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On Q-multiplicative functions having a positive
upper-meanvalue

Jean-Loup Mauclaire

Abstract.

A classical approach to study properties of Q-multiplicative func-
tions f(n) is to associate to the mean 3 3 .., . f(n) the product
HOSjSk 7117 ZOSaqu—l f(aQ;). We discuss its validity in the case of
non-negative @Q-multiplicative functions f(n) with a positive upper
meanvalue, defined via a Cantor numeration system.

§1. Introduction and notations

1.1. Numeration systems and associated additive func-
tions

Let N be the set of non-negative integers, and Q = (Qk)g>, Qo = 1,
be an increasing sequence of positive integers. Using the greedy algo-
rithm to every element n of IV, one can associate a representation

+o0
n= e(n)Qk,
k=0

which is unique if for every K,

K-1

> ek(n)Qk < Qx-

k=0

Such a condition provides a numeration scale and in this case, we can
define on N a complex-valued arithmetic function f(n) by f(0.Qx) =1
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and f(n) = [Ipso f(ex(n)Qk), and it will be called a Q-multiplicative
function. -

Simple examples of numeration scales are the g-adic scale, where
Qr = qk, g integer, ¢ > 2, and its generalization, the Cantor scale
Qr+1 = @@k, Qo =1, > 2,k >0.

A classical approach to study properties of @-multiplicative func-
tions f(n) is to associate to the mean 23 f(n) the product

I 3 fae),

0<j<k Y o<a<q;—1

and in fact, this correspondence essentially explains a natural underlying
probabilistic structure.

Now, although the g¢-adic scale and its generalization, the Cantor
scale, seem very similar, basic differences may exist between them. More
precisely, if a Cantor system is such that there exists some uniform
bound B of the ¢, there is practically no differences, and this is due
essentially to this uniformity condition. Otherwise, if we allow the g
to be unbounded, the situation is not so simple. An example was given
in [4], where the case of the mean-value of unimodular Q-multiplicative
functions is considered.

§2. Results

In the simple case of non-negative Q-multiplicative functions, the
existence of some essential difference can be shown. In fact, we have the
following result:

Theorem 1. 1) For a given Cantor scale with uniformly bounded
gr and for any non-negative g-multiplicative function f, the condition

1
lim sup — Z f(n) exists and is positive
z—+o00 T
0<n<z
s equivalent to the condition

. 1 . . iy
lim sup H — Z f(aQ;)) exists and is positive.
F=te0 o< i<k T o<a<g;—1

2) There exist Cantor scales (Q) with not uniformly bounded qi, and
non-negative Q-multiplicative functions f such that the condition

1
lim sup — Z f(n) exists and is positive

T—+oo 0<n<zx
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will not imply the condition
. 1 . ) .
lim sup H — Z f(aQjy)) exists and is positive,
k=400 g<j<k Wo<a<e;—-1

and non-negative Q-multiplicative functions f such that the condition

1

lim sup H — Z f(aQj)) exists and is positive
k=+oo o<j<k Y 0<az<e—1

will not imply the condition

1
lim sup — Z f(n) exists and is positive.
z—too T 0<n<z

In this article, we shall consider the case of non-negative Q- multipli-
cative functions with a positive upper meanvalue defined via an un-
bounded Cantor system.

Given an arbitrary arithmetical function f, we set

Sn(f)=Y, f(n),

0<n< N
mf =gt Y FaQw),
0<n<qr—1
DD = I =)
0<r<k—1

For our convenience, the result of a summation (resp. a product)
on an empty set will be 0 (resp.1).

Now, for a given f of non-negative Q-multiplicative function, we de-
fine a sequence of arithmetical functions fx_ (z) on Zg (resp. fi_(x)) by
fr—(x) = [oc;<k f(a;Qr) (resp. fi_(z) = [loc;<x f(a;Q5)-w5(f)71),
where z being written in base Q as z = ijog a;Qx. For simplic-
ity, we shall also use the notations f;(z) = f(aQ;) and f*(a@;) =
£(aQ;).w,(f)1.

