Advanced Studies in Pure Mathematics 55, 2009
Noncommutativity and Singularities
pp- 353-363

On manifolds which are locally modeled on the
standard representation of a torus

Takahiko Yoshida

Abstract.

This is an expository article on manifolds which are locally mod-
eled on the standard representation of a torus and their classifications.

§1. Introduction

This is an expository article based on the author’s talk at short com-
munications in MSJ-THES Joint Workshop on Noncommutativity. Let
S1 be the unit circle in C and 7" := (S')™ the n-dimensional compact
torus. The T™-action on C™ by coordinatewise complex multiplication
is called the standard representation of T™. Recently manifolds which
are locally modeled on the standard representation of T™ attract a great
deal of attention in toric topology [6, 4, 16]. In this note we shall report
the classifications of such manifolds. A typical example is a nonsingular
toric variety. T™ acts on an n-dimensional toric variety X as a subgroup
of the n-dimensional complex torus (C*)™. If X is nonsingular, then it
is well-known that for each point x € X, there exists a coordinate neigh-
borhood (U, p, ¢) of z, where U is a T™-invariant open set of X, p is an
automorphism of T, and ¢ is a p-equivariant diffeomorphism from U
to some open subset in C" invariant under the standard representation
of T™. The latter means that ¢(u - ) = p(u) - ¢(x) for v € T™ and
x € U. In general, a T™-action on a 2n-dimensional manifold which has
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an atlas consisting of such coordinate neighborhoods, which is called a
standard atlas, is said to be locally standard. This structure is one of the
starting point of their pioneer work [6] of Davis-Januszkiewicz and now
it plays a fundamental role in toric topology, see [6, 4]. In Section 2 we
shall investigate locally standard torus actions. For a locally standard
torus action an invariant called a characteristic function is defined in
[6, 12]. We define another topological invariant called an Euler class of
the orbit map and show that locally standard torus actions are classified
by them.

There is a manifold which does not admit a torus action but which is
locally modeled on the standard representation. Let wgn 1= ﬁ Yot
dzi A dZy be the standard symplectic structure on C™ (up to normal-
ization). The standard representation of T™ preserves wc~ and the map
pen s C* — R™ defined by

(1.1) pen(2) = (la1l?, - l2nl?)

for z = (21,...,2,) € C™ is a moment map of the standard representa-
tion of T™. Notice that the image of uc- is the n-dimensional standard
positive cone R%} :={& = (&1,...,&) €R™: & >0, i =1,...,n}. Let
(X, w) be a 2n-dimensional symplectic manifold and B an n-dimensional
smooth manifold with corners. A smooth map u: (X,w) — B is called a
locally toric Lagrangian fibration if it is locally identified with pcn : C* —
R?% (for the precise definition see Definition 3.1). In Section 3 we will
see that a locally toric Lagrangian fibration has an underlying structure
similar to a standard atlas, but which satisfies a weaker condition than
that of a standard atlas. Locally toric Lagrangian fibrations are classified
by Boucetta—Molino [3] up to fiber-preserving symplectomorphisms. We
also recall their result. Finally, in Section 4, asa formulation of such an
underlying structure of a locally toric Lagrangian fibration we define the
notion of a local torus action modeled on the standard representation.
We generalize a characteristic function and an Kuler class of the orbit
map for a locally standard torus actions to this case, and show that local
torus actions are topologically classified by them. The last section and
some part of Section 2 is an announcement of the forthcoming paper [16].

§2. Locally standard torus actions

Definition 2.1. Let T™ act smoothly on a 2n-dimensional smooth
manifold X. A standard coordinate neighborhood of X consists of a
triple (U, p,¢), where U is a T™invariant connected open set of X,
p is an automorphism of T, and ¢ is a p-equivariant diffeomorphism
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from U to some open subset of C™ which is invariant under the standard
representation of T™. The action of T™ on X is said to be locally standard
if every point in X lies in some standard coordinate neighborhood.

Example 2.2. T? acts on a four-dimensional sphere $* := {(z,y) €
C2xR: |z1)? + |22+ 9% = 1} by u- (2,9) := (w121, u222,y). This action
is locally standard. More generally, an effective smooth T?-action on
a 4-dimensional smooth manifold X without nontrivial finite stabilizers
are locally standard because of the slice theorem. See [2, Chapter 8] for
the slice theorem. These actions has been studied by Orlik-Raymond in
[14].

