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Abstract.

This is an expository article on the recent studies [27, 28, 45, 46, 23]
of Ruan’s crepant resolution/flop conjecture [62, 63] and its possible
relations to the K-theory integral structure [45, 46, 49] in quantum
cohomology.

§1. Introduction

The small quantum cohomology is a family (H*(X), o,) of commu-
tative ring structures on H*(X) parametrized by + € H>'(X). In the
large radius limit, i.e. —% ([, 7) — oo for every effective curve C' C X,
the quantum product o, goes to the cup product. For a pair (X7, X2) of
birational varieties in a “crepant” relationship (such as flops or crepant
resolutions), Yongbin Ruan’s conjecture states that the small quantum
cohomologies (H*(X1), or, ) and (H*(X2), or,) are isomorphic under an-
alytic continuation of the parameter 7. The conjectural space where
the quantum product o is analytically continued is known as a Kéhler
moduli space M in physics. (See Figure 1.) In our situation, the space
M has two limit points (which we call cusps) 07, 02 corresponding to
the large radius limit points of Xy and X5 respectively. A neighborhood
V; of 0; is identified with an open subset of H>!(X;). A weak form of
Ruan’s conjecture asserts that there exists a family (F,o,) of commu-
tative rings over M such that its restriction to V; is isomorphic to the
small quantum cohomology of X;. In particular, the cohomology rings
H*(X4), H*(X>) are connected via quantum deformations.
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Fig. 1. Kéhler moduli space M containing cusp neighbor-
hoods V; ¢ HY1(X;,C), i = 1,2. The global quantum
D-module over M develops singularities along thick
lines.

In a more precise picture, the family of rings should come from
a meromorphic flat connection (F,V) over M, which we call a global
quantum D-module. The D-module (F, V) restricted to V; is identified
with the quantum D-module given by the Dubrovin connection (6):

_9
ot

It is clear that the operator 2V, recovers the quantum product ¢,o,
in the limit z — 0, but the D-module contains much more information
than a family of rings. In fact, the global quantum D-module (F, V) to-
gether with additional data—opposite subspace and dilaton shift—yields
a Kyoji Saito’s flat structure [66] on the extended Kihler moduli space®.
Moreover, the local monodromy around each cusp determines a canoni-
cal choice of the opposite subspace and recovers the flat structure on V;
induced from the identification with the vector space H11(X;). Here, as
the example in [27] suggests, the flat structures from the different cusps
0; and 02 does not necessarily coincide.

In this article, we postulate furthermore that the global quantum D-
module is underlain by an integral local system. We also conjecture that,
over V;, the integral local system in question comes from the K-theory of
X;. This has the following physical explanation. Quantum cohomology
is part of the A-model topological string theory. A chiral field in the A-
model (i.e. a section of the quantum D-module) should have a pairing

1
Vo + —¢n0r, where z € C* is a parameter.
P .

1A flat structure is also referred to as a Frobenius manifold structure due
to Dubrovin [31]. In the later formulation, the parameter 7 will be extended to
the total cohomology group H*(X;) and M is also extended accordingly.
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with a B-type D-brane (i.e. an object of the derived category D2 , (X;))
(see e.g. [39]). This suggests that a vector bundle on X, should give
a flat section of the quantum D-module. Under mirror symmetry, this
corresponds to the fact that a holomorphic n-form has a pairing with
a (real) Lagrangian n-cycle by integration. Based on mirror symmetry
for toric orbifolds, the author [45, 46] proposed a formula (13) which
assigns a flat section of the quantum D-module to an element of the K-
group. Katzarkov—Kontsevich-Pantev [49] also found a similar formula
for a rational structure independently. The flat sections arising from
the K-group define an integral local system over V;. Via the analytic
continuation of K-theory flat sections along a path ~(t) connecting V;
and Va5 (see Figure 1), our picture gives an isomorphism of K-groups:

Uk ,: K(X1) — K(X2).

The isomorphism Uk, here contains complete information on the re-
lationships between the genus zero Gromov—Witten theories (quantum
cohomology) of X; and X,. We hope that Uk, is given by a certain
Fourier—-Mukai transformation.

The paper is structured as follows. In Section 2, we review orbifold
quantum cohomology/D-module and introduce the K-theory integral
structure on it. In Section 3.1, we formulate a precise picture (Assump-
tion 3.1) of the global quantum D-module sketched above. In Sections
3.2-3.7, we discuss what follows from the picture without using integral
structures. The main observation here is the fact that each cusp de-
termines a possibly different flat structure on M. The Hard Lefschetz
condition in Section 3.7 is a sufficient condition for the Frobenius struc-
tures from different cusps to match. These facts were found in [27], but
the present article contains a complete proof of the characterization of
Frobenius structures at cusps (Theorem 3.13, announced in [27]) and a
generalized Hard Lefschetz condition (Theorem 3.22). In Sections 3.8,
3.9, we use integral structures to study the crepant resolution conjec-
ture for Calabi—Yau orbifolds and give an explicit prediction (Conjecture
3.31) for the change of co-ordinates in local examples. Readers who want
to know a role of integral structures in Ruan’s conjecture can safely skip
Sections 3.2-3.7 and go directly to Sections 3.8 or 3.9.

Finally, we remark that we restrict our attentions to the even parity
part of the (orbifold) cohomology group throughout this paper.

Acknowledgments. Thanks are due to Masa-Hiko Saito for the in-
vitation to the conference “New developments in Algebraic Geometry,
Integrable Systems and Mirror symmetry” held at RIMS, January 2008.
The author is grateful to Tom Coates, Alessio Corti, Hsian-Hua Tseng
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Bryan, Martin Guest and Yongbin Ruan for helpful comments on the
present article. He also thanks Claus Hertling, Shinobu Hosono, Tony
Pantev, Shunsuke Takagi for helpful discussions. This paper was written
while the author was visiting Imperial College London. He would like
to thank Imperial College for its hospitality.

§2. K-theory integral structure in quantum cohomology

In this section, we review the orbifold quantum cohomology for
smooth Deligne-Mumford stacks and introduce the K-theory integral
structure on it. Assuming the convergence of structure constants, quan-
tum cohomology defines a flat connection, called the Dubrovin connec-
tion, on some cohomology bundle over a neighborhood of the “large
radius limit point”. This is called the quantum D-module. We will see
that the K-group defines an integral lattice in the space of (multi-valued)
flat sections of the quantum D-module. The key definition will be given
in Definition 2.11. The true origin of this integral structure is yet to be
known, but it has a number of good properties:

e This is invariant under every local monodromy around the large
radius limit point (Proposition 2.12 (iii)).

e The pairing on quantum cohomology is translated into the
Mukai pairing on the K-group (Proposition 2.12 (ii)).

e This gives a real structure which is pure and polarized in a
neighborhood of the large radius limit point [45, Theorem 3.7].
In particular, we have tt*-geometry [18, 37, 47] on quantum
cohomology.

e This looks compatible with many computations done in the
context of mirror symmetry [43, 7]. In particular, this matches
with the integral structure on the Landau—Ginzburg mirror in
the case of toric orbifolds [45, 46] (see Example 2.14 (iii)).

e Thus in toric case, this integral structure is compatible also
with the Stokes structure.

In this article, we will not explain the last three items. See [45, 38, 49]
for the properties “pure and polarized” or “compatibility with Stokes
structure”.

2.1. Orbifold quantum cohomology

We start with some notation concerning orbifolds. Let X be a
smooth Deligne-Mumford stack with projective coarse moduli space X .
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Let IX be the inertia stack of X. A point on IX is given by a pair
(z,9) of a point z € X and an element g of the automorphism group
(local group) Autx(z) at z. The element g € Auty(z) is also called a
stabilizer. Let

Ix=|]x=%u|]x

veT veT!

be the decomposition of IX into connected components. Here T is a
finite set parametrizing connected components of IX. T contains a dis-
tinguished element 0 € T which corresponds to the trivial stabilizer
g =1and weset T = {0} UT’. Then X is isomorphic to X. At each
point (2, g) in J&X, we can define a rational number v, g called age. The
element g of the automorphism group acts on the tangent space T, X
and decomposes it into eigenspaces:

X = P (Tx);
0<f<1

where g acts on (I, X)f by exp(27if). The age ¢(5,4) is defined to be

Uz,9) = Z fdimc(TzX)f.
0<f<1

The age ¢(,,4) is constant along the connected component X, of IX, so
we denote by i, the age ((;,q) at any point (z,g) in &,. The orbifold
or Chen—-Ruan cohomology group HEr(X) is a Q-graded vector space
defined by
H(ij(X) = @HP*2LH (va(c)a b € Q
vET

This is the same as H*(IX,C) as a vector space, but the grading is
shifted by the age. In this paper, we only consider the even parity part
of HEp(X), d.e. the summands satisfying p — 2., = 0 mod 2 in the
above decomposition. Unless otherwise stated, we denote by HEg(X)
the even parity part. The inertia stack has an involution inv: IX — IX
which sends (z,g) to (z,¢g~'). This induces an involution inv: T — T
on the index set T and inv*: HER(X) — HEr(X) on the cohomology.
The orbifold Poincaré pairing on HEg(X) is defined by

(aa/@)orb - /[X alU an*(ﬁ) - Z /X Qy U /Binv(v)7

veT
where a, 3, are the v-components of o, 3. This pairing is symmetric,
non-degenerate and of degree —2 dimg X'.



116 H. Iritani

Gromov—-Witten theory for manifolds has been extended to the class
of symplectic orbifolds or smooth Deligne-Mumford stacks. This was
- done by Chen—Ruan [21] in the symplectic category and by Abramovich—
Graber—Vistoli [1] in the algebraic category. The formal properties of the
genus zero Gromov—Witten theory hold in orbifold theory as well: the
genus zero orbifold Gromov—Witgen theory defines a cohomological field
theory (see e.g. [57]) on the metric vector space (HEg(X), (-, )orb). In
particular, we have the following correlation functions (Gromov—Witten
invariants):

(1) (ryeees ‘>0,m,d : (HER(X))@W -C

defined for m > 0 and d € Ho(X,Z). This is zero when d is not in the
semigroup Eff y C H2(X,Z) generated by classes of effective curves or
- m < 2 and d = 0. Also these correlation functions satisfy the so-called
WDVV equation or the splitting aziom (see [1, Theorem 6.4.3]). The
genus zero Gromov—-Witten invariant is homogeneous with respect to
the grading of H&g(X). More precisely, (@1,...,0m)g 4 = 0 unless
p1+ -+ pm = 2(dime X + (1(X), d) + m — 3), where a; € HES (X).

The genus zero Gromov—-Witten invariants define a quantum prod-
uct o, on H¢g (X) parametrized by 7 € Hgg (X):

m times
1 m tmes
(2) (Ol o /8,7)0rb = E ﬁ <aa:3a777a"'77-> Qd'
0,m+3,d

deEffx,m>0

Here Q% denotes the element of the group ring C[Effx] corresponding
to d € Effy C Hy(X,Z). The right-hand side belongs to C[7][Effx] (a
certain completion? of C[r] ® C[Effx]) and defines the element o e, 3
in Hgg(X) ® C[7][Eff x] because the orbifold Poincaré pairing is non-
degenerate. By extending e. as a C[7][Eff x]-bilinear map, we have
an associative commutative ring (Hgg (X) ® C[r][Effx], o). Here the
associativity of the product e, follows from the WDVV equation. This
is the orbifold quantum cohomology of X .
Using the Divisor equation (see [1, Theorem 8.3.1]), we can write

®3)

m times
_ ]‘ / / / (T()g,d) d
(a.Tﬁvy)Ol‘b_ 7—n_i\a7/877a7—1"”7— € Q7
deBffx,m>0 0,m+3,d

2For example, one completion is given by the additive valuation v on C[Eff ]
defined by v(Q%) = [,w, where w is a Kéhler form on X.
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where we put

4) T=m2+7, o€ HX(X), TelDH (%) P H (X))
p#2 veT’

This shows that the parameters 7 and @ in the product 0} are redundant.
In fact e, depends only on 7/ and e™-2Q. We put

or 1= &;|g=1.

The product o is a formal power series in 7’ and a formal Fourier series
in 79,2. The original product e, can be recovered from o, by substituting
e{0.2:d Q4 for e(70.2:4) In what follows, we will study o, instead of e,
and assume that the product o, is convergent in some open set U of
HEg(X).

Assumption 2.1. The orbifold quantum product o, is convergent
on a simply-connected open set U containing the following set

{T € HER(X) ) %«d’ 7-0,2>) < —M, Vd € Eff» \{0}, “T,” < 6_M}’

where T = 192 + 7' is the decomposition in (4), M > 0 is a sufficiently
big real number and | - || is a suitable norm on HEg(X).

Remark 2.2. Working over a certain formal power series ring, we
could discuss the K-theory integral structure without this assumption.
However, when considering Ruan’s conjecture later, we cannot avoid the
convergence problem of quantum cohomology.

The open set U above is considered to be a neighborhood of the
“large radius limit point” which is the limit point of the sequence

(5) T=T12+7: R{d,10p2)) > —0c0, T —0.

(This notion will be made more precise later.) In this limit, the orbifold
quantum product o, goes to the Chen—Ruan orbifold cup product Ucr.
This product Ucg is the same as the cup product when X is a manifold,
but in the orbifold case, this is different from the cup product on I.X.

2.2. Quantum D-modules with Galois actions

Let {¢;} be a homogeneous C-basis of Hiy(X) and {t'} be the
linear co-ordinate system on H&g(X) dual to the basis {¢;}. Denote
by 7 = Zfil t'$; a general point on Hgg (X). The quantum D-module
is a meromorphic flat connection on the trivial H¢g (X)-bundle over
U x C. Denote by (r,2) a general point on the base space U x C. Let
(=): U x C— U x C be the map sending (7, 2) to (7, —2).
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Definition 2.3. The quantum D-module QDM (X) = (F,V,(-,")F)
is the trivial holomorphic vector bundle F' = HEp(X) x (U x C) —
(U x C) endowed with the meromorphic flat connection V:

0 1
Vi=V_o = —+ —¢;or,
(6) B8t? 8# zZ
V.o, =2 9 _ 1E or +
28, — Oz z T TH,

and the V-flat pairing
(5)p: ()" O(F) @ O(F) = Ouxe

induced from the orbifold Poincaré pairing F(, _,y X F{(, .y = HEg (&) x
H{p(X) — C. Here E is the Euler vector field on U given by

7 Bim (TX) + 3 (1 - 5 deg )t's,

i=1

and p € End(HEg (X)) is the Hodge grading operator defined by

® p(@i) = (5 deg s = 3)d;, = dime X.

