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On certain one-dimensional elliptic systems under
different growth conditions at respective infinities

Masato Iida, Kimie Nakashima and Eiji Yanagida

Abstract.

A one-dimensional semi-linear elliptic system with constraint to
the growth of its solutions at respective infinities is discussed. This
system appears in a rescaling limit of a competition-diffusion system
which describes very strong inter-specific competition between two bi-
ological species. A necessary and sufficient condition for the existence
of solutions is characterized in terms of the constraint at respective
infinities. Also the uniqueness of a solution and several asymptotic
estimates of its derivatives at infinities are stated. Moreover similar
problems are discussed for an associated inhomogeneous linear elliptic
system with constraint to the growth of its solutions at infinities.

§1. Introduction

In this article we prepare fundamental facts which are necessary
to describe asymptotic profiles of positive solutions to a Lotka-Volterra
competition-diffusion system

(1)

ur = Au + (a — u)u — e 3buw, zeRY, t>0,
wy = DAw + (d — w)w — e Bcuw, ze RN, t>0

as a positive parameter ¢ is nearly equal to 0. Here a, b, ¢, d and D are
positive constants; u = u(z,t) and w = w(x,t) denote the population
densities of competing two species at position x and time t. When ¢ is
very small, the habitats of the two species become soon separated in a
short time period because of the “strong inter-specific competition” (see
[3]). In the limit as € — +0, (1) is reduced to a free boundary problem
which describes such “spatial segregation” phenomena between the com-
peting species: R” is divided into the habitat 2, (t) for u and the habitat
Q,(t) for w by a moving interface I'(t); in particular, (Vzu, V,w) has
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a gap across I'(¢) while (u,w) is continuous (cf. [1]). Thus, when € is
very small, we expect that u(-, ) (resp. w(-,t)) almost vanishes in Q,,(¢)
(resp. ©,(t)) and that (V,u, V,w) becomes almost singular along I'(t);
namely (u(-,t),w(-,t)) has a “corner layer” along I'(¢).

We would like to investigate the profile of (u,w) near such a corner
layer. - Assuming that I'(#) is a smooth hypersurface, formally expand
u(z,t) and w(z,t) in a narrow region along I'(t) as

u(z,t) = el (-E, o, t) + €2U5 (g, o, t) +0(62),

D st (Zi) o 5 )

for € small enough. Here r = r(z,t) is the signed distance from z
to I'(t) with »(z,t) > 0 in Q,(t) and o = (o1(z,t), ..., on—1{(x,1))
is a local coordinate of the point on I'(¢) closest to x; the functions
(Ui, W) = (Us(p;0,t), Wi(p;0,t)) (i = 1,2) are independent of €. A
method of matched asymptotic expansion formally tells us that (U;, W;)
(i =1, 2) satisfy

Uy, pp = DU WY, p € (=00, +0),
DW, pp = Ui Wi, p € (—o0,+00),
(3) U1 >0, Wy>0, p € (—00, +00),

(Ul’ Wl) ~ (aa + al—pv 0) as p — —00,
(U1, W) = (0, o +afp) as p — +00

and
Ug’pp—b(WlUQ—FUle) Z‘Y_Ul’p, pE (—OO,+OO),
DW3,pp — c(W1Us + U1 W3) = ’2Y+W1,p7 p € (=00, +00),
(4) (Us, W) ~ (ﬂg +Bp+ 67 o) as p — —oo,

2
(Us, Wg)z<0, ﬂarﬁ-ﬂfp-l-ﬁ;%-) as p — 400

for certain parameters af = ai(o,t) (i = 0,1), ﬂ;-c = ,Bj-i(a, t) (j =
0,1,2) and y* = 4*(0,t). Here and hereafter we use the notation “f ~ g
as p — +oo (etc.)” which means that f(p) —g(p) — 0 as p — +00 (etc.)
for functions f and g of p € (—00,+00). The parameters a; and B;
(resp. ;" and /6;') (i =0,1; j = 0,1,2) are actually expressed with use
of some asymptotic values of u(, t)|m (resp. w(, t)lm) on I'(t) as
€ — +0; v* are expressed with use of the normal velocity and the mean
curvature of I'(t); in particular

(5) aj (o,t) <0, af(o,t) >0,
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which suggests that (V,u,V,w) has a gap across I'(t) in the limit
e — +0. Hereafter we assume (5), even if it is not maintained. Thus
(U1, Wy) is formally determined by the semilinear elliptic boundary value
problem (3) on (—o0, +00) and (U, W) is formally determined by the
inhomogeneous linear elliptic boundary value problem (4) on (—oo, +00),
where ¢ and t are regarded as parameters.

