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Harmonic conjugates of parabolic Bergman functions

Masahiro Yamada

Abstract.

The parabolic Bergman space is the Banach space of solutions
of some parabolic equations on the upper half space which have fi-
nite L? norms. We introduce and study L(*-harmonic conjugates
of parabolic Bergman functions, and give a sufficient condition for a
parabolic Bergman space to have unique L) -harmonic conjugates.

1. Introduction

Recently, Nishio, Shimomura, and Suzuki [4] have introduced par-
abolic Bergman spaces on the upper half-space and proved many in-
teresting properties of these spaces. Parabolic Bergman spaces contain
harmonic Bergman spaces studied by Ramey and Yi [6]. In this paper,
we introduce and study L(®-harmonic conjugates of parabolic Bergman
functions, which are a generalized notion of usual harmonic conjugates
of harmonic Bergman functions.

We describe the definition of parabolic Bergman spaces. Let H be
the upper half-space of the (n + 1)-dimensional Euclidean space R,
that is, H = {(z,t) € R""1 ; z € R", t > 0}. For 1 < p < oo, the
Lebesgue space LP(H, dV) is defined to be the Banach space of Lebesgue
measurable functions on H with

I wllp= ( / uteopav, t))l/p < oo,

where dV is the Lebesgue volume measure on H. For 0 < a < 1, We
define L(®)-harmonic functions on H. For 0 < a < 1, (—A)* is the
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convolution operator defined by

(=A)*¢)(z,t) = —Cha léiﬂ]l ((y,t) — o(z,t)|y — =)~ 2*dy
ly—z|>4

for all p € C$°(H), where Cy, o = —4%7~"/2T((n + 2a)/2)/T(-a) > 0,
and A is the Laplace operator with respect to z. For 0 < a < 1, a
parabolic operator L(®) is defined by L(®) = 3% + (—A)“. (We note that
when o = 1, L) is the heat operator.) A continuous function u on H is
said to be L(®)-harmonic if L(®u = 0 in the sense of distributions, that
is, u-L(®p € LY(H,dV) and [u-L{®pdV = 0 for all p € C§°(H), where
L = —% + (=A)® is the adjoint operator of L(®, For 1 < p < oo
and 0 < o < 1, the parabolic Bergman space b2, is the set of all L(®)-
harmonic functions on H which belong to LP(H,dV'), and it is a Banach
space with the L? norm. It is known that b2 C C*°(H) (see Theorem
5.4 of [4]), and when o = 1/2, b} /2 coincides with harmonic Bergman
spaces of Ramey and Yi (see Corollary 4.4 of [4]).

We introduce the definition of L{®)-harmonic conjugates of parabolic
Bergman functions. For a function v on H such that du/dz; and du/0t
exist at every (z,t) = (x1,...,%n,t) € H, we write 9;;u = Ju/0z; and
Oyu = Ou/0t, respectively. '

DEFINITION 1.1. For a function u € b2, the functions vi,...,v, are
called L® -harmonic conjugates of u if v1,...,vn satisfy the following
conditions:

(1) v1,...,v, are L(®-harmonic on H,

(2) Oz;vk = Oz, v; and Oy;u = Oyv; (1 < 4,k < m).

Usually, given a harmonic function v on H, the functions vy,...,v,
on H are called harmonic conjugates of u if (v1,...,v,,u) = Vf for
some harmonic function f on H. As mentioned above, b7 /2 coincide with
harmonic Bergman spaces, and it is easy to see that when o = 1/2 the
conditions (1) and (2) of Definition 1.1 are equivalent to the definition
of usual harmonic conjugates of harmonic Bergman functions. Hence,
L{®)-harmonic conjugates are generalization of harmonic conjugates.

Many authors have studied and proved interesting and important
results concerning properties of harmonic conjugates, (for instance, see
Chapter II of [2]). One of the fundamental problems of harmonic conju-
gates is the boundedness of the conjugation operator. It is known that
when a = 1/2 there are unique harmonic conjugates vy, . .., v, of a func-
tion u € b} /2 such that v; € by /2 ('see Theorem 6.1 of [6] ), and thus the
conjugation operator is bounded on the harmonic Bergman spaces for
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all 1 < p < oo. In this paper, we prove the following result (see Theorem
41): Let0<a<landl<p<oo IfA=p(s —1)>—1and u € B2,
then there exist unique L(®)-harmonic conjugates v1,...,vn of u such
that v; € b2 (A), where b2 () is the weighted parabolic Bergman spaces
(see section 3 for the definition). Hence, we obtain the conjugation op-
erator from b?, into bE() is bounded whenever A = p(5= — 1) > —1.