The flat connection V is called the Dubrovin connection or the first
structure connection. Note that V; has a pole of order 1 along 2z = 0
and Vg, has a pole of order 2 along z = 0. The flatness of V follows
from the WDVV equations and the homogeneity of Gromov-Witten
invariants.

Remark 2.4. By D-module one means a module over the ring of
differential operators. In our case, the ring Onqxcs (O, 20,) of differen-
tial operators on M x C* acts on the space of sections of F' via the flat
connection: O +— V;, 20, — V,o,. This explains the name “quantum
D-module”.

The quantum D-module admits certain discrete symmetries (Galois
actions). Firstly, since o, depends only on e™2 and 7/, it is clear that
o, is invariant under the following translation:

To2 — To2 — 2mi, € € H*(X,Z).

This is a consequence of the Divisor equations and is familiar in ordi-
nary Gromov—Witten theory. Interestingly, we have a finer symmetry
for orbifold theory. Let H2(X,Z) be the sheaf cohomology of the con-
stant sheaf Z on the stack X' (not on the coarse moduli space X). This
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group is identified with the set of isomorphism classes of topological
orbifold line bundles on X. Then H?(X,Z) is identified with the subset
of H?(X,Z) consisting of line bundles which are pulled back from the
coarse moduli space X. For £ € H%(X,Z), let L¢ be the corresponding
topological orbifold line bundle on X and & := c1(L¢) € H?(X,Q) be
the first Chern class. For v € T, define 0 < f,(£) < 1 to be the rational
number such that the stabilizer g at (z,g) € &, acts on the fiber L¢ ,

by exp(27if,(£)).

Lemma 2.5 ([46, Proposition 2.3]). The flat connection V and the
pairing (-,-)r of the quantum D-module QDM (X) = (F,V,(-,")r) are
invariant under the following map given for £ € H 2(x,72):

HEp(X) x (U x C) — HEg(X) x (U x C)
(9,7, 2) — (dG(§)(), G(§)(7), 2)-

Here G(£),dG(§): HEg(X) — HER(X) is defined by

G(é-) (TO @ @ Tv) = (T() — 27T1£0) (&) @ eQWifv (E)Tv

veT/ veT’
dG(f)(Tg S @ Tv) =T0D @ 327Tifv(£)7-v
veT’ veT’

where we used the decomposition Hig(X) = H* (X)) © @, e H*(Ay)
and 1, € H*(X,). (Here we implicitly assume that U is invariant under
the map G(£), but we can assume this without loss of generality.)

We refer to the symmetry in Lemma 2.5 as a Galois action of
H2(X,Z) or a local monodromy at the large radius limit. When & €
H?(X,7Z), this is the same as the aforementioned one. Note that the
new symmetry can act non-trivially on the fiber of the quantum D-
module. The quantum D-module descends to a flat connection on
F/H*(X,Z) — (U/H?*(X,Z)) x C. We call this flat connection on the
quotient space also the quantum D-module.

We can construct a partial compactification V of the quotient V =
U/H?%*(X,Z) such that V contains the large radius limit point and that
the quantum D-module on V extends to a D-module on V with a log-
arithmic singularity along the normal crossing divisor® V \ V. Choose
a Z-basis p1,...,pr of H*(X,Z)/torsion such that p, intersects every
effective curve class d € Eff y non-negatively (i.e. p, is nef). Then we

3More precisely, V' \ V is a normal crossing divisor on an étale cover of V.
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have the embedding

— (e",..., e, T

U/H*(X,Z) — C" x W, {Z t%pg + 7'
a=1

where W = @, H?(X0) D, 1 H*(Xy) and 7 € W. By Assumption
2.1 and the choice of p,, the image of this embedding contains the open
set ((C*)" x W) N Ay for a sufficiently big M > 0, where

Ay ={(d"...,q", 7)) eC xW; |¢® <e ™M, |7|| <e™}.

We set U/H2(X,Z) = (U/H*(X,Z)) UAy C C" x W. For 195 =
S %D, we have e{70.2:d) = (' )(PLd) ... (¢t")(Prd), Therefore by the
formula (3), since p, is nef, the quantum product o, on U/H%*(X,Z) ex-
tends to U/H?(X,Z). The Dubrovin connection on Ay, in the direction

of ¢* = e'* can be written as
0 1
Ve =4 gga T Pa 0

Hence it has a logarithmic pole along q'---q" = 0. We can now define
V as the quotient space (or stack):

V = U/H2(X, Z)/(H2(X, Z)/H2(X, 7).

This contains both U/H?(X,Z) and the large radius limit point ¢ =
7' =0.

Remark 2.6. The partial compactification V' depends on the choice
of a nef basis p,. A canonical partial compactification is given by the pos-
sibly singular quotient stack [(Spec C[Eff x| x W) /(H%(X,Z)/H?(X,Z))).
Note that there exists a natural map from V to this stack.

Remark 2.7. Due to the new discrete symmetries, the large radius
limit point in V can have an orbifold singularity when X is an orbifold.
Also, the quantum D-module F/H?(X,Z) on the quotient space may
not be trivialized in the standard way. In other words, an element of
H¢r(X) gives a possibly multi-valued section of F/H?(X,Z).

2.3. Fundamental solution L(7,2) and the space S(X) of
flat sections

We introduce a fundamental solution for V-flat sections of the quan-
tum D-module (F, V). Orbifold Gromov—Witten theory also has (grav-
itational) descendant invariants (as opposed to the primary invariants
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(1)) of the form
<(111,Df1 e aam¢£zm>

0,m,d

where a; € HEp(X), d € Effy and k; is a non-negative integer. The
symbol 1; represents the first Chern class of the line bundle on the
moduli space of stable maps formed by the cotangent lines at the i-th
marked point of the coarse domain curve. As is well-known in manifold
Gromov-Witten theory (see e.g. [58, Proposition 2]), we can write the
fundamental solution to the equation Vs = 0 by using descendant in-
variants. Let pr: IX — X be the natural projection. For 79 € H*(Xp),
we define the action of 79 on H¢g (X) as

T0-a=pr*(n)Ua

where the right-hand side is the cup product on H*(1X). (This is known
to be the same as the orbifold cup product 7o Ucr a.) Let {¢x}i_, and
{¢*}Y_, be bases of Hfy (X) dual with respect to the orbifold Poincaré
pairing, i.e. (¢z7 (pj)orb = 62

Proposition 2.8 (See e.g. [46, Proposition 2.4]). Let L(7, z) be the
following End(Hgg (X))-valued function on U x C*:

L(r,2)p = e"TO'z/z¢
e(To,z,d)

—To, /zd)
(9) - ¢k <¢k,7_l,”.,7_/,_6_l_> 3
Z m! Z+ 'l/)m+2 0,m+2,d

(d,m)#(0,0),
dEEffx, 1<k<N

where T = 70,0+ 7' is the decomposition in (4) and 1/(z + Pmy2) in the
correlator should be expanded in the 2" -series Y 5o (—1)F27F 1yk, .
Set p:=c1(X) € H*(Xp) and
2 H2P = exp(—plog z) exp(plog z), p is given in (8).
Then we have
Vi(L(1,2)z7#2P$) =0, V,s,(L(1,2)27"2"p) =0,
(L(T, _Z)¢i7 L(T, z)¢j)orh = (¢u ¢j)0rb~

In particular, s;(1,2z) = L(r,z)z #2P¢;, 1 < i < N, form a basis of
multi-valued V-flat sections of F' satisfying the asymptotic initial condi-
tion at the large radius limit (5):

3i(T,2) ~ z7HzPeTT02¢,.
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Remark 2.9. The convergence of the fundamental solution L(7, z)
is not a priori clear. Under the Assumption 2.1, however, we know that
L(r, z) also converges on U x C* because this is a solution to the linear
partial differential equations Vs = 0.

Definition 2.10. Define S(X) to be the space of multi-valued V-
flat sections of the quantum D-module QDM (X) = (F,V, (-,*)Fr):

S(X) = {s(r,2) € (U x C*,O(F)) ; Vs = 0}.

This is a C-vector space with dimc S(X) = dimg HEg(X). S(X) is
“endowed with the pairing (-, -)s:

(s1,82)s = (s1(7,€™2), 52(T, 2))orp € C,

where s; (7, €™ z) denotes the parallel translate of s; (7, z) along the coun-
terclockwise path [0,1] 3 6 +— '™z, Because sy, s2 are flat sections, the
right-hand side is a complex number independent of (7, z). S(X) is also
equipped with the automorphism G (¢) for £ € H?(X,Z) induced from
the Galois action in Lemma 2.5:

G(€): S(X) = 8(X),  s(7,2) = dG(€)(s(G(€) 7, 2)).

In general, (-, -)s is neither symmetric nor anti-symmetric. When X
is Calabi-Yau, i.e. p = c1(X) =0, (-,-)s is symmetric when n = dim¢ X
is even and is anti-symmetric when n is odd.

The fundamental solution in Proposition 2.8 gives the cohomology
framing Z.on of S(X):

(10) Zeon: HER(X) = S(X), ¢ L(r,2)2 27,

In terms of this cohomology framing Z..,, it is easy to check that the
pairing and Galois actions on S(X) can be written as follows:

(Zcoh(a)a Zcoh(/B))S = (eWipaa 6Fi”ﬂ)orb
(1) G () (Zeon (@) = Zean (D e7*m 0?2 O)a)

veET

where we used the decomposition Hig (X) = @, H*(&,) in the sec-
ond line. (See the paragraph before Lemma 2.5 for & € H?(Xp) and
fo(§) €10,1).)
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2.4. K-theory integral lattice of flat sections

We will introduce an integral lattice in the space S(X) of flat sections
using the K-group and the characteristic class called the T-class. Let
K (X) be the Grothendieck group of topological orbifold vector bundles
over X (see e.g. [2] for orbifold vector bundles and orbifold K-theory).
For simplicity, we assume that X is isomorphic to a quotient orbifold
[M/G] as a topological orbifold, where M is a compact manifold and
G is a compact Lie group acting on M with at most finite stabilizers.
Under this assumption, K(X') is isomorphic to the G-equivariant K-
theory K& (M) and is a finitely generated abelian group [2]. For an
orbifold vector bundle V on IX and a component X, of IX, we denote
the eigenbundle decomposition of V|, with respect to the stabilizer

action as follows:
VIX’U = @ ‘/va’
0<f<1

where the stabilizer of X, acts on V, ¢ by exp(2mif). The Chern char-
acter ch: K(X) — H*(IX) for orbifold vector bundles is defined as

follows: _
ch(V) =D D ™ ch((pr" Vo),

veT 0<f<1

where pr: IX — X is the natural projection. For an orbifold Vector
bundle V on &, let 0y, 54, % = 1,...,ly s be the Chern roots of the vector
bundle (pr* V), s on X, (where l, y = rank(pr* V'), ¢). The Todd class

Td(V) is defined by

—~ 1 611, ,
Td(V) = @ H 1 — e—27mife—0u,5,i H 1— e—05v,o,i '

veT 0< F<1,1<i<l, 5 F=0,1<i<ly 0

When the orbifold vector bundle V admits the structure of a holo-
morphic orbifold vector bundle, the holomorphic Euler characteristic
x(V) =31 (1) dime H%(X, V) is given by the Kawasaki-Riemann—
Roch formula [52]:

(12) x(V) = / ch(V) U Td(TX).

Note that x(V) is an integer by definition. For a (not necessarily holo-
morphic) topological orbifold vector bundle V on X, we define x(V)
to be the right-hand side of the above formula (12). It follows from
Kawasaki’s index theorem [53] for elliptic operators on orbifolds that
x(V) is an integer for any V. In fact, the right-hand side of (12) equals
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the index of an elliptic operator d + 9 : V & Ag(’even - Ve® A?\}Odd,
where 0 is a not necessarily integrable (0, 1)-connection on V and d"is
its adjoint with respect to a hermitian metric on V.

Define a multiplicative characteristic class T': K(X) — H*(IX) as

follows: l
)
rwv)=6ep H Hr(1 — f 480 1.0)-

veT 0L f<li=1
Here §,,; ; is the same as above. The Gamma function in the right-hand
side should be expanded in Taylor series at 1 — f > 0. The I‘-class can
be viewed as a “square root” of the Todd class (more precisely, A-class).
In fact, using the Gamma function equality I'(2)['(1 — z) = 7/ sin(n2),
we find

[(ewi deg /Zf(v))u inv* f(V)]v U e™ie(pr” V)lx, +age, (V)
= (2mi)rzoles[(2mi) 48 PTA(V)],,

where deg: H*(IX) — H*(IX) is the ordinary grading operator defined
by deg = p on HP(1X), age,(V) = 3 . j<q flo,r is the age of V along
X,, and [---], is the H*(X,)-component. In this sense?, the K-group
framing Zg: K(X) — S(X) below can be considered as a “Mukai vec-
tor” in quantum cohomology.

Definition 2.11. We define the K-group framing Zx: K(X) —
S(X) of the space S(X) of flat sections by the formula:

Zr(V) = Zeon(V(V)) = L(7, 2)27 2P (V),

(13) where U(V) := (21) " 3 T(TX) U (2ri)°8/2 inv* ch(V).

Here Z.on is the cohomology framing (10), L(7,z)2z"#z° is the funda-
mental solution in Proposition 2.8, (27i)d°8/2 ¢ End(H*(IX)) is de-
fined by (2m1)3%8/2| 212y = (2mi)P and T(TX)U is the cup product
in H*(IX). The image S(X)z := Zx(K (X)) C S(X) of the K-group
framing is called the K -theory integral structure on the quantum coho-
mology.

