Advanced Studies in Pure Mathematics 48, 2007
Finsler Geometry, Sapporo 2005 — In Memory of Makoto Matsumoto
pp- 163-194

Finsler geometry in the tangent bundle

Lajos Tamassy

Abstract.

Linear and metrical connections of a Riemannian space, whose
indicatrices are ellipsoids, are established in the tangent bundle. In-
dicatrices of Finsler spaces are smooth, starshaped and convex hyper-
surfaces. They do not transform, in general, into each other by linear
transformations, and thus they do not admit linear metrical connec-
tions in the tangent bundle. This necessitates the introduction of line-
elements yielding the dependence of the geometric objects not only of
points z but also of the direction y. Therefore, the apparatus (con-
nections, covariant derivatives, curvatures, etc.) of Finsler geometry
becomes inevitably a little more complicated.

Nevertheless there are a number of problems which need no line-
elements. Such are those, which concern the metric only (arc length,
area, angle, geodesics, etc.) and also the investigation of those impor-
tant special Finsler spaces, which allow linear metrical connections in
the tangent bundle.

In this paper we want to present results which use the tangent bun-
dle TM only, and do not need TT'M or VI'M or line-elements. These
investigations often admit direct geometrical considerations. Longer
proofs are only sketched or omitted.
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I. Relation between distance spaces
and Finsler spaces

§ 1. Finsler spaces, distance spaces

1. A Finsler space F™ = (M, F) is a couple of an n-dimensional
manifold M and a Finsler structure (fundamental function, metric func-
tion)

F:TM — Rt =[0,0), (p,y) = F(p,y) >0, peM, yeT,M,

which satisfies the following requirements:
(Fi) F € C° on TM, and F € C™ on the slit tangent bundle
TM\ 0={(p,y) | y # 0} (regularity)
(Fii) F(p,A\y) = AF(p,y), A € RT ((first order) positive homogene-
ity)
(F iii) %;%(p, y)v'v? > 0, Yo # 0 € T,M, 4,j = 1,...,n (strong
convexity).
In place of (F ii) a more restrictive requirement is
(F iv) F(p, \y) = |\F(p,y), A € R ((first order) absolute homogene-
ity).
At the early stage of Finsler geometry (F iv) was usually supposed.
The Finsler norm of y € T,M is defined by |ly||r := F(p,y), and
the Finsler arc length of a piecewise differentiable (this will always be
supposed) curve ¢ : [a,b] — M, t — c(t) =~ z(t) is given by the integral

(a) s = /b Fl(c,¢)dt = /b(gij (’x,x'):i:i:'cj)l/Zdt,

where » s
1 0°F
gij(z,y) = 3 W(%y)

(z' are coordinates of p in a local chart U C M). If Fiz,2) =
9ij(z)2"%7, then F™ reduces to a Riemannian space V™ = (M, g), and
we have

b
(b) s= [ (ou@a'an e
Conditions (a) and (b) are very similar, except that in the Riemannian

case the integrand of (b) is the square root of a quadratic form in %,
while in the Finsler case the same expression need not to be quadratic
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in . Since both Finsler and Riemann geometries are built on the arc
length of curves, on the base of the strong similarity of (a) and (b) we
can say that Finsler geometry is just Riemannian geometry without the
quadratic restriction. This witty statement is due to S. S. Chern [C].
Indeed, the two geometries have many basic similarities. Chern deems
Finsler geometry to be the geometry of the XXIth century.

(F ii-iv) have simple and important geometrical meanings. (F ii)
is equivalent to the invariance of the arc length against orientation-
preserving parameter transformations of the curves. Also, (F ii) implies
that the graph z = F(po,y) C R™! = (T,,M)(y) x R(z) is a cone
centered at pg. The orthogonal projection in R™*! of (z = F(pg,y)) N
(z =1) on Tp, M is the indicatrix Z(po) := {y € Tp, M | F(po,y) = 1}
of F™ at pg. Z(p) plays a role similar to that of the unit sphere of the
Euclidean space E™.

Condition (F iii) is equivalent to the triangle inequality in T, M
with respect to the Finsler norm:

(F iii’)
F(po,y1) + F(po,y2) > F(po,y1 +y2), Vyi,y2 € Tpo M, y2 # Ay1.

The tangent plane Tp,, M endowed with the Finsler norm ||y|| r = F(po,y)
is a Minkowski space M"™ = (T, M, F(po,y)). So a Finsler space makes
any of its tangent spaces T, M into a Minkowski space. In the case of
a Riemannian space V™ the indicatrices are ellipsoids, and the induced
Minkowski spaces are Euclidean spaces.

cannot be achieved. Indeed, if we had F € C! at y = 0, then the cone
z = F(po,y) would be a hyperplane through the origin of R"*1, and
because of F(pg,y) > 0 this should be T, M. Then z = F(po,y) = 0,
which is not compatible with (F iii).

Condition (F iv) is equivalent to the invariance of the Finsler arc
length s against any reparametrizations of the curves, including the
change of the orientation. It is also equivalent to F(p,y) = F(p, —v),
Vp,y. In this case M" = (T, M, F(po,y)) is a Banach space.

2. A distance space (M,p) is a set M and a distance function
0: M x M— D associating with any ordered pair p, g an element o(p, g) of
the “distance set” D. In most cases, as in our case too, D consists of the
non-negative reals Rt or a subset of them. If p has still the properties:
a) o(p,q) = 0 <= p = g (positive definiteness), b) o(p,q) = o(q,p)
(symmetry), and c) o(p,q)+o(q,r) > o(p,r) (triangle inequality), then
(M, p) is called a metric space ([B] sec. 8). If ¢) may fail, then g and
also (M, ) are semi-metric. They are genuine semi-metric if c) really
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fails. If a) and c) are satisfied, but b) may fail, then ¢ and (M, p) are
called quasi-metric [RS] (or genuine quasi-metric if b) really fails).

Distance spaces were introduced by K. Menger, and developped by
L. Blumenthal, H. Busemann, M. Fréchet and others. Distance spaces
were used in investigations of geometric problems without differentiabil-
ity conditions [e.g. Be]. They often appear also in recent topological
studies, e.g. in investigations on the metrizability of topological spaces,
etc. ([K], [RR], [RS], [St]).

§ 2. Distance functions induced by Finsler spaces

Let M be a connected manifold, and I'(p, ¢), p,q € M the collection
of all equally oriented curves c(t), a < t < b emanating from p and
terminating at ¢. Then a Finsler space F'™ = (M, F) determines by

1) oF(pg) = inf / Fle,d)dt, c(a) =p, c(b) =g
T'(p,q)

a distance function of". It induces a distance function to a Finsler metric
and a distance space to a Finsler space

F(z,y) — oF(p,q) and F"=(M,F)— (M,o").

We want to answer the naturally arising questions: Does conversely any

distance space (M, p) determine a Finsler space (M, F) : o 5 F? Which
of the p do this? We also want to find those distance spaces (M, ¢) and
those relations p — F for which

o FHof =0

If this is satisfied, then the initial o must possess the properties of of.
So we first recall some properties of o (cf. [BCS] Chap. 6, esp
sec. 6.4). Clearly

(R i) 0" (p.g) >0 and oF(p,q)=0 < p=g¢g
(the positive definiteness of o). If F is absolute homogeneous, then
(R ii) 0" (v,9) = 0" (a,p)

(the symmetry of o). This is true, since in the case of (F iv) the arc
lengths of curves ¢ € I',, o) and ¢ € T'(y ) are independent of the orien-
tation. Nevertheless without the absolute homogeneity (F iv) of (p, q)
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may differ from o' (g,p). This can easily be seen on a Minkowski space
M"™ = (R"™, F), whose indicatrix is non-symmetric.
Also, every of satisfies

(R lll) QF(p, q) + QF((L 7") Z QF(p7 7'), p,q,T € M
1

(the triangle inequality), since by (1) for apropriate ¢; € I'(,4) and
¢z € ['(g,r) with arc length I; and I we obtain

oF(p,r) <h + I <o"(p,q) +e+0"(g,7) +5, 0<e—0.

