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Global behavior of a two-dimensional monotone
difference system

Momoe Inoue and Hideaki Matsunaga

Abstract.

We investigate global behavior of solutions of a nonlinear difference
system

Tn+1 :pxn(1+yn)7 Yn+1 :qyn(1+mn)7 n:07 11 25“'7

where parameters p, ¢ and initial values zq, yo are positive. We give
sufficient conditions for every solution of the system to be unbounded
and sufficient conditions for the global stable manifold of the positive
equilibrium to exist, which is a unbounded separatrix for the system.
Some related conjectures are also given.

§81. Introduction and preliminaries
Consider a nonlinear difference system
(1) Aln Uy v dun, vy, 0.1.9
U =TT =T =Y L4
Ty + cup, LR + fu,

where all parameters a, b, ¢, d, e, f are positive and initial values ug,
vp are nonnegative. The system (1) may be regarded as a cooperative
system (see [4, 5]). By the change of variables z,, = e/(fun) and y, =
b/(cvy), the system (1) can be transformed into a monotone difference
system

(2) Tn+1 :pxn(1+yn)7 Yn+1 = qyn(l_l"xn): n 2071725"'7

where p = ¢/a > 0 and ¢ = f/d > 0. For general study of monotone
dynamical systems, one can refer to [3, 6, 7] and the references contained
therein.

The purpose of this paper is to classify global behavior of solutions
of the system (2) with positive initial values zg, yo. Our results are
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closely related to results in [5] due to Kulenovié¢ and Nurkanovié for the
system (1) withb=c=e=f=1.

The equilibria of (2) are (0,0) for any p and ¢, and (1/¢—1,1/p—1)
for 0 <p < 1and0 < q< 1. In addition, if p = 1, then every point on
the z-axis is an equilibrium point, and if ¢ = 1, then every point on the
y-axis is an equilibrium point. The map 7" : Ri — Rﬁ_ of (2) is given
by

3) T(z,y) = (pz(1 +y),qy(1 + 7)),

where R2 = {(z,y) | z > 0,y > 0}. Then, for any (z,y) € R}, the
Jacobian matrix for T is given by

_(p(1+y)  pzx
JT(x’y)_( ay q(1+fﬂ)>

and the characteristic equation of the Jacobian evaluted at Ey = (0,0)
is

(A-p)A-qg)=0.
As is well known (see, e.g. [1, 2]), the equilibrium Ey of (2) is locally
asymptotically stable if 0 < p < 1 and 0 < ¢ < 1 and it is unstable if
p > 1or g > 1. On the other hand, the characteristic equation of the
Jacobian evaluted at Ep 4 = (1/¢—1,1/p—1) is

M _24+1-(1-p)(1—q)=0

with roots
Ar =1£+/(1-p)(1-gq).
Obviously, |A+] > 1 and |A-| < 1if0<p<1land0 < g <1, which

implies that the equilibrium E, 4 of (2) is a saddle point. Therefore, we
summarize local stability properties of the equilibria of (2) as follows:

Cases Equilibria of (2)

p>lorg>1 Ey (unstable)
0<p<land0<g¢<1|Ey (locally AS) and E, , (unstable)
p=q=1 z-axis and y-axis
p=land0<¢<1 zr-axis

O<p<landg=1 y-axis

Table 1. Linearized stability analysis of (2)
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In the following, we will give some notations to state a basic property
on the map T given by (3). For v = (v1,v2), w = (w1, w2) € R2, we say
that v < w if v; < w; and v9 < we. Two points v, w € Rﬁ_ are said to
be related if v < w or w < v. Also, a strict inequality between points is
defined as v < w if v < w and v # w. A strong inequality is defined as
v <€ wif v1 < wy and vy < wsy.

Proposition 1. Let v, w € IntR2. Ifv < w, then T"(v) < T™(w)
form=1,2,....

Proof. Let v = (v1,v2), w= (w1, wz) € IntR2. If v < w, then
U1(1 + Uz) < w1(1 + 'U)Q), ’Ug(l + Ul) < w2(1 + wl),
which implies T'(v) < T'(w). By induction, we have T™(v) < T"(w) for
n=1,2,... Q.E.D.

Proposition 1 shows that if two points in Int R_2,_ are related, then
all iterates of these points are related.

§2. Global results

2.1. Thecasep>lorg>1

In this case, there exists a unique equilibrium Fy which is unstable.
Then we have the following result on global behavior of solutions of (2).

Theorem 1. Assume that p > 1 or ¢ > 1. Then every solution
(Tn,Yn) of (2) satisfies limy, oo Trn, = liMp— o0 Yn = 00.

