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Introduction The theorem alluded to in the subtitle is the Odd 
Order Theorem of Feit-Thompson [FT] which states that all finite groups 
of odd order are solvable. For the remarkable proof, they invented a rev­
olutionary new method which was influential to the development of finite 
group theory in the last 30 odd years. Recently, Bender and Glauber­
man [BG] have published a highly polished proof covering the group 
theoretical portion of the proof of the Odd Order Theorem. 

By design, their proof is by contradiction. From the start they work 
on the hypothetical minimal simple group of odd order and study its 
properties. Thus, all the wonderful intermediate results are properties 
of the hypothetical group, and hence they may be vacuous. One of the 
goals of this paper is to show that this is not so; their method does give 
positive results and all the intermediate results are in fact properties of 
some real groups. 

We consider the prime graph r(G) of a finite group G. This is the 
graph defined as follows. The set of vertices of r( G) is the set 1r( G) of 
the primes dividing the order JGJ of G. If p, q E 1r(G), we join p and q 
by an edge in r( G) if and only if p =1- q and G has an element of order 
pq. 

The classification of finite simple groups has several interesting con­
sequences on the prime graph of a finite group. The following is one of 
them. 

Theorem A. Let ~ be a connected component of the prime gmph 
r(G) of a finite group G, and let ro be the set of primes in~- Assume 
that ~ =f. r( G) and 2 ¢: ro. Then, ~ is a clique. 

Usually, we identify ~ with ro and abuse the terms, saying ro is a 
connected component of the graph r( G). Theorem A has not been stated 
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in the literature in this form. But, the works of Gruenberg and Kegel 
[GKJ and Williams [W] together with properties of Frobenius groups 
yield Theorem A. The classification of finite simple groups is used in 
two separate places of its proof. The first is in the proof of the following 
theorem. 

Theorem B. Theorem A holds for a finite simple group. 

The second use of the classification is to prove the following lemma. 

Lemma. Let G be a finite simple group. Then, 1r( Out G) is con­
tained in the connected component of the prime graph r (G) that includes 
the prime 2. 

This is fairly easy to check because Out G for a simple group G is 
not too complicated. The checking of Theorem B is more complex. 

The purpose of this work is to show that the method of Feit, Thomp­
son, Bender, and Glauberman can be adapted to give a proof of Theorem 
B without using the classification of finite simple groups. 

Actually, Williams [W] has checked the following result for a finite 
simple group. 

Theorem C. Let~ be a connected component of the prime graph 
r(G) of a finite simple group G. Let w be the set of primes in ~­
Assume that~# r(G) and 2 ~ w. Then, G contains a nilpotent Hall 
w-subgroup H that is isolated in G. 

A subgroup H of any group G is called isolated in G if 1 -f. H -f. G 
and for every element x E HU, we have 

Ca(x) c;_ H. 

Theorem B is weaker than Theorem C which may be considered a local 
version of the Odd Order Theorem. It would be nice if our method 
would be able to prove Theorem C. 

Originally, Gruenberg and Roggenkamp [GR] are led to study the 
prime graph, in particular its connectivity, through their work on the 
decomposition of the augmentation ideal of the integral group ring of a 
finite group. Specifically they considered the following three conditions 
on a finite group G. 

(1) G has an isolated subgroup. 
(2) The augmentation ideal decomposes as a right ZG-module. 
(3) The prime graph r(G) is not connected. 
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Gruenberg and Roggenkamp [GR] proved that (1) =} (2) =} (3). 
Using Theorem C, Williams [W] was able to prove that (3) =} (1). If w 
is a connected component of the prime graph f( G) such that 2 r:f. w and 
w =f. r( G), it is not necessarily true that G has a Hall w-subgroup that 
is isolated. 

1. The Beginning of the Proof 
Let G be a finite group and let w s:;; 1r( G) be the set of primes of a 

connected component 6. of the prime graph f(G). Assume that 

w =f. 1r( G) and 2 r:f. w. 

These conditions and notation are used throughout this paper. The 
starting point of the proof is the following proposition. 