Moreover, (R iii) holds also for spaces (M,F), where F is not
strongly convex (i.e. (F iii) or (F iii’) is not satisfied; these spaces
are not Finsler spaces in our sense). This happens if the indicatrices
F(po,y) = 1, po € M are star-shaped, smooth, but non-convex. Arc
lengths s of curves and distance functions of can be formed even in this
case, and our considerations described in the previous paragraph also
remain alive. Thus (R iii) is valid as well. It means also that neither
of these distance functions can be genuine semi-metric. — Nevertheless
we can present differential geometric examples for genuine semi-metric
spaces, if ¢ is given in another way. Let us consider a Minkowski space
M™ = (R"™, F) in an adapted coordinate system (z) (see p. 182 of this
article or [M] p. 158) with a symmetric, star-shaped, smooth and non-
convex indicatrix Z, and define a distance function g(x1,x2) by the
Minkowski norm of the vector Z7, z3:

o(z1,z2) := ||I1$2||M-

Then (R ii) is satisfied because of the symmetry of Z, but the triangle
inequality (R iii) is not, since Z is non-convex.

So (M, o) is a metric space provided JF is absolutely homogeneous,
and it is a genuine quasi-metric space if F is only positively homoge-
neous. Further on (M, g) is supposed to be quasi-metric. Metric (M, o)
are included as special case.

What differentiability properties has ot (p, q)?

Using in F™ a geodesic polar coordinate system (r,¢) in a neigh-
bourhood U C M around pg, we find that o (pg, ¢) =r. This shows that
0" (po, q) € CY at g = po, 0" (po,q) ¢ C* at ¢ = po, and 0" (po,q) € C
on the punctured domain U \ 0 (r # 0).

Let q(t), 0 <t < a be a geodesic of F™ with ¢(0) = po and }1_{% g(t) =

yo 7 0. Then
@ o
i | 0" o, a(0)] = i [ [ Flatr)a(r1)dr) = Fpwn) > 0

t—0
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Hence %QF (po,q(t)) = diit-|q (0):d(0) oF (po, q) is the directional derivative

of of at q(t) in the direction ¢(t). Since directional derivatives depend
on the point and the direction only, ¢(t) in (2’) can be replaced by any
other ¢(t), 0 < t emanating from py = ¢(0), and having at py the (one
sided) tangent yo. Then

. d F . dC

(2) lim [EQ (P07C(t))] = F(po, o), yo = lim —.
The relation (2) is basically the content of the Busemann-Mayer theorem
([BM] p. 186, in a more comfortable form in [BCS] p. 1563, or [S] p. 72).

Thus we obtain
Riv) (a) ¢F(po,q) € C° at g = po
(b) oF(po,q) € C° in an open domain around, but with-
out pg.

(¢) There exists }1_13(1) %|c(t),é(t)QF(p0’q) for any (c(t), 0 < t
emanating from py = ¢(0). The value of this limit is
F(po,vo), Yo = tlir%%, which is positive if yo # 0, of

class C? if yo = 0.
It follows from the properties of the directional derivatives that

0" (po,q) = M1 0" (po,q), € R,

Rv) lim— %
(R v) tl_I}(l) dt ls() ) tl—% dt le(t),é(t)

where ¢(0) = ¢(0) and &(t) = A\é(0). Hence (R v) is a consequence of (R
iv).

Let ¢1(t), ca(t), c3(t), 0 <t be curves emanating from py with non-
null and non-parallel tangents ¢1(0) = y1, ¢2(0) = y2, ¢3(0) = y1 + y2.
From (2), (F iii) and (R iv,c) we obtain

d d
lim — F(po, q) + lim — F(po,q) >
. £20 dt cl(t),él(t)g (po, q) % dt c2(t),c'2(t)g (po, 9)
(R vi) d
> lim — (o, q).
t—0 dt ca(t),ég(t)g (po, q)

This is somewhat stronger than the local triangle axiom (see [W] p. 56).

Conditions (R iv-vi) hold also for o (g, po).

We can summarize these statements in

Proposition 1. The distance function of derived from an F™ by
(1) possesses the properties (R i, ili-vi). The condition (R ii) is added
iff F is absolutely homogeneous.

The often appearing properties (Ri, ili-vi) will be denoted by (R*).
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§ 3. Finsler spaces induced by distance functions

Further on we suppose that g in place of of staisfies (R*).
Given a quasi-metric distance space (M, g), we want to define a
correspondence ‘

3) o(po,q) — F(po,y), VYpo€ M; (M,o0)— (M,F)

with the natural requirement that in case of o = o the Finsler metric F
corresponding to o = of" by (3) is just that F from which ¢! originates
by (1):

(F ) 77

We know that between o and F the relation (2) subsists. Hence (3)
must have the form

(@ Fp.0) = lim | Golprc(0)] v = tim &

where ¢(t), 0 <t, ¢(0) = p is a curve emanating from p.

It follows that F defined by (4) is a Finsler metric. By (R iv,c) the
function F(p,y) is non-negative, it is of class C*° if ¢(0) = y # 0, and
of class C? if ¢(0) = y = 0. Thus F(p,y) of (4) satisfies (F i). By (R v)
it satisfies (F ii). Finally because (2) and (R vi) it satisfies also (F iii).
Thus we obtain

Proposition 2. If o(p,q) satisfies (R*), then F(p,y) defined by
(4) is a Finsler metric. If (R ii) is also satisfied, then F is absolutely
homogeneous.

Without any of the conditions (R*) on g, the function F(p,y) de-

fined by (4) may not be a Finsler metric.

By (1), (2) and (4) we have F A0, of W, £ ), of". This means

that (1) and (4) are map and inverse map. Thus they induce between
{F} and {0} (over a given M) a 1 : 1 relation. Nevertheless (4) assigns,
for every ¢ (which satisfies (R*)), an F (the bar is omitted) and thus

0 D, F 0, of. We show that in this sequence of # o may occur.

This fact is expressed by the
Theorem 1. {of'} is a proper part of {0}, where o satisfy (R*).

This can be proved by giving an example, where ¢ induces by (4)
a Finsler metric F(p,y), yet the of" obtained from this F by (1) differs
from the initial g, that is of" # o.
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First we give a 1-dimensional example. Let M = R! = R be the
Euclidean line E!, and () the canonical coordinates on it. Let o(0, z),
x € [0,00) be a strictly increasing C* function with strictly decreasing
first derivative, 0(0,0) = 0, and satisfying

d
lim —p(0,z) =1
®) Jim, ge0:2)

(e.g. 0(0,z) = In(xz + 1)). We define g for T < 0 by

(6) 0(0,Z) = 0(0, [z]),
and for zg # 0 by
(7 o(zo,z) = 0(0,z — x0).

The functions g(xg,z) for different z¢ are parallel translates of each
other. One can prove that they satisfy (R i—vi). In consequence from (R
i~iii) it follows that (M, g) is a metric space. According to Proposition 2
this o generates by (4) a Finsler space F! = (R, F), ((F iii) with the sign
of equality). By (4), (6) and (7) we have F(z¢,a) = F(xo,—a). Thus
F is absolutely homogeneous. By (4) and (7) one can see that F(z,a)
is independent of z. Therefore F'! is a Minkowski space with symmetric
indicatrix, and because of n = 1 it is a Euclidean space E!. Hence
oF (z1,%2) = |T1 — 72|. Nevertheless, by the integral mean theorem

T2
o(ry,z2) = / o' (z1,2)dz = |z1 — 2|0 (21, 2%),  2* € (z1,22).
x

1

By (5), (7) and the strict decrease of ¢’(x1, z) on z > x; we obtain

lim ¢'(z1,2) =1> o' (z1,2%).

zZ—Iy

Thus
. (4) (1)
o(xy,x9) < |1 — T2| = QF(I,'l,IEQ), Le. o —5 F 5 of # 0.

The discussed 1-dimensional example can be extended to M = R™.
Let now the graph z = 0(0,z) C R""!(x, 2) of the new distance function
0(0, ), z € R™ be the rotation around z-axis of the graph z = (0, z') C
R(z) x R(z) = R%*(z!, z) of the previous 1-dimensional example, and
let z = o(a,x), x € R™ be the parallel translate of it with O0a of z =

0(0,x) C R™*!. Then, again, we have o Wrd of £ 0.