The notation Zx for the K-group framing is motivated by the cen-
tral charge in physics. Conjecturally, the integral

(14 Z(V) = e(2) /X Zi(V)(1,2) = e(2)(1, Zx (V)T 2))omn

4A Mukai vector is given by ch(V)/Td(TX) for a vector bundle V on X.
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with ¢(2) = (272)% /(27i)", n = dim X gives the central charge of a
B-type D-brane in the class V' at the point 7 of the (extended) Kéahler
moduli space. This plays a central role in stability conditions on the
derived category D?., (X) [30, 8]. It would be very interesting to find
an intrinsic explanation for the formula (13) from this point of view. In
the language of quantum D-modules, Z(V') is a coefficient of the unit
section 1 expressed in a V-flat frame.

Proposition 2.12 ([46, Proposition 2.10]). (i) The image S(X)z
of the K-group framing Zx is a lattice in S(X):

S(X)z ®z,C = S(X).

(if) The pairing (-,-)s on S(X) corresponds to the Mukai pairing on
K (X) through the K-group framing Zx :

(2xk(V1), 2k (V2))s = x(V1 @ Vy').

Therefore, we have a Z-valued pairing S(X)z x S(X)z — Z.

(iii) For ¢ € H?(X,Z), the Galois action G5(€) on S(X) corresponds
to the tensor by the orbifold line bundle LZ (corresponding to —€) on
K(Xx):

Zx(L{ ® V) = G°()(2k (V).

In particular, the lattice S(X)z is invariant under the Galois action.

The statement (i) follows from the Adem—Ruan decomposition the-
orem [2, Theorem 5.1}, which implies that ch: K(X) —» H*(IX) is an
isomorphism when tensored with C. The statements (ii) and (iii) fol-
low from straightforward calculations. It is somewhat surprising that
many complicated terms finally give the Mukai pairing in (ii) via the
Kawasaki-Riemann—Roch formula (12).

Remark 2.13. The formula (13) arose in [45, 46] from the study
of mirror symmetry for toric orbifolds. The mirror Landau—-Ginzburg
model has the natural integral structure and we can shift it to the quan-
tum cohomology. Katzarkov—Kontsevich—Pantev [49] also proposed es-
sentially the same definition (for a rational structure) when X is a mani-
fold. Closely related results have been observed in the context of mirror
symmetry. Calculations and conjectures of Hosono [42], [43, Conjec-
ture 6.3] are compatible with the integral structure above; the works of
Horja [40, 41] and Borisov—Horja [7] strongly suggest a relation between
K-group and quantum D-module.
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Example 2.14. (i) X = Pl. Let w € H?(P!,Z) be the integral
Kihler class. We take 1,w as a basis of H*(P!). In terms of the coho-
mology framing Zeon: H*(P') & S(P!) in (10), the Galois action and
the pairing on S(P!) is represented by the matrices:

@ = |gms 1] 5= |7 G

If an integral lattice L in H*(P!) & S(P) is invariant under G®(w) and
if the restriction of (-,-)s to L gives a perfect pairing L x L — Z, then
L must take the following form:

L=7]201 + ) & Ziy 2w
27 n

for some n € Z\ {0} and ¢ € C. The K-theory integral structure
corresponds to the choice n = 1 and ¢ = —2v, where v = 0.57721... is
Euler’s constant (coming from the I-class T(TP') = 1 — 2yw).

(ii) When X = X is a Calabi-Yau threefold, the I' class is given by

BTx) =1- Ta(X) — (B)es(X)

where ((3) is the special value of Riemann’s zeta function. From this,
it follows that the central charges (14) of Op, O¢, Og and O (for any
smooth curve C and surface S) restricted to H2(X) are

Z(Opt):L
Z(0c) = (1 -9(C) - .2_7% cl,
20) = - SB) (xy_ T e H)

X "o ot Gy

where 7 = 795 € H?(X), g(C) is the genus of C, and x(X) and x(S5)
are the Euler numbers of X and S. Fy(7) is the genus zero potential of

X
1 T
Fyo(r) := 6_/XTB + Z <>0,0,de< 2

deBff x \{0}

dis)Fo is its derivative in the direction of the Poincaré dual of [$] and
H(r) := 2Fy(1) =, t*0;Fp(7). The zeta value ((3) also appeared in the
quintic mirror calculation of Candelas—de la Ossa—Green—Parkes [16].
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(iii) When X is a weak Fano compact toric orbifold, it is shown in
[45], [46, Theorem 4.13] that the central charge of the structure sheaf
can be written as an oscillating integral of the mirror Landau—Ginzburg
model W, : (C*)™ — C:

Z(Ox)(1,2) = —-—}——/ e‘WT(y)/zfl—y, n = dimeg X.
(2m1)™ Jrgc(coyn Y

Here dy/y is an invariant holomorphic n-form on (C*)™ and I'g is a
non-compact cycle (Lefschetz thimble) in (C*)™. (Strictly speaking, we
need a “mirror map” between 7 € HZg(X) in the left-hand side and
the parameter 7 in the Landau—Ginzburg potential W...) Under mirror
symmetry, the unit section 1 of the quantum D-module corresponds to
the oscillating form e="~/#(dy/y) in the Landau-Ginzburg model. Thus
the formula above shows that the structure sheaf Ox corresponds to the
Lefschetz thimble I'g. Moreover, it turns out that the K-theory inte-
gral structure in Definition 2.11 corresponds to the lattice of Lefschetz
thimbles under mirror symmetry. See [45, 46] for more details.

(iv) The T-class contains odd zeta values ((3),((5), . .. and products
of Gamma values. When X is holomorphic symplectic, however, the -
class is defined over Q(¢)[n] for some root of unity ¢. This could be
related to the fact that there is no quantum correction®.

Remark 2.15. We can consider the Grothendieck group of alge-
braic vector bundles or coherent sheaves on X instead of topological
K-groups. In this case, the K-theory integral structure is defined on
the algebraic part of the orbifold cohomology H¢g (X), i.e. cohomology
classes on IX which can be written as linear combinations of Poincaré
duals of algebraic cycles with complex coefficients. The algebraic part
of orbifold quantum cohomology makes sense due to the algebraic con-
struction of orbifold Gromov-Witten theory [1]. A theoretical difficulty
is that we do not know if the orbifold Poincaré pairing is non-degenerate
when restricted to the algebraic part of Hg(X): This would be a con-
sequence of the famous Hodge conjecture/Grothendieck standard con-
jecture. Apart from this point, many discussions in this paper can be
equally applied to algebraic K-theory integral structures.

2.5. Remark on non-compact case

Even when the space X is non-compact, we can sometimes define
the (orbifold) quantum cohomology. Non-compact local cases are im-
portant in the study of Ruan’s conjecture. One standard way is to use

5In toric examples [27, 23], the zeta-values appear in the analytic continu-
ation of the J-function, a generating function of Gromov—Witten invariants.
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the torus-equivariant Gromov-Witten theory. If X admits a torus ac-
tion and the fixed point set is compact, we can define torus-equivariant
orbifold Gromov—Witten invariants using the Atiyah—Bott style local-
ization on the moduli space of stable maps [35]. In good cases, we can
take the non-equivariant limit and obtain the non-equivariant quantum
cohomology. In general, we can define Gromov—Witten invariants if the
moduli space of stable maps to X is compact®. More generally, even
when the moduli space may not be compact, if the evaluation map from
the moduli space to the inertia stack IX is proper, we can define the
quantum product by the push-forward by the evaluation map at the
“last” marked point. As suggested in [14], this happens for example
when X is semi-projective, i.e. projective over an affine scheme. In
this section, assuming the existence of a well-defined orbifold quantum
cohomology for a non-compact space, we describe a possible framework
for K-theory integral structures in this case.

Assume that the (non-equivariant) quantum cohomology of X is
well-defined. Quantum cohomology defines the Dubrovin connection
and the quantum D-module in the same fashion as in Definition 2.3.
The discrete Galois symmetry in Lemma 2.5 is also well-defined. A
problem in the non-compact case is that the orbifold Poincaré pairing
on HEgp(X) is degenerate. However, we have a non-degenerate pair-
ing between Hg (X) and the compactly supported orbifold cohomology
H éR’C(X }, which is defined to be the direct sum of compactly supported
cohomology groups.of the inertia components X, (with the same grading
shift as before):

(‘7 ’)orb: HéR,c(X) X HéR(X) - C.

This pairing defines the dual Dubrovin connection on the Hgg (X)-
bundle F := Hgg (X) x (U xC) - U x C:

0 1
R Rl F SR |
VI Btl + Z(¢ZOT) )
o 1
= —_—— = T
V2o, 25 z(EOT) +pu

where (¢;0.)1, (Eo) € End(H¢g (X)) are the adjoint operators with
respect to (-, -)orb. We call (Fe, V) the compactly supported quantum

SHowever, the degree zero moduli space always has a non-compact compo-
nent, so we indeed need that the evaluation map is proper as stated. This is
particularly relevant to the orbifold case where degree zero moduli spaces give
a lot of non-trivial Gromov—Witten invariants.
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D-module. Note that the dual product (¢;0,)! is defined by essentially
the same formula as the original product. In fact, (@ or B,7)orb =
(e, (Bo7)TY)orh, may be defined by the right-hand side of (2) with o, 8 €
HEr(X) and v € Hg (&) (under the assumption that the evaluation
map is proper). Tautologically, one has a V-flat pairing:

(_)*O(Fc) ® O(F) — Oyxc

induced from the orbifold Poincaré pairing, where we recall that (—): U x
C — U x C is the map sending (7, z) to (7, —z). One has a natural map

(Fe, V) = (F,V)

induced from Hgg  (X) — Hgg(X). The fundamental solution in Propo-
sition 2.8 also makes sense. We have two fundamental solutions L(r, 2),
L(r, z) taking values in End(H¢g (X)) and End(Hgg (X)) respectively
such that

V(L(1,2)z27#2°p) =0, V(L(r,2)z""2P$) = 0,
(-Z’(T’ _Z)SO; L(T’ Z)¢)0rb = (907 ¢)orb’

where ¢ € HEg (X) and ¢ € HEg(X). Here again, L(7,2) and L(r, z)
can be defined by the same formula (9), with different domains of defi-
nitions”. The spaces S(X), Sc(X) of multi-valued flat sections of F, F,
are defined in the same way as in Definition 2.10. The symmetries in
Lemma 2.5 act on these spaces as automorphisms preserving the pairing:

(,)s: Se(X) x S(X) = C, (s1,82) = (s1(1,€™2), 52(T, 2))orb-
Likewise, the formula (13) defines K-group framings
Zy: K(X) = S(X), Zgc: K(X) — S(X)

where K (X) is the compactly supported K-group. (We need to use
L(r, z) instead of L(r,z) in (13) for the compact support version.) For
example, when X is of the form M/G, one can define K.(X) as the G-
equivariant reduced K-group K, 2(M™) of the one-point compactification
M of M (as in [69]). One can also use the Grothendieck group Kz (X)
of coherent sheaves on X' supported on a compact set Z. In non-compact

"Here one of the dual pairs {¢x}, {¢*} in (9) should be taken from Hgg .(X)
and the other from Hgg (X). We take ¢* € Hig (X) when defining L(7, z) and
#r € Hg o(X) when defining L(r, 2).
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case, the definition of K (X) may be subject to change e.g. we may need
to include perfect complexes or infinite dimensional bundles ¢f. [71]. We
will not pursue a more precise formulation here. Note that we have a
well-defined central charge Z(V) 1= ¢(2) [, Zk (V) for V € K (X).

Example 2.16 (c¢f. [45, Example 6.5], [46, Section 5.4]). (i) X =
[C?/G] where G is a finite subgroup of SL(2,C). The inertia stack IX
is given by

IXx=xu || X, Xg=U{0}/Clo)] (9#1),
(9)#1
where (g) is a conjugacy class of g € G, and C(g) is the centralizer of

g in G. Let 1 be the unit class supported on & and 1., € H&g(&X) be
the unit class supported on X{,y. The grading is given by

degl =0, deg 1(9) =2 (g 75 1).

Since X is holomorphic symplectic, there is no quantum deformation
and o, is trivial: 1o, 1, = 14 and all other products are zero. (We
can have non-trivial quantum cohomology by considering the equivariant
version.) The T-class is given by

[(TxX) =10 P
@#()

where 0 < f, <1 /2 is the rational number such that the eigenvalues
of g € SL(2,C) are exp(+2mify). Let §8,1(, (9 # 1) be compactly
supported cohomology classes on X', X{,y such that

= n(ﬂfg) 1 € H'(IX)

1 1
(B, D)o = i (1(g), L(g-1))orb = Tl (g#1).

Here deg 8 = 4. We consider the Grothendieck group K§(C2) of G-
equivariant coherent sheaves on C? supported at the origin. A finite
dimensional representation g of G defines a G-equivariant sheaf Oy ® g
on C2. These sheaves generate K§'(C2) and the Galois action corre-
sponds to the tensor product by a one-dimensional representation. By
the equivariant Koszul resolution:

0-0c2®0—02®00Q" = Oc2®0— Oy®o— 0,

where Q = C? is the standard G-representation defined by the inclusion
G C SL(2,C), we compute the Chern character as

ch(Op ® 0) = (dim)B® P Tr(gle® (C* - Q) 1y € H(1X).
(9)#(1)
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Here Tr(glo ® (C? — @Q)) is the trace of g on the virtual representation
0 ® (C? — Q). Therefore, using L(t, z) = exp(—(70,)t/z), we find

(15) 200 ® 0) = e dim o + Z Tr(g|o) sin(wfg)t(g) ,
@t 2T 1

where we put 7 =t°1+ Z( 9)#1 t(9) 1(,)- The simplest central charge is
given by the regular representation greg:

Z(OO ® Qreg) = e—to/z‘

The vector [Op ® greg] € K§ (C?) is invariant under every Galois action.

