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Asymptotic stability conditions for a delay
difference system

Fumiyuki Kawahigashi and Hideaki Matsunaga

Abstract.

In this paper we obtain some necessary and sufficient conditions
for the asymptotic stability of the zero solution of a delay difference
system

Tn =AZn—k + Tn—k-1), n=0,1,2,...,

where A is a 2 X 2 real constant matrix and k and [ are positive integers.

§1. Introduction

The purpose of this paper is to establish some necessary and suffi-
cient conditions for the zero solution of a delay difference system

(1) Tp = A(:L'n_k +xn—k—l)7 n= 07172,"',

to be asymptotically stable. Here, A is a 2 x 2 real constant matrix,
and k and [ are positive integers. In the scalar case, Kaewong et al. [3]
showed the following result.

Theorem A. Let A = a be a real number. Then the zero solution

of (1) is asymptotically stable if and only if
_ 1

(2) Opax < @ < 3
where a_,,. s the negative mazimum value of 1/(2cos %) forp =
0,1,...,2k+1—1.

By the transformation z,, = Py, with a nonsingular matrix P, the
system (1) can be written as

Yn =P AP(yn—k + Yn-k—1), m=0,1,2,....
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Consequently, we have only to consider (1) where the matrix A is either
of the following two matrices in Jordan form:

_ cosf —sind _fd1 b
(D) A_a(sine cos&)’ (1) A_<0 dg)’

where a, b, d1, dz and 0 are real numbers with |0] < 7/2.

§2. Main results
The following theorems are our main results. For simplicity, we put

1

(3) ap = 2kpr—1]6]|
2 cos =pg

forp=0,1,...,2k+1—1.

Theorem 1. Suppose that the matriz A is given by (I). Then the
zero solution of (1) is asymptotically stable if and only if

(4) Qpax < @< aj.
where at.  and a,,. are the positive minimum value of a, and the neg-
ative mazimum value of a, forp="0,1,...,2k+1 — 1, respectively.

Theorem 2. Suppose that the matriz A is given by (II). Then the
zero solution of (1) is asymptotically stable if and only if

1
(5) Omax < dj < 3 for j=1,2,
where ag,. is the negative mazimum- value of a, with 8 = 0 for p =

0,1,...,2k+1~1.

Our results are proved by using the fact that the zero solution of
(1) is asymptotically stable if and only if all the roots of its associated
characteristic equation

(6) F(\) =detOW T — XA - A) =0

are inside the unit disk. Here, I is the 2 x 2 identity matrix. In this
paper we only give the proof of Theorem 1 because Theorem 2 is proved
in a similar way. Thus we consider the matrix A given by (I). An easy
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calculation yields that
FO) = Netl a,l()\l + 1) cosf . 7()\1 + ll) sin @
—a(\ +1)sind Nt — (A + 1) cos @
=X g\ + 1) cos 8}2 — {ia(\! + 1) sin 6}2
= (NP e (AL D) — e (N 4 1)1,

Hence, all the roots of the characteristic equation (6) are inside the unit
disk if and only if all the roots of the equation

(7) fa,N) = M —ge® (X +1) =0

are inside the unit disk, since F(\) = f(a,\)f(a, A) where A denotes
the complex conjugate of any complex A. Consequently, the following
proposition holds.

Proposition 1. The zero solution of (1) is asymptotically stable if
and only if all the roots of (7) are inside the unit disk.

Note that, in case a = 0, all the roots of (7) are 0 (multiplicity k+1).
Now, we will discuss the location of the roots of (7) as a varies. The
first two lemmas deal with the value of a and the roots of (7) on the
unit circle. Hereafter, we may assume that 8 > 0.

Lemma 1. Let A be a root of (7) on the unit circle. Then the root
A and the real number a are expressed as

, 2 26
(8) A=e"?,  where wp = —%%T,
and
1
9 a=——--=aq
9 2 cos 2k22’:r+—lw P

for some p=0,1,...,2k+1—1. Conversely, if a = ap, then A = e™» is
a root of (7).

Proof. Let A be a root of (7) on the unit circle. Then A' +1 # 0
and (7) becomes
prax’
(10) a = m
Since a is real and A = 1/, we have
Mo ¢if / \kH (i

(1) O BT T IUNFL T NEN)
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From (10) and (11), we obtain A?**! = 2% which implies that (8) is
valid for some integer p. Then it follows from (10) that

ez’26)\—k 1 1

a = 6119<6i29)\—2k + 1) ei@)\—k +e—i9)\k - QCOS(]{IUJP — 0) = Op.