Similar examples can be constructed on manifolds M different from
R™, provided that M admits a locally Minkowski structure. This is
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possible iff M admits an open cover M = U U, by local charts, and on

each U, there exists a coordinate system (xa) such that the transitions
(xa) «— (xg) on Uy N Ug are linear ([T1] sec. 2). The torus has this
property, but the sphere does not ([BC] p. 250; [BCS] p. 14).

§ 4. Conditions for ¢ = o

Further on we suppose that in F™ = (M, F) any pair of points p,q €
M can be connected by a (short) geodesic g(t), a <t < b, g(a) = p,
g(b) = q whose arc length is of'(p,q). This is certainly true if F™ is
geodesically complete. (In this case the infimum in (1) is a minimum.)
Starting with an arbitrary g (which satisfies (R*}), it may happen

that

&f»—) F;ég

(i.e. of may differ from ), as it was shown by the examples of the
previous section. We look for conditions assuring

00 F . p

First we show the parallelity of certain vector fields. Let g(t), t € [0,T]
be a short geodesic of F™ = (M, F) from py to ¢g. Then for any ¢,
O<ty <t<T

o (po, 9()) = o (po, 1) + 0 (g1,9()), g1 = g(t1).

From this
® e os)] = 1m [ G ot)].

Consider the distance surface of F™ attached to po given by

©F 2z = 0" (po,q) C U(q) x R'(2),

po

where U(q) C M is a coordinate neighbourhood of pg. The point py is
the vertex (cape) of ©F . The curve &(t) := (g(t), ¢" (po, 9(t)) C Ux R*
l.ies on O, and §1 (t) = ‘(g(t), 0 (91,49(t)) C ©f . By (8) their tangents,
&o(t1) and lixqr £1(t) =: & (t1), are parallel, i.e.

t—t]

Proposition 3. & (t1)|1&f (t1), V¢ € (0,T).
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Consider the projection 7 : U x Rt — U, (p,z) — p. Then
dréo(tr) = dnéff (t1) = g(ta),
where £(t1) and £ (t1) are the lifts of §(t;) to Te, (1) OF, resp. lin}r Te, 1)
t—t]

er.

” In a distance space with (R*) the notion of geodesic can be replaced
to a certain extent by that of “parallelity curve”. Let us consider a
curve p(t), t € [0,T]. Along this there exists a family of distance surfaces
9;’( 1) | With z = 0(p(t0), q) (to is the parameter of the family) and curves

Co(t), Cu(t) on 62, over p(t) similarly to &o(t) and & (t). If (o(t) € C,
and
GG (), Vi € (0,T),
then p(t) is called a parallelity curve.
One can prove the following
Theorem 2. For any curve c(t), t € [0,T] of a distance space (M, p)

satisfying (R*), and for the Finsler metric F determined by ¢ according
to (4) we obtain

(8) e(c(0),e(T)) < [y Fle.&)dt
(b) if c(t) is a parallelity curve, then

9) o(e(m),c(t)) = /t Fle,¢)du, 0<7<t<T

(¢) if along c(t) (9) holds forVr, t, 0 <7 <t <T, then c(t) is a
parallelity curve.

Corollary. In a Finsler space parallelity curves and short geodesics
coincide.

As we have shown, a distance space (M, ¢) with (R*) determines an
F"™ = (M, F), and this F™ determines a o*":

(10) o 7L oF
Theorem 3. In (10) o = o iff any short geodesic of F™ (deter-
mined by p) is a parallelity curve of (M, o).

In other words: the distances in (M, p) coincide with the distances of
a Finsler space iff the short geodesics of the Finsler space are parallelity
curves of the distance space (Proof in [T4]).
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In Theorem 3 we required the parallelity property on curves deter-
mined by F™, and not on curves determined directly by the distance
space (M, p). Now we replace the parallelity property (the condition
of Theorem 3) by another one, which is expressed directly in terms of
the (M, o).

Let us consider two points a, b of a distance space (M, o) (with
(R*)), and a sphere S2(t) := {g € M | o(a,q) = t} around a with radius
t < r = p(a,b). Then there exists another sphere SZ(7) := {qg € M |
0(g,b) = 7} such that the two spheres osculate each other from outside
at a common point o(t) of S2(t) and S(7). (These spheres are actually
“forward” and “backward” metric spheres (see [BCS] p. 149, 155).) If
o(t), t €[0,7] is a C! curve, then it will be called osculation curve, and
we obtain the

Theorem 4. The distances o(p, q) in a distance space (M, ) (whose
o satisfies (R*)) coincide with the distances of (p,q) of a Finsler space
(M, F) iff any osculation curve is a parallelity curve in (M, o).

Because of the triangle inequality (R iii) we obtain r < t + 7 along
any osculation curve o(t;a,b). fr =¢+ 7, V0 <t < r, then o(¢;a,b)
is called straight ([BC}) or a Hilbert curve ([BM] p. 170). In a Finsler
space osculation curves are short geodesics.

II. Angle in Minkowski and Finsler spaces

Area in Minkowski spaces was given by Busemann [Bu] and studied
and often used by others. Infinitesimally a Finsler space is a Minkowski
space. So if we can measure area in a Minkowski space, then by inte-
gration we obtain the area (of a domain) of a Finsler space. The same
holds also for submanifolds. We consider the angle of two vectors in
a tangent space of the base manifold of a Finsler space. This angle in
Minkowski (or Finsler) spaces attracted less interest. Since the Finsler
space makes its tangent space into a Minkowski space, measuring of
angles in a Finsler space reduces to that in a Minkowski space. We
show that they are applicable in measuring the deviation of a Finsler
space from being Riemanian. Also it can be proved that a diffeomor-
phism between two Finsler spaces is an isometry iff it keeps angle (in the
above sense) and area, similary to the well known result of Riemannian
geometry.
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§ 1. Angle

Given a Finsler space F* = (M, F) we consider an angle o = £(a, b)
between two rays a,b € Tp, M emanating from the origin 0 = pg of T}, M.
Here T},, M is an n-dimensional vector space V" and, a and b span a
two-dimensional linear subspace ¥ of Tp,, M, provided a is not parallel
tob:alfb. If a || b, then we assign to the pair a, b a 2-dimensional linear
subspace 3 of T, M trough the straight line g O a,b. The convex domain
of ¥ bounded by a and b will be denoted by A. This is unambigous if
alfb. Ifa =5, then A = 0. In the case when a,b C g, a # b, then g cuts
¥ into ¥ and ¥~. Therefore A = X" or A =%".

Let B2 (1) := {y | F(xo,y) < 1} C Ty, M be the indicatrix body of
F™at xg € M. The Finsler space F™ makes each T, M into a Minkowski
space M7 with indicatrix body B} (1) and with the Minkowski func-
tional F(y) = F(zo,y) : TopuM — RT. Then B?(1) is a Minkowski
ball of radius 1, and 0B7(1) = 7 is the indicatrix (hyper) surface. By
B2 = B*(1) n %, it follows that M (or F") induces on ¥ C T, M
a two-dimensional Minkowski metric and thus an M2. Remark that
B2N A = D is a segment of the indicatrix body of M2 belonging to
La(a,b).

Let {e1, e2} be an arbitrary basis in the real vector space V2 ~ ¥ C
T,M. Then y = Z?:I y'e;. Let ¥ : ¥ — R? be a mapping given by
U(y) = (¥}, y?) € R% Considering ¥(e;) as an orthonormal system, R?
becomes a Euclidean space E?. We denote the Minkowski area in M2
by || || ar, and the Euclidean area in E2 by ||-||g. Then the 2-dimensional
Minkowski area of D in M7 is the Minkowski area of D in M?:

(11)

IIDHMZ/Udyldyz, o u
b

_ 2 _ 2 _
= B75" B* =¥(B;), D=Y(D).

(Z. Shen [S1] §1.3, or H. Busemann [Bu], H. Rund [Ru| Chap. I, §8, D.
Bao - S. 8. Chern — Z. Shen [BCS], §1.4, and many other places.) Since
Jp dy'dy? is the Euclidean area of D, the relation (11) is equivalent to

’ _ W']D“E
(11) 1Dl = gz 2

Formulas (11) and (11’) are true for any domain G C ¥ in place of D.
The Minkowski measure of the angle £a(a,b) can be defined as
follows:

Definition.

