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Amalgamations and automorphism groups

David Wright

Abstract.

Many types of automorphism groups in algebra have nice struc-
tures arising from actions on combinatoric spaces. We recount some
examples including Nagao’s Theorem, the Jung-Van der Kulk Theo-
rem, and a new structure theorem for the tame subgroup TA3(K) of
the group GA3(K) of polynomial automorphisms of A3, for K a field
of characteristic zero. We also ask whether a larger collection of auto-
morphism groups possess a similar kind of structure.

§1. Introduction

This paper is intended to be only an overview. The proofs of the
results summarized here are all published in other places that will be
referenced.

§2.  Amalgamated products of two groups

We start with a classical construction. Given two groups A; and A,
containing a common subgroup B, we can form the free product G of
A; and Ay amalgamated along B:

G:Al*BAQ

In this situation the two groups inject into the amalgamated product and
a very strong factorization holds. Moreover the Bass-Serre tree theory
of groups acting on trees [17] provides a tree on which G acts without
inversion, having a fundamental domain consisting of a single edge with
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its end vertices, the stabilizers of the vertices being A; and A, and the
stabilizer of the edge the common subgroup B.

According to the Bass-Serre tree theory, a group G having an amal-
gamated free product structure G = A xpg C' is equivalent to G acting
without inversion of a tree 7 with fundamental domain consisting of
single edge:

e
Se———ot

with A and C being the stabilizers in G of the vertices s and t, respec-
tively, and B the stabilizer of the edge e. The quotient of the tree by
the group action is again a single edge, onto which e maps.

Upon choosing nontrivial left coset representatives of A and C' mod
B, a path corresponds to a factorization using these representatives. For
example, if @ € A and ¢ € C are such representatives, we have the path:

e ce cae

o o

s t cs cat

This gives a kind of unique factorization for elements of G. Strong
theorems can be proved for groups having such an amalgamated free
product structure using the tree action. For example, it is fairly easy to
prove that any finite subgroup of G is conjugate to a subgroup of either
A or C. This is tantamount to proving that a finite group acting on a
tree has a fixed point.

The Bass-Serre theory provides the tree abstractly, but often the
tree can be seen in a natural way. We recount some examples.

Example 2.1. The special linear group over Z, the integer has the
structure

SLa(Z) = (Z/AZ) 2,22, (L/6Z) .

The generators of Z/4Z and Z/6Z can be taken to be ( _9 §) and
(% _%)), respectively. This result can be derived from the action of
SL2(Z) on the upper half plane. Here the translates of the circular
arc z = € with 7/3 < 0 < 7/2 form a tree with this arc as a funda-
mental domain, and this is the tree (up to isomorphism) provided by
the Bass-Serre theory.

Example 2.2. Let K be a local field, i.e., the field of fractions
of a discrete valuation ring O with uniformizing parameter 7. Let V'
be a rank two vector space over K. Form a graph whose vertices are
equivalence classes A of rank two O-lattices in V' under the multiplicative
action of K*. Connect A to A’ if they are represented by lattices L and
L', respectively, having O-bases {e1,e2} and {mej,ez}. This forms a
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tree with a single edge serving as a fundamental domain, yielding Ihara’s
Theorem:
SLo(K) = SLy(O) #r SLy(O)

where I' = {(24) € SL2(O)[¢ =0 (mod 7)}. The two injections I' <
SL»(O) are the identity map and the map given by (¢ 4) (Tr,“lc ";ib).
The details of this are laid out in [17].

Example 2.3 (Nagao’s Theorem [15]). For K an arbitrary field, the
general linear group GLy(K[T]) has the structure of an amalgamated
free product. (Here T represents a single variable.) This structure can
be derived from the above example as follows: SLo(K[T7]) acts on O-
lattices in the rank two vector space over K (T'), where O is the DVR
of K(T) with uniformizing parameter 1/7. Here the quotient of the
SLo (K [T])-action on the tree is not just an edge, but an edge connected
to a “directed geodesic.”

