution of Qn n_2[y]Y =0 is
(66) C1Yna(z,y) + CaLoeY.

The function Gy, 2(x,y) in (18) differs from Y, o(x,y) by

e t
= — —toF o
(67) CQ /0 e of1 (TL + 1) dt

(68) =—nz "e’vy(n, ).

The latter expression is obtained by expanding the ¢Fj-series, and rec-
ognizing a 1Fij-series for the incomplete gamma function ~y(n,z) after
the definite integration. Similarly, general non-logarithmic solutions of
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On . n-3lyl, On n—4[y] are obtained by scalar multiplication (by C7) and
considering the integral HY, , (y,«) with an integration constant Cs.

We observe empirically, especially from differentiation relations be-
tween Lo, L3, Ly, that

0

(69) Yy m-1(z,y) = (M —1) (8_3; - 1) Ynm(z,y)
for M = 3,4. This observation indeed generalizes, leading us to lowering
and raising operators on non-logarithmic solutions.

Theorem 3.5. Let Yy a(x,y) denote a solution of On -yl

(i) The differential operator 83 — 1 transforms Yn p(z,y) to a

Y
solution of QN N—pm+1[Y]-
(ii)  The differential operator

ARG N VA N
y8y2 oy

transforms Yn p(x,y) to a solution of On n—nr—1[y]-

(ZZZ) If YN’Mfl(l‘,y) = (8_]; — )YN’M(CE,y)
0

2
and Yn p—o(x,y) = ((Ty - 1) Ynm(z,y), then

S5}

(71) (y—ax+N—-2M+ 1Yy m(z,y)
+ (2y + N — M + 1)YN7]V1_1(ZL',y) + yYN7M_2(x, y)

is a solution of QN N—m—1Y].

Proof. The first claim follows from the commutation relation

(72) OnN-m+1Y] (a% - 1) = (a% - 1) OnN-m[yl-

The second claim follows by rewriting

o? 9 0
QN,N—M—l[ZU]—(y@+(N_M+1)5y_$—M>(5y_1>—M~
The last claim similarly follows from
O NVhyenN-mrn(2 1)
QN,N—M—l[y}*y(afy— ) +Q2y+N-M+ )(a—y— )
(73) +(y—x+N—2M+1)(8%—1)—M.

Q.E.D.
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The recurrence (19) in Conjecture 2.4 is a slight modification of the
differential operator (70), and the functions G,, ., (x,y) differ from the
solutions Y;, ,,(z,y) of this section by the difference (67) and the sign

(—1)m.

§4. Holonomic systems for m < 3

The results of this article originated from explicit computations for
the matrix dimensions m = 2 and m = 3. The aim was holonomic
systems for 1, (2, A1, ..., Am), so that the holonomic gradient method
[2] could be applied for numeric computation of the probability density
function.

4.1. The rank 12 system

With m = 2, the holonomic system of Theorem 2.1 has rank 12.
It is easy to obtain from standard differential equations for oFy (sill),

oF1 (ffi"‘l) and the integrals
Hn:ll(%)‘l)a Hn:ll(xa)‘Q)v Hn:21(xa/\1)7 HZ:QI(:E’)‘Q)'

n n n

This was demonstrated by Christoph Koutschan on his Mathematica
package. The singularities of the holonomic system are along

(74) =0, AN =0, M =0, oo-compactifations.

It is generated by these three differential operators of order 2 or 3:

(75)
)\1 +>\2 o — (M n-i—l)é9 ()\g—n+1)i+xﬁ—2n+2
N2 N2 o\ Mo | Oz
o 92 d B
(76) OTON ONs +28>\ O ON 0N’
82
(77) ()\ AQ -+ mz (=1 + Az))m +(n—1)
+(x2+2x—n+2)< 9 - A )\—+x—2n+2)
oz o 10>\1 29

The first equation as in Theorem 2.2. For the sake of compactness, the
last equation is expressed using non-commutative multiplication (in the
last term).
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Elimination of 9/0x and 9/9\s leads to the fifth order operator

o° o* o3
2 2

)\18/\5 +)\1< —)\1+2)a)\4+(n +n—2x)\1—2n)\1—3)\1)a—)\:1;
(78) —(n? +2n — 22\ + 2nx)8— +z@2n+z+1)=— — 22

ON2 8)\1

Consistent with the theory of Grobner bases, the rank 8 system has
elimination equations with the leading monomials 9*/OA30As + ... and
0?/0A3 + .... The fifth order operator does not involve the variable Ay
even. It factorizes as the LCLM of P,,_o[\1] and Q,, ,—2[A1]. Corre-
spondingly, the holonomic system factorizes nicely to a direct sum of
two 6-dimensional subspaces, each of those subspaces is a tensor prod-
uct of a rank 2 system in one variable A\; or As, and rank 3 system in
the other variable. The factorization corresponds nicely with the terms
in the expanded determinantal formula (22), as oFy (,*,) is a solution of
Prn—2ly], and Gy, 2(z,y) is a solution of Q, ,—2y].