(12) £Lpma(a,b) ;= €2||Djp. e=1or — 1.



Finsler geometry in the tangent bundle 175

The sign € depends on the orientation of the angle.

The angle £ pqa can be expressed by the Minkowski functional F and
the data of the two legs a and b. Let (r, ¢) be a polar coordinate system
in E2, e(y) a unit vector in E? with polar coordinates (1, ), and Z2 :=
OB2(1) the indicatrix curve of M2. Let y € Z2, ¥(Z2) = (r(y),¢), and
T-1(e(p)) = 2(p). Then 1 = F(y(y)) = F(r(p)e(@)) = r(@)FE)).
Thus r(¢) = F~(e(¢)). The Euclidean area of B? is

2m 2m
s = [ ede=5 | e

1 dy I 142 271
—5/0 (y(w)A%)dw—i/o (y'dy” —ydy’).

2w -1

f‘z(é(w))dcp} - /D rdrde.

Hence
(13.a) e|D|jm =27 Ii
0

Or, in another from

(13.b) €||D|lm =27 [ 027r f’z(é(go))dgo} N : /:2 1 [/:(W)rdrl do,

=¢ =0

{+1 if @1 <o
€ = .
=1 if @2 <1,

where 0 < 1, 2 < 27 denote the directions of the two legs a, b of a.
If M7 is a Euclidean space E™, then (12) reduces to the Euclidean
measure £pa of the angle a. Indeed, if M? = E" then B? is the

Euclidean unit ball. Now ¥~!(e(¢)) = yl(p) € I? = F (y(y)) =

1 = |Dllam "2 27(2m) (2 — ©1)} and by (12) we have Ly =

@3 — 1, which is the Euclidean measure of a. Thus £ pma = 2¢|| Dl pm
is a generalization of the Euclidean measure of a. — If 9B is an ellipse
£, then there is a linear (Minkowski) isomorphism i of ¥ = V2, which

takes £ into the unit circle of E2, and M2 into a ﬂi Since || - || m is
a Haar measure which is preserved by linear isomorphisms, we obtain
that L pa = K—Ma = 4L Fia.

ID|Iam of (13.b) is positive if w2 > 1, and negative if o < ¢1.
Therefore £ pqa has a sign, and because of the additivity of the sec-
ond integral in (13.b), the angle L pma is also additive: £Laa(a,b) +
Lpyalb,c) = Lpma(a, c). However L pqa is symmetric in the sense that
|KM(GI7 b)l = |‘(M(b7 a’)|
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Let us consider the case of the straight angle. In this case aUb =g
is a line through 0 € T, M. Let £(a,b) = o™ be the straight angle with
the domain T} = A%, and £(b,a) = o~ the straight angle with the
domain ¥, = A”. Because of the additivity we have

Amat + Lya” =27, Vg.

Therefore the equality £ pqa™ = Lo~ of the Minkowski measure of
the two straight angles implies |[B2 N At|g = ||TD?||p = || D?||g =
|B%2 N A™||g, and conversely. In other words: £ yat = dya™ iff g
bisects B2.

If B? is symmetric, then every line g through O bisects B?. We
show that also conversely, if every g through O bisects B2, then B? is
symmetric. Suppose that B? is non-symmetric. Then there exists a (g,
such that in the applied polar coordinate system r(pg) > r(po + m),
where (r(¢),¢) € 0B?, V. A g is fixed by its direction . Then for
every g(po) we have

1 wo+m 9 1 9
3 r(p)dy = 5Bz, VO<p <
%

¢}

Especially

po—e+m 5 potetm 9
/ r(p)dyp = / r(p)dp,
»

0—€ po+te

and hence it follows

wote 0 wotet+m 5
/ r(p)dp = / T (0)dp.
@

0—¢€ po—et+m

By the integral mean value theorem we obtain

wo—€< w1 <o te

2er? = 2¢r? ,
(1) (p2) po—€e+m <2 <ot+e+m,

and because of the continuity of r(y), the limit e — 0 yields r(pg) =
r(wo + 7) in contradiction to our assumption. Therefore B2, and thus
also B? is symmetric. This is equivalent to the absolute homogeneity of
F.

These statements are summed up in

Theorem 5. Ly = €2||D||pm is an additive, symmetric measure
of the angles in Finsler spaces. In a Fuclidean space this reduces to the
FEuclidean measure of a. Moreover £ pq& = +m for every straight angle
a if and only if the Finsler metric is absolute homogeneous.
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§ 2. Isometry between F™ and F

Let F* = (M, F) and F = (M, F) be two Finsler spaces, ¢ : M —
M a diffeomorphism, Z(po) := {y € TpoM | F(po,y) = 1} and Z(B,) :=
{y € Tp,M | F(By,¥) = 1}, Py = ¢(po) are indicatrix hypersurfaces
(indicatrices) of F™ and " resp. Z(p) N = Z2(p) is the indicatrix of
M2 and Z(p)NE = TX®), p = ¢(p), T = ¢(T) is the indicatrix of 7\4—;.
The mapping ¢ is an isometry iff

(14) (dp)I(p) =Z(p), VYpe M.

Theorem 6. The diffeomorphism ¢ : M — M s an isometry be-
tween the Finsler spaces F™ and F iff ¢ keeps angle and (2-dimensional)
area.

Proof. A) Suppose that ¢ is an isometry. By (14) we obtain

(15)  (de)I%(p) = (dp)I(p) N (d)E =Z(B) N T =T (p).

The linear spaces ¥ and ¥ equipped with Euclidean metrics are in fact
E?and —E2, respectively. Then by (11°)

IDll&
B2’

(15) IDlpm = [I1Dfpz =7

and since dy is a linear mapping which keeps the ratio of areas we obtain

__ @)Dl
e [

(Strictly speaking, dy should be replaced here by (dp)* := W odpo U1
T:T-E, 5~ 7.7))
Finally, in consequence of (15’), we obtain
D= —
1Dl = TVE — Dl D= (dp)D.
IB |z

This means that go keeps (2-dimensional) area. (It is easy to see that an
isometry keeps also the k-dimensional (1 < k < n) area.)

According to (12) the measure £y« is defined by area. Thus, if
 keeps area, then ¢ keeps angle too. Indeed, we know that £ aa (2

2¢|| D|| m and L5708 = 2€||D| 51, where @ = (dy)c. Then, from ||D||am =
|(de) D|| 5z (@ keeps area) we obtain £ pma = £57@, that is ¢ keeps angle
too.
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B) Suppose that ¢ keeps area (a) and angle (n). In the following, the
notations (a), (n) mean these assumptions. Let us denote (dp)Z%(p) =:
Z(p). Then F" determines the indicatrix Z- ?) = Z(p) N X. We denote
(dp)~ 172 (P) =: ( ) C X andI( YNA=: D (A is the domain of the
angle La(a,bd)).

The apphcatlon d<p maps a, b into a, b and the domain A into A.
Furthermore D := ANZ(p), and D := AnT’ (P). Moreover (dy)~! takes

a, binto a, b respectively, as well as I (p) into Z2(p).
By (a) and (n) we obtain

1Dl 2 11Dllxr
1Dl 2 | Dllg € 1D e
Thus we obtain
||1D>|1E A ||®||E =

Let c be a ray in ¥, with cNZ?(p) = C, and en=_C. Suppose
that at a point p there exists a ¢ such that C' # C , and let us say that C
is outside Bg. Then, because of the continuity, there exists a ray h(# c),
such that the whole arc CH (H := h N 1) is outside B2. Then the
segment D(c h) of B2 is a proper part of the segment D(c, k) bounded
by ¢, h and Z. Then HD(c h)||E < ||D(c h)|| g, which contradicts (16)
Therefore we must have C = C, for Ve, p. Then 832 = I%(p) = 1.

Consequently we obtain (de)Z2(p) = I = (dp)T = T°(3), Vp e M.
This yields (14), and thus ¢ is an isometry.