Proposition 1. Let P be a nonidentity w-subgroup of G. If 
Nc(P) is of even order, then G has an abelian Hall w-subgroup that 
is isolated in G. 

Proof. Since 2 r:f. w, P is of odd order. By assumption, there is 
an element t of order 2 that normalizes P. Since w is a connected 
component and 2 r:f. w, the element t acts regularly on P. This yields 
that 

Thus, P is abelian. If x E P~, Cc ( x) is a w-group and is normalized 
by t. It follows that A = Cc(x) is abelian and the element t inverts 
every element of A. If y E A~, the same argument proves that Cc(y) 
is abelian. Since A= Cc(x) s:;; C0 (y), we have Cc(Y) =A. Therefore, 
A is an abelian subgroup that is isolated in G. It is known that every 
isolated subgroup is a Hall subgroup. Q.E.D. 

Therefore, to prove Theorem B, we may assume that every w-local 
subgroup is of odd order. From now on we use the following notation 
and assumptions in addition to the ones already stated. 

Let G be a finite simple group. Let 

JY( = {M I M is a maximal w-local subgroup of G}, 

define 

M(H) ={ME JY( I H s:;; M} 

for any subgroup H of G, and assume that every subgroup ME JY( is of 
odd order. 
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The set of subgroups M satisfies properties which are similar to the 
properties of the set of all maximal subgroups of the hypothetical min­
imal simple group of odd order studied by [FT] and [BG]. We remark 
that the situation considered here does occur in real groups. For exam­
ple, if pis a prime such that p = 3 (mod 4), the alternating group Ap 
satisfies the condition for w = {p}. 

2. The Local Analysis of M 
We can apply the method of Bender and Glauberman to study the 

subgroups in M. The subgroups in M are of odd order; hence, they 
are solvable by the Odd Order Theorem. By definition, M E M is a 
w-local subgroup. It follows that F(M), the Fitting subgroup of M, is 
a w-subgroup. Let p E n(G) and let P E Sy£p(M). If P is not cyclic, 
P contains an elementary abelian p-subgroup A of order p2 . Then, A 
normalizes N = Ow(M) which is not 1. By a well-known proposition 
(Proposition 1.16 [BG]), 

It follows that p E w. Thus, if M is not a w-group, M has a cyclic 
Sylow p-subgroup for every p E n(M) \ w, Thus, ME M is almost a w­
subgroup. However, I call attention to the following point. ForME M, 
the set O'(M) of primes is defined in [BG] as 

O'(M) = {p E n(M) I Nc(P) ~ M for some P E Sy£p(M)} 

(p. 70 [BG]). The important set in our case is 

O'o(M) = O'(M) n w 

and the subgroup we should study is 

It is proved that Mr:ro is a Hall O'o(M)-subgroup of M. 

Proposition 2. All the statements of the sections 7- 15 of [BG] 
hold with proper changes in the hypotheses and conclusions. 

The types of subgroups in Mare defined as in pp.128-129 [BG] with 
the following three changes. 

(IIiv) should read: V f= 1 and if V is a w-group, then 

Nc(V) ~ M. 
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(IIv) should read: Na(A) ~ M for every nonidentity subgroup A of 
M' such that CH(A) =f. 1. 

(IIIiii) should read: Vis an abelian w-group and Na(V) ~ M. 
Then, ME JV( is of type I, II, III, IV, or V. We have the following 

two theorems which are the goal of the local analysis. 

Theorem I. Either every subgroup in JV( is of type I or all the 
following conditions are true. 

(1) G contains a cyclic subgroup w = wl X w2 with the prop­
erty that Na(Wo) = W for every nonempty subset Wo of W­
{Wb W2}. Also, Wi =f. 1 fori= 1, 2. 

(2) There are two subgroups S and T in JV( such that S and T are 
of type II, III, IV, or V, S n T = W, S is not conjugate to T in 
G, and either S or T (it may be both} is of type II. 

(3) Every ME JV( is either of type I or conjugate to S or T in G. 