Proof. We consider the case p > 1. In case ¢ > 1, the proof is
similar and will be omitted. By (2), we have

Tn+1 > PTn, n:O’1727°"7

which implies that z, > p"xg — 00 as n — 00, and so0 lim,,_, oo L, = 00.
There are two possible cases to consider.

Case (i): p > 1and ¢ > 1. An argument similar to that above yields
limy, 00 Yn, = 00.

Case (ii): p > 1 and ¢ < 1. Since lim, ., Z, = 00, there exists a
positive integer N such that

-1
T, >—-—1 for n> N.
q
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Then we have

yn+1
Yn
which implies that y,, is an increasing sequence for n > N. Suppose that

Yr is bounded above. Then there exists a positive number 3 such that
limy, 00 ¥n = B, and hence

=q(l+z,)>1 for n>N,

q(l—!—xn):M—J as m — oo.

n
This is a contradiction to the fact that the left-hand side tends to oo as
n — 0o, and so lim,—,. ¥, = co. This completes the proof. Q.E.D.

2.2. Thecase0<p<landO<g<1

In this case, there exist two equilibria Ey which is locally asymptot-
ically stable and E, ; which is a saddle point. For each v = (v, v2) €
IntR?%, we define Q;(v) for i = 1,...,4 to be the usual four quad-
rants centered at v and numbered in a counterclockwise direction, e.g.,
Q1(v) ={(z,y) € mtRZ | v; < z,v2 <y}

The first lemma deals with behavior of solutions of (2) in Q1(Ep,q)
or Q3(Ep,q)-

Lemma 1. Assume that 0 <p <1 and 0 < q¢ < 1. Let (zn,yn) be
a solution of (2). Then the following statements hold:
()  If (zo,y0) € Q1(Epyq) \ Ep,q, then lim, oo n = limp—o0 Yp =
00.
(b)  If(x0,y0) € Q3(Ep,q)\Ep,q, thenlim,_,o0 Tr, = limp_00 yp = 0.

Proof. We will prove the statement (a). The proof of the statement

(b) is similar and will be omitted. Let (zo,y0) € Q1(Epq) \ Ep g, that
is, 2o > 1/¢—1and yo > 1/p— 1. Then

1 1, n

— =p(l+yg) > = =q(1+x0) >1,
Zo Yo

which, by induction, implies
1 1
:z:n+1>3:n>5—1, yn+1>yn>5—1, n=20,1,2,....

Therefore z,, and y,, are increasing sequences. Suppose that z,, and y,
are bounded above. Then there exist positive numbers «, 3 such that
limp, oo zn = a > 1/¢—1, limy 0oy = B > 1/p — 1, and thus, the
point (o, 3) is another equilibrium in Q1 (E, 4). This is a contradiction
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to the fact that (2) has only two equilibria Ey and E, ;. Suppose that
Yn (resp. x,) is bounded above and x,, (resp. y,,) tends to co as n — oo.
Then a contradiction also arises by a similar fashion in the proof of
Theorem 1. Consequently, lim,, .o, Z,, = limy .00 Yn = 00. The proof is
complete. Q.E.D.

Lemma 1 shows that a stable eigenvector of E, , can be chosen to
have components of opposite signs. Thus there exists a monotonically
decreasing function h(z) such that the local stable manifold W} _ of E,, 4
is the graph of h. In fact, the following lemma holds.

Lemma 2. Assume that 0 <p <1 and 0 < ¢ < 1. Then the global
stable manifold W* of E, 4 is a graph of a decreasing function of x.

Proof. Tt follows from Lemma 1 that W* C Qa(Ep4) U Qa(Ep q).
Hence we will show that W?* contains no related points, then the proof
will be complete. To this end, we have only to verify that W} contains
no related points by Proposition 1. Suppose that there exist related

points v = (v1,v2), w = (w1, ws) € W3 such that v < w. Then h(v;) =
vy < wy = h(w:), which contradicts the fact that h is monotonically
decreasing, and thus, W contains no related points. This completes
the proof. Q.E.D.

Next we will observe behavior of solutions of (2) in Q2(Epq) or

Q4(Ep,q)-

Lemma 3. Assume that 0 <p <1 and 0 < q < 1. Let (xn,yn) be
a solution of (2). Then the following statements hold:
(a) If (xO’yO) S Q2(Ep,q) \ E g and Ty > 1/q - ]-7 then (mhyl) €
Q1(Epq) and limy, oo Zpn = limy, o0 Yn, = 00.
(b)  If (z0,%0) € Qa(Epq) \ Epq and y1 > 1/p — 1, then (z1,y1) €
Q1(Epq) and lim,_,o0 Tp, = limy,_,00 Yn = 00.
() If (z0,%0) € Q2(Epq) \ Epq and y1 < 1/p—1, then (z1,91) €
Q3(Ep q) and limp,_, o £ = lim,,_,0 yn = 0.
(d)  If (zo,%0) € Qu(Epg) \ Epq and 1 < 1/q—1, then (x1,y1) €
Qs(Epq) and lim,_oo 2 = limy, o0 yn = 0.