Our concern is the following two:

(i) the necessary and sufficient conditions on the parameters o

(i=0,1), ,Bj-c ( = 0,1,2) and vF for the solvability of (3) and

(4);
(ii) smooth dependence of (U;, W;) upon (o,t) (i = 1,2).

We give an answer to (i) and (ii) in the following section. As its applica-
tion we will rigorously formulate the matched asymptotic expansion (2)
of positive solutions (u,w) to (1) as € — +0 in the forthcoming paper.

§2. Results

The fundamental properties of (U;, W;) (i = 1,2) can be stated with
use of a solution ¥ = () of the elliptic boundary value problem on the
whole line (—oo, +00):

d)" = W - £27 5 € (—OO, +OO),
(6) ¢ > 'ﬂv 5 € (_OO’+OO)7
Y =[] as |¢] — oo.

Here we give two propositions on .

Proposition 2.1. A solution ¢ = ¥(€) of (6) exists and is unique.
Moreover it satisfies

(7) P(=€) =¥(§) on (—oo,+00),

(8) 0<y'(§) <1 on (0, +00), EB:POOW(&) =1.

Proposition 2.2. For any positive number X\ there exists a positive
constant C such that the solution (&) of (6) satisfies

{ 0 <€) — € < Ce,

©) 0> /() — 1> —Ce >

on [0, +00).
We can state the solvability of (3) as follows:
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Theorem 2.3. The elliptic boundary value problem (3) possesses a
solution (Uy, Wh) = (U1(p; o,t), Wi(p; 0,t)) if and only if

(10) cag = -bDaf, caj = -bDaf.

Fiz a (0,t) satisfing (10). Then the solution (U1(-;0,t), W1(;0,t))
is unique and satisfies ;

Ur(p; 0,t) > max{ag (0,¢) + aF (2,t)p, 0},
Wi(p;0,t) > max{0, af (0,t) + of (0,t)p},
og (o,t) < Uy,(p;o,t) <0,

0 < Wy ,(p;0,t) < af (0,t)

for p € (—o0, +00).

We can state the solvability of (4) as follows:

Theorem 2.4. Assume (10) and let (U1, W1) be the solution of (3).
The elliptic boundary value problem (4) possesses a solution (Uz, W) =
(Uz(p;0,t), Wa(p; 0,t)) if and only if
(11)

cBy +bDBF

+p o+ +\ 3 ptoo
4+ _ Doy d Q0 bag | (bap _
=(y* - Dy ){a1+ 5 +< 2) /_m (¥(6) l&l)dﬁ},
By +bDBf = baf (v — D7),
By =a1v7, DBy = af~t,

where ¢ is the solution of (6). For a fized (o,t) satisfing (10) and (11)
the solution (Ua(-;0,t), Wa(+;0,t)) is unique.

Under the following assumption on a;'-t, ﬂf and ¥+ we can deduce
several asymptotic estimates for (U;, W;) (i = 1,2).

(A): Let T be a positive number and T a smooth hypersurface in
RY. As smooth functions of (o,t) € T x [0,T], af = af(o,t)
(i = 0,1), ﬂ;t = ﬁ]:‘t(o'at) (G = 07172)3 FY:t = ’Yi(O’?t) and
all their derivatives with respect to ¢ and local coordinates
(01,02,...,0n_1) of o are bounded on T x [0, T]. Moreover (10)
and (11) hold true on T x [0, T], and o satisfy

sup o (o0,t) <0, inf af (o,t) > 0.
(o,t)€Tx[0,T] (o,t)€Tx[0,T]
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Theorem 2.5. Assume (A) and take an arbitrary positive num-
ber A. Then there ezists a positive constant C such that the solution