Throughout this paper, C' will denote a positive constant whose
value is not necessarily the same at each occurrence; it may vary even
within a line.

2. Existence of L(®-harmonic conjugates

When a = 1/2, there are unique harmonic conjugates vy, ..., v, of
a function u € b}, such that v; € b, ( see Theorem 6.1 of [6] ). In this
section, we show that there exist L{®)-harmonic conjugates v1, ..., v, of
a function u € b, such that tﬁ_lvj € LP(H,dV) whenever p(5 — 1) >
-1.

A fundamental solution of the parabolic operator L(®) plays an im-
portant role for studying parabolic Bergman spaces. We define the fun-
damental solution of L(®. For z € R™, let

1 ;
2.1) W(")(x 5 = ——(27r)" /]R" exp(—tle** +ix-€) dE t>0
0 t <0,

where z - £ denotes the inner product on R™ and |¢| = (€ - £)Y/2. The
function W(®) is the fundamental solution of L(® and L{®-harmonic on
H. We describe some properties of W(®), We note that W(o‘)(:c, t) >0
and

(2.2) W (z -y, s)dy =1
R’n.

for all z € R™ and s > 0. If u € b2, then u satisfies the Huygens
property, that is,

(2.3) u(z,t) = / w(z —y,t — s)W ¥ (y, s)dy

holds for all z € R™ and 0 < s < t < oo ( see Theorem 4.1 of [4] ).
By (2.1), the fundamental solution W(®) is in C>(H). Let k € Ny and
B = (B, - ,5Bn) € N} be a multi-index, where Ng = NU {0}. Then,
we define 989F = 9f1 ... 9P of = 91Tk 9zt ... 9zl tk. Clearly, we
have

24) AW (z —y,t+s) = (-1)"FW (@ - y,t +5)
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for all (z,t), (y,s) € H. The following estimate is (1) of Proposition 1
of [5] : there exists a constant C' > 0 such that

Ct—k+1

2.5 APOFW (@ (z,1)| < :
(2.5) |05 0; (z,1)] (1 |aP TR

The following lemma is an immediate consequence of Theorem 1 of [5].

LEMMA 2.1. Let 0 < o<1, 1 <g< o0, 0 e€R, €Ny bea
multi-indez, and k € N. If (%2l 4 k)g— (& +1) > 8 > 1, then there
exists a constant C > 0 such thot

/ °10JF W (z — y,t + 5)|*dV (2, 1)
H

< CsH1-CFE k)t
for all(y,s) € H.

Let ¢ = L:E%—)i The following lemma is Theorem 6.7 of [4].

LEMMA 2.2. Let 0 < a < 1landl < p < oo. Ifu € b2 and
(y,s) € H, then

u(y, s) = —20m4; /H O u(x, ) t™ AT W) (2 — y, t + 5)dV (g, 1)

for all m, 7 € Ny.

PROPOSITION 2.3. Let 0 <a<1land1<p<oo. If\=p(5 —
1) > -1 — = and u € b%, then there exist L _harmonic conjugates
Viy...,Un Of U.

PROOF. For each 1 < j < n, let v; be a function on H defined by

(2.6)  vi(y,s) = 2¢; / w(z,t) t Oy, W ¥ (z — y, t + 5)dV (z, t).
H

Since p(5 — 1) > =1 — 2, Lemma 2.1 implies that
0y, 0, W @ (- —y, -+ ) € LI(H,dV),

where ¢ is the exponent conjugate to p. Hence, the function v; is well
defined for all (y,s) € H when p(5= — 1) > —1 — . We show that
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v1,...,Vy are the L(®_harmonic conjugates of u. Since W (@) jg L().
harmonic, so is v;. Moreover, since (2.4) and Lemma 2.1 imply that

t0y, 0y, W () (- —y, -+ 5) € LI(H,dV)

for all 1 < ¢ < oo, we can differentiate through the integral (2.6) with
respect to yx. Therefore we obtain 9y, v; = 9, vx. Similarly, Lemmas
2.1 and 2.2 imply that 9,v; = 9y, u. (]

REMARK 2.4. We note that when 0 < a < £, the assumption A =
p(% —1) > —1 ~ 3= of Proposition 2.3 always holds for all 1 < p < co.