We denote by Zg the compact groupZg = limg—. 400 Z/Q;Z equip-
ped with the natural Haar measure p, and we shall identify it with the
compact space [, Z/q, Z equipped with the measure p = ®, 1, , where
Uq; is the uniform measure on Z/q,Z. An element a of Zg can be written
as a = (ap,a1,...),0 < ag < g~ 1,0 < k, and an integer is an element
of Zg which has only a finite number of digits different from zero. For
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a = (ag,a1,...) in Zg, we denote by z;_(a) the sequence of random
variables defined by zi_(a) = {a;}y< ;<4 and by zk, (a) the sequence
of random variables defined by zx (a) = {a;},. ;. We shall use also the
notation zy for an integer zy = Zf;(} a;Q when z = ijog a; Q-

We have the following result:

Theorem 2. Let (Q) be an unbounded Cantor system, and f(n) be
a non-negative Q-multiplicative function such that

limsup% Z f(n)

T g cn<e-1

exists and is positive. Then, there are two possibilities:

_ 2 .
1) Z1gk i ! ZOSGSCM—I (1 - f(an)l/zwk(f1/2) 1) is bounded,
and in this case, for any r, 0 <1 <1, we have u-almost surely

— Y =TI o X )| o),

0<n<zr—1 0<j<k Y 0<a<q;-1
as ryp — .

_ SN2 .
2) 3 i<k 9k 1 > 0<a<qn-1 (1- F(aQ) o (f1/2) 1) is not bound-
ed, and in this case, for any r, 0 <r <1, we have
1 T
- =o(1l .
p Z fn)"=0(1), asz— +o0

0<n<Lz—1

§3. Proof of the results

3.1. Proof of Theorem 1
1) We begin with a proof of assertion 1).

Proof. Assume that S = limsup, 7' > (., f(n) exists and
is positive. B
Let z; be a sequence such that

L -1
FS<at X fn).
0<n<z;

A fortiori, if x(x;) denotes the maximal index k for which ax(z;) is
different from zero, then we have

ss<at Y f),

0<N<Qr(as) i1
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and so

Qn(zi)+1 -t 1 1
( z; ) X(§S>S Qr(zi)+1 Z )

05"<Q~(zi)+1

-1
Since (95(—;—”—]) > m and max(q) is bounded, this gives us

that there is some S’ > ms , hence > 0, such that

1
0 < 8’ <limsup — Z f(n) < +oo.
k—+4o00 kOSTlSQk—l
Conversely, if there exists some positive S” such that
1
lim sup — Z f(n)=8" < +o0,
kmtoo Wk g<n<u-1
then by using the same notations as above, we remark that, since
SNoofmy< > fms Y f),
0<n<Qy(x) 0<n<zx 0<n<Qu(x)+1

we have

(‘T’_IQR(I)) Q;(lz) Z fn) ] < z”! Z f(n)

0<N<Quw) 0<n<z

and

23 () < @ Quwt) | Qulynn » S
0<n<z 0<n<Qy(ay+1
Hence we get that
1

0< —— 8" <limsupz~! n),
max(ge) > < lmsupe™ D f(n)

for (71Q(x)) > le(qT) > 0, and

limsup z~* Z f(n) < max(gx)S"” < +oo,
r—+oo
0<n<zx

since
(ﬂfilQn(z)ﬂ) < max(gx) < +o00,
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and so

limsup z~! Z fn)

x—+o0 0<n<z

exists and its value is positive.
Q.E.D.

2) We prove now assertion 2).

Proof. We consider the following (with indexation shifted for con-
venience of notations) Q-system, satisfying lim sup(gy) = +00 :

g =k, k> 2,
and the Q-multiplicative function f defined by
flaQr) =1 ifk#2"and 0 < a < qx — 2,
fllge —1)Qk) =0 if k #27,

(
f(Qar) =27 — 1,
flaQor) =0 if2<a<2" — 1.

We have

I3 S fae)

2<j<k Vo<a<q;—1

= II =6-v]| II Za+e-v

<<k jA2" 2< <k j=2r
and
-1
1, 1,. 1
M to-n-{II -] I 2e-v
a<j<k ke a<i<k / 2< <k, j=2"

-1

—-vym | I 5D

2<j<k,j=2"

= % H (1_2%)_17

2<j<k,j=2

. -1 .
and so, since [[,. (1 — 2)" " is convergent, we have

dm I - Y fee)=o

2<j<k I 0<a<q;-1



On Q-multiplicative functions having a positive upper-meanvalue 225

Now, for £ = 2Q4+ — 1, we have

z+1 Z fn 2Q2 0<nz fm)

0<n<z <2Quk —1

2k 1 qr—1

1( F0.Qu + (1. QZk))) X H ZfaQr

As a consequence, the condition

0<hmsup— Z f(n) < 400

zotoo T2ty
will not imply
0 < 8 =limsup H Z f(aQ;)) < 400
k=00 5oi<k Y o<a<y;—1

for some S’.