Example 2.3 (Nonsingular toric varieties). An n-dimensional com-
plex toric variety is a normal complex algebraic variety X of dimension
n with a (C*)™-action having a dense orbit. T™ acts on X as a subgroup
of (C™)*. If X is nonsingular, the T™-action on X is locally standard.
In fact, the fundamental theorem of the toric theory says that there
is a one-to-one correspondence between toric varieties and fans. Top-
dimensional cones in the fan associated with X correspond to standard
coordinate neighborhoods all of which covers X since all cones are non-
singular. For toric varieties, see [5, 9, 13].

Example 2.4 (Quasi-toric manifolds). A quasi-toric manifold is a
smooth manifold equipped with a locally standard torus action whose
orbit space is combinatorially isomorphic to a simple convex polytope.
A quasi-toric manifold was first introduced by Davis—-Januszkiewicz in
their pioneer work [6] as a topological generalization of a projective toric
variety. See [6, 4] for more details.

Let X be a 2n-dimensional manifold equipped with a locally stan-
dard T™-action. Let B := X/T™ denote the orbit space and y: X — B
the quotient projection.

Proposition 2.5. B is a topological manifold with corners. Namely,
on B there is a system. of coordinate neighborhoods modeled on open sub-
sets of R"y so that overlap maps are homeomorphisms which preserve the
stratifications induced from the natural stratification of R7} .

In particular, B has a natural stratification. Let S(¥)B be the
k-dimensional strata of B with respect to the natural stratification,
namely, S() B consists of those points which have exactly k nonzero
components in a local coordinate. The closure of a connected compo-
nent of the codimension one strata S~ B is called a facet. Let By, .. .,
B,, be facets of B. By definition, for each i the preimage p~*(B;) of B;
is fixed by a circle subgroup of T, say T;. Let A be the lattice of integral
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elements of the Lie algebra t of T™, namely, A := {t € t: exp(t) = 1}.
We denote by L; the rank one sublattice of A spanned by the primitive
vector in A which generates T;. Hence we can obtain the map A from
the set of facets to the set of rank one sublattices in A. X is called the
characteristic function of X.

Example 2.6. Let X be a nonsingular toric variety. The one-
dimensional cones in the fan associated with X corresponds one-to-one
to the facets of B. Then A can be defined by assigning to each facet of
B the rank one sublattice spanned by the primitive vector generating
the corresponding one-dimensional cone.

Definition 2.7. Let {L1,...,L,} be an m-tuple of rank one sub-
lattices of A. {L1,..., Ly} is said to be unidomular, if the sublattice
Li+---+ L,, generated by Li,..., Ly, is a rank m direct summand of
A as a free Z-module.

The following lemma, follows immediately from the local standard-
ness of X.

Lemma 2.8. If the intersection By, N---N B;, is non-empty, then
{AMBiy), ..., MBi,)} is unimodular.

Given a point b € B, suppose that b lies in SV B. Then there are
exactly n — k facets B;,, ..., B;,_, suchthatbe B;; N---NB; . Let
T'(b) be the subtorus of T" generated by A(B;,),...,A(Bi, ,). Notice
that by Lemma 2.8 T'(b) is (n — k)-dimensional. Now introduce the
identification space

X)\=BxT"/ ~,
where (b, u) ~ (b/,v) if and only if ¥’ = b and w'u~' € T'(b). The natural
T™-action on BxT™ descends to an action of T™ on X whose orbit space
is B, and the natural projection B x T™ — B also descends to the orbit
map py: Xy — B. It is easy to see that X, is a topological manifold
and the T™-action is locally standard. X is called the canonical model
of X.

By the construction, X is locally equivariantly homeomorphic to
X, namely, there is an open covering {U,} of B such that u=1(U,) is
equivariantly homeomorphic to py'(U,) for each . We take an equi-
variant homeomorphism ha: p=t(Us) — p; *(U,) for each a. Suppose
that the overlap Uyg := U,NUg of U, and Up is nonempty. Let b € Ugyg.
For any x € u;l(b), since hy’s are equivariant hg o hb‘l(m) lies in the
same orbit of x by the T™-action. This implies that there exists an
element u of T™ such that

ha o hgl(m) =u- .
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v is unique modulo T'(b). By using the equivariantness of h,’s we can
also show that w does not depend on the choice of  and depends on b.
We denote u by 0,3(b). 6a5(b) induces a section 0,5 of ux: X, — B
on Uyss. Let #x, denote the sheaf of germs of continuous sections
of ux: X — B. It is easy to see that the local sections 6,5 form a
Cech one-cocycle {045} on {U,} with values in .#x,. Hence it defines
a cohomology class eyrpit(X) € HY(B;#x,). It is easy to see that
eorbit(X) does not depend on the choice of hy’s. €orpit(X) is called the
Euler class of the orbit map.