We consider an integrability condition of the function v; which is
defined in (2.6).

THEOREM 2.5. Let0<a<landl <p<oo. If\= p(——l)
—1, then there exists a constant C > 0 such that

1
||tz UJ < Cllullp

for allu € B8, and 1 < j < n, where v; is defined in (2.6).

PROOF. Let c = 515 —1. We suppose that p = 1 (we note that when
p=1,A>—1forall 0 < a <1). Then, (2.6) and the Fubini theorem
imply that there exists a constant C' > 0 such that

[ 15w 9lav.s)

H

= C/ lu(z, t)| ¢ / 50, 0,W ¥ (z — y,t + 5)|dV (y, )dV (x, 1).
H H

Therefore, Lemma 2.1 implies that || t_"lv- W< C ulh-
Suppose that p > 1, and let ¢ be the exponent conjugate to p. Then,
the Hoélder inequality shows that there exists a constant C > 0 such that

'UJ(y1
< C’/ lu(z, t)| trats t7pats
x|z, W ) (z — y, t + 5)| 7 5dV (2, 1)
1
< C ( / lu(z, t)|Pts 1|8y, B, W @ (z — y, t + s)|dV (z, t))
H

Q-

x (/ t_%+1|6$‘78tW(°‘)(x —y,t+ s)|dV (z, t))
H
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Since A = p(i —1) > —1, Lemma 2.1 implies that
/ t‘%+1|8z_].8tW(a)(a: —y,t+ 3)|dV(z,t) < Cs(aati—1),
H
Thus, by the Fubini theorem we have

/ |50; (9, 5)[PdV (3, 3)
H
: C/ fu(z, t)fPta !

H

x/ sP=(EE-VE9, W@ (¢ —y, ¢+ 5)|dV (g, 8)dV (x,b).
H
Lemma 2.1 also implies that

/ Scp—(z%ﬁg—l)%|8IjatW(a)(x —y,t+5)|dV(y,s) < ot— g+,
H

Therefore, we obtain || t2« ~1v; [|,< C || u |- O

3. Weighted parabolic Bergman spaces

In Proposition 2.3 and Theorem 2.5, we prove that the function
v; which is defined in (2.6) is L{®)-harmonic and in LP(H,t*dV'), where
A= p(% —1). In order to study the L{®)-harmonic conjugates, we define
weighted parabolic Bergman spaces. For any A > —1, the weighted
parabolic Bergman space b2 ()) is the set of all L(®)-harmonic functions
on H which belong to LP(H,t*dV). We note that any function u €
LP(H,t dV) satisfies u- L™y € L'(H,dV) for all ¢ € C3°(H). In fact,
it is known that u - L(®p € L'(H,dV) for all ¢ € C5°(H) if and only if

/j / u(z, t)|(1 + |z) " "2*dV (z,t) < oo

for all t2 > t; > 0 ( see Remark 2.2 of [4] ). If u € LP(H,t*dV) for
some 1 < p < oo and A > —1, then elementary calculations show that
:12 Jgo [u(z, | (1 + |z])7"722*dV (z,t) < oo for all t; > t; > 0. Hence,
u € LP(H,t*dV) satisfies the integrability condition in the definition of
L(®)_harmonic functions.
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We give some properties of the weighted parabolic Bergman spaces.
When A = 0, the following lemma is Theorem 4.1 of [4]. We claim that
u € b2 (A) also satisfies the Huygens property.

LEMMA 3.1. Let0<a <1, 1<p<ooand A>—1. Ifu € bE()N),
then

u(z,t) = / u(x —y,t — )W (y, s)dy

forallz e R® and 0 < s <t < 0.

