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On the middle dimension cohomology of
A; singularity

Takao Akahori

Abstract.

Let (V, 0) be a normal isolated singularity in a complex Euclidean
space (CV,0). Let M be the intersection of this singularity and the
real hypersphere SZV _1(0), centered at the origin o with an e radius.
Then, naturally, this link M admits a CR structure, induced from V,
and the deformation theory of this CR structures has been studied
in [1], [2],[3]. Especially in [3], a particular subspace of the infinitesi-
mal deformation space is found, and we propose to study the relation
between this subspace and simultaneous deformation. We note that:
if the canonical line bundle of the CR structure is trivial, then the
infinitesimal space of the deformation of CR structures is a part of
the middle dimension cohomology. And in this line, we conjecture
that Z', introduced in [3], might be related to the simultaneous de-
formation of isolated singularity (V,o0)(see also [2]). We discuss this
problem for A; singularities.

1. Motivation and Z! - space
§ p

Let (V("), 0) be an isolated singulai'ity in a complex eucliean space
(CN,0). We consider the intersection

M =S*N"1o)nV.

Then M is a compact non-singular real 2n—1 dimensional C'* manifold,
and a CR structure (M,°T") is induced from V, by ;

T"=C@TMNT"(V -o).

Here T""(V —o0) means the space consisting of type (1, 0) vectors on V —o.
This pair (M,° T") is called a CR structure(or a CR manifold). For this
CR structure, the deformation theory, related to the deformation theory
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of isolated singularities (V,0), is successfully developed by Kuranishi.
After the great work of Kuranishi, we are interested in the mixed Hodge
structure of CR manifolds. We take a supplement vector field ¢ to
07 4 07" here °T" = 0T”. For this CR structure with the supplement
vector field {(M,°T"),(}, we can introduce a mixed Hodge structure
which should correspond to the mixed Hodge structure on a tubular
neighborhood U of M in V. Here, we assume that there is a real vector
field ( satisfying:

ey ¢p & T +°T;
(2) [¢,T(M,°T")] C T(M,°T").

While, during our studying deformation theory of CR structures, we
learn that: for Calabi-Yau manifolds, the Kuranishi family is unob-
structed. So, in order to obtain the analogy to isolated singularities, Z!
space is found(see [3]).

(3) Z'={u:uec F* 1! d"u = 0,d'v = 0}.

In the case complex manifolds, Z' might be translated as follows.
For a tubular neighborhood U of M in V, we set

(4) {u:u e D(U,A"YT'U)* A (T"U)*),0u = 0,0u = 0}.
If X(™ is a compact n-dimensional Kaehler manifold, then
(5) {u:ue (XM AT XM A (T"X™)*), 8u = 0,0u = 0}.

includes the O-harmonic space consisting of (n — 1,1) forms. While,
here, we are treating an open manifold U (tubular neighborhood of M).
So even if the (n — 1,1) Kohn-Rossi cohomology does not vanish(the
existence of a non- trivial d-harmonic space consisting of (n—1, 1) forms),
the above space might be 0. Here we give a program to obtain a non-
trivial element of (4) from a non- trivial simultaneous deformation.

Let V be the resolution of the isolated singularity with complex
dimension n in CV, V, and 7 is the resolution map m; V — V. And
consider non-trivial deformations of isolated singularity (V,0) with this
resolution. Namely, 7, is a resolution map of V; in CV , m; V, - Vi,
t € T, where V, is a deformation of V, V, is a deformation of V, T
is an analytic space with the origin, and at the origin, 7, = =, vV, =
V,V, =V. Furthermore, we assume that V; ¢ CY. Now we take
a C* trivialization i; : a tubular neighborhood of M, — a tubular
neighborhood of M;, which satisfies i;(M,) = M;. In this setting, our
program is as follows.
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e (First Step) By using the simultaneous resolution, we construct a
non-trivial (n, 0) form w;, which is not d exact on V; for a generic
t, and depends on ¢ complex analytically. In general, “to give an
(n,0) form, satisfying a certain condition”, might be easier than
“to give an (n — 1,1) form with the corresponding condition”.

e (Second Step) By choosing a proper C* trivialization of the si-
multaneous deformation, i;,

fjwy =wp +wit +---, (expansion with respect to t).

e (Third Step) From dw; = 0, it follows that: dw; = 0. By the
definition, w; is a form of type (n,0) + (n—1,1) on V, — 7~ 1(0),
we write it by;

Wy = wﬁn,O) +w§n—1,1)‘

As dw; = 0, this is equivalent to

D™ =0,

5w§"’0) + 8w{n_1’l) =0.
The d-cohomology class, determined by w§"‘“), is the induced
one by the Kodaira-Spencer class of deformations. So, this must
be non-trivial. In this setting, we would like to construct a non-
trivial element of (4), associated with the given simultaneous de-
formation.