There are other conditions which S and T must satisfy. For each 
ME M, two particular subsets A(M) and Ao(M) of Mare defined (cf. 
p.124 and p.131 [BG]). The notation Mp for each M E JV( denotes the 
normal nilpotent Hall subgroup of maximal order of M. 

Theorem II. For a subgroup ME M, let X= A(M) or A 0 (M), 
and let 

D = {x EX~ I Ca(x)% M}. 

Then, D ~ Mu0 , IM(Ca(x))i = 1 for all x E D, and the following 
conditions are satisfied. 

(Ti) Whenever two elements of X are conjugate in G, they are con­
jugate in M. 

(Tii) If D is not empty, there are w-subgroups M1, ... ,Mn in M of 
type I or II such that with Hi= (Mi)F, 

(a) (!Hi!, IHji) = 1 for i =f. j, 
(b) Mi = Hi(M n Mi) and M n Hi= 1, 
(c) (!Hi!, ICM(x)i) = 1 for all x EX~, 
(d) Ao(Mi) -Hi is a nonempty TI-set in G with normalizer Mi, 

and 
(e) if x E D, then there is a conjugate y of x in D and an index i 

such that 

Ca(y) = CH; (y)CM(Y) ~Mi . . 
If y ED with Ca(y) ~ Mi, then y E A(Mi)· 



46 M. Suzuki 

(Tiii) If some Mi in (Tii) has type II, then M is a w-group and is a 
Frobenius group with cyclic Frobenius complement, and Mp is 
not a TI-set in G. 

3. Application of Character Theory 
We can study subgroups of M using character theory as in [FT]. 

The following are the major steps. 

Proposition 3. There is no subgroup M E M of type V. 

Proposition 4. Every subgroup M E M of type I is a Frobenius 
group. 

This is very powerful. Suppose that M E M is not a Frobenius 
group. Then, any supporting subgroup Mi for M in Theorem II is of 
type I by (Tiii). Then, Proposition 4 yields that Mi is a Frobenius 
group. However, it is easy to see that A 0 (Mi) = Hi for a Frobenius 
group. This contradicts (Tii)(d). Therefore, there is no supporting 
subgroup. It follows that X is a TI-set in G. This gives a very tight 
control on the imbedding of any M that is not a Frobenius group. In 
particular, we can study the subgroups in M which are of type II, III, 
or IV. The final result is the following. 

Theorem III. Let G be a finite simple group with disconnected 
prime graph r(G). Let w be a connected component such that 2 f{_ w. 
Then, one of the following two cases occurs. 

(1) G contains a nilpotent Hall w-subgroup that is isolated in G. 
(2) We have w = {p, q} for some primes p and q, and G has a 

self-normalizing cyclic subgroup of order pq. 

If the second case occurs, there are many more conditions the primes 
p and q must satisfy. It may be possible to eliminate the case (2) with­
out referring to the classification of finite simple groups. In any case, 
Theorem III implies Theorem B. 

Theorem IV. Let G be a finite simple group with disconnected 
prime graph r(G). Let Ll be a connected component consisting of odd 
primes. Then, Ll is a clique. 

4. Lemmas 
For the most part, we will follow the notation and terminology in 

[BGJ. Exceptions are noted in the body of the paper. As usual, for a 
prime p E 1r( G), we denote by 
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the set of all Sylow p-subgroups of G. 
Let X be a group and Y a subgroup of X. As in [BG], a complement 

Z of Y in X is defined to be a subgroup Z of X satisfying the two 
conditions 

Y n Z = 1 and X = Y Z. 

We have the following well-known lemma. 

Lemma. Let X be a group andY a subgroup of X. Suppose that Y 
has a complement Z in X. If U is a subgroup of X such that Y ~ U ~ X, 
then Y has a complement in U. 

Proof. We will show that U n Z is a complement of Y in U. Let 
W = U n Z. Then, clearly Y n W = 1. We have 

U=XnU=YZnU. 

Since Y ~ U, the Dedekind law yields that 

YZnU=Y(ZnU) =YW 

This proves that Y has a complement Win U. Q.E.D. 