4.2. Proof of formula (22)
We seek to prove

12n—2 g2z oFy ( TA1 ) oF (1/\2 )
79 R, JAL,A) = ——— det n—1 .
(79) 2@ A1 22) n(n—1) ¢ ( Gna(z, A1) Gra(z,A2)

With the same holonomic system of rank 12 established for both sides,
it is enough to compare a few coefficients in the two series expansions
in A1, A2. The subspace of non-logarithmic anti-symmetric solutions is
2-dimensional, hence it is enough to compare 2 pairs of independent
coefficients.

After division by A1 — Ay as in (22), a proper general setting is ex-
pansion in terms of the symmetric Schur polynomials [11] in A1, Ay. The
Schur polynomials functions are defined in terms of monomial determi-
nants. Correspondingly, we formulate the following general statement.

Lemma 4.1. Consider m functions f1(y), ..., fm(y) defined by the
convergent series

(80) Frly) =y
j=0
Then

(81) det (fi\))m) =S -3 det( 1) det (A?f‘ >;":1).

0<q1<q2<...<qm
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Proof. Intermediate expansions are

(82) :Z Zdet( 1)X111---A;1,¢
q1=0 qm=0

o0

: Z cgi)--ff]’z) det ()\?j >;n:1)

0 qm=0

tqu

(83)

2

1

The newest determinants with some ¢; = ¢; for ¢ # j are zero. After
collecting the terms with the same sets {q1,...,qm}, we get the result.

Q.E.D.

We first apply this lemma to the determinant in (23) with f;(y) =

H""Hx,y), fa(y) = H'~%(x,y). Therefore

OO 12 R N [ o B L)

! (TL—]_)]]V J (TL—].)J]'
We differentiate (81) to get Ry, 2(z, A1, A2) as

ide y(n+i,x) y(n+i—1,x) o
S Y(n+j,2) y(n+j—12) PYEDA
Z Z det . =
(n = 1)i(n —1);45! PEADY

i=0 j=i+1

i det V(nax) ’Y(n - 1,1’) A2 — M
dx 7(n+17x) ')/(’I’L,JT) n—1

2 2
dd det < ’7(71,.7}) ’Y(?’L - 1,.7}) ) )‘2 >‘1

(84) =

7(n+27x) ’Y(n"i_lvx) QTL(’H,— 1)

— 2z + n)'y(n— 1,2) + % x”lez> " %e (A —\o)

z3 x?
S 1 -1
((n(n— ) . r+n+ )’Y(Tl ;)
Lemne @m0 ey M
n(n—1) 2

+
+
+

+..

Surely, recurrence (39) has been used. Considering the left-hand side of
(79), we set c( ) = =27/(j'(n—1);). An expansion of (62) with N = n is

0 k +]-_J . yk+2
Yoo(w,y) = 2 .
(86) 2(@y) ”+”y+1§ n+; n+1); (k +2)!
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We only need the first few terms. To get coefficients of G, 2(x,y), we
add the difference Cy(y — 2 +n — 1)e¥ as in (67)—(68), thus adding

nz=" e y(n, ) i(x —n—k+ 1)‘%]:.
k=0
Therefore
P =t 1o (),
(87) cg2) =n+n(z—n)z "e"y(n,z),

1
0(22) _ntl + (x —n—1)z""e"y(n,z).
2 2
The determinant in (79) expands as

1 x 1 z
n—1 n(n— 2 2
det ( C(()2) 0(2) > (/\2 — A1) + det < cgz) 2 ((2)1) ) (A5 — )\1)

1 C2
We get the same two terms as in (86).

4.3. The rank 8 system

A rank 8 holonomic system for R, 2(z, A1, A2) is obtained by ex-
pressing this function and its derivatives as linear combinations of

A
v 2)H31(1‘, )‘1)7

l‘)\g

" e_”“'oF1< 1) H (z,\), " e_’voFl(

n — n

n—1

A A A A

x2n e72z0F1 TAL OFl TA2 ’ 1_277, 6721:0]?1 TAL OFl TA2 )
n—1 n—1 n—1 n

e 2 R (x)\l >0F1 ( Ao ) . aPe M (x/\l )0F1 (x/\Q ) .
n n—1 n n

These expressions follow from Theorem 2.3 (iv). For example, the ex-
pression of R, 2(x, A1, A2) has these coefficients, respectively:

A A
z" eiwoFl ( A )Hﬁ_l(x, )\2), z" eiajoFl <$n1 )H:Ll_l(l', )\2),

A — Ao — T T T
1, 0, — —1,0,0 -1, —
n_1+7 ) n—l ) b 7n_1 ?