(ii) X = C3/G where G is a finite subgroup of SL(3,C). Unlike the
previous case (i}, X can have a non-trivial (non-equivariant) quantum
cohomology. The inertia stack IX is given by

IX=xu || Xy, &g =I[C/C9),
(9)#(1)

where (C®)9 C C3 is the subspace fixed by g. The ordinary and com-
pactly supported orbifold cohomology are

Hep(IX) =Clo @ C1,

(g)#1
Hip (IX)=Ca® P Chgye P Ci,
(g)ing=1 (9)mg=0

where n, = dim X(4). Here 1(, is the unit class supported on X(4) and
a, B(g) are top classes on X, X, respectively (with ng = 1) such that

1 1
& Voo = 120 (Bl Lig))ord = (Lg)s Lgm1)omd = 15777
(& Dors = 177, (Blo) Lig=)ord = (L Lig=n)orw = 1505

Note that deg1(g) = 2u(q), L(g) = 1 if ng = 1, dega = 6 and deg f(y) =
4. When ng =1, let 0 < f; < 1/2 be a rational number such that
1,e*?"fs are the eigenvalues of g € SL(3,C). When n, = 0, let 0 <
fo1 < fg2 < fg3 < 1 be rational numbers such that e?™foi, j =
1,2, 3, are the eigenvalues of g. Consider again the Grothendieck group
K§(C?) of G-equivariant coherent sheaves supported at the origin. A
finite dimensional representation ¢ of G gives a class [Oy® 9] € K§ (C?).
This yields a dual flat section Zx o(Oo ® ) = L(, 2)2~*¥ (0 ® p) with
V(O ® o) given by

(dim g)a @ @ (—1)A;_: Bg) & @ (—1)1+L(9>B§.1 1) -

(g)ng=1 (9):ing=0
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Here
Tr(glo)

¢ H?=1 F(l - fg,j).

The corresponding central charge restricted to Hgg(X) is

Ag = T(glo) 22T,

dim o A
(16) Z(Oo®o)=—~—+ . —==t@+ Y BIF, ,-1)(7),
|G| (o=t IC(g)l (o)ma0

where T = EL(9)=1 t9 1y € HZg(X) and

t9)/|C(g), Yg =1,
Em22 -'n% <1(9‘1)’ LERERE) T>o,m+1,o » Yg) = 2

17)  Fog—(1) = {
This follows from Z(0y ® o) = (L(r, z)" 1,27H¥ (O ® 9))orb and the
formula for the J-function J(1,—z) = L(t, 2)" 1:

r 1
J(T’ ——z) = 1 _; + Z FO’(g_l)(T)|C(g)I—,;(g—)—‘

Ug)=2

Again the regular representation pre gives the simplest charge 1. The
I-product H?zl I'(1— f,y,;) in the central charge may have something to
do with the Chowla—Selberg formula [22].

§3. Ruan’s conjecture

We incorporate our K-theory integral structure into the Ruan’s con-
jecture [62, 63] and discuss what follows from this. We propose the con-
jecture that an isomorphism between K-theory induces an isomorphism
of quantum D-modules via the K-group framing (13).

Ruan’s conjecture can be discussed in many situations. It basically
asserts that two birational spaces X1, A in a “crepant” relationship
have isomorphic (orbifold) quantum cohomology under a suitable iden-
tification of quantum parameters. One such relationship is a crepant
resolution. Let X be a Gorenstein orbifold without generic stabilizers,
i.e. the automorphism group at every point z is contained in SL(T,X).
Then the canonical line bundle Ky of X becomes the pull-back of Kx
of the coarse moduli space X. A resolution of singularity 7: ¥ — X is
called crepant if 7*Kx = Ky. We can regard Y and X as two different
crepant resolutions of the same space X:

X X Y.
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In this case, Ruan’s conjecture for a pair (X,Y) is called the crepant
resolution conjecture and has been studied in many works [15, 59, 14,
27, 11, 5, 13, 23]. Ruan’s conjecture have been discussed also for flops.
Li-Ruan [55] showed that the quantum cohomology is invariant under
flops between Calabi—Yau 3-folds. Recently, this was generalized to the
case of simple P"-flops and Mukai flops [54] in any dimension. The case
of certain singular flops between orbifolds are also studied in [19, 20].

More generally, Ruan’s conjecture may hold for K -equivalences. We
say that two smooth Deligne-Mumford stacks X;, X, are K-equivalent
if there exist a smooth Deligne-Mumford stack X and a diagram of
projective birational morphisms

(18) X 2 x 2,y

such that p; Kx, = p5Kx,. The most general form of Ruan’s conjecture
would be the invariance of quantum cohomology under D-equivalences,
i.e. the equivalence of derived categories of coherent sheaves. It is
“conjectured in [50] that K-equivalence is equivalent to D-equivalence for
smooth birational varieties, but D-equivalence does not imply birational
equivalence in general. An interesting example is reported [61, 44] where
the Gromov—Witten theories of non-birational but D-equivalent Calabi—
Yau 3-folds have the same mirror family and, in particular, should be
equivalent.

One striking feature in Ruan’s conjecture is that we need the analyt-
icity of the quantum cohomology. In the crepant resolution conjecture,
the orbifold quantum cohomology is identified with the expansion of
the manifold quantum cohomology around a point where the quantum
parameter ¢ = €™2 is a root of unity. In the flop conjecture, the two
quantum cohomology algebras are identified under the transformation
g — ¢!, where g is the parameter of the exceptional curve.

3.1. A picture of the global quantum D-module

Let X;, X5 be a pair of smooth Deligne-Mumford stacks. For a
complex analytic space M, let m: M x C — M be the projection to the
first factor, z be the co-ordinate on the C factor and (-): M x C —
M x C be the map sending (7, z) to (7, —z) as before.

Assumption 3.1 (Global quantum D-modules: See Figure 1).
There ezists a global quantum D-module (F, V, (-, ) r, Fz) over a global
Kahler moduli space M given by the following data:

—A connected complex analytic space M;

—A holomorphic vector bundle F' of rank N over M x C;
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—A meromorphic flat connection V on F' (with poles along z =0):

V: O(F) = O(F)(M x {0}) @0psc (Ve & OrtxcZ)

where O(F)(M x {0}) is the sheaf of meromorphic sections of F with
poles of order less than or equal to one only along the divisor M x {0};
—A non-degenerate, V-flat pairing (-, )p:

(5)E: (=) O(F) ® O(F) = Omxcs

— An integral local system (ZY -subbundle) Fy, — M x C* underlying
the flat vector bundle F|pxc+ such that

Fy C Ker(V), FlMxC* =F7® (C, ((—)*Fz,Fz)F Cc Z.

We postulate that the 4-tuple (F,V,(-,-)r, Fz) satisfies the following.
(i) There exist open subsets V; C M, i = 1,2, such that V; is iden-
tified with the base space of the quantum D-module QDM (X;):

V; 2 U, /H*(X;,7),

and that the restriction of (F,V,(-,)r) to Vi x C is isomorphic to
QDM(X,):

(F?v’ (7)F)IVZX(CgQDM(Xz), ’1/:].,2

HereU; C HER (XG) is the convergence domain of the quantum product in
Assumption 2.1 and U;/H?*(X,Z) is the quotient by the Galois action.
Moreover, this isomorphism matches the integral local system Fy with
the K -theory integral structure of QDM (X;) in Definition 2.11.

(i) Assume that Xy and Xo are K-equivalent (18) and also related
by a birational correspondence

(19) X, 5 7 A

such that w1 0p; = moopy. Take base points x; € V;. For a line bundle L
on Z, denote by l;(L) € n1(V;, z;) the homotopy class of a loop given by
the class [w}(L)] € H*(X;,Z). (Recall that V; = U;/H?*(X;,Z).) There
exists a path v: [0,1] — M from v(0) = z1 to ¥(1) = z2 such that
Y« (l1(L)) = lo(L) for any line bundle L on Z. Here vy is independent of
L.

As far as the author knows, all the concrete examples of global
quantum D-modules arise from mirror symmetry. For example, in the
case of toric flops or toric crepant resolutions (and complete intersections
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in them), we can construct a global quantum D-module using the mirror
Landau—Ginzburg model and M is identified with the complex moduli
space of the mirror [27, 24, 23]. The space of stability conditions on the
derived category D%, (X;) due to Douglas and Bridgeland [30, 8] gives
a candidate for the universal cover of M. Another candidate (though
being only infinitesimal at present) is the space of Aso-deformations of
the derived Fukaya category of X;.

We assume the existence of a global quantum D-module F' connect-
ing QDM (X)) and QDM (Xs). Choosing a path v: [0,1] — M from a
point 27 € V4 to a point z5 € Vo, we have an analytic continuation map
P, of flat sections

(20) P,: S(X;) — S(X2)

along the path 4 = (v,1): [0,1] — M x C*. Here by (i), we identified
the space of flat sections of F' over V; x C* with S(X;). This preserves
the K-theory integral structures Py (S(X1)z) = S(A2)z and the pairing
(,-)s. Then it would be natural to conjecture the following.

Conjecture 3.2. For each path v, there exists an isomorphism of
K-groups

(21) UK,'y . K(Xl) hd K(XQ)

which induces the analytic continuation map P, in (20) through the K-
group framing (18). Uy~ preserves the Mukai pairing X(Ug (V1) ®
Uk ,(V2)Y) = x(Vi®Vy’'). Here Uk ., gives the full relationships between
QDM (X)) and QDM (Xs), i.e. we know the quantum cohomology of Xa
once we know the isomorphism Uk , and the complete information on
the analytic continuation of the quantum cohomology of X;.

We expect that the K-group isomorphisms Ug , are given by geo-
metric correspondences such as Fourier—Mukai transformations [9, 51].
This conjecture is compatible with Borisov—Horja’s result [7], where they
identified the K-group of toric Calabi—Yau orbifold with the space of so-
lutions to the GKZ system and also identified the analytic continuation
of GKZ solutions with the Fourier—-Mukai transformations between K-
groups. If the path ~y is the same as what appeared in (ii) of Assumption
3.1, we also expect that Uk, commutes with the actions of line bundles
pulled back from Z, i.e. Ux ,(7n{(L)® V) = n3(L) ® Ug (V) for a line
bundle L on Z. This is compatible with (ii) in Assumption 3.1 and the
fact that tensoring by the 7} L on K(X;) corresponds to the monodromy
(Galois) action on S(X;) along the loop 1;(L).
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Remark 3.3. (i) Unlike the original quantum D-module, the global
quantum D-module F is not a priori trivialized in the standard way.
This is an important point in this formulation. In fact, for the crepant
resolution of C3/Z3 (or its compactification P(1,1,1,3)), F' has differ-
ent trivializations over V; and V5 [3, 27]. Here different trivializations
correspond to different Frobenius/flat structures on the base M.

(ii) The flat connection can have poles along z = 0. For a local
section s of F' around z = 0, Vxs has a pole of order < 1 along z = 0
for X € TM and Vp, s has a pole of order < 2 along z =0.

(iii) The K-theory isomorphism (21) depends on the choice of a
path «. It would be very interesting to study the global monodromy of
(Fa v, ('7 ')Fa FZ)

Remark 3.4. In the context of Ruan’s conjecture, the picture of
the global quantum D-module has been proposed in [27], [28] in terms
of the Givental formalism. An integral structure was incorporated in
this picture in [45, 46]. The structure analogous to the global quan-
tum D-module (F,V, (-,-)r, Fz) first emerged in singularity theory [66]
and has been studied under various names: Frobenius manifolds [31];
semi-infinite Hodge structures [4]; TE(R)P structures [37, 38]; twistor
structures [70, 65]; non-commutative Hodge structures [49] etc.

3.2. Family of algebras: isomorphism of F-manifolds

We explain that Assumption 3.1 implies the deformation equivalence
of quantum cohomology. Choosing a local trivialization of F', we can
write the connection operator Vx with X € T'M in the form

1

The residual part Ax(7,0) = [2Vx]|.=0 defines a well-defined endo-
morphism of F|x(x{0}. The flatness of the connection V implies the
commutativity of these operators [Ax (T, 0), Ay (,0)] = 0. Note that on
Vi C M, Ax(7,0) is identified with the quantum product Xo,. (Here
we identify the tangent vector X with an element of Hp(X;).) We
say that (F,V) is miniversal at a point 7 € M if there exists a vector
v € F{; 0y such that the map

(22) M — F(T,O)) X — Ax (T, O)U

is an isomorphism. This property clearly holds at 7 € V; since we can
choose v to be the unit 1 € H{p (X). The miniversality may fail along a
complex analytic subvariety of M. In the sequel, by deleting such loci if
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necessary, we assume that (F, V) is miniversal everywhere on M. Then
we can define the product o, on the tangent space T M by the formula:

Axo,v(T,00v = Ax(1,0)(Ay (1,0)v),

where v € F{, ) is a vector which makes the map (22) an isomorphism.
The unit vector e € T, M is defined by

Ae(1,0)v = v.

Then (T>M, o, e) becomes an associative commutative ring by the com-
mutativity of Ax(7,0). This definition does not depend on the choice
of v. In fact, the inclusion

TyM < End(F(, ), X — Ax(7,0)

becomes a homomorphism of rings. This product o, endows the base
space M with the structure of an F-manifold [36]. Here an F-manifold
is a complex manifold M endowed with an associative and commuta-
tive multiplication TM ®o,, TM — TM satisfying a certain axiom
(see [36]). This is a weak version of the Frobenius manifold structure
explained below in Section 3.4.

The F-manifold M here admits an Fuler vector field. In a local
frame of F', we can write the connection in the z-direction as

(23)  V.p, =20, — —i—L[(T) +V(r,2), V(1,2)is regular at z = 0.