In a similar way, it is possible, using the same kind of approach as
above, to provide an example of Q-multiplicative function such that the
condition

lim sup H Z faQj)) < 400

k=400 g<i<k Y o<a<q;~1

will not imply the condition

hmsup— Z f(n) < +oo.

T—=+Foo 0<n<:1:

It is sufficient to consider the following (again with indexation shifted
for convenience of notations) Q-system, satisfying limsup(gx) = +o0:

=k k=2,
and the @-multiplicative function f defined by
f(aQr) =1 if k#27,
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f(QZ’) =2" -1,
faQar) =0 if2<a<2" —1.

We have

I > fae)

2<j<k % 0<a<g;—1

(I

2<j<k,j#2"

MID—\

Z 11 %(14—(2’“—1)) =1.

2<j<k,j=2

Now, for z = 2Q4+ — 1, we have

> fn 20<n<2Q2k 1f(n)

1
T+ 0<n<z

2k -1 qr—

- (3v00s +f(1-sz))> (1T, Z £(aQy)

Q.E.D.

3.2. Proof of theorem 2
3.2.1. Method of proof

The method is as follows:
i) We associate to f a Radon measure vy on Zq.
il) We prove that v¢ is absolutely continuous with respect to p if

2
Sat Y (1- 1 rm( )
1<k 0<a<gx-1
is bounded, and orthogonal to p if
2
Sat Y (1- 1 Pm ()7
1<k 0<a<gr—1

is not bounded.

Remark that this dichotomy leaves no other eventuality.

iii) We prove part 1) of Theorem 2 in the case r = 1 as a simple
consequence of the absolute continuity of v;.
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iv) We show that to f", 0 < r < 1, one can associate a Radon mea-
sure which is absolutely continuous with respect to u. As a consequence,
with iii), this gives the proof of part 1) of Theorem 2.

v) We prove directly part 2) of Theorem 2.

3.2.2.

We denote by (a, k(a)) an arithmetical progression {a + Qk(a)n}neN,
where a is in N, k(a) is a positive integer such that Q) > a. Let I, y(q)
be its characteristic function. Remark that I, y(4) is the restriction to
N of the characteristic function, still denoted I, y(4), of the open subset

Olakay) Of Zg defined by O(q k(a)) = (zk(a)_ (@), sk Z/qu), and
that this function is continuous, which implies that

L1
lim z Z o k(@) (1) = p(O(a,k(a)))-

0<n<x

i) Radon measure associated to f.
Let f(n) be a nonnegative Q-multiplicative function with a posi-
tive bounded upper mean-value M(f). Since M(f) exists, the series
Y nen f(n)z™ converges for |z| < 1 and can be written as

D ftma=lm 37 fmam =TI 30 FOQK").
neEN 0<n<Qr-1 0<k 0<b<gr—1
Moreover, since f(n) is non-negative for all n in N, as a consequence
of a theorem of Hardy and Littlewood ([1], theorem 4), we get that there
exists some L > 0 and a sequence (zx)ren such that limg_, 4oz = 1
and limg— 400 (1 —2x) ™'Y f(n)z} = L.
In fact if not, then,

lim (1-xz)7! Z fn)z™ =0,

x—1_
neN

which implies that the mean value of f(n) is equal to zero, a contra-
diction with our hypothesis that f(n) has a positive bounded upper
mean-value M (f).

Now, we remark that

Z f(n)Ia,k(a)(n)mn = Z f(n)xn

neN nEN,n=a(mod Q(a))

and, since the function fi(,)(n) defined by fr(,)(n) = f(Qx(e)n) can be
regarded as a Q-multiplicative function for the Cantor system defined
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by i = Gk+k(a), ¥ = 0, we get that

Z : f ak(a) Z f a+Qk( )m) a+Qk(a)m
neN =
a).’Ea Z f(Qk‘(a)m)_’L‘Qk(n,)m
meN

= fl@z* [[ ¢ > F0Qi)z*)

k>k(a) 0<b<qr—1

-1
=f(a)x“(< I ¢ X f(ka)w”Qk))

0<k<k(a)-1 0<b<gr—1

0<k 0<b<gy—1

X (H( > f(wa:v"Qk)))

-1
= f(a)x“( I ¢ > f(ka):r”Qk)) x(Zﬂn)x").