Conversely, if a = a,, it is clear that A = % is a root of (7). The proof
is complete. ' Q.E.D.

Lemma 2. The roots of (7) on the unit circle are simple.

Proof. Let A be given by (8). Note that X! + 1 # 0. By (10), we
have

MNH=LEN + B+ 1)

Of(a,\) _ k4+l—1 i0y1—-1 _
=(k+1)A lae” N~ = N1

15D
Suppose that df(a, A)/OA = 0. Then

(12) kX 4+ k41 =0.
In view of A = 1/, (12) yields k/\ + k 4+ 1 = 0, that is,
(13) (k+D)N +k=0.

By adding (12) and (13), we obtain (2k+1)(A\!+1) = 0, which contradicts
that Al +1 # 0. Hence 8f(ay, €*#)/0X # 0, and therefore, the assertion
of this lemma holds. Q.E.D.

Next, we will observe how the roots of (7) cross the unit circle when
the real number a varies.

Lemma 3. The absolute values of the roots of (7) at A = e™r
increase as |a| increses.

Proof. By virtue of Lemma 2, we may regard the root A of (7) as
a holomorphic function of a in a neighborhood of a = ap, and thus, the
implicit function theorem shows that
df(a,N)
(14) e iy
da df(a,))
ox
Let A be expressed in the polar form, that is, A = re*. Then we have

(1) dA_A(dr_’_,dw)'

de " r\da" "da
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Hence it follows from (14) and (15) that

dr rodA T 1 df(a, ) 9f(a,N)
16) == = S L A _Z. . .
(16) da Re{)‘ da} lafga,,\)’z Re{ A da )
E)Y
By using the fact that
0f(@,N) _ oyt gy N
5a ¢ N+1)= o
we find
1 0f(a,N) 8f(@N)
a7) Re{ X' da O
11 95w F@N |, BF@N 95N
2 A Oa o da oA
1 (k+l))\l+k+ X +k+1)  2k+1
T2 a(W+1) aX+1) [ 2a

From (16) and (17), we therefore obtain

dr 2k + O)r
da

== ——‘———““——"—"——‘2 5
a=ap  2ay ‘ afa?/\ ‘

which, together with Lemma 1, implies that the absolute values of the
roots of (7) at A = e increase as |a| increases. This completes the
proof. Q.E.D.

Now we are in a position to prove Theorem 1.

Proof of Theorem 1. By virtue of Proposition 1, we verify that
the condition (4) is the necessary and sufficient condition for all the
roots of (7) to be inside the unit disk. Recall that in case a = 0, all
the roots of (7) lie on the origin. This, together with the continuity
of the roots with respect to a, implies that if |a| is sufficiently small,
then all the roots of (7) lie inside the unit disk. In addition, Lemma 1
asserts that al; (resp. ap,,) is the positive minimum (resp. negative
maximum) value of a such that a root of (7) intersects the unit circle
as a increases (resp. decreases) from 0. Lemma 3 also shows that if
a>al, (resp. a < ag,,), then there exists a root A* of (7) such that

min m

|A*| > 1. Thus, we conclude that all the roots of (7) are inside the unit
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disk if and only if the condition (4) holds. The proof of Theorem 1 is
complete. Q.E.D.

§3. The case of | = mk

Our asymptotic stability conditions (4) and (5) in Theorems 1 and
2, unfortunately, involve constrained maximization and minimization
problems concerning a,. However, when [ is a multiple of k£, we can
settle these problems. In the following, we consider the case of | = mk
where m is a positive integer. By virtue of Lemma 1, we notice that if
a root of (7) lies on the unit circle, the real number @ can be written as

1 2pm — mé

18 == h =

(18) “T Jeosg, v VN & m+2
for some p =0,1,...,m+1. Thus, we have only to deal with o, instead

of a, to obtain explicit asymptotic stability conditions. Throughout the
remainder of this paper, we denote by a;m and o, the positive min-
imum value of o, and the negative maximum value of a,, respectively.

Remark 1. In case m = 1, it follows from (18) that ap = 1/(2cos

2";;_9) for p = 0,1,2, and hence, we can immediately conclude that

+

min

a max

= qag and « = Q.

In case m > 2, the explicit values of o;f; and ag,,, are given by the

next lemma. For the sake of convenience, we divide the interval [0, 7/2]
into intervals I; defined by

™
I0= [O)E:’a
j _J+1 ) m
Ij=<a7l',7ﬂ':| fory:l,?,...,[?]—l,

] if m is even,
Tmy2) = {([ﬂ}] ~, 2] ifmisodd and m > 3,

21m’2
where [-] denotes the greatest integer function.