Proof. We will prove the statement (a). The proof of the state-
ments (b), (c) and (d) are similar and will be omitted. Let (zo,y0) €
Q2(Epq) \ Epq and 21 = pxo(1+yo) > 1/q — 1. Then we have

T4+xzo>1+ ! (1 1)
I - N - 3
0 p(1+y0) \ ¢
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which implies

(1-9)yo

4 = qyo{1 + zo) > qyo + .
() Y1 0( ) p(1+yo)

Then it follows from yo > 1/p — 1 that
(I —9yo (1 )
T =
BT T +w) ~ \p

]_ _
{qyo(l +y0) +

1+wyo

S fwt (a1 5w
=———qqyg+ |g+1—= —-—+1
1+yo{ 0T \1? )% b

_ (g + o ~1/p+1)

L+ yo
This, together with (4), yields y1 = qyo(1 + zo) > 1/p — 1, that is,
(@1,y1) € Q1(Ep,q). By virtue of Lemma 1, we therefore conclude that
lim,, 00 Tr, = lim, 00 ¥ = 00 and the statement (a) holds. The proof
_is complete. Q.E.D.

> 0.

Lemma 4. Assume that 0 <p <1 and 0 < g < 1. Then the global
stable manifold W* of Ep 4 is unbounded and separates Int R3. into two
tnvariant regions.

Proof. Let W7 denote the connected component of W*¢ which con-
tains FEp 4. Lemma 2 shows that Wi C Q2(Ep4) U Qu(Ep ) and W7 is
a graph of a decreasing function of z. Each of the components Q2(Ep )
and Q4(E, ,) may contain only one limiting point of W7 which does not
belong to W§. Suppose that vo € Q2(Epq) and vy € Qu(Ep ) denote
these limiting points. Since W7 is invariant under T, it follows that
the set {va,v4} is invariant. Hence {v2,v4} is a period-two solution or
each point is fixed. Lemma 3, however, implies that if vy € Qu(Epq)
and T'(vs) belongs to the region {(z,y) € IntR2 | y > 1/p — 1}, then
T(va) € Q1(Epgq); if va € Q2(Ep,q) and T(vz) belongs to the region
{(z,y) € IntR2 |y < 1/p— 1}, then T'(v2) € Q3(Epq). Thus {vz,vs} is
not a period-two solution. Also vs and wvg are not fixed points because
the map T has only two fixed points Fy and Ej ,. Therefore, each of
the components Q2(Ep ¢) and Q4(Ep ) contain no limiting points of W7}
except for E, ;. This means that W* is unbounded and separates Int R3.
into two invariant regions and the proof is complete. Q.E.D.

Now the following theorem is the main result of this subsection.
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Theorem 2. Assume that 0 < p < 1 and 0 < g < 1. Then the
following statements hold:
(a) Every solution (zn,yn) of (2) starting above W* remains above
W? and satisfies limy, oo Tpn, = liMy 00 Yn = 00.
(b) Ewvery solution (zn,yn) of (2} starting below W* remains below
W* and satisfies lim,_, o T, = lim, o0 yn = 0.

Proof. We will prove the statement (a). The proof of the statement
(b) is similar and will be omitted. Let v denote the positive initial point
(zo,yo) above W*. By virtue of Lemma 1, we have only to consider the
case where v € Q2(Ep q)UQ4(E, ). Let w be the point where the vertical
line through v intersects W*. Then w < v, and so, Proposition 1 shows
that T™(w) <« T™(v) for n = 0,1,2,.... This, together with Lemma 2,
implies that T™(v) remains above W#. Suppose that T™(v) remains in
Q2(Ep,q) or Qa(Epq). Then T™(v) tends to Epq as n — oo because
T™(w) < T™(v) and T™(w) tends to Ep 4 as n — oo. This means that
v € W?, which contradicts the definition of v. Therefore, there exists a
positive integer N such that TV (v) € Q3(Ep,q). By virtue of Lemma 3,
we thus conclude that T™(v) tends to (00, 00) as n — 0o. This completes
the proof. Q.E.D.

2.3. Thecasep=qg=1

In this case, every point on each coordinate axis is an equilibrium
point.

Theorem 3. Assume that p = q = 1. Then every solution (T,,yn)
of (2) satisfies limy, o0 Tr, = limy 00 Yn = 00.