For the Third Step, we have to comment on a crucial point. The
naive answer is that:
dw" Y =0 ?

This is too strong. There is an ambiguity to choose the C'*° trivialization,
it. By changing the C'™ trivialization, wy (resp. w§"‘“)) is replaced by
w1 — du(resp. w£n‘1’l) — 8u), where u is an (n —1,1) form. Hence our
problem(to obtain a non-trivial element of (4)) is reduced to that; is
there any C* (n —1,1) form u, satisfying: 5w§n_1’1) —80u = 0? This is
so called “98 lemma”. For a compact Kaehler manifold, by taking the
harmonic part, this is always solvable. However, for an open manifold,
this is not an easy problem. One of our conjecture is that; if wgn—l’l) is
induced by the simultaneous deformation, then this might be solvable.
In the next section, we study this conjecture in A; singularities.
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§2. A; singularities
Let
X ={(z1,--y2n+1) : (#1,-- -, Zn41) € C”H,zf +---+z,,lf;11 =0},

where [ is a positive integer. We call this isolated singularity A; singu-
larity. Consider a family of deformations of X,

Xe={(21,- -, 2n41) : (21, 2ng1) € O™ 2] o 4 200 =2}

Let M = XN {(21,.-+,2n+1) :| 21 |2 +++++ | a1 |?= 1}. And consider
a C trivialization of this deformation over a neighborhood of M in X.

Let it : (21,---,2n+1) — (21(t) ..., Zn+1(t)), where
1 2 2
t) = —— %1 (1+ | 2 vt | zng |0
z1(t) Z1+2k(Z,E)Z1(+|Z+1| +oo | Zpgr |9Y)
zn(t) = zp+ _r_ Zn(1+ | Zng1 2+ 4 | 2 [Pt
2k(z,%)
(t) + ! zh gt
z = 2z S —
n+1 +1 (l+].)k(z,z) n+1

Here
k(z2,2) = (1+ | zns1 P+ o+ | 2ns1 PN (210 P+ o+ 20 D)+ 201 P L

So, on M, because of | z1 |2 +---+ | z |>= 1= | zn41 |2, k(2,2) = 1
holds. And,

212+ 4 2p ()2 + Zagpr ()]

— z%—'—...-‘-zi-’-zii’l_ll

e Uz Pz PO (2 P 2 )
+ | zng1 |}t + higher order term of ¢
=t mod t2

By adjusting higher order term, we have a C° trivialization i; : X — X,
over a neighborhood of M. However, in this paper, we discuss only
differential forms of type (n — 1,1). So the above map is enough.

§3. An approach to the First Step

In this section, we give a non-trivial holomorphic (n,0) form on
X N (a neighborhood of M in C™*!), which depends on ¢, complex
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analytically. Let f = 2% + ... + 22 + zfj_fl. Like in [2], we, first, set a
type (1,0) vector field Z¢, defined on a neighborhood of M in the C™+1,
as follows. Let Q be the standard symplectic form.

n+1

0= Z V=1dz; A dz;.
=1

By using this metric, we define a (1, 0) vector field Z; on a neighborhood
of M by;
df(X) = Q(X,Zy), for all (1,0) vector field X.

This Z; is easily written down as follows.

ntl—g5—
— of. 0
Zy = —12(3z. 92
i=1 v

}.

|

O0zpy1

- ]

VI Zig—+(+ 1z,
i=1 t

So,

n
2(f) = V@Y a1+ 1 i )
i=1
# 0 on a neighborhood of M.

Let w = dzy A--- Adzpy1. For Xy, we set a holomorphic (n,0) form
w'(t), which depends on ¢, complex analytically by ;

W'(t)=Zslw on X, (inner product with vector field Zy).

And set
1

&(F).
ST R AP e e O

By the type of w, our wj is of type (n,0) on X;. We must show that our
wy is holomorphic on X;. For this, we recall the following lemma.

I
wp =

Lemma 3.1. w = —+/—1df Aw; on a neighborhood of M.