Lemma 4. Let m > 2. Suppose that 6 € I3, or 6 € Irp_1 for some
integer h. Then

Qpymez = —Qp if m s even,
+ - . .
ot =an and op, ={ Opymis if m is odd and 6 € Iy,

Oy mt if mis odd and 6 € Iy,_;.
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Proof. 1In view of 8 € Iy or 8 € Iap—1, we notice that (2h — 1) <
mé < (2h + 1) This, together with (18), yields that

(2p—2h—1)7
m+ 2

(2p—2h+ D)m

(19) m+ 2

<& <
First, we find the explicit value of aLn. By the definition of &, and
(19), we have
T <& < <bpo1 < =705 <&

< i <&ht1 < <Emgr <21+ & < 2m,

which implies oif, = an.

Next, we investigate the explicit value of a,,,,. There are two cases
to consider.

Case 1: m is even. By the definition of £, and (19), we have —7 <
Em+1 — 2m < &o and

<& < <Epym < b

mi2 = €h+ﬁgﬁ

+3
<£n:n—+2)7£§€h+ﬂ_gﬁ < <y < 2m,

which yield that

T 1
20088y, my2 ~ 2cos(&p + )

Aax = ah—%—ﬂ}g =

= — = —Qp.
2cosé&y, h

Case 2: m is odd. By the definition of £, and (19), we have
-7T<€m+1_27r<€0 < <€h+M_,j‘_1 <7r§§h+ﬂ‘—2i‘—3 < - <£m+1 < 2m,

which implies o, = o, mg1 O Qv mds3. Note that
(20)
2(2hm — m0)

Y= ‘W—§h+’"7“|_‘7r—fh+ﬂ;—1| = &y mga+Ep, o mp1 —2m = m+ 2

If § € Iop, then 2hm < mé < (2h + 1)7 and therefore v < 0 by (20).
This implies o, = Oy mi3. On the other hand, if 8 € Iy;,_1, then
(2h — )7 < mf < 2hrm and thus v > 0 by (20). This yields o, =
Qpy m - The proof is complete. Q.E.D.

By virtue of Remark 1 and Lemma 4, we have the following result
by Theorem 1.

Theorem 3. Suppose that | = mk and the matriz A is given by (I)
where |8| € Iop or |0| € Inp—1 for some integer h. Then the following
statements hold:
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(i) Ifm =1, then the zero solution of (1) is asymptotically stable
if and only if as < a < ay.

(ii) If m is even, then the zero solution of (1) is asymptotically
stable if and only if —an < a < ap.

(i) If m is odd, m > 3 and |0| € Iap, then the zero solution of (1)
is asymptotically stable if and only if o), mgs < 0 < Qp.

(iv) Ifm is odd, m > 3 and || € Iop_1, then the zero solution of
(1) is asymptotically stable if and only if Qpymi1 < a < Qp.

In case §# = 0, it follows from (18) that @, = 1/(2cos 2’”’) for
p=0,1,...,m+ 1. Then Lemma 4 and @ € I assert that

3 —ap =—1/2 if m is even,
Fmax = Qmis = —1/(2cos 1) if m is odd,

and hence, we have the following result by Theorem 2.

Theorem 4. Suppose that | = mk and the matriz A is given by
(IT). Then the following statements hold:
(i) If m is even, then the zero solution of (1) is asymptotically
stable if and only if —1/2 < d; <1/2 for j =1,2.
(ii) Ifm is odd, then the zero solution of (1) is asymptotically stable
if and only if —1/(2cos ;%5) < dj <1/2 for j =1,2.

§4. Concluding remarks

We have established several results on the asymptotic stability of
(1). In paticular, we have also obtained the explicit asymptotic stability
conditions for (1) with { = mk.

Finally, we state some remarks on other related works for the as-
ymptotic stability of delay difference systems. In [1], Dannan presented
asymptotic stability conditions for a delay difference equation

(21) Ty = QTp_k +bTp_p_y, n=0,1,2,...,

where a and b are real numbers. In [4], the second author gave explicit
asymptotic stability conditions for a delay difference system

(22) Tp = 0Tp-1+ BTy, n=0,1,2,...,

where a is a real number and B is a 2 x 2 real constant matrix. So it
is interesting to extend these results. Indeed, the asymptotic stability
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problem for a delay difference system
(23) Tp=Axn g+ Brp_g-y, n=0,1,2,...,

where A and B are 2 x 2 real constant matrices, has not yet been solved.
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