Vo U1 V2

The stabilizer of vg is SLy(K), and for n > 1, the stabilizer of vy is

B = {(Jc(o,}) g) € By(KI[T]) |deg f < d}.

Writing By for the lower triangular group, and noting that Bo(K[T1]) is
the ascending union of B(Y,d > 1, one can derive Nagao’s Theorem:

SLo(K([T1]) = SLa(K) *p,(x) B2(K[T7]).

This argument is easily modifiable to obtain a similar amalgamated
product structure for GLy(K[T1]), namely GLy(K[T]) = GL2(K) *B, (k)
By (K[T).

Example 2.4 (Jung-Van der Kulk Theorem [11], [12]). For K a
field, the group GA5(K) of polynomial automorphisms of the affine plane
has the structure

(1) GAy(K) = Afy(K) *pg, (k) BA2(K).

Here Afy(K) is the affine group, i.e., those automorphisms having coor-
dinate functions of the type (711X1 + ’}/12X2 + (517’721X1 + ’}/QQXQ + (52)
with v;;,0; € K, (331 742) € GLo(K), and BAy(K) is the group of au-
tomorphisms of the form (aX; + v, 8Xs + f(X1)), o, 8,7 € K, a8 # 0,
f(X1) € K[X;]; Bfy(K) is then the intersection Afs(K) N BAo(K).
Again, this structure arises from the action of GA3(K') on a tree whose
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vertices are certain complete algebraic surfaces realized as collections of
local rings (“models”) inside the function field K (X1, X2) (see [21]).

Remark 2.5. An analog of (1) in Example holds when K is an
integral domain, replacing the full automorphism group by its tame sub-
group. This and other interesting results can be found in [5].

Remark 2.6. It can be easily derived from the Jung-Van der Kulk
Theorem that the subgroup of GA5(K) consisting of automorphisms
having Jacobian determinant 1, sometimes denotes SA5(K), also has an
amalgamated product structure, namely the same as 1 replacing Afs (K),
BA3(K), and Bo(K) by their intersections with SAo(K). In [4] it was
proved that SAs(K) is not a simple group. In [9] this result is refined
using results of [16] to describe which elements of SA3(K) have normal
closure strictly smaller than SA(K) using the “length” of the elements
in the amalgamated product structure. This approach allows one to see
more clearly why SAs(K) is not simple.

83. Generalized amalgamations

We begin with the definition of a generalized amalgamation of
groups. We refer the reader to [14] for a comprehensive discussion of
combinatorial group theory.

Definition 3.1. Suppose we are given groups A; for each i €
{1,--- ,n}andforeachi, j € {1, --- ,n} with i # j we have groups B;; =
Bj; with injective homomorphisms ¢;; : B;; — A; which are compati-
ble, meaning if 4, j, k are distinct then @;jl(%'k(Bik)) = @{il(gpjk(Bjk))
and on this group cpi_klgaij = <pj_k1<pji. This gives set-theoretic gluing
data by which we can compatibly glue A; to A; along B;; via gofjlapji
forming an amalgamated union S of the sets Ay, ..., A,. We then form
the free group F on S, denoting the group operation on F by *. For
ie€{l,---,n}andz,y € A4; C S, welet 1, = z*xyx(zy)~t € F
(where zy is the product in A;). Finally we let G be the quotient of F
by all the relations r; ,. The group G is called the generalized amalga-
mated product of the groups' A;, i € {1,...,n} along the groups Bjj,
1,7 € {1,...,n}. There are natural group homomorphisms ¢; : A; = G
with LiPij = LjPj4; O Bz]

We use the term generalized amalgamated product to distinguish it from
the usual amalgamated product of two or more groups along a single common
subgroup.
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The group G has the following universal property: Given a group
H and maps p; : A; — H for i € {1,...,n} such that p;p;; = pjp;; on
B, for all i,j € {1,...,n}, then there is a unique map ® : G — H with
pi = ®u; for all 4.

When there are only two subgroups A; and A, containing a common
subgroup B, G is the usual amalgamated free product discussed above.
In this case the two groups inject into the amalgamated product and, as
was noted, a very strong factorization theorem holds. Such a property
does not hold in general for generalized amalgamations of three or more
groups along pairwise intersections. Worse, the groups A; may not even
map injectively into G; in fact G may be the trivial group when none of
the groups A; are trivial, as the following example from [19] shows.