Proof. By (2), we have z,41 > Zn, Unt1 > yn forn =0,1,2,...,
which implies that z,, and y, are increasing sequences. Suppose that
z, and y, are bounded above. Then there exist positive numbers «, g
such that lim, ..z, = a > o, lim, 00 Y = B > Yo, and hence, the
point (e, 3) is another equilibrium in Int R2. This contradicts the fact
that the equilibria of (2) only exist on each coordinate axis. Suppose
that y, (resp. z») is bounded above and z, (resp. y,) tends to co as
n — oo. Then a contradiction also arises by a similar fashion in the
proof of Theorem 1. Consequently, im, . £, = limp— oo Y = 00 and
the proof is complete. Q.E.D.
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2.4. Thecasep=1land 0<g¢<1

In this case, every point on the z-axis is an equilibrium point. For
simplicity, we divide Int Rﬁ_ into the following two regions:

Dy = {(m,y)|w2 3——1,y>0}, Dy = {(a:,y) [0<z< %—1, y>0}.

Let (zn,yn) be a solution of (2) with (zg,%) € Di1. Then we have
Tnt1 > Ty > T > 1/g—1for n =1,2,..., which implies that yp4+1 >
Yo > 0 for n = 1,2,.... Hence it is easily seen that lim,_,cc Zn =
lim,, o0 Yn, = 00 by a similar manner in the proof of Lemma 1 (a), and
therefore, the following theorem holds:

Theorem 4. Assume that p =1 and 0 < g < 1. Then every solu-
tion (Zn,Yn) of (2) starting from D1 satisfies limy, o0 Tpn = liMy 00 Yn =
00.

A computer simulation suggests that the following conjecture is true.

Conjecture 1. Assume that p = 1 and 0 < q¢ < 1. Then there
ezxists a decreasing function o(z) such that o(1/g—1) = 0 and the graph
of ¢ lies in Do and has the y-azxis as the asymptote, and the following
statements hold:

(a) . Every solution (Zn,yn) of (2) starting above the graph of ¢

enters Dy and satisfies lim,,_, o T, = limy, o Yy = 00.

(b)  Ewvery solution (xn,yn) of (2) starting below the graph of ¢ re-
mains below this curve and satisfies limy, oo Tn, = z* < 1/¢—1
and limy, o0 Yn = 0 where =* is some positive number depend-
ing on (2o, Yo)-

2.5. Thecase0<p<landg=1

In this case, every point on the y-axis is an equilibrium point. For
simplicity, we divide Int Rﬁ_ into the following two regions:

A = {(x,y) lz>0,y> %-1}, Ay = {(m,y)|x>0, 0<y< %—1}.

Theorem 5. Assume that 0 < p <1 and ¢ = 1. Then every solu-
tion (Tn,yn) of (2) starting from Ay satisfies limy 00 Tpn, = liMp oo Yn =
00.

Conjecture 2. Assume that 0 < p < 1 and ¢ = 1. Then there
exists a decreasing function ¥(z) such that ¥(0) = 1/p—1 and the graph
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of ¥ lies in Ay and has the x-axis as the asymptote, and the following
statements hold:

(a) Ewvery solution (xn,yn) of (2) starting above the graph of ¥
enters A1 and satisfies limy, oo T = liMy, o0 Yn = 00.

(b) Ewery solution (zn,yn) of (2) starting below the graph of v
remains below this curve and satisfies lim,_o x, = 0 and
limp, oo yYn = ¥* < 1/p — 1 where y* is some positive num-
ber depending on (zg, yo).

Finally, to illustrate our global results for (2), we consider the fol-
lowing cases:

(i) p=2,q=0.5, (Il?o,yo) = (0.005, 1), (0.02, 1), (0.06,1), (0.12, 1),
02.1), (04,1, (07,1);

(11) p=q =05, (a:anO) = (003’5)7 (007? 5): (013,5)a (03;5)7
(0.6,5), (5,0.03), (5,0.07), (5,0.13), (5,0.3), (5,0.6), (1,1);

(iii) p =gq = 1, (xo,yo) = (0.2,0.2), (0.2, 1), (0.2,2), (0.2,3),
(0.2,4), (1,0.2), (2,0.2), (3,0.2), (4,0.2);

(v) p=1, g = 0.5, (z0,50) = (0.06,1), (0.1, 1), (0.18,1), (0.35, 1),
(0.6,1), (2,0.05), (3, 0.05), (4,005)

We give some portraits of solution orbits of (2) drawn by a computer.
Figures 1-4 correspond to the cases (i)—(iv), respectively. The dotted
curve in Figure 2 is the global stable manifold of the positive equilibrium.

Yy

1 \/
0.8
0.6
0.4
0.2

T I
1 2 3 4 5:”

Figurel. p=2, ¢=0.5
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1 2 3 4 5
Figure 2. p=¢=0.5

4

Figure 3. p=g¢g=1
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Y
1

1 2 3 4 5
Figure4. p=1, ¢=0.5
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