PROOF. In the proof of Theorem 4.1 of [4], the Huygens property
for u € b® derives from an L(®)_-harmonicity of u and a local integrability
of a function U(t) = [, lu(z,t)[Pdz on (0,00). If u € b8()), then it is
easy to check that the function U(¢) is also locally integrable on (0, c0).
Therefore, u satisfies the Huygens property. 0

REMARK 3.2. It was known that for u € b8 the function U(¢) =
Jgn lu(z, t)[Pdz is decreasing on (0,00) ( see Lemma 5.6 of [4] ). By
Lemma 3.1 and the Minkowski inequality, for any A > —1 the same
result holds for u € bE(\).

When A = 0, the following lemma is Proposition 5.2 of [4].

LEMMA 3.3. Let 0 < <1, 1 <p < oo and XA > —1. Then there
exists a constant C > 0 such that

lu(z, )] < Ct-EH+D ( [t sesaviy, s>)
H

for all (z,t) € H and u € bE()N).

ProOOF. Since the proof of Lemma 3.3 is analogous to that of
Proposition 5.2 of [4], we describe the outline of the proof. For fixed
0 < ay < as <1, Lemma 3.1 implies that

azt
t y,t — )W (z —y, s)dyd
wet) = oy [t = oW ey, sy
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Then, using the Jensen inequality and (2.5), we have

[u(z, t)|
1
ast P
< ot} ( / / |u(y,t_s)|deds)
ait n
1
ast P
_ o @ (/ ¢ -9 [ |u(y,t—s)|"dyds)
ait n
1
ast P
< ot Gata; (/ (t—s)A/ Iu(y,t—S)I”dyds) :
ait R™

because (1 — az)t < t — s < (1 — a1)t whenever a;t < s < ast. Hence,
we obtain

lu(z, t)| < Ct~EF A3 (/ s / Iu(y,s)l”dyds)p‘
0 n

]
By Lemma 3.1, u € b2(X) is in C*°(H). Thus, as in the proof of
Lemma 3.3, we have the following lemma, which is Theorem 5.4 of [4]

when A = 0. ) i

LEMMA 3.4, Let 0 <a <1, 1<p<ooand A\>-1. If 3 €Ny is
a multi-index and k € Ny, then there exists a constant C > 0 such that

1

ogobu(a.) < o eh - ([ peavi.s)’
H

for all (z,t) € H and u € b2(N).

For > 0 and a function v on H, we write us(z,t) = u(z,t+6). We
note that if u € b8 (X) then us € bE(A) for all § > 0. In fact, if u € bE(A),

then
/ P / lu(z, t + 8)|Pdadt
1 n

0 \ Py
c/l (t+6) /R u(z, t + 6)[Pdadt

C / lu(z, t)|PtrdV.
H

IA

IN
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Moreover, Remark 3.2 implies that

1 . 1
L/F/ﬁwauwwwﬁgma/twmun
0 R™ 0

Hence, we have ug € b2 ().
When A = 0, the following lemma is Lemma 6.6 of [4].

LEMMA 3.5. Let 0 <a <1, 1<p<ooand A >—1. Ifu € bB(N)
and (y,s) € H, then
(3.1)

us(Y, 8) = —2Cm+; /H O us(z, t) tm+j6tj+1W(a)(x —y,t+s)dV(z,t)

for allm, 7€ Ng and § > 0.

PROOF. The proof of Lemma 3.5 is analogous to that of Lemma 6.6
of [4]. We only show that the integral (3.1) is well defined. By Lemma
3.4, there exist constants C' > 0 and 0 < € < 1 such that

|8tmu(;(r,t)| < C(t+6)—m—(zla+)\+l)% < CtmE 55—(2%4*)\-{»1)%'
Therefore, we have
(O s AW (2 .t 4 5)] < CO—F(G W (2 — g1 )]

Hence, Lemma 2.1 implies that 8™us(z, t)t™ g/ T W@ (z —y t 4 5) €
LY(H,dV). 0

THEOREM 3.6. Let 0 < a<1,1<p<oo,and A > —1. If vy > —1
and non-negative integers £, m satisfy

(3-2) Y+ -m)p> -1,

then there exists a constant C > 0 such that
(3.3) / rHE=mIP| gy PV < C / | us|PdV
H H

for all u € B2(X) and § > 0.
PROOF. Suppose that p > 1, and let ¢ be the exponent conjugate
to p. By (3.2), we can choose a constant 1 > 0 such that