Example 3.2. For {i,j,k} = {1,2,3} let B;; be the infinite cyclic
group generated by bg. Let

Ay = (b, b | babsby
A = (bs. by | babiby
Az = (by, by | bbby

b3)
o)
b3)

Then B;; is a common subgroup of A; and A; and we can form the
generalized amalgamation G of the groups A; along the groups B;;. It
can be shown that in this case G is the trivial group.

1
1

Whether such amalgamation data gives rise to the group acting on
a simplicial complex is not easy to detect (see, for example, [19], [10],
and [3]). It occurs precisely when each of the groups A; maps injectively
to G, and in this situation, the amalgamated union S maps injectively
to G as well. The n-simplex of groups arising from this data is called
developable by Haefliger ([10]) in case of this occurence.

However, if the groups A; are subgroups of a given group G and if we
take B;; to be A; N A; and ¢;; the inclusion map within G, then clearly
there exists a homomorphism ® : G — G restricting to the identity
on each A;, which shows that in this case the amalgamated union S
maps injectively to G. The map ® will be surjective precisely when
G is generated by the subgroups Ai,..., A,. If ® is an isomorphism,
then the structure of G arises from the action of G' on an n-dimensional
simply connected simplicial complex, with a single simplex serving as a
fundamental domain.
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In this case the combinatoric generalization of the Bass-Serre theory
holds, providing an (n—1)-dimensional simply connected simplicial com-
plex D on which G acts without rotation?, and for which a single simplex
serves as a fundamental domain. There are many unanswered questions
about D. For example, how does one determine connectivity properties
it possesses, and when does it have infinite diameter (i.e., does the 1-
skeleton of D have infinite diameter as a graph)? It is not necessarily
true that a finite group of a generalized amalgamation is conjugate to
one of the subgroups A;, as will be seen from Example 3.3 below, but
one can ask what condition(s) (e.g., 2-connectivity?) might guarantee
that any finite subgroup of G is conjugate to one of the groups A;?

Example 3.3. Let F = 7Z/2Z, and let G be the vector space of
rank three over F, with basis {e1, e2, €3}, viewed as an additive group.
Set A1 = fej @fek and Bij = sz' = fek, where {Z,j,k’} = {1,2,3}
Following the recipe above using the natural inclusions B;; < A;, we ob-
tain G as the generalized amalgamated product of the groups A1, As, As.
The associated simplicial complex D is an octahedron of triangles. In
this case D is not 2-connected, and the finite group G fixes no vertex in
D.

Below are two examples of automorphism groups that can be real-
ized as generalized amalgamations of groups.

Example 3.4. The full Cremona group Cra(K) over an alge-
braically closed field K is the generalized amalgamation of three groups:
the automorphism group of P% (which is PGLy(K)), the automorphism
group of P}, x PL., and thirdly the K-automorphism group of P} where
L = K(t), with ¢ transcendental over K. There is a naturally realizable
simplicial complex of triangles C on which Cra(K) acts which yields this
structure and also contains the tree of Example 2.4 with the action of
GA3(K) being the restriction of the action of Cra(K) on C. See [21]
for details. In private correspondence Stéphane Lamy has shown that
this complex is not 2-connected; in fact it has a simplicial 2-sphere com-
prising twelve triangles and a finite subgroup of Cra(K) acting on this
sphere with no fixed point therein.

Remark 3.5. The task of understanding the Cremona group
Cra(K) seems formidable. In [2], Bisi, Furter, and Lamy begin this
undertaking by establishing some facts about certain subgroups.