§ 3. Deviation of Finsler spaces from Riemannian spaces

There are known several conditions which imply the reduction of
an F™ to a Riemannian space V™. Such a condition is the vanishing
of the Cartan tensor Cj;; or the constantness of the distortion 7(z,y)
[S3]. Many other quantities, such as the S-curvature [S2], Landsberg
curvature, Cartan torsion, etc. can be coupled with this problem. Also,
recall that a Finsler space is a Riemann space iff the indicatrices are
ellipsoids. We want to present conditions expressed by the Minkowskian
angle which imply the reduction of the indicatrices to ellipsoids.

We consider a Finsler space F™ = (M, F) and its tangent space,
as a Minkowski space M™ = (T, M, F(p,y)), and a 2-dimensional linear
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subspace ¥ of Tp,, M. Here T, M can be identified with a vector space V™
or the coordinate space R™(x) which can be equipped with a Euclidean
metric, yielding E™(z). Let B™ be the indicatrix body of M", B™ =T
the indicatrix surface, and Z N ¥ = Z? is the indicatrix of the M?2
induced by M™ on X. If F™ is a Riemannian space V", then M2 is a
Euclidean space, and Z reduces to an ellipse. In this case Minkowskian
and Euclidean angle are the same, £ ypa(a, b) = £ga(a,b), and it equals
7 iff o is a straight angle, i.e. its two legs a, b are two half lines of a
straight line g : a U b = g. As we have seen

Adpma(a,b)y =7 if aUb=yg, VgCcECT,,M, VpeM

is necessary for an F™ to be a V",

Given an arbitrary ray a C X. Let @ be the other ray, such that
aUT is a line g, and let b C ¥ be such that Vypa(a,b) = . Then b
depends on a, and |£(b,@)| =: f(a) > 0 is a function of a C . It
follows that f(a) = 0, Va C X is necessary for F* = V™. Let (r,v) be
a Minkowskian polar coordinate system in %, where r = F(pg,y) for a
y € X, and v = 4L ((0y, do) the Minkowskian angle between the ray Oy
and an initial direction (initial ray) dg. Then

(17)
2
6@®) = | fWdv=0, fla()=fW). VECT,M, VpeM

is necessary for F’™ = V™. This and sec. 1 of this Chaper yield

Proposition 4. The condition (17) is equivalent to the following:
1) b =a,Va, 2) £m(a,a) = m,Va, 3) any g bisects I2, 4) I(p) is
symmetric, 5) F™ is absolutely homogeneous.

All these are necessary for a Finsler space to be Riemannian. Hence,
G(p,¥) > 0 measures the deviation of an F™ from being absolutely
homogeneous in ¥ C T, M.

We want to obtain sufficient conditions for F™ = V™. Our tool
for this will be the difference between Minkowski orthogonality and
transversality. Since the properties listed in Proposition 4 are neces-
sary, we suppose that the indicatrices are symmetric. Let ¢ = a U @,
h = bUb be lines and rays in & C T, M, where M2 = (T,M, F(p,y)),
and F" as above. Our considerations will be restricted to . Because of
the symmetry of Z?(p) the Minkowskian perpendicularities al ab, i.e.
dpmafa,b) = 3, almb, @Lab, @Lab are equivalent. They mean
gLah. So, in the case of the symmetry of Z2(p) we can speak of the
perpendicularity of lines in place of rays. Denoting by g a line perpen-
dicular to g, we obtain (g)* || g. — Another notion is transversality. Let



180 L. Tamassy

gNZ2%(p) = G,G". Then the tangent TgZ%(p) =: g* is called transversal
to g. Because of the symmetry of Z%(p), Tg:Z2(p) =: (¢')* is parallel to
g*. Also, any line parallel to g* is said to be transversal to g. So we can
speak of transversality of a direction to another direction. Nevertheless,
this relation is not symmetric, that is the direction transversal to g* is
in general not g, i.e. {¢g*)* } g. The relation

(18) () llg, VgCk¥

means that in M% the transversality operation * is involutive.

A strictly convex, closed, differentiable curve with O in its interior,
and with the property (18) is called a Radon curve. Every ellipse is a
Radon curve, but not conversely. This shows that if the indicatrices of an
F? = (M, F) satisfy (18) at every point p € M, then these indicatrices
need not be ellipses, and thus F? needs not be a Riemannian space
V2= (M,g).

We claim that if n > 2 and (18) is satisfied in every 3 with respect
to Z%(p), then F™ is a V™. Indeed, under these conditions every Z?(p) =
Z(p) N ¥ is a Radon curve. Then in T,M every cylinder osculating
to By osculates along a planar curve [T2]. In-this case, according to
W. Blaschke ([B1] pp. 157-159), every Z(p) is an ellipsoid, and thus
Fr=vn,

If F* = V™, then VZ?(p) is an ellipse, and (18) is satisfied. But
(g1)* || g is always true if Z?(p) is symmetric. Hence in case of F™* = V™
g* || g* for any g.

If L ma(g*,gt) =0, ie. if g* = g1, then (18) hold good for (g+)~ |
g is true. Hence

K(p.5) = / L malg" (), g ())dv = 0,
gCck, VECIT,M, VpeM

(19)

is sufficient for F™ = V™. Conversely, (19) is always satisfied in a Rie-
mannian space V". Thus we obtain

Theorem 7. An absolutely homogeneous Finsler space F™, n > 2
reduces to a Riemann space V™ if and only if K(p,¥) =0, VE C Tp, M,
Vpe M.

The deviation of an absolutely homogeneous F'™ from being a Rie-
mannian space on ¥ C T, M can be measured by K(2). Thus K(¥)
can be considered as a kind of sectional curvature. The deviation at a
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point pg € M can be measured by the integral

G(po) = . K(Z)do >0,

fg,,uz do Gn.2

where G, o is the Grassmann manifold of the 2-dimensional linear sub-
spaces of T, M, and do is a positive measure on G, o, such that fg,, ,do
is finite and invariant with respect to linear transformations in Tg,:,M .
The deviation of F™ from being Riemannian on M (the global case) can
be measured by the integral

1
Jar du

where dy is the Finsler volume element, and |, s @it is supposed to be
finite.

H(M) = /M G(z)du >0,

ITI. Metrical connections in TM for an F"

Besides the metric another very important notion of a metrical dif-
ferential geometry, especially of Finsler geometry, is parallelism. In order
to develope Finsler geometry in a way more or less similar to Riemannian
geometry (covariant derivation, curvature theory, etc.) a metrical and
linear (or at least homogeneous (see [KB])) connection is indispensable.
However for Finsler spaces there do not exist, in general, linear mappings
of the tangent spaces taking indicatricies into indicatrices, consequently
there do not exist linear metrical connections I'(p) in the tangent bundle
T M, in contrast to Riemann spaces. To solve this problem line-elements
(p,y) € TM and Finsler vectors &(p,y) € VI'M C TTM were intro-
duced. This allowed the introduction of a metrical linear connection
I'(p,y) in the Finsler vector bundle VT M. Nevertheless the dimension
of the base space TM of this vector bundle is 2n, while the rank of
the bundle is n. This is sometimes unconvenient, and makes the appa-
ratus of Finsler geometry more complicated than that of Riemannian
geometry.

Euclidean, Riemannian and Minkowskian spaces, as special Finsler
spaces, allow metrical linear connections. We want investigate which
other Finsler spaces allow still linear metrical connections in T M, and
what are the special features of their geometry. Also we touch upon sev-
eral related questions, such as affine deformation, and locally Minkowski
spaces.
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¢ 1. Affine deformation, locally Minkowski spaces

Let us consider a Finsler space F™ = (M, F). Because of the positive
homogeneity of F, the knowledge of the indicatrix bundle 7 : I — M,
n~1(p) = Z(p) is equivalent to the knowledge of the structure function
F(p,y). Thus we can write (M, I) in place of (M, F).

Let A = {a(p)} be a field of linear automorphisms (i.e. centroaffine
transformations) of the tangent spaces:

a(p) : TyM — Tp(M).

It is easy to see that A of class C exist over any paracompact manifold.
Moreover, if A is given over a chart of M, then it can be extended to
the whole M in a C° manner. Then

(20) a(p)Z(p) = Z(p),

and we obtain the affinely deformed Finsler space F= = (M,T) =
(M,F) = AF™. The relation (20) is a kind of gauge transformation.