The residual part U(7) = [2°V,]|.=0 again defines a well-defined endo-
morphism of the bundle F'|r;y(0}. The flatness of V implies that the
endomorphism U(7) commutes with Ax (7,0) for every X € T M. From
this (and miniversality) it follows that there exists a unique vector field
E € T(M,TM) such that

U(r) = Ag(r,0).
This satisfies the axiom of the Euler vector field:
(24) [E,Xo,Y|=[E,X]|o; Y +Xo, [E,Y]+ Xo,Y.

Proposition 3.5. Under Assumption 3.1, the quantum cohomolo-
gies of X1 and Xy underlie the same F-manifold M with the Fuler vector
field E.



138 H. Tritani

3.3. Semi-infinite variation of Hodge structures

The deformation equivalence explained in the previous section is a
rather weak relationship. The global quantum D-module F' has much
more information than just a family of algebras. We consider the semi-
infinite variation of Hodge structures or 5> VHS associated to F'. This
notion was introduced by Barannikov [4]. The information of € VHS is
in fact equivalent to that of the meromorphic flat connection (F, V, (-, ) r),
but the analogy with the ordinary Hodge theory is clearer in this lan-
guage.

We will work over the universal cover M of M. Let H be the space
of flat sections of F' over M x C*:

H:={s e (M x C*,O(F)); Vxs =0, VX € TM}.

Note that s € H is flat only in the direction of M and not necessarily
flat in the z direction. This is infinite dimensional over C. For 7 € M ,
every section s(7,-) € I'({r} x C*, F) can be uniquely extended to a
section s over M x C* which is flat in the M-direction. Therefore H
is isomorphic to I'({7} x C*, F') and is a free O(C*)-module of rank N,
where O(C*) is the space of holomorphic functions on C* and N is the
rank of F. The pairing on H is defined by

(s1,82)1 = (s1(7, '—Z),‘SQ(T, z))r € O(C*).

Note that the right-hand side does not depend on 7 since s1, sy are flat
in the M-direction. This pairing satisfies (sa, s1)% = (—)*(s1, 52)#. For
reM , the space of sections of F over {7} x C is naturally embedded
into H (via the M-flat extension as above)

T({r} x C, F) < H.

We denote by FF, the image of this embedding. Recall that the image
of T({r} x C*, F) gives the whole space H. F, consists of flat sections
s € H such that s(r,-) is regular at z = 0. We call F. the semi-infinite
Hodge structure. F, is a free O(C)-submodule of H and can be regarded
as a point on the Segal-Wilson Grassmannian [60] of H as follows: Fix
an O(C*)-basis e, ...,ex of H. An O(C)-basis s1,...,sn of F, can be
written as s; = Zf\il eicij(1, 2). By restricting z to lie on S, the N x N
matrix (¢;;(7, z)) defines an element of the loop group LGL(N,C). A
change of the basis s; changes the matrix (c;;) by the left multiplication
by an element of the positive loop group LGL™ (N, C) (whose entries are
holomorphic functions on C). Thus the subspace F, is identified with
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an element [(c;;(7, 2))] of LGL(N, C)/LGL*(N,C) =: Gree (H). We call
the map
M3 7+—TF, € Gre(H)

the semi-infinite period map.

Proposition 3.6 ([27, Proposition 2.9]). The semi-infinite period
map 7 +— F, satisfies the following:

XF, c2z7'F,, XeT,M,
(FT,FT)H - O(C),
(Vzaz + E)]FT - ]FT7

where we used the fact that V5, acts on H as a C-endomorphism. The
first property is an analogue of Griffiths transversality and the second is
the Hodge-Riemann bilinear relation.

3.4. Opposite subspace and Frobenius manifolds

As we remarked, the global quantum D-module is not a priori trivial-
ized. A good trivialization is given by the choice of an opposite subspace
to the $2VHS. The choice of an opposite subspace and a dilaton shift
defines a ¥robenius structure on the universal cover of M. The Frobe-
nius/flat structure was discovered by K. Saito [66] as a structure on a
miniversal deformation of isolated hypersurface singularities and the use
of opposite subspaces goes back to M. Saito’s work [67] in that context.
Let O(P'\ {0}) be the space of holomorphic functions on P!\ {0}. This
is contained in O(C*).

Definition 3.7. An opposite subspace H_ at T € M is a free O(PH\
{0})-submodule of H such that the natural map

(25) H_¢F, —-H
is an isomorphism. H_ is said to be homogeneous if
V., H- CH-

and isotropic if
(H_,H_ )y C 27 20(P*\ {0}).

In terms of the loop Grassmannian LGL(N,C)/LGL*(N,C), H_ is
opposite at 7 if IF, lies on the “big cell”: an open orbit of LGL™(N,C).
Therefore, the opposite property ((25) is an isomorphism) is an open
condition: If H_ is opposite at 7, then it is opposite in a neighborhood of
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7. Given an opposite subspace H_ at some pointljhe opposite property
may fail along a complex analytic subvariety of M.

We explain in the lemma below that a homogeneous opposite sub-
space corresponds to an extension of (F, V) across z = oo such that the
connection V has a logarithmic singularity along z = oc.

Lemma 3.8. For a point 7 € Mv, the following are equivalent:
(i) H- is a homogeneous opposite subspace at T.
(ii) H— is homogeneous and at least one of the following projections

2H_/H. +—— zH_NF, —— F./zF,

is an isomorphism of finite dimensional C-vector spaces.

(iii) Define an extension F, — {7} xP! of the vector bundle F|(;}xc
to {7} x P! as follows: A section s € T'({r} x C*, F) extends to a regular
section of Fr over {1} x (P1\ {0}) if the image of s in H lies in zH_.
The extension (F,,V) is a trivial vector bundle over P and V has a
logarithmic singularity at z = co.

Proof. (i) = (ii). The injectivity of the maps in (ii) is obvious.
For [v] € zH_/H_ with v € zH_, write v = vp + v_ where vg € F,
and vgp € H_. Then vy = v —v- € 2H_NF, and [v] = [vy]. This
shows the surjectivity of zH_ NF, — 2H_/H_. For [v] € F,/zF, with
v € I, write 27 lv = v_ + vy, where v_ € H_ and vy € F,. Then
2v_ = v — 2vg € F; N 2zH_ and [v] = [zv_-]. This shows the surjectivity
of zH_NF, = F,/zF,.

(ii) = (iil). Consider the extension F, — {r} x P in (iii). We can
identify zH_ /H_ with the fiber ﬁ(T,Oo), 2H_NF, with the space of global
sections I'(P!, ﬁf) and F./zF, with the fiber ﬁ(ﬂo). Since the maps in
(ii) are induced from the restrictions, that one of them is an isomorphism
implies that F; is a trivial holomorphic vector bundle. For a local co-
ordinate w = z~! around z = oo, we have V.5, = —V,s.. Hence
the homogeneity implies V9, (2H—) C (2H_), so V has a logarithmic
singularity at w = 0. ‘

(iii) = (i). Note that H is identified with the space of sections of E,
over {7} x C*. Because F; is trivial, that (25) is an isomorphism follows
from the decomposition

o(C*) = 27 *O(P \ {0}) ® O(C).
The logarithmic singularity of V implies the homogeneity of H_. Q.E.D.

By the isomorphism in (ii) of Lemma 3.8, a homogeneous opposite
subspace H_ gives a local trivialization of F'. In fact, since F|(;1xc
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extends to a trivial vector bundle F, over {r} x P!, we have
(26) Firy 2T{r} x PLE) 2 2H_NF, & 2H_/H_.

The finite dimensional vector space zH_/H_ does not depend on 7, so
this defines a trivialization of F' over an open subset of M. Under this
trivialization, the flat connection V can be written as follows (see e.g.
[27, Proposition 2.11])

1
Vx =X+ —.Ax(T), XeTM,
(21) 2
Vzaz = z@z — ZU(T) + V,

where A(7) is an End(2H_ /H_)-valued 1-form, U(7) is an End(zH_ /H_)-
valued function, and V is a constant operator in End(zH_-/H_). Here
A(7),U(T) are independent of z and defined on an open subset of M.
Note that U(7) = Ag(7) by the definition of the Euler vector field E.

In order to have a Frobenius structure on M. , in addition to H_,
we need to choose® an eigenvector vg € zH_ /H_ of V satisfying the
miniversality condition:

(28) T,M — zH_/H_, X+ Ax(t)vo is an isomorphism.

We call vy a dilaton shift. The isomorphism TTM >~ 2H_/H_ above
defines an affine flat structure® on M. A vector field X is defined to
be flat if Ax (7)vo is a constant element in zH_/H_. A flat co-ordinate
system on M is constructed as follows. Let f + ¥(r) be the unique
intersection point of F; and the affine subspace 99+H_, where 9y € 2H_
is an (arbitrarily fixed) lift of vy and 9(7) € H_. See Figure 2. Then
the map .
M3 7 [h(T) € H_ /27 H_

is a local isomorphism and gives a flat co-ordinate system. In fact, the
differential of this map is identified with (28). Varying 7, the intersection
point 99 + (1) € F, gives a section sg of F which corresponds to vy €
2zH_/H_ in the trivialization (26). (Note that 0o + ¥(7) € zH_ NF,.)
This section sq is called a primitive section. In Gromov—Witten theory,
the corresponding vector 09 + (7)) € H is called the J-function.

8The author does not claim that vy always exists. The action of V on
zH_ /H_ is induced from that of V,5, on zH_.

9An affine flat manifold is a manifold with a torsion free flat connection on
the tangent bundle.
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Uy + H-

Fig. 2. J-function 9y + 9(7) and flat co-ordinates [¢(7)] €
H_/z"YH_.

For a flat vector field X, we have V(Axwo) = A(a+1)x—[x,E]V0 Where
« is the eigenvalue of vy with respect to V.

When H_ is isotropic, the pairing (-, -)» on H restricts to a sym-
metric bilinear C-valued pairing on 2H_ NF, 2 zH_/H_. By pulling
back this pairing on zH_ /H_ to T, M by the map (28), we obtain a C-
bilinear metric g: TT]\/lv X TT./\A/I/ — C. The metric tensor of g is constant
in the flat co-ordinates above, so the metric g is flat.

Proposition 3.9 ([27, Proposition 2.12]). Take an isotropic ho-
mogeneous opposite subspace H-. and a dilaton shift vo € zH_/H_ sat-
isfying (28) at some point . Then the F-manifold structure (o,, e, E) in
Proposition 3.5 can be lifted to the Frobenius manifold structure (o,, e, F, g)
on the complement of a complex analytic subvariety in M. These data
satisfy:

(i) the Levi-Civita connection VYC of g is flat;

(ii) (Ty M, 0r,g) is a commutative Frobenius algebra;

(iil) the pencil of flat connections Vy = V5 + AXo, is flat;

(iv) the unit vector field e is flat;

(v) the Euler vector field E satisfies (24), (VEC)2E =0 and

Eg(X,Y) =g([E, X],Y) + g(X,[E,Y]) +2(a+ 1)g(X,Y),
where o € C s the eigenvalue of vg: Vvy = avy.

3.5. Opposite subspaces at cusps

We call the large radius limit point of X; a cusp of the global Kéhler
moduli space M and V; a neighborhood of a cusp. Since the base space
of QDM (X;) is a quotient of a vector space, V; is equipped with the
standard Frobenius/flat structure as described in [57, 31]. We will show
that, under certain conditions, the Frobenius structure (or the corre-
sponding opposite subspace) of V; can be uniquely characterized by the
monodromy invariance and the compatibility with the Deligne extension.
This means that there is a canonical choice of the Frobenius manifold
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structure at each cusp from a purely D-module theoretic viewpoint. The
characterization here was shown in the case X =P(1,1,1,3) in [27].

Henceforth we study the global quantum D-module restricted to V;
t.e. @QDM(X;). We omit the subscript ¢ and write V, X for V;, X; etc.
The open set U C HEg(X) in Assumption 2.1 is identified with the
universal cover of V & U/H?*(X,Z).

Definition 3.10 (Givental space [26, 33]). The Givental symplectic
space H¥ is defined to be the free O(C*)-module

HY = HEp(X) ® O(C*),
endowed with an O(C*)-valued pairing (-, -)n:
(F(2),9(2))r = (f(=2),9(2))orb-

As an infinite dimensional vector space over C, H* has the following
symplectic form:

(29) Q(fa g) = Resz:()(f(—z)vg(z))orbdz-

We identify the Givental space H* with the space H of flat sections of
QDM (X) over U through the fundamental solution in Proposition 2.8:

HY 2 H, ¢(2) — L(1,2)(2).

This identification preserves the pairing.

In terms of the Givental space, the semi-infinite Hodge structure F,
is identified with the Lagrangian subspace:

(30) Fr = L(r,2) " (HEr(X) ® O(C)) C HY, TeU.
The Givental space has a standard opposite subspace H¥:
HY =27 HEp (X) ® O(P'\ {0}) C H*.

In fact, this is opposite to F, (i.e. H* @ F, = H?*) for every 7 € U
because L(t, 2) is regular at z = co and L(7, 2) = id +O(271).

Proposition 3.11. The standard opposite subspace HY is homoge-
neous and isotropic. This HY and the standard dilaton shift vg = 1 €
zHX /HX endow the base space V = U/H?(X,Z) of the quantum D-
module with the standard Frobenius manifold structure coming from the
linear structure on U C HER(X) and the orbifold Poincaré pairing on
T;U = HER (X). (See Proposition 3.9 for the construction of Frobenius
manifolds.)
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Proof. 1t follows from Proposition 2.8 that L(7, z) satisfies the dif-
ferential equation V5, L(7,2)¢ = L(1,2)(1 — p/2)¢ for ¢ € HEg(X).
This shows that the action of V.5, on the Givental space is given by

(31) V.o, = 20, +p — -:i on H¥.