0<k<k(a)—1 0<b<gr—1 neN

Since f(n) is non-negative and f(0.Qx) = 1, the function F, x4 ()
defined by

Fok(a)(z) = f(a)ma( I o> f(ka)bek))

0<k<k(a)—1 0<b<gr—1

is analytic on a neighborhood of 1, and as a consequence of the relation

Zf (1 —zx)L as k — +o0,
nenN
we get that
> F) g ey M)z~ (1 — zk) LE, g(a)(1) as k — +oo,
neN
ie.

li —
k—lIII—loo (1 —ax)” Z F(n) g k() (n
nenN

-1
:Lf(a)( I ¢ > f(ka)) as k — +oo.

0<k<k(a)~1 0<b<gyp-1
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And so, we shall define vs( I, 1(q)) by

-1

vi(lak(a) = f(a) I > red)

0<k<k(a)—1 0<b<qg—1

Now, we check that vy is a Radon measure. (For the definition,
properties of the Radon measures, see [3], ch2, p.57 et seq.). To do that,
we consider the set A of complex-valued continuous functions defined on
ZQ by

A= {h = Z la-Ig k(a), L finite, I, complex numbers} .
l.EL

This is an algebra of step functions, and by the Stone-Weierstrass
theorem ([2], p. 101, note 1.a), A is dense with respect to the uniform
topology in the set of the complex-valued continuous functions defined
on Zg. If his in A, we define v¢(h) by vs(h) = 32, 1 lavi(Ta k@) It
is a simple remark that we have

— -1
vy(h) = L7 lim (1-2¢)" ;Vf h(n)z}.
n

Since v¢(1) = 1, for a given € > 0, if h and h'are in A and sat-
isfy supiez, [h(t) — h(t)] < e, then we have |vg(h' —h)| < ¢, since
[ve(h' = h)| < vg(1). supsegz, [ (t) = h(t)] < le, and so vy defines
a continuous linear form on the set of the complex-valued continuous
functions defined on Zg. By Riesz representation theorem ([2], p. 129,

(11.37)), this gives us that vy is a positive Radon measure on Zg.

ii) Characterization of the absolute continuity (resp. or-
thogonality) of v; with respect to p.

For K in N, we have
1— i ()Y (fY/%)!
= Y (fan-O" gy (77 = S @Y2TL, (772)7)

1<k<K

> (Fron- O e y- (P27 (1= Frma ) 2@ra (£,

1<k<K

l

We remark that

[ (1= s w27 due) =
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[ (1= 5027 (1= A2 (7)) dutt
=0 if k#1, and

it Y (1 f@Q w7 k=t

0<asqr+1-1

As a consequence of these orthogonality relations, we get that
[ (1= s P T2 1) dutt)
1/2y-1)2
- Z / fte-1)- H(k—1)_(f / )‘) du(t)

1<k<K

2
<[ (1-fk—l(t)1/2Wk—1(f1/2)’1) aue).
Now, since we have

/(f“"'U—(t)l/ZH(k—1>—(f1/2)_l>2du(t)
= [Tg-1)- () x H(k—1)—(fl/2)°2

we obtain that

/(- fK_<t>1/2HK-<fl/2>—1)2 dult)
= [lx_(f) x k- (fHY%)2 -1
= Z (H(k—l)—(f) X H(k—l)—(fm)"Q)

1<k<K-1

% (qk—l Z (1 _f(an)1/2Wk(f1/2)_1>2> ’

0<a<qr—1

and if we are in the situation such that limy_. 400 (IT,_(f) x [T,_ (f¥/*)72)
exists and is > 0, we get that the series

ZQ;I Z (1 _ f(an)l/Zwk(fl/Z)_1>2
1<k 0<a<gr—1

is convergent.
Assuming that we are in the case where

lim [T ()7 x g (F1/2)?

K—+o0
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we consider the equality

HK f)XHK f1/2
= > (H(k_n—(f)XH(k—l)—(fl/Q)—2)

1<k<K-1

% (qk—l Z <1 _ f(an)l/2wk(fl/2)-l)2) 4
[Tx_(

0<a<qx+1-1

We multiply each member of this equality by [T _ (f) ™' x[1x_(f/?)?,

and we get that

1—[Tg_ ()7 x [Tx_(f1/?)?
= D AlKk)x (qzl > (- f(an)l/ka(f”?)-l)Q) :
1<ksK-1 0<a<qr-1

where A(K, k) is defined by
AK ) = T go1y- (F) X T ey (FYD) 72 x T ()71 < T e (F1/2)?