’meaning that if a group element fixes a simplex, it acts as the identity on

that simplex.
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Example 3.6. In this example K is a field of characteristic zero.
The tame automorphism group in dimension three over such a field has
now been shown to be the generalized amalgamated product of three
groups. This recent result appears in [22]. To understand the structure
theorem we will need some preliminaries. Generalizing the notation of
Example 2.4, we denote by GA,,(K) the group of polynomial automor-
phisms of affine n-space over K. We consider the subgroup EA, (K)
generated by the elementary automorphisms, i.e., those of the form

el(f) = (Xh . ,Xi,hXi —|— f, Xi+17 e ,Xn)

for some i € {1,...,n}, f € K[Xy,...,X;—1,X;11,...,X,]. We also
have a natural containment of the general linear group GL,(K) in
GA,(K). The subgroup of tame automorphisms is defined to be the
subgroup generated by EA,,(K) and GL,,(K), i.e.,

TA,(K) = (GL,(K), EA, (K)) .

The classical result of Example 2.4 contains the fact that TAs(K) =
GA3(K). The famous result of Shestakov and Umirbaev ([18]) asserts
that TA3(K) # GA3(K). We do not know whether TA,,(K) = GA,(K)
for n > 4.

The group GA,,(K) acts on the polynomial ring K[X,...,X,] in
an obvious way. For ¢ € {1,...,n}, let V; be the sub-vector space of
K[Xy,...,X,] generated by K and the variables X1,..., X, i.e.,

(2) Vi=Ko KX, @ ©KX;.
Let H; be the stabilizer of V; in GA,,(K), i.e.,
3) Hi ={p € GAL(K) |p(Vi) = Vi}.

These subgroups are defined in [7], p. 23, where it is conjectured that
together they generate GA, (K) (Conjecture 14.1) and that (whether
or not that conjecture is true) the subgroup generated by Hi,..., H,
is the generalized amalgamated product of these groups along pairwise
intersections (Conjecture 14.2). It should be noted that Freudenburg
produced an example (see [8], p. 171) of an automorphism in GA3(K)
which has not been shown to lie in this subgroup.?
Furthermore the groups H; are defined by

(4) H; = H; N TA,(K),

3This example is also of interest because it has not been shown to be stably
tame. See [1] for the definition of this concept.
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which are easily seen to generate TA, (K). It is also easy to see that
H, = H,,, both being equal to the affine group Af,,(K), and that H, 1 =
H, 1.

There is one case where the containment fln C H,, is known to be
a proper containment: For n = 3 we have H; g H. This follows from
one of the deep results, Corollary 10, of [18]. By the above paragraph,
however, we have ﬁg = Hs and ﬁg = Hs. We can now state the main
result of [22], which is based on generators and relations for TA,, (K)
given in [20]:

Theorem 3.7. For K a field of characteristic zero, TA3(K) is the

generalized amalgamated product of the three groups Hy, Ha, Hs along
their pairwise intersections.

As explained previously, this means that TAz(K) acts on a simply con-
nected complex of triangles, with a single triangle serving as a funda-
mental domain whose three vertices have stabilizers H 1, Hy, and Hs. It
is not known whether this complex is 2-connected, nor whether all finite
subgroups of TA3(K) are conjugate to a subgroup of one of the three
groups ﬁl,Hg,Hg.

Remark 3.8. Referring to (3) in the case n = 2, the groups H; and
H, (which coincide with H 1 and H. 5 for reasons given above) are precisely
BA5(K) and Afy(K), respectively, of Example 2.4. This gives GA2(K),
which equals TAo(K), as the amalgamated product Hy g, g, Ha. Thus
Example 3.6 can be viewed as an extension to n = 3 of the Jung-Van
der Kulk theorem, for characteristic zero.

Remark 3.9. We note that the preprint [13] offers another proof
of Theorem 3.7, using combinatoric methods.

Remark 3.10. It turns out that amalgamations play a role in the
study of subgroups of GA3(K). In [6] the authors show that any sub-
group lying strictly between Af5(K) and GA3(K) has the structure of
an amalgamated product of Af3(K) with a finite group, over the inter-
section.

84. Concluding remarks

The author suspects that a wider collection of automorphisms
groups can be realized as generalized amalgamations. Examples
might include a generalization of Nagao’s theorem (Example 2.3) to
GL,(K[T]), or even GL,(K[X1,...,X,]) for n > 3.* This, in turn,

4The case of GL2(K[X1,...,X,]) is more complicated.
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might result from a generalization of Example 2.2 which would provide
a structure theorem for SL, (K), for K a local field.