(U17W1) = (Ul(pa g, t)? W](P; g, t)) Of (3) satisﬁes

(12) { 0 <U; —max{ag +a7p, 0} < CeMel

0 < W1 — max{0, af + af p} < Ce Al
for (p,0,t) € (—o00,4+00) x T x [0,T};

oW,

oU, _ A
- _ < Ce™
o I g |~
8U1 8a0 Bal 8W1 A
=t (Ze M1 < P
ot < a "o ?)| T |5
(13) olU, B Oay % oW, < O
801- 801- + 60'1' p + 80'7; - Ce ’
0%t B ay . &ay n W < Ce
0o;00; 0o;00; 80180] 8018%
(1,j=1,2,...,N - 1)

for (p,0,t) € (—00,0] x T x [0,T];

lauy | jewn

haad ) h A < —Ap
B + B of | < Ce™"*,
ol oWy dag Bal _
=1 — < P
ot | | ot ( p)lsce™
90:| |90, \ o aal Lo <ce
+
82U1 32W1 _ 82 T 82(11 P Sce_)\p
0o, 00 00,00 3018% 00,00
(i,j=1,2,...,N —1)

for (p,0,t) € [0, +00) x T x [0, 7.

Theorem 2.6. Assume (A) and take an arbitrary positive num-
ber . Then there exists a positive constant C such that the solution
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(Us, Wa) = (Us(p; 0,t), Wa(p; 0,t)) of (4) satisfies

(15)
2
U, — (ﬂo_ +ﬂ1—p—|—,62_%) + Wy < Ce?,
8U _ oW
—2 —(By + B, P)‘ + ‘—8 2| < Ce*,
p
8U2 8ﬂ0 8ﬂl_ 852_ p2 8W2 A
_—< _ — < Ce?*,
ot <8t+8t'o+8t2 s
U, 0By 8By 0By p? oW, N
_ [ < o,
do; <8ai + do; P do; 2 + 301 Ce
0%, [ 8%6 N 9?67 N 9%8; p* 2W, < e
80’i80'j 80’1'80']‘ 80'1'80']‘ Baiaaj 2 Boiaoj
(i,j=1,2,...,N=1)

for (p,o,t) € (—00,0] x T x [0,T);

(16)
( 2
|Usz| + W2 — (ﬂo* +ﬂf‘p+ﬂ5’%>} < Ce™™,
oUs| | OWy N
P e < p
ap + ap (ﬁl +ﬂ2p)’—ce 9
% + aWQ _ 8/63_ + aﬂl 8/6 ~—)\p
ot ot ot ot * at2 ’
oU, oW, opg aﬂl 8[3 2
— < p
do; + do; (Boi + 801 801 Ce
92U, W, (055 | %) , 05 0\| < ge-o
80'1‘80']‘ 80'@‘80']‘ 8Ji80j Baiaaj Gaiaaj 2
\ (i,j=1,2,...,N=1)

for (p,0,t) € [0,4+00) x T x [0,T].

Under the condition (10) we can show that (U;, W) is represented
by

(17)
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where 1 is the solution of (6) and £4 = £4(p; 0,t) is defined by

1
c 3

(18) S (m) (ag +a7p),

b 3
£y = ( ¥ ) (O‘(-)F +O£Tp).
1

2(af)?
Note that
§-(p;0.t) =&+ (pso,t),
(19) bat 3
E-p=E+tp= <%> >0

holds true for p € (—o0,4+00), as long as the parameter (o,t) satisfies
(10). Essential properties of the boundary value problems (3) and (4)
become clear when they are expressed with use of £ instead of p. Owing
to some properties of the solution ¢ of (6), we can construct (Ua, W3)
as

(20)

Ua(piot) = 1 (-3 {1~ 5= f @eionn) +uleinn)

Wa(pso,t) = % (% {1 + E%J} Qé4;0,t) +w(éyso, t)) ;

as long as (10) and (11) hold. Here w(&;0,t) is a smooth function satis-
fying

w = O(e~Mél,
21 0%w _
2y T+ 2p(E)w = O
2
as |£| — oo for an arbitrary positive number A, and Q(&;0,t) is given by
(22)

at\ £ 2
Qo = () ((v+~D7“) / w<n>dn+(v++m“)%)

+Bp + B1€

with use of appropriate By and By which are independent of £&. Thus
Propositions 2.1 and 2.2 play an essential role in the proof of Theorems
2.3-2.6. We can prove Propositions 2.1 and 2.2 as an application of the
maximum principle. For the detail of the above arguments, see [2].
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