Given two Riemannian spaces V* = (M,Qp) and V" = (M, Q)
(where Q¢ and @ denote the indicatrices) over the same base manifold,
clearly there exist a(p), such that a(p)Qo = Q. So every V™ is the affine
deformation of a single V{* (over the same manifold). Nevertheless this is
not true anymore for Minkowski-, locally Minkowski- and Finsler-spaces.

Locally Minkowski spaces #M™ play important role in the search for
Finsler spaces admitting metrical linear connections I'(p) in TM. An
F" = (M, F) is locally Minkowskian if Vpy € M has a chart Uy, (z) in
which F(p,y) restricted to Uy, : F(p,y) | Up, = F(y) is independent
of p. This coordinate system (z) is called adapted. If (x) is adapted
on U, then any other coordinate system (z) on U is adapted iff the
transformation (x) «— (z) is linear ({M] p. 158). — If M has an open
covering by local charts M = UaUy(z,) with coordinate system {(zq),
such that (zy) «— (zg) is linear on U, N Ug, then M will be called
affine differentiable manifold (affine manifold, for short).

Theorem 8. A manifold M admits a locally Minkowski structure
iff M is an affine manifold.

Proof. A) Suppose that M is an affine manifold. We show that
there exists a Finsler metric F(p, y), such that (M, F) is a locally Minko-
wski space. Let Uy(z,), @ € A be an atlas of M with coordinate systems
(x) on Uy,, such that the transitions z, «— g are linear. Consider
two points r, ¢ € M, and a curve c(¢), 0 <t < 1, connecting ¢(0) = r and
¢(1) = q. The curve ¢(t) is a closed set covered by U,, of which already
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finitely many cover c(t). We can omit part of them, then truncate and
renumber them in such a way that for the remaining U;, 1 =1,2,..., N
we haver e Uy, qe Uy, UiNUi41 #0,and U;NU; =0, j=1,...,N,
but j # ¢ and j # i + 1. Each of these U; carries a coordinate system
(z;), such that the transition between them is linear.

On U(z1) NU(z2) = Uy the transition between 2 and z5 is zJ =
a}z$ +a’ = fi(z;). It means also a coordinate transformation () —
(1) on Us(z2). Thus we can extend the coordinate system (x) from Uy
to U; U U,. This process can be continued, and the coordinate system
(z1) can be extended over UY ,U; = U. From now on (z1) on U will be
denoted by (z).

Let Z(r) C Ty M be an indicatrix surface in T,.U. Then Z(r) corre-
sponds to a regular, positively homogeneous, strongly convex Minkowski
functional F;(y) i.e. Z(r) <= Fi(y), y € T,.U.

We extend this Fi(y) over the whole U(z) by

(21) Flz,y):=Fi(y) zeU, yeT,U.

This F(x,y) is independent of z. Thus we obtain a Minkowski space on
U.

Choosing two other points 7 € U and § ¢ U, and a curve ¢(t) joining
7 with G, we can repeat our previous construction. Using the previous
notation, but with a dash —, we obtain a domain U D &(t) (corresponding
to U D ¢(t)), equipped with a coordinate system (%), and we construct
an F(Z,7) on U such that F = F on U NU. The function F in the
coordinate system (%) is independent of Z. If U N U is homeomorphic
" to R™, then we can introduce on U UU a common coordinate system
(). On UNU = U2(Z) we have " = akz’ + a* = f¥(z). Similarly
7* = afy’ for § € TxUja, or in a matrix form § = J(Z, z)y, where J(Z, x)

is the Jacobi matrix Qg—g = af, which is constant. Then we define F on
U12 as
(22)

Fp,9) 1 U2 = Fr2(@,9) = F(f(2), J(@, 2)y) := F(z,y) = Fa(y)-

Nevertheless, F is independent of T on U2 C U. Hence also Fia is
independent of Z. We denote it by F2(7), and we define
F(Z,7) := F2(§) on U(T).

Thus F2(y) = Fi1(y) on Uss. Then by F(p,y) [ U\U := F2(J(T,z)y) we
can extend F to UUU. By (22) also F = F on Ujs. So the constructed
F is a Minkowski functional on U U U.
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If UNTU consists of several disjunct domains Uy, Uj,... homeo-
morphic to R™, then the introduction of a common coordinate system
(r) on U UU may be impossible. The coordinates of p € (U NTU) \
Uy = U* on U(z) may differ from the coordinates obtained for them on
U(Z(x)). However F(Z,7) = F2(7), on U, Fa(y) = Fi(y) on Uja, and

Fily) @) F(p,y) on U. Thus F(p,y) = F(p,y) also on U*. Moreover
F U= Fi(y) and F | U = Fa(y) are independent of p, and the tran-
sition functions on U N U are linear, since the Jacobi matrix J(Z,z) is
constant because of the supposed affine character of M. So F is again
a Minkowski functional on U U U.

Continuing this construction with further points r* € U U U, ¢ ¢
UUU and connecting curves ¢*(t) C U until UUTUU --- = M, we obtain
a regular, positively homogeneous, strongly convex F(p,y), p € M, such
that F(z,y) | Ua(ze) is independent of 4, Va € A. Thus (M, F) is a
locally Mikowski space over the affine differentiable manifold M.

B) If M admits a locally Minkowski structure (M, F) = £M™ then
the charts Uy(zo) with adapted coordinate systems (z,) form an open
cover of M, and (z4) | Usp and (x5) | Uyg are adapted coordinate
systems on Usg = Uy NUg. Thus (z4) | Uap < (23) | Usg are linear
transformations. Then M is an affine manifold. Q.E.D.

Not every manifold is an affine manifold. Consider the Euclidean
sphere S? C E® covered by two charts H(x) and H(Z) (e.g. two hemi-
spheres one of them extended a little beyond the equator). On HNH
= l 52, det|ak| # 0. If S? with H(z), H(Z) is an affine manifold,
then a® = const., and thus y := a—éf on H and y := a¥ a—a,; on H is a con-
tinuous, never vamshmff vector field on S2, what is impossible. Hence
a¥ # const., and S? with H(z) and H(Z) is no affine manifold. This is a
concrete simple example. A result of Bao and Chern ([BC], p. 250) gives
still more. According to this a compact, boundaryless manifold with an
Euler characteristic A # 0 admits no locally Minkowski structure, and
then, by Theorem 8 it is not an affine manifold.

§ 2. Linear metrical connections in TM

‘Every Riemannian space over a paracompact manifold admits linear
metrical connections. Also Minkowski spaces do so. It is not difficult to
see that locally Minkowski spaces also belong to this family. All these
are non-Riemannian special Finsler spaces. What other Finsler spaces
do still allow linear metrical connections in TM?
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Theorem 9. Affinely deformated locally Minkowski spaces ALM™
admit linear metrical connections in TM. Moreover, if a Finsler space
F" = (M, F) admits a linear metrical connection in TM, then it is the
affine deformation of a locally Minkowski space £M™, provided its base
space M is an affine manifold.

Proof. A) Let the Finsler space F™ = (M, ) be an affine deforma-
tion of a locally Minkowski space {M™ = (M, I) : F™ = AUM™. Then

Z(p) 20 a(p)Z(p), a(p) € A, Vp € M, where Z(p) and Z(p) are indica-
trices of F™ and ¢ M™ respectively. Let pg, qo be two points of M, and
c(t), 0 <t <1, ¢(0) = po, ¢(1) = go a curve connecting them. Since
IM™ is a locally Mikowski space, then M is an affine manifold (Theorem
8), and thus there exists a domain U 3 py, qo, such that ¢(t) C U with
an adapted coordinate system (x) on it (see the previous section). We
consider (z) as an affine coordinate system on U, and t(zg,x) as the
parallel translation in TU:

t(anx) : TIOU - TIU1 To =~ Po, TR PE U.

Then t(zo, x)Z(zo) = Z(x), is an adapted coordinate system for ().
Furthermore we obtain

(a(z) o t(zo, z) 0 a™(20))Z(z0) = g(z0, )T (20) = Z(x),
9(xo, ) := a(x) o t(xg,z) 0 a™(x0).