Next, we will state five lemmas which are used freely throughout 
this paper. Their proofs can be found at the end of the introduction. 

Lemma A. If P-=/:- 1 is a w-group, so is Cc(P). 

Lemma B. Suppose a noncyclic elementary abelian p-group E 
acts on a subgroup H -=/:- 1. 

(1) If H is a w-group, then pEw. 
(2) If p E w and H is a p' -group, then H is a w-group. 

Lemma C. Assume 2 tJ. w. If there exists a w-local subgroup of 
even order, then G contains an isolated abelian Hall w-subgroup. 

Lemma D. A w-group-=/:- 1 is contained in a w-local subgroup. 

Lemma E. 

(1) If M E M and a pi-subgroup K -=/:- 1 is normal in M, then 
M = Nc(K). 

(2) If ME M, then Nc(M) = M. 
(3) If M E M normalizes a w-group H -=/:- 1, then H C M and 

M = Nc(H). 
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Furthermore, we will collect here a few fundamental lemmas which 
are explicitly stated in the body of the paper. The terminology and 
notation are given there, as are the proofs. 

Lemma F (See §4, page 9). If ME M and p E n(M) n w', then 
M has a cyclic p-Sylow subgroup. 

Lemma G (See §4, page 12). If M E M, then M is a w-group 
except when 

(1) M is a Frobenius group such that the Frobenius kernel of M is 
a Hall w-subgroup of M, or 

(2) M has the following structure: M/M' is a cyclic w-group, M 01 = 
Mf3 = Mu0 =1- 1 is a nilpotent w~group, and M' /M(3 is a non­
identity cyclic w'-group that is a Hall subgroup of M. Both M' 
and MfMf3 are Frobenius groups. 

In the case (1), the Frobenius kernel of M is Mu0 and it is either 
M' or M 01 = Mf3. 

Lemma H (See §6, page 17). Let ME M. IfT2 (M) =1- 0, then M 
is a w-group. If M is not a w-group, then rp(M) ::; 1 for all p ~ ao(M). 

We also need some lemmas about the fusion of elements (§11, page 
66). Our hypotheses are weaker than those in [BG], and these lemmas 
guarantee that the same results still hold. 

Lemma I. Let M E M and let X be an F-set of M. Every element 
of X~ is conjugate to an element of D* in M. 

Lemma J. 

(1) Every element g of Mi is conjugate in Mi to an element of the 
form xh = hx where x E M n Mi and h E Hi. 

(2) Suppose that g is an element of Mi with CH, (g) =1- 1. Assume 
that g is conjugate in Mi to an element of the form hx where x E 
M n Mi and hE CH, (x), and at the same time, g is conjugate 
to an element of the annex A(y) withy E Dj. Then, j = i and 
the element x is conjugate to y in Mi. In particular, x E Di 
and g E A(Mi)· 

Finally, we prove Lemmas A through E. 
The first three lemmas give a few basic properties of connected com­

ponents of prime graphs. 
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Lemma A. Let G be a group and let w be a connected component 
(or a union of connected components) of the prime graph r(G) of G. If 
P =f. 1 is a w-subgroup of G, then Ca(P) is a w-group. 

Proof. Let p E 1r(P). Then, pEw. Take any q E 1r(Ca(P)). We 
will show q E w. We may assume q =f. p. There are elements x and y 
such that xis an element of P of order p andy is an element of Ca(P) 
of order q. Since x andy commute, the product xy has order pq. Thus, 
(p, q) is an edge of the prime graph r(G). This proves that q lies in the 
same connected component as the prime pEw. Hence, q E w. Q.E.D. 

Lemma B. Let G be a group and let w be a connected component 
(or a union of connected components) of the prime graph r( G) of G. Let 
p be a prime. Suppose that a noncyclic elementary abelian p-subgroup 
E normalizes a subgroup H of G. 

(1) If His a w-group =/:-1, thenp E w. 
(2) If pEw and H is a p'-group, then H is a w-group. 