We sketch the proof of this lemma. For a point p of a neighborhood
of M in C™*+1, T)C™*! is spanned by Z; and {X;(p) }1<i<n, Which satisfy
Xi(p)f = 0. So, with these vector fields, just by a direct computation,
we have our lemma.
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By this lemma, on X4,
dw; = 0.

We have to see that our w) is not a d-exactn on X, = X. But if we
restric w; to

{(217"' ?vazn-l—l) : Z% +oee +2721 +Z£v,t»11 =0,2p41 = 0}

a complex n — 1 dimensional A; singularity, then it gives a non-trivial
n — 1 dimensional cohomology(by the definition of our wj, it coincides
with nontrivial element, constructed in [2]). So, we have a non trivial
form.

§4.  An approach to the Third Step

By the C° trivialization of the simultaneous deformations, i, con-
structed in Section 2, on a tubular neighborhood of M,

fjwy = wp +wit+---, (expansion with respect to t).

We explain a difficulty about this part. For example, we take A;
singularity (in our notations, ! = 1). Then, in the C* isomorphism map,
it, as a denominator, k(z,Z) appears. Only on the boundary case(CR
case)

k(z,Z) = 1 on the boundary.

But we are treating the tubular neighborhood case. So, it is not so
valid that there is no extra non-trivial (n,0) term of wy ( we write it by
wﬁ""’) ). Fortunately, for the case [ = 1 ( the case of an ordinary double
point ), (n,0) term doesn’t appear(this means that it is not necessary
to change the C° trivialization i;, constructed in Section 2). So, in
this case, dw; = 0 means that; dw; = 0 and dw; = 0. For the other [,
we have to control the difficulty which arises from the term k(z,). In
another paper, we discuss the other case.

For the case [ = 1, the C*° isomorphism map is as follows.

1
+ —_ e
2zn+l % |2

i=1

Zit, z:l,,n+1

And

n+1 a

Zr =23 Fin—):
i=1 v
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In order to simplify the sketch, we assume n = 2. Then,

0 0

0
Zf=2(21——+22 +Z3823)

8z 0z
And so,

Zwa = 2(Elsz Adzz — Zadzy ANdzs +Z3dzy A dzq),

Zi(f) = 4lzalP+lz2P+]z)
= 472,

Here 2 =| 21 |2 +| 22 |2 + | 23 |>. And
1_
Zl(t) - 21+—;'2'th,
1_
z(t) = Zz‘l'—r—z‘zzt,
1
z3(t) = Z3+—T—23t.

Now we compute w.

1
Zt( Zwa) t( (ZleQ/\dZ;;—Z2dZ1Ang+23d21/\d22))

r2
(E 1(t)dza(t) Adz3(t) —Z2(t)dz1 (E) Adz3(t) +Z3(t)dzy (t) Adza(t))
21(8)Z1 () +22(8)Z2(t) +23(t)Z3(t)
1d22(t) A dz3(t) —Zadz1 (t) Adzg(t) +Z3dz1(t) A dza(t))
21 (t)?l +Zz(t)72+23(t)73
Z1dz2(t) Adzs(t) —Zadzy (t) Adz3(t) +Z3d21 (£) Ad 22 (1))
2121+ 22Z2+23%3

)

N = N N)|»—l[\3 et
wy

A

—_

) mod(t?,7)

)

because of 23 + 23 + z3 = 0.

While

- _ 1 1.._ 11 _ 1 1. 11
ZleQ(t)/\ng(t) = Z1(dZ2+E(d(r—z))z’zt-l—iﬁngt)/\(dZ;;—f-§(d(r—2-))23t+§ﬁd23t)

1 1 11
= Zidzy Ndz3 + {El§(d(r—2))72 ANdzg + 21-2—ﬁd72 ANdzs
1 1 _ 11
+ Z1dza A §(d(r—2))73 + Z1d22§-r—2d2:3}t mod t2.

Therefore from this term, (2,0) part is

1 1 1_ _ 1
521728(;‘5) Ndzz + ‘2‘2133d32 A 8('73)



44 T. Akahori

By the same way, from —Z2dz;(t) A dz3(t), as a (2,0) part,

1 1 1__ -1
—531228(7_—2) Ndzg — 52223(1,21 A 8(;‘2—)

And from zZ3dz1(t) A dza(t), (2,0) part is
1 1 1 1
571336(;-2-) Adzg + 572336&1 A 8(;5)

So summing up these three terms, in this case, we see that (2,0) part
does not appear.
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