Now, we remark that if

lim [Tp_ (7! x M- (f?)? =0,

K—+4o00

then, for a fixed k, we have

lim A(K,k)=
K—+00

Since we have

lim (1-[Ig_ ()7t x [Tx_(fY?)?) =1,

K—+o00

we get that the series of general term g; ! Y oca<q-1 (1 - f(aQi) " ?wy,

2
(£¥/2)71)" is not convergent, i.e.

limsup Y it > (1— f(an)l/ka(fl/Q)_l)z:+oo.

K—o+oo 10k 0<a<qr-1

This proves that the measure v; is continuous with respect to u
(resp. orthogonal to y) if and only if the series of general term g 1

D o<a<q-1 (1 - f(an)l/ka(fl/2)_l)2 is convergent (resp. divergent).
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iii) Part 1) of Theorem 2 in the case r = 1 is a simple
consequence of the absolute continuity of vy.
Proof. We shall apply to the present situation the method of proof
given in [4].
1) First we prove
Lemma 1. There exists a subset Fo, of Zg such that p(Fy) = 1
and for every x = (ap(x), a1(x),...) in Fy, we have

kl{g-loo ak(;r:) Z (1 - f (an)) =0.
ay (z)#0 0<a<ax(z)

2) This is a consequence of the following result:

Lemma 2. There exists a subset Fi, of Zg such that p(Foo) = 1
and for every x = (ao(z),a1(x),...) in Fy, we have

2
i 1 f* 1/2 -0
k—{Too ak(x) Z ( f (an) ) 0
ax ()70 0<a<ay(z)

Proof. 2) =1).
We have

2
(1= F@Q@0)Y?) = 2.1~ £1(aQw)"?) - (1 - £ (aQu)),
which gives us that
(1 £(aQu) = 20 - (@@ - (1- 1" (@@n)"?)".
As a consequence, we get that

S (- f(aQw)

0<a<ai(x)

2
= Y 20-7@0) - Y (1-£@0V?)
0<a<a(x) 0<a<ak(x)

which gives that

> (- (aQ))

0<a<ai(x)

<21 3 (1—f*(an)1/2)+ 3 (1—f*(an)1/2)2,

0<a<ar(x) 0<a<ar(z)
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By the Cauchy inequality, we have

> (1—fWQHUﬂ < ai(z)1/2.

0<a<ai(x)
1/2
« 172\ 2
> (e ]
0<a<ai(z)
and so we get that
1
a2 (11w
k 0<a<ai(zx)
1/2
SQ 1 Z _f*(aQ )1/2)
ak(m) 0<a<ar(z)
1 1/2
tom X (1-rea ).
k 0<a<ai(z)

Hence we have

1
li § 1— f* -
k—{I-II—loo ak(a:) ( f (an))
ag (z)7#0 0<a<a(x)

Q.E.D.

3) We prove that there exists a subset Fo, of Zg such that u(Fio) =1
and for every z = (ag(x), a1(z),...) in Fs, we have

1 2
li 1— 1/2 y2-1\" _ .
Jm s 3 (1 £eQu ()
ax(z)7#0 0<a<ax(x)

Proof. Since the series

qu_l > (1—f(an)1/QWk(f1/2)_1)2

1<k 0<a<qi-1

is convergent, let o be defined by oy = 1 =Y e (1 - f(aQx)?wy
(f1/2)‘1)2. For x in Z¢, we write = (ao( ),a1(x),...), 0 < ag(z) <
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gr —1,0 < k and we remark that, on the sequence of the ay (z) different
from 0, one has

1 Z (1 _f(an)l/ka(fl/z)—l)z

ak(.’L‘) 0<a<ai(x)
1 _ 1/2 1/2y-1) 2
= ak(x) Ogqu (1 F(aQk) Pk (f17) )
g 1 _ 1/2 1/2y-1)2
ar(z) gk Os;qk (1 F(aQe) =k (F77) ) )

Since ), o < +00, there exists an increasing positive function h
tending to infinity as k tends to infinity such that ), oxh(k) < 400
and H %o(1 — okh(k)) > 0. We consider the set F'(h) of points x in Zq
such that for all k, the inequality

[grorh(k)] < ak(z) <gqp -1

holds, where [-] denotes the integer part function. This set F'(h) is
closed, and its measure p(F'(h)) is equal to