1, 0.
n—1+ ’

Further, the expression of (n — 1) 9R,, 2/0x has these coefficients:

®8) -1, Az(Anl__fH), 1, f)\1<);12__1x+1),
0, X+l A1, (Al_xg)(nflq);
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and so on. The rank 8 system has singularities not just along (74), but
additionally along Ay = Ay and the hypersurface S, (x,y) = 0, where

(89)  Sn(w,y) = (2 —n+1)2 (A1 + Ao — 20 +2n—2) — % (A1 — Ao)2.

It contains another second order operator

5 2X\1A2 0?7 B _ .

Sn(x,y) (xDﬂL DR Da(2D,+1)+(x—n+1)Dy+ A1+ A2 1)
2A1 A 02
+ ()\1 + Ao — 4z +2n — 2) ((x— n —+ 1)<D,\Dw — Ta)\la>\2)
(90) +(2z —n) (Dy+ (z —n+ 1)D, — 1))
0 9 (M+A)?
+ 2(2x—n+1)(()\1+)\2)(D>\+2x—n+1) AIW e o T)
+ 2X1 o (mD,\Dw — At Ao —2r + n)
2
0? 02 0 0
. 2
= 2)(XE I ~ Mgy Mgy, T aAQ)
where
0 n—2

(91) Dz = Oz z D)\ = )\1 + )\2

The smaller rank system appears to be more complex. It can be obtained
from the rank 12 system by adjoining this 3rd order operator:

2

0
(2)\1 +2)\2 -~ 3\ — 3ho +dn - )8/\ o TR A A — A
0? 7] 0 0 0
(92) (82—|—(917—n—i-3)a +n)(8—/\1+8)\2)+3x6 —2n+6.

Elimination of 9/d0z and 0/0As leads to the same fifth order op-
erator (78). The elimination equations with the leading monomials
0*JON3O? Ny + ... and 9%/OA3 + .... Factorization of the solution
spaces of operator (78) is harder to follow, as the 6-dimensional sub-
spaces intersect.

4.4. The case m =3

The holonomic system of Theorem 2.1 has rank 108 when m = 3.
A Grébner basis computation without 9/0z is fast on Maple 18 (with
respect to a total degree ordering in 9/0\y’s, on a 2.8GHz MacBook



434 R. Vidunas and A. Takemura

Pro of 2014). The lowest order operator in the 9/0\;’s is of order 5.
Allowing 0/0x, it is equivalent to
ot 93 02 02 0?

(93) O2ON0NaON3 * 36)\16)\26)\3 T OMONs OMOA; ONaOAs

This expression is comparable with (76). A Grobner basis computa-
tion with 0/0x leads to rapid increase of memory usage, 4GB in a few
minutes.

Replacing Tz[y] by (58) gives the same LCLM operators, but a differ-
ent holonomic system of rank 108. A similar Grébner basis computation
without 9/0x takes about 8 minutes. The lowest order operator is

> (% s PRV AR S S S Y
— Nk - - k
k=1 kaXI X ON?
0
(94) +(1C)\k—(n—2)(:r+n+l))a/\ ) + (3n — 2)z.
k

Combining both holonomic systems leads to formidable Grébner basis
computation, apparently. Computation of differential operators for the
rank < 26 system of Theorem 2.3 (%v) is barely viable on Singular 4 (given
several hours), but further manipulation is hard.

Conjecture 2.4 was checked for m = 4 by expanding both sides of
(20) in the determinants of

1 1 1 1 1 1 1 1 1 A Ao A3
PYRIP.CD I IR D VEED VI PN I DYDY Dt S I IV IIDY IDY S
A2 A2 PEEDY BT NAS A3 PEEDY Y

etc., and then comparing the coefficients to these four determinants. For
example, comparison of the first coefficient by Lemma 4.1 gives

oo s det | y(n+12 ¥(n,x ¥(n—1,2
20=22(=D 0 T\ Jnt2.2) yn+Lla)  Ane)

1 ﬁ 2(n— 2I)(n 1)

=C(z)det [ g @  z® ;
RORINO )
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where 5,52) are the shifted n — n —1 versions of c,(f) in (87), and cf) are

the first coefficients of the expansion of G, 3(z,y):
cé?’) = —nz+n(n—3)—n((x—n)®+4z — 3n+2)z" "e"y(n, ),

(95) 653) = —nz+n(n—1)—n((z—n)’>+2z—n)z "e"y(n,z),

@) —nr+n(n+1)
ey =—"—

5 ((z =n)* +n)a" e y(n, z).

o3

For an intermediate check, here is a quadratic expression in A=~(n—1, )
and E = 2" e for the first coefficient:

xn—Be—x
n—2
(96) +2(a? + 22— n? + n)AE +2(z + n)E2).

(—((ac—n+1)2A+ (95—71)E)2 +(n—1)(n—1-4z)A?

To set up C(z) in the conjecture, we compared the similar first coeffi-
cients for m = 4 as well.
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