Therefore the standard opposite subspace is homogeneous V.5, HY C
HZX. It is obvious that H? is isotropic. Because L(7,2) t¢ = ¢+0O(271)
for ¢ € HR(X), we have L(1,2) "¢ € zH¥ NF,. Therefore, the con-
stant section ¢ of QDM (X) corresponds to (again) the constant el-
ement ¢ € zHY/H¥ under the trivialization (26). This means that
H? yields exactly the given trivialization of QDM (X). In particular,
the connection operators Ax, U, V in (27) are identified with Xo,,
Eo,, pand 1 € Hgg(X) is the eigenvector of V = p of eigenvalue
—dimg X'/2. Now we only need to check that the corresponding flat
metric g is the orbifold Poincaré pairing. But this is obvious from
(L(T7 —Z)—1¢17 L(’T, z)_1¢2)orb = (¢17 ¢2)0rb- QED

Here we describe the two characteristic properties of H?: the mon-
odromy invariance and the compatibility with the Deligne extension.

The monodromy invariance of H* —We see that H¥ is invariant
under the local monodromy (or Galois actions) around the large radius
limit. The Galois action in Lemma 2.5 acts on the Givental space H*
by G™(¢):

G'H({;) — @e—Zﬂifo/ze%rifv(&)’ 5 e Hz(X,Z),
veT

where we used the decomposition H* = @, H*(X,) ® O(C*). Since
G™ (&) contains only negative powers in z, we have

(32) G"(&HX c HY.

The semi-infinite Hodge structures are monodromy-equivariant:
GHEF, =TF c(¢)r The monodromy-invariance of H¥ corresponds to
the fact that the corresponding Frobenius manifold structure is well-
defined'® on the quotient V = U/H?(X,Z). The induced action of
G™(¢) on zH¥ /H¥ is given by @, 1 e /(). Because f,(¢) is a ra-
tional number, there exists a positive integer kg > 0 such that

(33) (GT(€)k =id  on zHY/H?.

OMore precisely, we also need the fact that the vector 1 € zH¥ JHE s
invariant under the Galois action.
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This corresponds to the fact that the monodromy of the Levi-Civita
connection VLC of the flat metric g (or the monodromy of the trivial-
ization (26)) becomes trivial on a ko-fold cover of V. In fact, one can
see that the monodromy of V€ is trivial on the cover U/H?(X,Z) —
U/H?(X,Z) =V, where X is the coarse moduli space of X'

Compatibility with Deligne’s canonical extension —As we did at the
end of Section 2.2, we can extend the quantum D-module on the cover
U/H%*(X,Z) to a connection on U/H?(X,Z) with a logarithmic pole
along ¢' ---¢" = 0 by choosing a nef basis p1,...,p, of H%(X,Z)/tors.
This is a Deligne’s canonical extension [29] of V for a fixed z € C*. In
order to have a Deligne’s extension, we need to choose a logarithm of
the monodromy M, := G*(p,) = e 27/ around the axis ¢* = 0. In
our case, M, has the standard logarithm Log(M,) = —2wip,/z since
M, is unipotent. We can define the Deligne extension here as follows. A
section s(7, z) of F over (U/H?*(X,Z)) x C* is defined to be extendible
to U/H?(X,Z) x C* if the image ¢,(s) € H* of s(1,-) € ['({r} x C*, F)
satisfies the following: the family of elements in HY

r

U/H2(X,Z) 3 [r] — & = exp (Z h;i qia Log(Ma)> 1r(s) € HY

a=1

extends holomorphically to U/H?(X,Z), where we put 7 = 799 + 7'
as in (4) and 102 = Y., _; palogg®. Note that §. is single-valued on
U/H?(X,Z) since the exponential factor offsets the monodromy. More-
over, the limit of s(7,2) at ¢ = 7/ = 0 is regular at z = 0 if §;|4=r'=0
lies in the limiting Hodge structure Fiim:

. " log ¢*
Fiim =1 g —=—Log(M,) | F,,
! ql—% P ( 2mi og( )>

7 a=1

7'—=0
where we put 7 = > _, pologg® + 7’ as in (4). By using (30) and the
definition (9) of L(r, 2z), one can check that F, exists and
(34) Fiim = HEp(X) ® O(C) C H .

The existence of Fy;, is an analogue of the nilpotent orbit theorem [68] in
quantum cohomology. This means that the semi-infinite Hodge structure
F, is approximated by the nilpotent orbit e~ 2a=1108¢" Log(Ma)/(2m) [,
as ¢, 7 — 0. The standard opposite subspace is opposite to Fiin:

(35) HY & Fiim = HY.

This corresponds to the fact that the trivialization induced from H¥ is
compatible with the Deligne extension at g = 0, i.e. a section which
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is constant in the trivialization (26) is extendible across ¢ = 0 in the
Deligne extension. Note that this is a stronger condition than that H_
is opposite to F, for every 7 € U.

For a multiplicative character a: H?(X,Z) — C*, we put

Ta:={veT; exp2rify(€)) = a(£), V€ € HZ(X’Z)}'

Because e?™i = a([-K]) for v € T, the age ¢, for v € T, have the
common fractional part for each . Consider the following two condi-
tions.

(36) Va, dn, € Q such that Vv € Ty (ny + 24, =ng or ng +1).
(37) =0, v#0 = 3¢ € H*(X,Z) such that f,(&) > 0.

Here n, := dimg¢ X,. The first condition is a weaker version of the Hard
Lefschetz condition we will see later'!. (There we have n,+2:,, = dim¢ X
for all v.) When (36) is satisfied, we put

(38) Ta,j = {U €ETa; no+ 20y =ng +j}7 To = Ta,O | Ta,l-

Example 3.12. If X is isomorphic to a quotient [M/G] of a mani-
fold M by an abelian Lie group G as a topological orbifold, the conditions
(36), (37) are satisfied since every T, consists of one element. In fact,
there are sufficiently many line bundles on [M/G] arising from charac-
ters of G which “separate” different inertia components. In particular,
these hold for toric orbifolds.

Theorem 3.13. Assume that the coarse moduli space X of X is pro-
Jjective and that the quantum cohomology of X is convergent (Assumption
2.1). The standard opposite subspace H_ = H* and the standard dila-
ton shift vo = 1 of the quantum D-module QDM (X) are characterized
as follows. -

(i) Under the condition (36), there exists a unique homogeneous
opposite subspace satisfying the monodromy invariance (32), (33) and
the compatibility with the Deligne extension (35).

(i) Under the condition (87), there exists a unique vector vy €
zHX /HX (up to a scalar multiple) such that v is an eigenvector of
w =YV = [V,;s,] of the smallest eigenvalue — dimec X /2 and invariant
under every Galois action on zHY /H¥.

Thus under (86) and (37), the above conditions determine a canon-
1cal Frobenius structure at the cusp up to a constant multiple of the flat
metric.

"The condition (36) says that V,, = @, er,, H*7%* (X, ) is bicentric HL in
. the sense of Definition 3.20. See also Remark 3.21.
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Proof. Let H_ C H®* be any homogeneous opposite subspace sat-
isfying (32), (33) and (35). We decompose the Galois action as

GM(§) = e 0/7 0 GR(8),  GIH(E) = P e,

veT

Claim: H_ satisfies the following:
o-H_-CH_, GYWEH-CH_, (20,+puH_CH_.

Take a sufficiently big ko > 0 such that (G}(£))* = id and (33)
hold. Then (G (€))ko = ek02mi&/% preserves H_ and acts trivially on
2H_/H_. Then Log((G™(£))*0) = —ko2mi&y /2 sends zH_ to H_.. This
implies the first equation. The second equation follows from G§!(¢) =
e?™€0/% o G™(¢) and (32). The third equation follows from V., H_ C
H_, the formula (31) for Vs, and (p/2)H- C pH_ C H_.

The third equation in the claim means that H_ is homogeneous with
respect to the usual grading on HEg (X) together with degz = 2. The
opposite property (35) and the formula (34) for Fyy, imply that

(39) ZH_ N Fyy, & ]Flim/zFlim = HéR(X)

Since 20, + p preserves zH_ N Fjy, this is an isomorphism of graded
vector spaces. Also Ggi (&) preserves zH_ N Fum and (39) is equivariant
with respect to the action of GI*(€). Therefore (39) is decomposed into
the sum of simultaneous eigenspaces of the commuting operators G§(€).
Recall that the condition (36) gives the decomposition (38). Take a
multiplicative character a: H2(X,Z) — C* and set

Va,j = @ H*_2L”(Xy)7 j = O’ 1, Va = Va,o S5} Va,l-
UETa,j

Then V, is the simultaneous eigenspace of GJt(€) of eigenvalue a. By
(39), for a homogeneous element ¢ € V, ;, there exists a unique lift

q3 € zH_ N Fijm such that
¢=0¢+0(z), degp=degp, ¢€V,®O(C").

By the Claim above the H?(X)-action also preserves zH_NFjiy,. There-
fore we have w - qﬁ =w- qS for a Kéahler class w. Because X is Kéhler,
the cohomology ring H*(X,) of every inertia component has the Hard
Lefschetz property. Hence under the condition (36), the following holds
with respect to the grading of the Chen—Ruan cohomology H&g (X).

(40) Wt V:;ﬂ”z — Voft;-‘ﬂ+z is an isomorphism j =0, 1.
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We also have the Lefschetz decomposition of V, ;:

k
Vo = PP uwiPv]sti*

k>0 i=0
- i wti 2, . © s
where PV'5 " F = Ker(wht!: Vet ko Vs +i+k+2) is the primitive

part. By the property w/\gb = w- qg, we only need to know ngS for ¢ €
PVOZ;?“_’“. For ¢ € PVJ,?ﬂ_k» we can put

b=¢+z21+27ho+ - .

where ¢; € VPeti=F=2i Then 0 = wh+lg = .o, ziwh+1g;. This
implies w**1¢; = 0. Note that ¢; € Vcﬁg‘(’““"‘” ® V:‘fl_(k“iﬂ_j).
Then the Hard Lefschetz (40) for V, . implies ¢; = 0 and so é = ¢.
By the Lefschetz decomposition, we have q3 = ¢ for every ¢ € V, ;.
Therefore zH_ N Fim = H&g (X) and zH_ = HEg (X) ® O\ {0}).
It is easy to show the characterization of vg. When g is replaced
with Avg for some X € C, the flat metric g is multiplied by A2. Q.E.D.

Remark 3.14. The limiting Hodge structure Fy;,, depends on the
choice of co-ordinates ¢',...,q" on U/H?%(X,Z). Another co-ordinate
system §* := c®q® exp(Fy(q)) with F,(0) = 0 changes Fj, by the mul-
tiplication by exp(}_, logc® Log(M,)/(2wi)). Under the monodromy
invariance (32) for H_, H_ being opposite to Fiin, (35) is independent
of the choice of a co-ordinate system since Log(M,,) preserves H_.

Remark 3.15. We can normalize the dilaton shift vg € 2H_/H_
using the integral structure Fz. The dilaton shift vy defines a primitive
section sg of the quantum D-module via the trivialization (26). Under
the condition (37), there exists a one-dimensional subspace CAg of the
space S(X) of flat sections which is invariant under every Galois action
and contained in the image of (id —G®(£))™ for some unipotent operator
G4 (¢) with the maximum unipotency n = dimc X. (This can be seen
from the cohomology framing. See (11).) An integral generator Ao of
this subspace is determined up to sign: In fact, this is given by the
structure sheaf of a non-stacky point Ay = +Zxg(Op:). The choice
vp = +1 corresponds to the normalization (sg, Ao)r ~ (271)"/(272)%
in the large radius limit.

3.6. Symplectic transformation between Givental spaces

Here we see that Assumption 3.1 gives rise to a symplectic trans-
formation U between the Givental spaces H** and H*2. The transfor-
mation U was introduced in [27] to describe relationships between the
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genus zero Gromov—Witten theories of X7 and X>. As we have seen, the
genus zero theory defines a semi-infinite variation of Hodge structures
F¥ C H% in the Givental spaces. We shall see in (48) that they match
under U: UF¥ = F¥2. This implies that Givental’s Lagrangian cones
L; CHY [26] swept by the semi-infinite subspaces zF2%i are mapped to
each other under U:

ULy =Ly, where L;:=|JzF¥ c H*Y.

The Lagrangian cone £; C H% can be also described as the graph
of the genus zero descendant potential of X; [26] and encodes all the
information on genus zero Gromov-Witten theory. In the literature
[27, 28, 23], the crepant resolution conjecture was formulated in this way
and verified in several examples. See these references for more details
and examples of U.

Take a path 7: [0,1] — M connecting two cusp neighborhoods V1,
Va. Then we have the analytic continuation map (20) P,: S(X1) —
S(X,) along the path 4 = (v,1): [0,1] — M x C*. Through the coho-
mology framing Z., (10), Py induces the following isomorphism:
(41) Ucon: HEr(X1) — HEr(X2),  Ucon = 24Py Zoo

coh

Recall that the Givental space H* is identified with the space of (multi-
valued) sections of F over V; x C* which are flat in the V; direction.
Therefore, the analytic continuation along 4 also induces a map between
the Givental spaces:

(42) _ U: HY — H*2,

The map U is an O(C*)-linear isomorphism preserving the pairing (-, -)x
on the Givental spaces. In particular, U is a symplectic transformation
with respect to the symplectic form (29). Recall that the cohomology
framing identifies ¢ € HEg(X;) with a flat section L(7,z)z HizPi¢ of
QDM (X;). Also recall that ¢(z) in the Givental space H* corresponds
to the flat section L(r,2)¢(z). Therefore, one has the commutative
diagram involving “multi-valued” Givental spaces:

Hip(X)  —  Hegp(Xs)
(43) Z_/J'IZPIJ/ Z‘I-LZZPZJ/
HY ®ocr) O(CY) — s H® o) O(CF)

where p; = ¢1(X;) and p; is the Hodge grading operator of X;.
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For a rational number f € [0,1), we set
(44) Heg(X)g = @ H* 2 (x,) =12 EB HEg (X).
{t)=f (p/2)=f
Here {1,,) is the fractional part of +,. Correspondingly, we set
MY = Han(X); @ O(C) € 1Y

We list basic properties of Ugo and U, some of which already appeared
in [27, 28]. We will use these later.

Lemma 3.16. Under Assumption 3.1, the analytic continuation
maps Ucon and U given in (41), (42) satisfy the following:

(45) Uconpr = p2Ucon, Upr = p2U,

(46) UeonHep (M) = Hop(Xa)p, UHF =HP,
(47) U = z7#Uconz"*,

(48) UF¥ =F*, re M.