(3.4) 7+w—mW—§n>—1
Moreover, let j be a non-negative integer such that

(3.5) —nHLl4j> -1
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and
(3.6) £+j>’y+(€—m)p—§n.
Since, as in the proof of Lemma 3.5, there exist constants C > 0 and
0 < € < 1 such that
|07 us (x, t)tm+j8te+j+1W(°‘)(a: —y,t+ 8)|
< CETEOITTIIW D (z — y, t 4 5)),
Lemma 2.1 implies that
O us(z, ™ HO W (2 —y,t + 5) € L (H,dV).

Therefore, by Lemma 3.5 we have
(3.7
Beus(y, 8) = —2cm4; / 8 us(m, t) t IO HIW ) (g—y, t4+5)dV (=, t).

H

As in the proof of Theorem 2.5, the Holder inequality implies that there
exists a constant C' > 0 such that

|95us(y, )P

]

q

< C ( / g |G (@) (1 gt $)|dV (a, t))
H

p(n+

8 / 1O us(z, £)|Pt" T A g @) (p —y ¢ 4 5)|dV (3, 1).
H

By (3.5), Lemma 2.1 and the Fubini theorem imply that
[ s oty )P av (. 9)
H
¢ [ srtemmt [ jopug(a e e
H H
x[OfFIIW @ (z — y, t + 5)|dV (2, 8)dV (y, 5)

pntm—£)

- C / 1O g (z, £)|Pt et
H

IA

X / SYHE=mIP= G| gEHI Ty (@) (5 — ¢ 4 5)|dV (y, s)dV (g, B).
H
By (3.4) and (3.6), Lemma 2.1 also implies that

/ grHEmIR=En gLt @) (3 y ¢y )|dV (y, )
H

< Ct’Y+(l—m)P—§TI—(e+J') .
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Hence, we obtain
s Busty, a9 < € [ Ol0ruste pav,o.
H H

We suppose that p = 1. Then, using (3.7) and the Fubini theorem,
we have

/ STHT (g, )|V (3, )
H
< c / |0 ug(x, £)|t™+
H
< / S G @) (3 y ¢ 4 )|dV (y, 5)dV (2, 8).
H

Since we can choose a non-negative integer j such that v —m — j < 0,
Lemma 2.1 implies that

/ 3’Y+€—m|at€+j+1W(a)(:L, —yt+ s)|dV(y, 8) < Cy—m=7,
H

Hence, we have the theorem. O

For a function u € LP(H, t*dV'), define || u ||pa= ([ [u[Pt dV)!/7.
We have the following inequalities.

COROLLARY 3.7. Let 0 < a <1,1 <p< oo, and A > —1. Then,
there exists a constant C > 0 such that

(3.8) C7 || us o<l t0fus lpa< C || us llp.a

for all w € BB(X), 6 >0, and £ € Np.

4. Uniqueness of L(®-harmonic conjugates

In this section, we show that L(®)-harmonic conjugates of u € b?
are unique whenever A = p(£ — 1) > —1.

THEOREM 4.1. Let 0 < a < 1land1 <p < oo. If XA = p(55 —
1) > -1 and u € b%, then there exist unique L) _harmonic conjugates
Vi,...,Un Of u on H such that v; € b2 ().

PROOF. By Proposition 2.3 and Theorem 2.5, it suffices to prove

the uniqueness of L(®)-harmonic conjugates of u € b2 that belong to
bE ().
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Suppose that uy, ..., up are also L(®)-harmonic conjugates of u such
that u; € b5 (A). Take arbitrary 6 > 0. Then by Corollary 3.7, there
exists a constant C' > 0 such that

(4.1) ¢35 L (v; — uy)s |p< C || 2584 (v5 — uy)s |l -

By the hypothesis and the definition of L{®)-harmonic conjugates, we
have
O0¢(vj — uj)s = O, us — O, us = 0.

Therefore, (4.1) and the continuity of v; — u; imply that v;(z,t +6) =
uj(z,t+0) for all (z,t) € H. Since § > 0 is arbitrary, we obtain v; = u;
as desired. O
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