Proof. By our assumptions, K = HE is a subgroup and H <J K. 
(1) Suppose that His a w-group =f. 1. If p E 1r(H), then p E w. 

Suppose that p tj. 1r(H). Then, H is a p'-group. By Proposition 1.16 
[BG], 

H = (CH(x) I x E E~). 

Since H =f. 1, P = CH(x) =f. 1 for some x E E~. Then, x E Ca(P) where 
P =f. 1 is a w-group. By Lemma A, Ca(P) is a w-group, so in particular, 
the order of xis a w-number. This proves pEw. 

(2) Let q E 1r(H) and Q E Syfq(H). Then, q =f. p and Q is a Sylow 
q-subgroup of K. By the Frattini argument, K = HNK(Q). Therefore, 
a conjugate of E normalizes Q. We may replace E by a conjugate (in 
K) and assume that E normalizes Q. Since Q is a p'-group, Proposition 
1.16 [BG] yields 

Since (x) is a w-group by assumption, Lemma A implies that CQ(x) is a 
w-group. Therefore, q E w. This proves that His a w-group. Q.E.D. 

Lemma C. Let G be a group and w a connected component of 
the prime graph r( G). Suppose that the prime 2 is not contained in w 
and that there is a w-local subgroup of even order. Then, G contains an 
abelian Hall w-subgroup A that is isolated. Furthermore, any w-element 
is conjugate to an element of A and the centralizer of any w-element is 
abelian. 
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Proof. By assumption, there is a pair (H, t) of a tv-subgroup H 
and an element t of order 2 that normalizes H. We have a lemma: For 
any pair (H, t) consisting of a tv-subgroup Hand an element t of order 
2 that normalizes H, t inverts every element of H and consequently, H 
is abelian. This follows from the lemma of Burnside ((1.9) [S II] p. 131). 
Note that since 2 tJ. tv, C H ( t) = 1 by Lemma A. By a first application 
of the above lemma, the element t inverts every element x of flU, i.e. 
txr 1 = x- 1 . It follows that t normalizes A= Cc(x). By Lemma A, A 
is a tv-subgroup of G. Take y E AU. A second application of the lemma 
proves that Cc(y) is abelian. Since A is abelian, A <;;;; Cc(y). By the 
definition of A, A = Cc ( x) for some x E AU. Thus, the abelian group 
Cc(y) must coincide with A, i.e. A satisfies the property that if y E AU, 
then Cc(y) =A. An easy application of Sylow's Theorem yields that A 
is a Hall subgroup of G. 

If An uAu- 1 -=f. 1 for some u E G, then take a nonidentity element 
y of AnuAu- 1 and consider Cc(y). Then, A= C0 (y) = uAu- 1 . Thus, 
A is isolated. 

We will show that tv= 1r(A). Suppose that tv -=f. 1r(A). Then, there 
is a pair of primes (p, q) such that p E 1r(A), q E tv - 1r(A), and (p, q) 
is an edge of the prime graph f( G). Therefore, there are elements a, b 
such that a is of order p, b is of order q, a E AU, and a commutes with 
b. It follows that bE Cc(a) =A. This contradicts the choice of q with 
q tJ. 1r(A). We have shown that A is a varpi-Hall subgroup of G that is 
isolated. 

If z is any tv-element, (z) is conjugate to a subgroup of A by a 
theorem of Wielandt [W 1954]. The last assertion follows. Q.E.D. 

We will also need the following properties of M. 

Lemma D. Let G be a group and 1r a set of primes. Any 1!"­

subgroup H -=f. 1 is contained in a maximal 1r-local subgroup. 

Proof. By definition, K = Nc(H) is a 1r-local subgroup of G. Let 
M be a 1r-local subgroup of maximal order that contains K. Then, M 
is a maximal 1r-local subgroup such that H <;;;; M. Q.E.D. 

Lemma E. 

(1) If M E M and a 1r-subgroup K -=f. 1 is normal in M, then 
Nc(K) = M. 