References

[1] J. Berson, A. van den Essen and D. Wright, Stable tameness of two-
dimensional polynomial automorphisms over a regular ring, Adv. Math.,
230 (2012), 2176-2197.

[2] C.Bisi, J.-P. Furter and S. Lamy, The tame automorphism group of an affine
quadric threefold acting on a square complex, J. Ec. polytech. Math., 1
(2014), 161-223.

[3] Jon M. Corson, Complexes of groups, Proc. London Math. Soc., (3) 65
(1992), 199-224.

[4] V.1 Danilov, Non-simplicity of the group of unimodular automorphisms of
an affine plane, Mat. Zametki, 15 (1974), 289-293.

[5] E. Edo and S. Kuroda, Generalisations of the tame automorphisms over a
domain of positive characteristic, Transform. Groups, 20 (2015), 65-81.

[6] E. Edo and D. Lewis, The affine automorphism group of A? is not a max-
imal subgroup of the tame automorphism group, Michigan Math. J., 64
(2015), 555-568.

[7] G. Freudenburg and P. Russell, Open problems in affine algebraic geometry,
In: Affine Algebraic Geometry, Contemp. Math., 369, Amer. Math. Soc.,
Providence, RI, 2005, pp. 1-30.

[8] G. Freudenburg, Actions of G, on A® defined by homogeneous derivations,
J. Pure Appl. Algebra, 126 (1998), 169-181.

[9] J.-P. Furter and S. Lamy, Normal subgroup generated by a plane polynomial
automorphism, Transform. Groups, 15 (2010), 577-610.

[10] A. Haefliger, Complexes of groups and orbihedra, In: Group theory from a
geometrical viewpoint, Trieste, 1990, World Sci. Publ., River Edge, NJ,
1991, pp. 504-540.

[11] H. W. E. Jung, Uber ganze birationale Transformationen der Ebene, J.
Reine Angew. Math., 184 (1942), 161-174.

[12] W. van der Kulk, On polynomial rings in two variables, Nieuw Arch. Wiskd.,
(3) 1 (1953), 33-41.

[13] S. Lamy, Combinatorics of the tame automorphism group, ArXiv:
1505.05497v2.

[14] W. Magnus, A. Karrass and D. Solitar, Combinatorial group theory: Pre-
sentations of groups in terms of generators and relations, second ed.,
Dover Publications, Inc., Mineola, NY, 2004.

[15] H. Nagao, On GL(2; K'[z]), J. Inst. Polytech. Osaka City Univ. Ser. A, 10
(1959), 117-121.

[16] P. E. Schupp, Small cancellation theory over free products with amalgama-
tion, Math. Ann., 193 (1971), 255-264.



474 D. Wright

[17] J.-P. Serre, Trees, Springer Monographs in Mathematics, Springer-Verlag,
Berlin, 2003.

[18] I. P. Shestakov and U. U. Umirbaev, The tame and the wild automorphisms
of polynomial rings in three variables, J. Amer. Math. Soc., 17 (2004),
197-227.

[19] J. R. Stallings, Non-positively curved triangles of groups, In: Group theory
from a geometrical viewpoint, Trieste, 1990, World Sci. Publ., River Edge,
NJ, 1991, pp. 491-503.

[20] U. U. Umirbaev, Defining relations of the tame automorphism group of
polynomial rings, and wild automorphisms of free associative algebras,
Dokl. Akad. Nauk, 407 (2006), 319-324.

[21] D. Wright, Two-dimensional Cremona groups acting on simplicial com-
plexes, Trans. Amer. Math. Soc., 331 (1992), 281-300.

[22] D. Wright, The generalized amalgamated product structure of the tame
automorphism group in dimension three, Transform. Groups, 20 (2015),
291-304.

Department of Mathematics
Washington University in St. Louis
St. Louis, MO 65130

USA

E-mail address: wright@math.wustl.edu