Here FYi C ‘H* 22 M is the semi-infinite Hodge structure (80) at T € M
considered as a subspace of the Givental space. The equation (47) shows
that U is degree-preserving, where the grading on HY is given by the
usual grading on HEp(X) and deg z = 2.

Assume that Xy and Xy are K -equivalent and related by the diagrams
(18), (19) such that w1 o p1 = mo o pa. Let v be the path in (i) of
Assumption 3.1. Then for a class o € H*(Z,C),

(49) Ucon(mia) = (75a)Ucon, U{nia) = (m5a)U.

Proof. The analytic continuation along 4 = (v,1) must be equi-
variant under the monodromy in z € C*. A simple calculation shows
that the monodromy in z acts on S(X;) = HEg (&) by

(50) M; = (——1)”6_27’“’" @ i p=dim A,
veT;

where T; is the index set of the inertia component of X;. Then MsU¢o, =
Uecon M. Taking sufficiently high powers of M;, we have e~*0271ir2[J ; =
Ugone *027i1 This shows the first equation of (45). Therefore we
also have Ucon @et, €™ = P, €@ *Ucon. This shows the first

12This equality holds since we ignore cohomology classes of odd parity.
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equation of (46). Since Ugon commutes with p;, 2°’s'in the commutative
diagram (43) cancel each other. This shows (47) and in turn shows
the second equations of (45), (46). The equation (48) is a tautological
relation since F2' and F&2 arise from the same subspace F, of H.
When X3 and A, are related by the birational correspondences (18),
(19), the analytic continuation P, is equivariant under the monodromy
(Galois) action coming from & line bundle L on Z. By the formula
(11) of the Galois action in terms of Z.on, we have Ueone™2mimien(l) =
e=?mimze1lU,,p and (49) follows. Q.E.D.

3.7. Hard Lefschetz condition

We have seen under Assumption 3.1 that quantum cohomologies of
X1 and X5 underlie the same F-manifold M (Proposition 3.5) and that
the F-manifold structure can be (canonically) lifted over V; to a Frobe-
nius manifold structure by the opposite subspace HY (Propositions 3.9
and Theorem 3.13). Since a Frobenius structure is well-defined over
the complement of an analytic subvariety of M, we can compare the
two Frobenius structures arising from different cusps Vi, V2. However,
we have many examples (e.g. a crepant resolution of P(1,1, 1, 3)) where
they do not coincide [3, 27]. The Hard Lefschetz condition introduced by
[27] (and adopted by [14]) is a criterion for the two Frobenius structures
to match. The point is that the monodromy action coming from line
bundles on Z uniquely fixes opposite subspaces under this condition.

In this section, we consider the case where X7 and A5 are K-equivalent
(18) and related by the birational correspondence:

X 2 Z X
such that 71 o p; = 7o 0 po.

Definition 3.17. Assume that Hg (&) is graded by integers. We
say that m;: X; — Z satisfies the Hard Lefschetz condition if the map

(mfwz)*: HER"(X) — HEE (%)
is an isomorphism for a class wz of an ample line bundle on Z.

Remark 3.18. In the context of crepant resolution conjecture, one
can take X3 = X, Z to be the coarse moduli space X of X and &> to be a
crepant resolution Y of X. The Hard Lefschetz condition was originally
discussed in [27, 14] for the natural map X — X. As was observed in
[32]; the Hard Lefschetz condition for X — X is equivalent to

(51) Ly = Liny(v)s VU E€T.



152 H. Iritani

For a non-compact X, the Hard Lefschetz condition for X — X can be
defined by this condition (51). It is important to consider non-compact
cases, but unfortunately, the discussion in this section does not apply to
a non-compact X.

Remark 3.19. Cataldo—Migliorini [17] showed that when X; =Y
is a smooth projective variety, n: Y — Z satisfies the Hard Lefschetz
condition if and only if 7 is semismall. Here a proper morphism 7: ¥ —
Z is said to be semismall if dim Z* + 2k < dimY, where Z* = {z €
Z ; dimm~1(2) = k}.

We will consider a generalization of the Hard Lefschetz condition,
where we do not assume the integer grading and also include the “bi-
centric” case.

Definition 3.20. (i) We say that a pair (V,w) of a Q-graded com-
plex vector space V' and a nilpotent endomorphism w € End(V') of degree
2 is bicentric HL if there exists a rational number n € Q and a graded
decomposition V =V @ V; such that VP = 0 unless p € n + Z and

wk: an+j LN Vj"+j+k is an isomorphism for 5 = 0,1 and all k¥ > 0.

We call the set {n,n+1} the bicenter. Note that this definition contains
the “mono-centric” case where V; or Vj vanishes.

(ii) We say that a proper morphism 7: X — Z satisfies the general-
ized Hard Lefschetz condition if for every rational number f € [0,1), the
pair (HEg(X)f, m™wz) is bicentric HL, where Hgg (X)) is the graded
subspace of H{(X) defined in (44) and wz is a class of an ample line
bundle on Z.

Remark 3.21. When 7 is the natural map X — X to the coarse
moduli, the generalized Hard Lefschetz condition for 7 reads as follows:
For every rational number f € [0, 1), there exists ny € Q such that

(L) = f = dimc Xy + 2, =ny or ny + 1.

Here {nys,ny + 1} is the bicenter of (H&g(X) s, wx).

Theorem 3.22. Let X1, X5 be K -equivalent smooth Deligne—Mumford
stacks related by the diagrams (18), (19) such that ptKx, = p5Kx, and
w1 0p1 = M2 0 pa. Assume that w1 Xy — Z satisfies the (generalized)
Hard Lefschetz condition. Under Assumption 3.1, the standard opposite
subspaces H¥*, H*? coincide under the analytic continuation along the
path vy in (ii) of Assumption 3.1, i.e. U(H™*) = H*2. Moreover,

(i) If X1 or Xy does not have generic stabilizers, the Frobenius man-
ifold structures on M coming from the quantum cohomology of X; and
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X coincide up to a scalar multiple of the flat metric though the analytic
continuation along .

(ii) There is a graded isomorphism (HEg(X1), miwz) & (HEg(X2),
miwz) preserving the actions of wz. In particular, mo: Xo — Z also
satisfies the (generalized) Hard Lefschetz condition.

This theorem is a generalization of a result in [27]. We use the
following lemma in the proof.

Lemma 3.23. Let V;, i = 1,2 be Q-graded vector spaces and w; €
End(V;) be nilpotent endomorphisms of degree two. Assume that Vi and
Va are isomorphic as graded vector spaces and that there exists a (not
necessarily graded) linear isomorphism U: Vi — Vo such that Uwy =
woU. If (V1,wn1) is bicentric HL, then there exists a (not canonical)
graded isomorphism p: Vi3 — Vo such that pw; = wap. In particular,
(Va,w2) is also bicentric HL.

Proof. Let V be a QQ-graded vector space and w be a nilpotent
operator on V of degree 2. Let a3 > a2 > --- > a; be lengths of the
Jordan cells appearing in the Jordan normal form of w. Then we can
take a basis of V of the form

(52) {wf¢;; 1<j<1,0<k<q;}, m>2a> - >aq

such that w3 *1¢; = 0. Here we can assume that ¢; is homogeneous.
Set deg¢; = —a; + A; for some A; € Q. By rearranging the basis, we
can assume that A\; > Aj11 if a; = a;41. The sequence {(a;, \j)}j>1 is
uniquely determined by (V,w) and we call it the type of (V,w). It suffices
to show that (V;,w;), 4 = 1,2 have the same type. Let {(ay), Ag-l))}jz]_ be
the type of (V;,w;). Since w; and wy are conjugate, we have a; := agl) =

a§.2). Because (Vi,wq) is bicentric HL, there exists n € Q such that

A§~1) =norn+ 1 for all j. Then the degree spectrum of V; is contained

in [—a1 +n,a1 +n+1]. Since V5 and V, are isomorphic as graded vector

spaces, we know that [—a; + )\5-2)704]‘ + A§2)] C [~a1 +mn,a1 +n+1].
Therefore, )\5.2) =norn+1ifa; =a;. Take k> 0suchthat gy =--- =

ag > agy1.- We calculate

dim V2! 4 dim V" =k
dim V" 4 dim Vy @t = k45 > k5 —a; + AP = —a1 +n}
iG> ks a0+ A0 = a1 +n+ 1}
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Since these are equal, we have [—a;+ )\(2) ,a;+ )\(2)] C (—ay1+n,a1+n+1)
if j > k. Therefore,

i <k AP =n+1} = dim V2 = dim vttt
=t{j <k; AV =n+1}.

Hence )\g.l) = )\;-2) for j < k. This shows that (Vi,w;) and (Va,ws) con-

tains an isomorphic graded subspace (V’/,w’) of the type {(a;, )\él) Yhi<i<k
By taking the quotient by this subspace, one can proceed by induction
on dimensions. Q.E.D.

Proof of Theorem 3.22. Take a path v: [0,1] — M satisfying the
condition (ii) of Assumption 3.1. The analytic continuation map P, (20)
along the path 4 = (v, 1) induces maps Ugon (41) and U (42). Recall
that Ucon splits into isomorphisms Ueon, f: HEg(X1)y — HEg(A2)y for
each f €[0,1) by (46). By (49), we have

(53) Ucon, f(miwz) = (m3wz)Ucoh,

for an ample class wz on Z. On the other hand, by the theorem of
Lupercio-Poddar [56] and Yasuda [72, 73], Hg (X1) and HEg(AX2) are
isomorphic as graded vector spaces when X7 and X, are K-equivalent.
Thus HEg(X1)y and HEg(AXz)s are also isomorphic as graded vector
spaces. By Lemma 3.23 and (53), we know that there is a graded iso-
morphism

©: (HEg (%) 5, miwz) — (HEr(Xe) g, mowz)

and (HEg (Xe) ¢, m3wz) is also bicentric HL.

In general, a nilpotent operator w on a vector space V defines a
unique (increasing) weight filtration W; (V) of V such that wW;(V) C
Wi_2(V) and that wé: GrV (V) — Gr"(V) is an isomorphism. Here
GrlV (V) = Wi(V)/W;_1(V). When V is a graded vector space, w is
of degree two and (V,w) is bicentric HL with a graded decomposition
V =V, @ V1 and a bicenter {n,n+ 1} (as in Definition 3.20), the weight
filtration of V' is given by

Wk( ) ‘/0>'n, k V>n+1 k

Consider the case (V,w) = (H&g(Xi) g, mfwz). Since the isomorphism
Uecon, s preserves the weight filtration (by (53)) and (H&g (X5) ¢, miwz) is
bicentric HL, we have

(54) Ucoh,f(HgR(Xl)f) - Hgg_l(XZ)f'
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When ¢ € HEg (X1), this together with the formula (47) implies that Ug
cannot contain positive powers in z. Therefore a matrix representation
U(z) of U with respect to a basis of H&z(X;) does not contain positive
powers in z. Since U preserves the pairing (:,)s, the same is true for
the inverse U(z)~! which is the adjoint of U(—z) with respect to the
Poincaré pairing. Thus we have UK ¢ H* and U~'H* c HY.
Hence UH™ = H*2,

Now we assume X; does not have generic stabilizers. Let H_ C H be
the common opposite subspace. Then the dilaton shift vy € 2H_/H_ is
characterized up to a constant by the condition that vg is an eigenvector
of V., on zH_/H_ of the smallest eigenvalue. This shows (i). The
rest of the statements follows from what we already showed. Q.E.D.

Remark 3.24. We used the theorem of Lupercio-Poddar and Ya-
suda [56, 72, 73] in the proof. However, as [27] did, we can deduce
the graded isomorphism H{g (X1) & Hg (X2) from Assumption 3.1 and
certain additional assumptions. For example, we can show Hgp (X)) &
H{ER (X) under the assumption that HY2 s opposite to the limiting
Hodge structure F{** at the cusp of Vi, i.e.

lim

(55) U(F) @ HY? = H™2,

lim
The equality (55) was conjectured to hold for a general crepant resolution
Xo =Y — X « X in [28]. Interestingly, under the generalized Hard
Lefschetz condition, the equality (55) is a consequence of the weaker
Assumption 3.1 and Lupercio-Poddar-Yasuda’s theorem.

By Theorem 3.22 and Cataldo—Migliorini’s theorem [17] (see Remark
3.19), Assumption 3.1 has the following interesting consequences:

e Let X be a Gorenstein orbifold and ¥ — X be a crepant
resolution. Then X satisfies the Hard Lefschetz condition if
and only if Y — X is semismall.

e Let X; and X, be K-equivalent smooth projective varieties
related by the diagrams (18), (19) with m; op; = m2 0p2. Then
X1 — Z is semismall if and only if X5 — Z is semismall.

The author learned from Tom Coates that the first statement has been
conjectured by Jim Bryan [10].

3.8. Integral periods (Central charges)

Up to now, we have not used the integral structure Fz of the global
quantum D-module. In this section, we will see that the integral struc-
ture defines an integral co-ordinate—integral period—on the global
Kahler moduli space. This is called a central charge (see (14)) in physics.
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For example, using this, we can give a “reason” why the specialization
value of quantum parameters should be a root of unity in the crepant
resolution conjecture [45, 46]. In this section, we restrict our attention
to the case of crepant resolution X; = X — X « Y = X, Also we
assume that Y and X are Calabi-Yau. The case where ¢;(X) is semi-
positive can be discussed in a similar way by using the conformal limit'3
introduced in {45, 46]. See [45, 46] for semi-positive case.

Let X be a Calabi-Yau Gorenstein orbifold of dimension n and
7: Y — X be a crepant resolution of the coarse moduli space X. Note
that the Gorenstein assumption implies that H¢g (&) is graded by even
integers. In the Calabi—Yau case, the base space of the quantum D-
module has a distinguished locus where the Euler vector field E van-
ishes. By the formula (7), this is exactly the small (orbifold) quantum
cohomology locus HZg (X) or H?(Y). Recall that the Euler vector field
is globally defined on M by Section 3.2.