Let e;(zo) = e{(acg)% € Z(z0), 4, = 1,2,...,n be a frame (zo, eo)
of T,,U = Ty, M. Then g(zo,)e;(20) =: e;(z) € Z(z), and (z,e) is a

frame of T,U. The frame bundle P over U is
T:P—U, 7 '(z)2Gln)={e fg,...}, e=(e), P={(z,e)}

Let 0 : U — P, z — (x,e(z)),e(x) = g(zo,x)e(xo) be a section of
P. Then g4(z,e) := (x,ge) (ge is the matrix multiplication) is a fiber
preserving transitive transformation in P, and

dgg (T(Iae)a) = H(‘T> ge) S T(:c,ge)P

yields a horizontal distribution H in T'P, and thus induces a linear con-
nection I'p on P. This I'p determines a linear connection I'(z) in TM
(in the vector bundle associated to P). In this connection the parallel
translate of e;(xo) along c(t), i.e. PLe;(zo), is g(zo, T)ei(z0) = ei(x), and
9(z0,2)Z(x0) = a(x) o t(zo, x) 0 a~(wo)Z(w0) = a(x) o t(wo,z)L(xo) =
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a(z)Z(z) = Z(z). Thus I'(z) is also metrical with respect to F™ =
ALM™.

The distribution H is integrable, therefore ¢ is an integral mani-
fold of H. Then the obtained I'(z) is integrable too, and each e;(z) =
g(xo,x)e;(xp) is an absolute parallel vector field, i.e. an integral mani-
fold of the distribution determined by I'(z) in TM. Now the curvature
R(z) of I'(z) vanishes. This can be seen also from the fact that at the
construction of the absolute parallel vector field e;(z), and thus also at
parallel translation of e;(zg), no route connecting z¢ and = was used.

There are also other curves ¢(t) connecting py and qg, and to each
of them belongs a U with an adapted coordinate system (), and a
connection T'(Z) as constructed above. We show that I' = TonUNU.
This is true if e;(go) constructed on U equal &(go) constructed on U,
and thus o(go) = 6(qo), go € UNU. Nevertheless UNU = U* may have
disjunct components U;, i.e. U* = Uy UU3U..., po € Uf, @ € U;.
Since both (x) and (Z) are adapted coordinate systems on U;, after
an appropriate linear transformation (Itr) : (Z) — (T) on U we obtain
z =7 on Uy. Also we obtain a new coordinate system on U. We denote
U with the new coordinates by U(Z). This does not mean that T = x on
the other U (j # 1). Nevertheless M is an affine manifold, and thus the
Jacobi matrix J(z,T) = (—g%) is the same on the whole U*. Moreover,
it is the unit matrix on Uy, and therefore J(z, %) too is the unit matrix
on U*. We know that e;(g) constructed from e;(po) on U(z) is

(23) ei(q) = a(g) o t(po,q) 0 a™ ' (po)ei(po),

and €;(q) constructed from e;(pg) on U(Z) is

(24) €(q) = a(q) o t(po, q) o a™ ' (po)ei(po),

where  means parallel translation on U(Z). Both parallel translations ¢
and f keep the components of the parallel translated vectors. Thus (23)
an (24) have the same components in T,U and T,U. Since J(z,7) is the
unit matrix on U*, we obtain e;(q) = €;(q). Consequently ' =T = L.
The above said is true for any ¢ € M. Thus we obtain an unam-
biguous linear metrical connection I'(z) in TM for F™ = ALM™.

B) Suppose that a Finsler space F™ = (M, I) over an affine manifold
M admits a linear metrical connection I'(z) in T M. Then there exists for
M an atlas {Uq(z4)}, such that the transitions (z,) «— (z) are linear.
We show that this F™ is the affine deformation of a locally Minkowski
space IM™ = (M, I).
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First we give the £M™. Choose a point 7 € M, and take the indi-
catrix Z(r) of F™ at r. Starting with this as Z(r) € I, the construction
applied in the proof of Theorem 8 part A yields a locally Minkowski
space LM™ = (M,I). As we have seen, for any p € M there is a curve
c(t) from r to p, and a domain U D ¢(t) with a coordinate system (z)
adapted with respect to £M™. Let ¢(p,r) denote the parallel translation
in (z) from p to r. Then t(p,r)Z(p) = Z(r) = Z(r), since (x) is adapted.
Let P! be the parallel transport along ¢ according to the linear metri-
cal connection T' of F™. Then Pl ot(p,7) : T,M — T,M is an affine
transformation a(p) : Z(p) — Z(p). Thus we obtain an .A = {a(p)} on
M, such that a(p)Z(p) = Z(p). In the adapted coordinate system (x) Z
is independent of x, and thus of class C*°. Also Z(z) € C*°. Hence also
A = {a(p)} are C*°. This means that F" = ALM". Q.E.D.

The content of this section is closely related to the results of Y.
Ichijyo ({I1-3]). He investigated Finsler spaces modeled on Minkowski
spaces. Nevertheless he used an approach completely different from the
ours.

We have seen that any affinely deformated locally Minkowski space
AUM™ admits a linear metrical connection with vanishing curvature
R(z). This means that we have

Proposition 5. Any affinely deformated locally Miﬁkowski space
ALM™ is parallelizable.

Given an affinely deformated locally Minkowski space AL M™, with
A = {a(p)}, one can determine on an adapted coordinate sytem (z)
the local components of the just constructed linear metrical connection
I'(z). The parallel translate of a vector & = £(x(f)) along a curve z(t)
according to the metrical linear connection I'(x) is

&(t) = a(x(t)) o t(zo, x(t)) © b(zo)So,

where b(z) is the inverse matrix of a(z), and xo = z(to). In components
it is £'(t) = a};(x(t))bf(xg)fg, since the parallel translation ¢ does not
alter the vector components. Then

—t i
4y = 9%

5 10) = 2k (n(10) 2 o) (20)8h

must have the form

dx”
m (to), Vl‘o = .’II(to),

= F]lr(xo)g(J) d
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where I';%, are the components of the linear metrical connection I'(z).
Hence, in an adapted coordinate system (z) we obtain

(25) Iy r(a) = S0k ()05 ).

We remark that there are Finsler spaces other than affine deforma-
tions of locally Minkowski spaces, which admit linear metrical connec-
tions in TM. We know that every Riemannian space V™ over a para-
compact manifold admits such connections. Nevertheless not every V'™
is the affine deformation of a locally Euclidean space (the indicatrices
of a V™ are affine images of a sphere), for not every M admits a locally
Euclidean structure. It is easy to see that for this it is necessary and
sufficient that M is an affine manifold (see Theorem 8). The following
question arises: are there Finsler spaces not V™ and not A¢M™ which
admit linear metrical connections in T'M?

A Finsler space F™ = (M, F), where M is the coordinate space
R™(z) (or a domain of it), is said to be of 1-form metric (the local case),
if there exits a function F of n variable, such that

*

F(z,y) = Fla(z)y),

where (a(z)y)! = ai(z)y*, det|al(x)| # 0. The name comes from
the fact that for fix i any al(z)y* is a 1-form. Such spaces, as line-
element spaces, were introduced and investigated by M. Matsumoto and
H. Shimada [M], [MS1-2]. These spaces are also affine deformations of
Minkowski spaces [T3], [KT]. This is true also in the global case.
Consider a manifold M (in the sequel no more restricted to R™),
an atlas {Uy(z,)} of it and a Finsler metric 7 : TM — RY, such
that F(Za,Ya) = Fa(Ya), that is F [ U, is independent of z,. (Then
F™ = (M, F) is a locally Minkowski space {M™.) On Uyp = Uy NUs we

i

have Fo(ya) = F5(ys), and yj = gx%y(’;, or yg = J(z8,Ta)Yo for short.

Thus °

(26) Fa(ya) = Fs(J (25, Ta)Ya)-

The left side of (26) is independent of z,, zg. Then so is the right side
too. Hence J(zg,xq) must be constant. This means that (z4) «— (zg)
is linear, and thus M is an affine manifold.