Example 2.9. For a nonsingular toric variety X, e,rpi:(X) vanishes.
See [16].

Example 2.10. For a quasi-toric manifold X, e,.p;:(X) vanishes.
See [6).

Theorem 2.11 ([16]). Let X; and X2 be 2n-dimensional manifolds
equipped with locally standard T™-actions. X1 and Xo are equivariantly
homeomorphic if and only if the orbit spaces X1/T™ and Xo/T™ are
homeomorphic as manifolds with corners and under this identification,
the characteristic functions and the Euler classes of the orbit maps are
same.

This is a generalization of the topological classification of quasi-
toric manifolds by Davis—Januszkiewicz [6] and of effective T?-actions
on four-dimensional manifolds without nontrivial finite stabilizers by
Orlik-Raymond [14].

The idea of the proof is as follows. The “only if” part is obvious.
Suppose that X; /7™ and X2/T™ are homeomorphic as manifolds with
corners and under this identification, X; and X5 have the same charac-
teristic functions. Then the canonical models are same. By definition,
eorbit(X;) measures the difference between X; and its canonical model.
So if eorbit(X1) = €orbit(X2), then the differences are same. Hence, X3
is equivariantly homeomorphic to X5. For more details, see [16].

§3. Locally toric Lagrangian fibrations

Let Aut(7™) be the group of automorphisms of 7. Aut(T™) can be
identified with GL,(Z) because of the decomposition 7" = (S1)". Let
(X, w) be a 2n-dimensional symplectic manifold and B an n-dimensional
manifold with corners.

Definition 3.1 ([10]). A map p: (X,w) — B is called a locally
toric Lagrangian fibration if there exists a system {(Ua, »2)} of coordi-
nate neighborhoods of B modeled on R, and for each o there exists a
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symplectomorphism X : (1™ (Ua),w) — (pgn (92 (Ua)), wen ) such that
ficn 0 g = 9§ o pu.

A locally toric Lagrangian fibration is a natural generalization of a
moment map of a nonsingular projective toric variety. In the case of
OB = {, it is a nonsingular Lagrangian fibration. Conversely, by the
Arnold-Liouville theorem [1], a nonsingular Lagrangian fibration with
closed connected fibers on a closed manifold is also such an example.

Let u: (X,w) — B be a locally toric Lagrangian fibration on an
n-dimensional base B and {(Uy, 2, ¢X)} the atlas in Definition 3.1.

Lemma 3.2. On each connected component of a nonempty overlap
Uanp = Uy NUpg there exists an automorphism pos € Aut(T™) and there
also ezists a constant cag € R™ such that the overlap map 0 o ()™
on the total space X is pas-equivariant with respect to the standard rep-
resentation of T™ and the overlap map 25 := o5 o (pf)~" on the base
is of the form

(3.1) 9o5(6) ="'p75(8) + cap,

where tp;é is the inverse transpose of pag.

For the proof, see [16] and see also [8, 15] for nonsingular Lagrangian
fibrations.

Definition 3.3. The atlas {(UZ,¢2)}aca of B in Lemma 3.2 is
called an integral affine structure.

By (3.1) the structure group of the cotangent bundle T*B reduces
to GL,(Z) and the maps p,p are nothing but the transition functions of
T*B. We denote the frame bundle of 7*B by 7p, : Px — B and also
denote the associated A-bundle and T"-bundle by ma,: Ax — B and
mry : Tx — B, respectively. Then we have the following exact sequence
of associated fiber bundles of Px

0 Ax T*B Tx 0.

As is well-known, T*B is equipped with the standard symplectic struc-
ture, and it is easy to see that the standard symplectic structure on T*B
descends to the symplectic structure on T’x, which is denoted by wr, ,
so that mry : (T'x,wry ) — B is a nonsingular Lagrangian fibration.