+o00 1
11 = (a — lgxorh(®))),
k=0 qk
and we have
+o0 1
pE(h) > 1| —(ax — qrorh(k)).
k=0 ¢

Now, we remark that this last product can be written as l_[+°° 1-
orh(k)) and so, uF'(h) # 0. For an z in F'(h), we consider the condition
lgkokh(k)] < ar(z) < gk — 1, for ax(z) # 0. If [grorh(k)] is not 0, then
we have

k o < k (o
ar(@) * = laroxh(k)]
akokh(k) — a ok < qokh(k) 1 _ 2
= lgkorh(k)] grorh(k) " = [grokh(k)] h(k) ~ h(k)

and in this case, we get limg_, 400 ak(z)ok = 0. Now the remaining case
is that [grorh(k)] = 0. We have 0 < gyorh(k) < 1, ie. gror < 1/h(k).
Hence
dk qk 1
< = < — =o0(1 k .
ax (2) Ok < Tk < QkOk h(k) o(1), — 400
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To obtain the result, we remark that the sequence of functions h,
indexed by positive integers r and defined by h.(n) = h(n) if n > r and
h(n)r~! otherwise, satisfies the same requirements as h. Now, the se-
quence of closed sets F'(h,) is increasing with r and lim,_, y o p(F (h;)) =
1. This gives that F, the union of the F(h,), is a measurable set of
measure 1. Now, if « belongs to F, it belongs to some F'(h,) and as a
consequence, along the sequence k such that ax(z) # 0, we have

1 _ 1/2 1/2y-1 2
. oga;.k(z) (1= F(aQu)2wmi(£4/2)7)
qk
= @
< gxok
2
< R0 =o(1), k— +oo.

Q.ED.
4) We shall need the following result:

Lemma 3. There exists a subset Eo, of Zg such that u(Ex) =1
and for every x = (ao(x),a1(x),...) in Ex and € > 0, there exists a
positive integer K (x) such that for s > r > K(x), and we have

II fe@)=i)t) -1 <e

s>r>K(x)

Proof. We consider the sequence of real-valued functions f(*k +1)—

defined on Zg by z +— f("k+1)_(x) = Hogjgk flaj(@)Q5)m;(f)7,
z = (ap(z),a1(x),...). Kakutani’s Theorem ([5], p. 109) gives us that
Sk+1)_ (z) converges p — a.s. and in LY(Zg,du). Hence we get that
foo(@) = Tlo, faj(2)Q;s)w;(f) ™" exists p-as. and is in L'(Zg, du).
Now, as a consequence of Jessen’s Theorem [5, p.108],

kl}riloo/f;(:c) OS(]X')Sk du;(z) = /f;‘od,u =1 pas,
ie.
lim ] f(a;(@)Q;)w;(f)™" =1 pas.,

k<j

k—-+o00

and as a consequence, by Cauchy’s criterion, we get our result.
Q.E.D.
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5) End of the proof
We consider the intersection of the sets F, and F,,. We shall prove
that, for every £ in E,, N F, which is not an integer, we have

o 2 f —([I & 3 £a@;)-(+o(1), ask— +oo.

n<z (€) 0<j<k U 0<a<g;—1

Let & = (ap,a1,a9,...) be an element of E,, N F,, and abbreviate
zx (&) by z. We have:

k—1gr-—1
£ = ( > f(an)) (H > f(aQr)) +(f(axQk))Ser_, (f)

0<a<ay r=0 a=0

and by iteration

k 1g-—1
chk(f) = Z ( f arQr ) ( Z f(aQJ ) (H Z f aQr )
j+1<r<k

=0 0<a<a;(€) r=0 a=0
k lg,—1

:Z( f%“Qr)( Z f(aQJ)<HZfaQr>
7=0 \j+1<r<k 0<a<a;(€) r=0 a=0

We remark now that this equality can be written as
k gr—1 -1
f) (H o Z £(aQ,) )
r=0

j; K E[ arQr) ((]ng(g)f*(aczj) (HOqZ;f a@)}

Since
gr—1

> Q) =g,
a=0
we have

j—1q.—1 j—1
<H Z f*(aQr)) = (H‘h) =Qj
r=0 a=0 r=0
The choice of € in F, implies that
D 1(aQr) =a;(§)(1 +£5),

0<a<a;(§)
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with £; = o(1) as j tends to infinity. The choice of { in E, implies that