(2) If ME M, then Nc(M) = M. 
(3) If ME M normalizes a 1r-subgroup H -=f. 1 of G, then H <;;;; M 

and M = Nc(H). 
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Proof. (1) By assumption, Na(K) is an-local subgroup that con­
tains M. Since M E M, we get Na(K) = M. 

(2) Let K = Orr(M). Then, K is an-subgroup =/- 1 of G. Hence, 
M = Na(K) by (1). Since K charM, Na(M) s:;; Na(K). Hence, 
Na(M) =M. 

(3) By assumption, Na(H) is a 1r-local subgroup that contains M. 
Since ME M, we have Na(H) = M. Q.E.D. 

Chapter I. Local Analysis 

We begin the local analysis of the simple groups G that satisfies the 
basic assumptions. We need the following notation. 

Notation. Let G be a simple group with disconnected prime graph 
r = F(G). Let w be a connected component of r that consists of odd 
primes. We fix the following notation: 

JY( =the set of all maximal w-local subgroups, 

M(H) =the set of ME JY( such that H s:;; M, 

li =the set of all proper subgroups H s:;; G such that IM(H)I = 1. 

The basic assumptions are 

and 
the set JY( consists of subgroups of odd order. 

Thus, if M E M, then M is a solvable group of odd order. 

The above notation and the basic assumptions are in force through­
out this paper, not just in Chapter I. 

Chapter I contains 10 sections and is organized as follows. Section m 
of this chapter corresponds to Section m + 6 of [BG ]. Lemma (Theorem, 
Proposition, or Corollary) m.k of Section m of this paper corresponds to 
Lemma (Theorem, Proposition, or Corollary) (m + 6).k in [BG]. Proof 
may sometimes be obtained from the proof of the corresponding lemma 
in [BG] simply by changing the reference to Lemma n.k to Lemma 
(n- 6).k of this paper when n > 6. If this is the case, the proof is 
usually omitted by referring to [BG]. 
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§ 1. The Transitivity Theorem 

Hypothesis 1.1. (1) The group A is a noncyclic subgroup of G with 
0-w(A) -# 1, and 7r = n(A). 

(2) Whenever X is a w-local subgroup of the group G such that 
A~ X, we have 

01l''(X) = (11x(A; n')). 

Let K = 01l''(Ca(A)) as in [BG]. Then, K is the set of all n'­
elements in C0 (A). This is proved as follows. Let B = 0-w(A). By 
Hypothesis 1.1 (1), B -# 1. Hence, Ca(A) ~ Ca(B) ~ Na(B). This 
implies that N 0 (B) = X is a w-local subgroup that contains A. Let 
x be a n'-element of Ca(A). Then, (x) is a n'-subgroup of X that is 
A-invariant. By (2), (x) ~ 01l''(X). Therefore, 

(x) ~ Ca(A) n o7l',(X) ~ o1l',(Ca(A)) = K. 

Conversely, if x E K, then xis a n'-element of Ca(A). Q.E.D. 

Lemma 1.1. Assume Hypothesis 1.1. Suppose, for a prime q E 

n' n w, that Q1 , Q2 E 110(A; q) and that there exists a w-local subgroup 
H of G such that 

A ~ H, H n Q1 -# 1, and H n Q2 -# 1. 

Then, Q2 = Q1 k for some k E K. 

Proof. We proceed by induction on IGiq/IQl n Q21· If this number 
is 1, then Q1 and Q2 are Sylow subgroups of G with IQl n Q2l = IQll = 
IQ21. This implies Q1 = Q2 = Q1 k with k = 1 E K. Proceed by 
induction. By the basic assumptions, H is a solvable group. Hence, the 
A-invariant q-subgroup H n Q1 is contained (in 011'' (H) by Hypothesis 
1.1 and so) in an A-invariant Sylow q-subgroup R 1 of 07l''(H). Similarly, 
H n Q2 ~ R2 where R2 is an A-invariant Sylow q-subgroup of 01l''(H). 
By Proposition 1.5 [BG], R 1 h = R 2 for some h E o7l',(H) n Ca(A). 
Since his a n'-element of Ca(A), the remark after Hypothesis 1.1 yields 
hE K. 