For any point b of B, let (Uy, ©Z) be a coordinate neighborhood
of the integral affine structure which contains b. Suppose that b lies
in S®WB. Then the stabilizer of the T™-action on uga (pZ(b)) is an
(n — k)-dimensional subtorus and by Lemma 3.2 it defines a unique
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(n — k)-dimensional subtorus of the fiber 71';; (b) of mr: Tx — Bath
which is denoted by Z. Notice that a fiber of 7y, : Tx — B admits
a group structure since its structure group is GL,(Z). We define the
equivalence relation ~ on T'x by ¢ ~ t' if and only if np, (£) = 71y (V')
and t't~! € ZWTX (t), and denote the quotient space with respect to ~ by
Xcan. By the construction of X, the bundle projection nr, descends
to the projection picgn: Xeqn — B.

Lemma 3.4 ([16]). X un becomes a 2n-dimensional smooth man-
ifold. Moreover, wry, induces a symplectic structure ween 0N Xcan 80
that prean: (Xean,Wean) — B 1s a locally toric Lagrangian fibration.

Roughly speaking, the proof is as follows. The integral affine struc-
ture defines a Hamiltonian action of a subtorus of T™ on each w;; Uh).
(Xean, Wean) can be obtained from (Tx,wr, ) by the symplectic cutting
technique with respect to these Hamiltonian torus actions [11]. For more
details, see [16].

By the construction of prean: (Xean, Wean) — B, it is locally isomor-
phic to the original one p: (X,w) — B, namely, on each U, there is
a fiber-preserving symplectomorphism h,: (71 (U,),w) — (uz(Us),
Wean) covering the identity on U,. By the similar argument used in Sec-
tion 2, we can show that on each nonempty overlap U,g the equation

ha o h;l(m) =0a5(b) - x

for b € Uap and z € pz.,(b) determines a section Onp of mry: (T'x,

wry) — B on Uyg such that 0} zwr, vanishes (see [16, Section 7] for
more details). Such a section is called a Lagrangian section. Let Yé‘;g
denote the sheaf of germs of Lagrangian sections of 7ry : (T'x,wry ) —
Bx. It is easy to see that the local sections 0,4 form a Cech one-cocycle
{64ap} on {U,} with values in YTL;*" . Hence it defines a cohomology class
in Hl(BX;Yrﬁ;g). We denote it by A(X). It is easy to see that A(X)
does not depend on the choice of h,’s. A(X) is called a Lagrangian class
of u: (X,w) — B.

Theorem 3.5 ([3]). Let py1: (X1,w1) — Bi1 and pg: (Xo,w2) — B2
be locally toric Lagrangian fibrations. They are fiber-preserving symplec-
tomorphic if and only if there is a diffeomorphism between By and Ba
which preserves the integral affine structures and under this identifica-
tion, A(X1) and A\(X2) are same.
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For the proof, see [3, 16]. The idea of the proof is same as Theo-
rem 2.11. It is a generalization of the classification of nonsingular La-
grangian fibrations by Duistermaat [8] and the classification of symplec-
tic toric manifolds by Delzant [7]. See also [15, 17] for the classifications
of Lagrangian fibrations.

84. Local torus actions modeled on the standard representa-
tion of T™

Lemma 3.2 says that the total space of a locally toric Lagrangian
fibration has an atlas similar to a standard atlas, but which satisfies a
weaker condition than that of a standard atlas. As a formulation of such
an underlying structure, in [16] we introduced the following notion.

Definition 4.1. Let X be a paracompact, Hausdorff space. A
weakly standard C™ (0 < r < 00) atlas of X is an atlas {(ULX, 0X)}acu
which satisfies the following properties

(1) for each a, ¢X is a homeomorphism from UZX to an open set
of C™ invariant under the standard representation of T,
(2) for each connected component of a nonempty overlap U, éi; =
UXnug,
(a) X (US) and o (UZ;) are also invariant under the stan-
dard representation of T and
(b) there exists an automorphism p,g € Aut(7™) such that
the overlap map 5 := @ o (9} )" is pap-equivariant
C" diffeomorphic with respect to the restrictions of the
standard representation of T™ to ¢ (U2;) and of (UZ;).

Two weakly standard C” atlases {(U, 9X)}aca and {(VF,¥5)} sesn
of X?" are equivalent if on each connected component of a nonempty
overlap UX N VﬁX , there exists an automorphism p of T™ such that
X o (1/;[)3( )~1 is p-equivariant C” diffeomorphic. We call an equivalence
class of weakly standard C™ atlases a C” local T™-action on X?" modeled
on the standard representation or a local T™-action on X if there are no
confusions and denote it by 7.