Now consider a Finsler space F* = (M,F) = (M,I), an atlas
{Ua(zqa)} for M, and suppose that there exists on M a function F
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of n variable, such that on each U,(z,) we have

F 1 Ua = F(zarya) = Fb(a)va) = Fall.),
(b(za)ya)' = b (za)yh =T

On Uyg = U, NUg we obtain

*

F 1 Uap = Fa(Fa) = Fo(Us) = Fo(J(z5,7a)Fa)

yﬁ = J(Iﬁvxa)yaa ylﬂ = 'a_k_ya‘

Then according to the previous paragraph, M is an affine manifold, and
F™ is called a Finsler space of 1-form metric (the global case). (M, F )

is a Finsler space, and since .7-' [ Uy = Fa(Ya), it is a locally Minkowski
space IM™ = (M, I). Let us choose a chart U,(z4), and denote it by

U(z). If .;-'(x,y) = 1, then y is an element of %(m) the indicatrix of

F™ at . Moreover b(x)y is an element of Z(z) the indicatrix of £M™,
which is independent of z on U. Now let A = {a(z)} be such that
ai(z) == (b~1)%, and thus b(z)y =: ¥, or in other form y = a(x)y. Then

we have § € 7 and a(z)y € Z(x). This means that Z(z) = a(z)Z on U,
and similarly on every U,. Thus, every Finsler space F™ of 1-form metric

is the affine deformation of a locally Minkowski space: lf" "= AUM".

In our investigations a(p) : TpM — T,M was a centroaffine trans-
formation, which keeps the origo O (the null vector of V" ~ T,M). Such
deformations were considered also by M. Anastasiei ([A1-2]). However
a(p) can indicate also a genuine affine transformation: a centroaffine
transformation followed by a translation, which takes O into another
point C € R™ =~ TpM. Understanding A and a(p) in this sense, we
obtain the indicatrices of a Randers space R™ = (R™, F) over R"(x) by
the affine deformation of the Euclidean space E™(z), i.e. R® = AE™.
For an R™ = (M, F) this is true locally only. Globally R™ = ALE™
is not true in general. Randers spaces are the most simple, but the
most important examples of not absolutely homogeneous Finsler spaces.
They are often investigated also recently (see [BRS], [Ba], [Mi] and also
[H] with relation to the affine deformation). Randers spaces also have a
close relation to physics ([In], [IT]) etc.
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§ 3. Affine automorphisms of the indicatrices

Any Riemannian space V™ = (R", Q) is the affine deformation of
the Euclidean space E"(R",S), i.e. V" = AE"™, Q = a8, where Q
means ellipsoids, S is a sphere, and a € A. Nevertheless this relation
can be realized by a set of A. Let namely r(p), p € R"™ be a rotation
in T,M ~ E", then a(p)r(p)S = @(p)S = Q(p), and V" = AE", A =
{a(p)}. Given F" = AMUM™ = (M, I), an orientation preserving (centro)
affine transformation k(p) : T,M — Tp,M is an affine authomorphism of
I(p) if

k(p)Z(p) = Z(p),
i.e. if k(p) takes the indicatrix Z(p) as a whole into itself.

The parallel translation P! in an ALM™ according to T'(z) given
by (25), along a curve ¢ from p to ¢ is an affine transformation a(p, q) :
TpM — TyM, and takes Z(p) into Z(g). This means that all indicatrices
of an ¢M™, and of any AZM™ are in affine relation. Thus, if k(p) is an
affine automorphism of Z(p), then a(p,q) o k(p) o a=*(p,q) is an affine
automorphism for Z(q).

If an indicatrix Zy of an £M™ has only the identity as affine automor-
phism, then 7 is called rigid (with respect to the affine automorphisms).
If there exists k # id., such that kZy = Zy, then Iy is called mobile.
In these cases every indicatrix of ¢M™ and ALM™is rigid (resp. mo-
bile). If in an AZM™ there exists a closed curve ¢ C M, p € ¢, and a
['(z) given by (25), such that P! # id, then A¢M™ and its indicatrices
are called T-mobile, otherwise AUM™ is I'-rigid. If AM™ is [-mobile,
then there exists an yo € Z(p), such that Py = y1 # yo. Moreover,
if ¢ is contractible to p, and ¢(v), 0 < v <1, ¢(0) =¢, (1) =pisa
continuous family of curves, and if v — 1, then Pf(u)yo = y1(v) — vo,
and "Pf(u) = k(v) yields infinitely many different affine automorphisms
of Z(p). These automorphisms belong to the holonomy group of T

Proposition 6. If in an ALM™ there ezits a PL # id with a con-
tractible closed curve c, then ALM™ has infinitely many different affine
automorphisms k.

Clearly any I'-mobile ALM™ is mobile, and any rigid AM™ is -
rigid, but not conversely. Consider an M? = (R?(x), I), where Z(po) C
Tp, R? =~ E? is a regular planar polygon with N-vertices (i.e. regular
N-gon). (This Z(pg) is actually no indicatrix, but the vertices can be
rounded, and the edges slightly curved, and thus we obtain a smooth
indicatrix, which admits only N affine automorphisms.) So this M? is
mobile, but it is not I'-mobile with any linear metrical connection T.
This is also true for any affine deformation AM? of the considered M?2.
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If I'(z) is a connection of F™ = A¢{M™ constructed by (25) and k(p)
is an affine automorphism, then A = {@ = a o k} yields by (25) another
linear metrical connection I'(z) on F™. Both of them have vanishing
curvature: R(x) = R(x) = 0. However, if ALM™ admits a field k(p, )
of affine automorphisms C* in (p, u), where u is a parameter, then there
exist linear metrical connections I'(x) with not vanishing curvature R(z).

We show the following

Theorem 10. A I'-mobile ALM? = (M, I) on a simply connected
M is a Riemanian space V2.

Proof. AfM? is an affine deformation of an £M? = (M, I) and it
makes the tangent space T, M (p is fixed) into a Mikowski space M?, =
(T,M,Z(p)). Since A¢M? is T-mobile, and M is simply connected, there
are infinitely many affine automorphisms k(p,v) = k(v). Each k(v) is
a linear automorphism of T, M and at the same time an isometry with
respect to the metric of M2, for k(v)Z(p) = Z(p). Then by a result of P.
Gruber ([G], or [Th] p. 83) Z(p) is an ellipse. This holds at every point
of M. Hence A/M? is a V2.

Since £M? is a locally Minkowski space, M is an affine manifold.
Thus there exists on M a locally Euclidean space £E? = (M, S), where S
are congruent spheres in each adapted coordinate system. Then to each
S(p) there exists an affine transformation a(p) taking S(p) into Q(p).
Hence A/M? is the affine deformation of an £E2. Q.E.D.

This theorem can be extended to higher dimensions. Consider an
ALM™ = (M, I), and the set Y (y.) of those points y € Z(p) (p is fixed),
to which we can parallel translate y, by a P!, where I is any possible
linear metrical connection of AM™, and c is any closed curve through p.
‘Denote by L"(p) the smallest linear subspace of T, M containing Y (y.).
r means the dimension of this subspace. 7 may depend on y,.. Let m be
the maximum of 7(y.). Then

(27) L™(p) nZ(p) = Q™ '(p)

is an (m — 1)-dimensional ellipsoid. (The proof is omitted.) After an
appropriate linear transformation Q™! is a sphere S™~ !, and Z(p) is a
rotation surface containing an (m — 1)-dimensional sphere. This yields

Theorem 11. If ALM™ is T'-mobile, then its indicatrices are affine
images of rotation surfaces in T,M = E™ containing a sphere S™ 1.
The dimension of this sphere depends on the size of the I'-mobility of
ALM™.
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If ACM™ is T-rigid, then it has a single I'(z) determined by (25). The
curvature of this I’ vanishes. If also the torsion of this I'(x) vanishes, then
parallel vector fields with respect to this I have constant components in
an appropriate coordinate system. Consequently the indicatrices Z(p) of
AlM™, which are parallel translate of each other with respect to I', are
independent of p in this coordinate system, that is A/M™ is a locally
Minkowski space. On the other hand, any V" = (M, Q) over an affine
manifold is the affine deformation of a locally Euclidean space: V" =
ALE™, and these V™ are maximally I'-mobile. Conversely, if an A{M™
is maximally mobile, then m = n in (27). Since L™(p) N Z(p) = I(p),
also these A/ M™ are Riemannian spaces. Thus Minkowski spaces, and
Riemannian spaces are extreme cases of certain A¢M™ spaces belonging
to I'-rigidity, resp. to maximal I'-mobility.
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