I r@e)=1+¢,

J+1<r<k

with €} = o(1) as j tends to infinity.
This gives us that

k gr—1 -1 k
Sa, (f) (H o'y f(aQr)> =D 4;(O)Q5(1 +5)(1 +€5),

r=0 a=0 7j=0

as j — 400,

and so, since

we remark that we have

E

k
lim (3 a;(9)Q;) 'O a;(9)Q;(1+5)(1 +¢)))
j=0 '

k
—+oo L= i=0

k

= Jm ()7 (Y a;()Qs(1 + )1 +¢5)
=0

=1
and as a consequence, we obtain that

qgr—1

k
Sz (flzi ! = (H “' Yy f(aQr)> (1+0(1), ask— +oo.
a=0 :

r=0
QE.D.

iv) To f7, 0 < r < 1, one can associate a Radon measure
absolutely continuous with respect to u.

By 3) above, this will give the end of the proof of part 1) of Theorem
2.

We consider the sequence of real-valued functions f; defined on Zg
by . — fi () = [locjci Faj(@)Q;)w; ()71 © = (ao(z), a1 (), ...).
Kakutani’s Theorem ([5], p. 109) gives us that f}_(z) converges u—a.s.
and in L'(Zg,du). As a consequence, we get that.(f;_(z)))" converges
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@ — a.s. and in LY7(Zg,du). This implies that

K-1 -1 K-1 a1
Jm ([T /e 3 e (J] (/a)- 3 f(a@)™
r=0 a=0 r=0 a=0

exists, and the value is less or equal to 1, but is not zero.
Hence we get that the sequence of functions

-1

k-1 gr—1 k-1 g--1
((H(I/Qr)' > @) Jlare)- > f(aQr))‘T> (fi_(@))"
a=0 a=0

r=0 r=0

converges p-a.s. and in Ll/T(ZQ,du), ie.

k—1 gr—1 -1
(fe-(x))" <(H(1/qr)- > fr(aQr))>

r=0

converges p-a.s. and in LY"(Zg,du).
As a consequence, since L'(Zg,du) D LI/T(ZQ,du), this product
defines a measure absolutely continuous with respect to u.
Q.E.D.

v) We prove directly part 2) of Theorem 2.
1) Assume that limy— oo [(f;_)'/2dp = 0. Then, we have

lim S, (fY?) = o0.

z—+oo I

Proof. Ilfx= Zszo axQr and K denotes the maximal index k for
which ax(z) is different from zero, we have

axgQr<z <(ax + 1)@k,

and so,
((ax +1)Qk)" ' <27 L

But
((ax +1)Q@k) ™ = ((akQk) x ((ax +1)Qk)™?) x (axQk) ™",
and since

(akQk) x ((ax +1)Qk) ™" = (ak) x (ax +1)"
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and ax > 1, we get that
(ak) x (ag +1)"1 > 1/2.
This implies that
((ax +1)Qx)~*
= ((axQx) x ((ax + 1)Qk)™") x (axQx) ™" > (1/2) x (axQx) ™,
and as a consequence, since
((ax +1)Qk) ' <27t

we get that
(1/2) x (axQk) ™' <z~ L

Similarly, since we have z=1 < (aKQK)_l, we get that z7! < 2 x

((ax +1)Qx)~
Now, if g(n) is any non-negative Q-multiplicative function, from the

inequality
axkQk <z <(ak +1)Qk,

we obtain that
SaKQK (g) < S-T(g) < S(aK+1)QK (g)

i.e.
x—ISaKQK (9) Sx_ISI(g) < m_IS(GK+I)QK (9)

and so, using the above inequalities, we get that

(1/2) % ((0xQx) ™" Saxar (9)) < 77 Saxan (9) <z S5(9),
(1/2) x ((axQx) ™" Saxan(9)) <z 71S2(9)
and similarly,
27152(9) < &7 Stk 410k (9) <2 % (((ax + DQK) " Stax+1)0x (9))

ie.,
715:(9) <2 x (((ak + D)Qk) ™' S(ax+1)0x (9)) -

Replacing g by f, since limsup,_, , , %Sx(f) =L > 0, we have, if K
is large enough,

Saxqx (f) £2LakQk,
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Sax+10x (f) < 2L(ak + 1)Qk-

Now, replacing g by f1/2, we have

77L8.() <2 x (((ax + 1)QK) Staxsnax (172)

with

K-1q,—1

Star+vax (1) =( S5 2<aQK)) <H ) fl/Q(aQr)),

0<a<ax r=0 a=0

and by Cauchy’s inequality, we get that

S(aK+1)QK (fl/z)
1/2 K-1g-—1
< <<aK+1)< ) f(aQK))) (H S F2(0Q) )
0<a<ak r=0 a=0

This gives us that

718, (F%) <2 x ((ax + 1)Qk) ™!