Definition 4.2. Let (X;,7;) (i = 1,2) be a 2n-dimensional manifold
equipped with a C" local T™-action 7;, and let {(UXY, X1 )}aeu € T
and {(U, ;(2, gogz)} ges € T be the maximal weakly standard atlases of
X1 and X3, respectively. (X1,77) and (X2, 73) are said to be C™ isomor-
phic if there exists a C" diffeomorphism fx: X; — X5, and there exists
an automorphism p of T™ on each nonempty overlap UX*N 5! (U, é{ )£ (D
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such that goff? o fx o (pX1)~! is p-equivariant. fx is called a C" isomor-
phism and we denote it by fx: (X1,771) — (X2, T2).

Let (X, T) be a 2n-dimensional manifold X equipped with a C™ local
Tm-action 7 and {(UX,pX)}aea a maximal weakly standard atlas of
X which belongs to 7. For (X,7) we can define the orbit space Bx by
patching X (UX)/T™s by the homeomorphisms induced by the overlap
maps <p§ﬁ. The orbit map is defined by the obvious way and we denote
it by px: X — Bx. It is easy to see that {(UX,pX)}aca endows Bx
with an n-dimensional topological manifold with corners.

A typical example of a manifold equipped with a local torus action
is a locally standard torus action. But not all local torus actions are
induced by locally standard torus actions. For any C" local T™-action
7 on a 2n-dimensional manifold X, we take a weakly standard atlas
{(UX, pX)}aca belonging to T. It is easy to see that on each U the
automorphisms pag in (2) of Definition 4.1 can be thought of as a map
Pap: x (U, fﬁ) — Aut(T™) and pags define a cohomology class [{pag}]
in the first Cech cohomology set H'(Bx; Aut(T")) of Bx with values
in Aut(7T™).

Proposition 4.3 ([16]). A C" local T™-action on X is induced by
some C” locally standard T™-action if and only if {pag} and the trivial
Cech one-cocycle are of the same equivalence class in H'(Bx; Aut(T™)),
where the trivial Cech one-cocycle is the one whose values on all open
set are equal to the identity map of T™.

Another important example of a manifold equipped with a local
torus action is a locally toric Lagrangian fibration. For a manifold
(X,7) equipped with a C* local T™-action 7, X becomes the to-
tal space of a locally toric Lagrangian fibration if and only if there is
an atlas {(UX,pX)}aca € 7T such that the induced atlas of Bx by
{(UX, pX)}aca is an integral affine structure and X satisfies an addi-
tional condition. See [16] for more details.

Finally we generalize the topological classification of locally stan-
dard torus actions to local torus actions. The Cech one-cocycle {pazs}
determines a principal Aut(7™)-bundle 7p,: Px — Bx. Note that
when (X, T) is induced by a locally standard torus action, by Proposi-
tion 4.3 Px is the trivial bundle Px = Bx x Aut(7T™) and when (X, 7)
is an underlying structure of a locally toric Lagrangian fibration, Px is
nothing but the frame bundle of the cotangent bundle of the base. Let
Tax: Ax — Bx and 7, : Tx — Bx be the associated A-bundle and
T™-bundle of Px, respectively. In the case of (X, T) T'x acts fiberwise on
X, hence the characteristic function of a locally standard torus action is
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generalized to a rank one subbundle, called the characteristic bundle and
denoted by 7z, : Lx — S~V By, of the restriction of ma, : Ax — Bx
to S(»~1) Bx. Notice that when (X, 7) is an underlying structure of a lo-
cally toric Lagrangian fibration, Lx is automatically determined by the
integral affine structure. We also call the pair (Px,Lx) of Px and Lx
the characteristic pair. By the same way as in the case of locally toric
Lagrangian fibrations or locally standard torus actions we can construct
the canonical model X(p, ,) from Tx by using (Px,Lx). X(px,cx) 18
equipped with a C? local T™-action whose orbit space is equal to Bx. By
the construction of X(p, ), X is locally C° isomorphic to X(py,cx)
(for C™ isomorphisms see [16]). By the same way as before we can gen-
eralize the Euler class of the orbit map e mit(X) € H(Bx; X, Py, cx))

as a Cech one cohomology class of Bx with values in the sheaf of germs
of continuous sections of the orbit map p(py rx): X(px,cx) — Bx of
the canonical model.

Theorem 4.4 ([16]). Let (X1,71) and (X2,T3) be two manifolds
equipped with local torus actions. They are C° isomorphic if and only
if Bx, and Bx, are homeomorphic as manifold with corners and under
this identification, the characteristic pairs and the Euler classes of the
orbit maps are same.

The idea of the proof is same as Theorem 2.11.
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