Assumption 3.25. The locus Mo C M where the Euler vector field
vanishes is connected. Also the path y: [0,1] — M in (i) of Assumption
3.1 can be chosen so that it is contained in My.

In Calabi-Yau case (p = 0), the situation is greatly simplified. The
monodromy in z € C* is almost trivial and given by (—1)" by (50).
Over the locus My, the global quantum D-module gives rise to a finite
dimensional variation of Hodge structures (VHS). The finite dimensional
VHS arises from the filtration of flat sections by the pole/zero orders
at z = 0. The space § of multi-valued V-flat sections of F' is single-
valued in w = z'/2 since the monodromy in z is 1. Moreover, over the
locus My, the flat connection V has a logarithmic pole at z = 0 since
U = Ag(7,0) in (23) is zero. Therefore, a V-flat section s(7,2) € S is
at worst meromorphic at w = z%/2 = 0. This introduces the decreasing
filtration § = F2(S) D F}(S) D --- D F*(S) D 0 for 7 € My:

FP(S) ={se€S; 257Ps(r, z) is regular at z = 0}.
Note that the factor 2% kills the monodromy of s(7,2) in z. On the

neighborhoods Vi, V5 of cusps, S is identified with S(X), S(Y) and FP(S)
can be described as follows. Because E = 0 on Mg, V.5, = 20, + u for

13This is very close to Y. Ruan’s quantum corrected cohomology ring of Y
which has the quantum correction only from the exceptional locus [63]; In the
abstract Hodge theory, this is also known as a graded quotient by the Sabbah
filtration [64, 38].
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quantum D-modules and we have

FP(8) = {s € S(X); s(r,z) = 2 "¢, Ip € HSZ" " P(X)}

(56) =~ {s€S(Y); s(r,2) = 27 Mg, Ip € HS=2P(Y)}

on Vi NMjy and VoN Mg respectively. The usual Griffiths transversality
and Hodge-Riemann bilinear relation hold for F?(S):

dFP(S) € FFH(S8) @ Oy,  (FP(S), FP7+1(S))s = 0.

Here the pairing (-,-)s is defined in the same way as in the case of
quantum D-modules (see Definition 2.10). The $VHS F, at 7 € M
can be recovered from F?(S) as follows:

F, = (2" 2E"S) + 2" 3 FP18) + - + 2T F2(S)) @ O(C).

We introduce an integral period on My corresponding to an element
of Sz, i.e. a section of the integral local system Fz. This coincides with
the central charge introduced in (14) for quantum D-modules. Recall
that the analytic continuation map S(X) & S = §(Y') along the path 4
in Assumption 3.1 is equivariant under the Galois action of line bundles
of the coarse moduli space X. Take an ample line bundle L on X and
consider the corresponding Galois action M = G°([L]) on S.

Lemma 3.26. (i) FI(S) C S is a one dimensional subspace for a
generic T € My.

(ii) There exists a unique (up to sign) integral vector Ag € Sz con-
tained in the image of (Log(M) —1)™. Under the K -group framing (13)
Zr: K(X) — 8(X) (or K(Y) — S(Y)), Ao 1is identified with the struc-
ture sheaf of a non-stacky point Ay = =2 (Opy).-

Proof. Since dim F™ is upper semi-continuous, (i) follows from the
description (56) of F*(S) near the cusps. The operator M corresponds
to the unipotent operator e~27i°1(L) on Hp (X) through the cohomol-
ogy framing (10), thus Im(Log(M) — 1)* & Imec;(L)" = H?(X) is
one-dimensional. This contains an integral vector Zx (Opt). Q.E.D.

By Lemma 3.26, the following definition makes sense.

Definition 3.27. Let C}, — C* = C} be the double cover of the z-
plane with a co-ordinate w = z!/2. Take a flat section Ay € Sz in Lemma
3.26. A normalized primitive section is a section §o € I'(Mo x Ci, F)
satisfying

e For every 7 € My, 5o(7, 2) is the restriction of an element of
F™(S) to {7} x C%,.
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o (So(r,e€™2),Ao(T,2))F = 1.
This &y is unique up to sign since so is Ag. The integral period 114
associated to A € Sz is the function on Mg defined by

(57) Ha(7) == (3o(7,e™2), A(T, 2))F, T € M.

We compute the normalized primitive section and integral periods
for the quantum D-modules of X and Y. Using the fundamental solution
L(r, z) in Proposition 2.8, we define the J-function by

J(r,~2) = L(1,2)' 1,

where L(r, 2)" is the adjoint with respect to the Poincaré pairing. The
J-function has the following expression:

7
J(r,—2) = e T02/* (1 -l
VA

Pk > elro2d) |
+ o, — " |.
Z < 2(z + Pma1) 0m1,d m!

deEffx,1<k<N
d=0=>m2>2

Here 7 = 19,0+ 7' is the decomposition in (4). (This can be derived from
(9) and the String equation [1, Theorem 8.3.1].) When X is Calabi-Yau
and 7 € Hggz(X), the J-function is homogeneous of degree zero and is
of the form

(58)  J(rn-2)=1-I+3 a’;f), on(r) € H2 (X).
k>2

Proposition 3.28. (This proposition applies to the resolution Y as
well.) The normalized primitive section of the quantum D-module of X
is given by
(2m2)%

(=2m)»

§0(7‘, Z) =
Therefore, the integral period T14 (57) associated to an integral flat sec-
tion A= Zg(V), V € K(X) equals the central charge Z(V) (14) of V.
This is a component of the J-function: '

Ma=2Z(V)=2nr) 217"(J(1,=1), ¥ (V))orp, T € HZg(X),

where Y(V') was defined in (18) and J(r,—z) is the J-function.
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Proof. By (56), 3o satisfies the first condition in Definition 3.27.
From Ay = Zx(Op) = L(r,2)((271)"/(272)%)[pt] and the formula
(58) for the J-function, the second condition follows. The rest of the
statements just follows from the definition (57) of I14 with the formulas
(13), (14), (58) and pf = —p. Q.E.D.

Remark 3.29. The above calculation shows that the “normalized”
primitive section is (up to a function in z) nothing but the primitive
section sg = 1 associated to the standard opposite subspace and dila-
ton shift (see Section 3.4). The existence of a canonical (normalized)
primitive section along the locus Mg does not mean that the Frobenius
manifold structures of X and Y are the same. In fact, the primitive
sections sg of & and Y may differ outside the locus My C M.

Corollary 3.30. Under the Assumption 3.1 and Conjecture 3.2, the
central charges of the corresponding K -group elements define the same
function (up to sign) on My:

ZY(V) = £Z* (U (V)), Ve K(Y),

where Z% and Z¥ are the central charges (14) of X and Y respectively
and Ug = Uk 42 K(X) = K(Y) is the isomorphism in Conjecture 3.2.
The sign & depends on the sign of U (Op) = £O0p*.

It is interesting to study what integral periods are affine linear
functions on HZg(X) or H?(Y). For example, there exists an affine
co-ordinate system on H*(X) & @oqim x,—2 H(Xy) C HEg(X) or on
H2(Y) consisting of integral periods [45, Proposition 6.3], [46, Propo-
sition 5.5]. If we have a stratum &, of codimension > 3 with ¢, = 1,
the corresponding linear projection HZg(X) — H°(X,) = C may not
be written as an affine linear combination of integral periods. Also, an
affine linear integral period on H2(Y) may not correspond to an affine
linear integral period on HZg (X). In the next section, we will examine
some local examples.

3.9. Local examples

We consider the crepant resolution conjecture for X = [C™/G] where
G C SL(n,C) is a finite subgroup and n = 2 or 3. A standard crepant
resolution of X = C"/G is given by the G-Hilbert scheme [9]: ’

7Y = G-Hilb(C") — X = C"/G.

M The author guesses that the sign should be plus.
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Moreover, an equivalence of derived categories D(Y) & D(X) := D%(C")
is given by the Fourier-Mukai transformation ®: D(Y) — D(X) [9]:

®=Rg.op*, ¥V L — 2z L,

where Z C Y x C" is the universal subscheme and p and ¢ are nat-
ural projections. It would be natural to conjecture that our K-group
isomorphism Uy comes from this derived equivalence:

UI_{l: KE(Y) = K()G(Cn)v [V] — [RQ*(p*V)]’

where E = 7~1(0) C Y is the exceptional set. Recall that we need to
use compactly supported K-groups in order to get well-defined central
charges. For a rational curve P! = C C E in the exceptional set, the
central charge of the class [O¢(—1)] € Kg(Y) is given by (cf. Example
2.14)

7Y (Oc(-1)) = — g7 [C]

for 7 € H2(Y). Let ¢ := 7N[C], 7 € H%(Y) be the co-ordinate on
H?%(Y) and gc be the virtual representation of G given by the Fourier—
Mukai transform [oc ® Op] = [Rg«(p*Oc(—1))]. Corollary 3.30 suggests
the following conjecture:

Conjecture 3.31. The small quantum cohomology (or D-modules)
of X and Y are isomorphic under the co-ordinate change

(59) 170 = —21iZ% (00 ® 00)

where the right-hand side is the central charge function on HEg(X). See
(15) and (16) for formulas of Z* (O ® oc). In particular, the quantum
variable go = exp{(Tc) specializes to exp(—2rni(dim oc)/|G|) at the large
radius limit point of X .

Remark 3.32. (i) Because X is not compact, the characterization
of the vector Ag in Lemma 3.26 does not hold. However, we can expect
that the conclusion of Corollary 3.30 still holds because the K-group
class'® [Op] of a non-stacky point should correspond to each other (i.e.
Uk ([Opt]) = [Ops]) under a birational transformation.

(ii) Since the H2-variables do not have the degree, we can expect
that the co-ordinate change above is also correct for the C*-equivariant
quantum cohomology. Here C* acts on C" diagonally. In dimension two,
the non-equivariant quantum product is constant in 7, so it is interesting
to study the equivariant version.

15T his corresponds t0 [Op ® greg] in K§(C™).
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(iii) The specialization of g¢ to a root of unity comes from the fact
that the central charges (15), (16) of [Op ® oc] = Ux'[Oc(—1)] take
rational values at the orbifold large radius limit point 7 = 0. In [45, 46],
the rationality of the central charge of Ux'[Oc(—1)] at the large radius
limit was also discussed without assuming the precise form of the K-
group framing. When the coarse moduli space X is projective, under
the assumption that H*(X) is generated by H?(X) and the condition
(37), the rationality here is forced only by the monodromy consideration
[45, 46].

We have two cases.
(Case 1) When the Hard Lefschetz condition holds for X — X. Then
we have [13, Lemma 3.4.1]

e n=2or
e n =3 and G is conjugate to a subgroup of SL(2,C) or
e n =3 and G is conjugate to a subgroup of SO(3,R).

In these cases, every inertia component has age ¢, = 1 and the small
quantum cohomology is already “big” (ignoring the unit direction), so
the above conjecture determines the full relationships of quantum co-
homology algebras. Because all the central charges Z% (0 ® o) are
affine linear on HZy (X) (the third term in (16) does not exist), the
co-ordinate change (59) preserves the flat structure on the base and
the Frobenius structures match. Each irreducible component C of the
exceptional set F is a rational curve and corresponds to a non-trivial ir-
reducible representation goc under the Fourier-Mukai transformation'®
(see [48, 34, 6]). The formula (59) agrees with the conjecture of Bryan—
Gholampour [11, 13, 14]. The conjecture has been proved for A,, surface
singularities X = [C?/Z,] [24] and for X = [C3/Za x Z3] and [C3/A4]
[12] (where G = A4 is the alternating group; this is the only case where
the non-abelian crepant resolution conjecture has been proved).

(Case 2) When the Hard Lefschetz condition fails for X — X. This
happens only when n = 3. In this case, since we have the component
with age > 2, the above conjecture does not give a full co-ordinate change
between Frobenius manifolds (see Remark 3.33 below). As we can see
from (16), integral periods can be non-linear functions on Hgg(X), so
the co-ordinate change (59) can be also non-linear. Consider the case
X = C3/Zs, where Z3 acts on C? by the weight (1,1,1). Then Y is
the total space of the canonical bundle of P? with the exceptional set

16The author thanks Samuel Boissiere for explaining this for G € SO(3,R).
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E = P2, The Fourier-Mukai transformation is given by the diagram

Y = Op2(—3) &= Z = Op(—1) -5 C2.
Let o1, 02 be the representations of Zs such that gx(1 mod 3) = e?7iF/3,
For a degree one rational curve P! = C' C E, the Fourier-Mukai trans-
form of Oc(—1) gives the representation goc = 201 ® g2. Thus the
predicted co-ordinate change is

2mv/3 . 2mV/3 OFg
st T ’
3r(5)3 T(3)% ot

(60) To = —27i —

where ¢ is a co-ordinate on the twisted sector Hgg (X) dual to 1, a=
e?™1/3 and Fi¥ is the genus zero potential of X' (see (17)). Since we have
27, 24]:
1 1 1093
3_ 46 9 _ 12
3.6 3ol 3.2

FgE(t) = AR

3. 3!t
the co-ordinate change (60) is quite non-linear. This (60) agrees with the
computation in [27, 23] up to the Galois actions 7¢ +— 7 +27i, t — o?t.

Coates [23] studied other non-Hard Lefschetz examples [C?/Z4] with
weight ;(1,1,2) and [C®/Zs] with weight (1,1,3). It would be an in-
teresting exercise to compare Conjecture 3.31 with Coates’ calculations.

Remark 3.33. In the second case, we can predict the full rela-
tionships between the small quantum cohomology by considering the
central charges of [Og] € Kg(Y) associated to surfaces S C F in Corol-
lary 3.30. Note that Z¥ (Og) contains the information of the derivative
of the potential Iy’ (see Example 2.14, (ii)). The co-ordinate change
of big quantum cohomology can be also determined by Ug in principle,
but the formula could be very complicated.
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