1/2 K-14q,—1
x(aK—}-l) Z faQK))> (H Zf1/2aQ >

0<a<ag r=0 a=0

and we write the right member of this inequality as

1/2 K—-1q,-1
2 x (((aK+1)QK>‘1( > f(aQK))) (H Zf(aQr)>

0<a<ag r=0 a=0
—-1g,—1 K-1q,-1
x {(( )12 x ( I1 > el Zf(aczr»-‘”)},
r=0 a=0 r=0 a=0
ie.,
2 x { a’K +1 )_IS(GK-l-l)QK(f)]l/Z x
K qr— K-1 gr—1
[(H (1/gr)- Zf“? aQ)([] (1/g,)- D~ £(a@r))” 1/21
r=0 a=0 r=0 a=0

and so we have

.,L.—-ISz(fl/2)
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< 2% [((ax +1)Qk) " Stax +1) el (n)*

K-1 g-~1 -1 g-—1
([T /e > £/%(a@y) H (1/4:)- Y fa@r)™'/?
r=0 a=0 r=0 a=0
Since
((ax + 1)Qk) ' S(ax+1)0x (f) < 2L
and

qr—1 gr—1

K- K-1
H (L/gr). Y 2@ (] (1/a,). > £a@r)™*2
r=0

r= a=0 a=0

0(1) as K — +o0,

we get that lim,_, 4o x‘lSz(fl/Q) =0.

Q.E.D.

2) For any 7 in ]0, 1], we have limz— o0 1 Y g<pne, f(1)" = 0.

Proof. Since

0<n<z
we get that
; 1 1/2 _
Jm 2o X fmY=0,
0<n<z, f(n)1/2>1
ie.

lim : z Fm¥?=o,

x
0<n<z, f(n)21
and as a consequence
lim > 1=0
x—+oo I -
0<n<z, f(n)>1
which implies that
lim > 1=1
im — =1.
z—+0o0 T
0<n<a, f(n)<1

If r is in )0, 1], we have

Yoofmr= > fwr+ Y

0<n<e 0<n<z, f(n)>1 0<n<z, f(n)<1

fn)".



242 J.-L. Mauclaire

Using Holder’s inequality, we get that

Yoo ofmrsC Y DTRC Y fm)

0<n<z, f(n)21 0<n<z, f(n)>1 0<n<z, f(n)>1
Since
limsupz™* Z fin)=1L,
T—+00 0<n<z
we get that
limsup z~* Z fn) <L,
FOFO 0gnga, f(n)21
and since

. —1 _
. ETOOQ: Z 1=0,
0<n<Lz, f(n)>1

we obtain that

limsup z~? Z fn)"

TH o<n<a, f(n)21

< (limsupz~* Z DI (limsup z~! Z f(n)”
T ognga, f(n)21 TR g<n<a, f(n)21

< (limsupz ™! Z nt-r.Lr
TTE 0gn<a, f(n)21
=0.

Now, we remark that as above, we have

> )

0<n<z, f(n)<1

<@t piTETt Y fm)

0<n<z, f(n)<1 0<n<z, f(n)<1

and similarly,

limsupz ™! Z f)r

EUFO g<n<a, f(n)<i

< (limsupz~! E D" (limsupz~! E fm)yr
T—>400 ——+00
0<n<a, f(n)<1 0<n<a, f(n)<1

< 1.(limsupz~* Z f(n))"

THR g<n<a, f(n)<L
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But if 0 < f(n) < 1, then the inequality 0 < f(n) < f(n)'/? holds,
and as a consequence, we get that

Yoo < > fm)M?

0<n<z, f(n)<1 0<n<z, f(n)<1

and a fortiori,

0<n<z, f(n)<1 0<n<z
Now, since . P
. - 1
R W)
we get that

z—l—l>l-ll—loo z! Z fln)=0

0<n<z, f(n)<1

and so, we have

limsupz~! Z fm)™ =0

THe0 g<n<a, f(n)>1

This proves that for any r in |0, 1], we have

lim 7' Y f(n)" =0.

T—+00
0<n<z

Q.E.D.
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