Take Q3 E 110(A; q) such that R2 ~ Q3. Since h E K, Q~ E 

11a(A; q). We have 1-# (Q1 n H)h = Q 1 h n H ~ R 1 h = R 2 ~ Q3 and 

1 -# Q2 n H ~ R 2 ~ Q3. Therefore, 1 -# Q 1h n H ~ Q1h n Q3 and 
1 -# Q2 n H ~ Q2 n Q3. 

If Q1 n Q2 = 1, we are done as in [BG]. Suppose that Q = Q1 n Q2 -# 
1. Since q is assumed to be in w, Na(Q) is a w-local subgroup that 
contains A and we may assume H = Na(Q). The proof of Lemma 7.1 
[BG] applies now without change. Q.E.D. 
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Theorem 1.2. Assume Hypothesis 1.1 and let q = 1r1ntv. Suppose 
m(Z(A)) ~ 3. Then, K acts transitively on lfc(A; q). 

Proof. By hypothesis, Z(A) contains an elementary abelian p-sub­
group B of order p3 for some prime p. Since B centralizes Ow(A) and 
Ow(A) f:- 1, we have p E tv n 1r. So, p f:- q. The proof of Theorem 7.2 
[BG] yields the result if we apply Lemma 1.1 to the tv-local subgroup 
Nc((z)) at the end. Q.E.D. 

Theorem 1.3. Assume Hypothesis 1.1 and letq E 1r'ntv. Suppose 
r(Z(A)) ~ 2 and q E 1r(C0 (A)). Then, K acts transitively on lfc(A; q). 

Proof. The proof of Theorem 7.3 [BG] applies here if we use Lemma 
1.1 with the tv-local subgroup Nc( (x)) for some x E B with CQ 1 (x) f:- 1. 

Q.E.D. 

Theorem 1.4. Assume Hypothesis 1.1 and let q E 1r1ntv. Suppose 
that P is a 1r-subgroup of G that contains A as a subnormal subgroup 
and that K acts transitively on lfc(A; q). Then, 

(a) CK(P) = 01r'(Cc(P)), 
(b) 01r'(C0 (P)) acts transitively on lfc(P; q), 
(c) lfc(P;q) ~ lfc(A;q), and 
(d) for every Q E lfc(P; q), we have P n Nc(P)' ~ Nc(Q)' and 

Nc(P) = 01r'(Cc(P))(Nc(P) n Nc(Q)). 

Proof. Since A is subnormal in P, we have Ow(A) ~ Ow(P). 
Therefore, Ow(P) f:- 1 and Pis contained in a tv-local subgroup. Note 
that, by the basic assumptions, IPI is odd so P is solvable. The subgroup 
P satisfies the condition that is obtained from Hypothesis 1.1 replacing 
A byP. 

Since Cc(P) ~ Cc(A), 01r'(Cc(P)) is a set of 1r'-elements of Cc(A). 
Hence, Q1r,(Cc(P)) ~ K n Cc(P) = CK(P). On the other hand, 
CK(P) = Q1r,(Cc(A)) n Cc(P) ~ Q1r,(Cc(P)). We have proved (a). 

To prove the parts (b) and (c) we use induction on IP: AI. Let 

1 = Po <J P1 <J · • · <J Pn-1 <J Pn = P 

be a composition series of P through A. If A= Pn-1 (or A= Pn), the 
proof of Theorem 7.4 [BG] for the case k > n- 2 yields (b) and (c). If 
A f:- Pn-1, let B = Pn-1· Note that B satisfies the condition obtained 
from Hypothesis 1.1 by replacing A by B. The parts (b) and (c) follow 
by induction as in [BG]. 
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In order to prove (d), take any Q E H(;(P; q) and let L = Nc(P) n 
Nc(Q). If x E Nc(P), then Qx E H(;(P;q). By (b), Qx = QY for some 
y E Orr'(Cc(P)). Hence, xy- 1 E Nc(Q) n Nc(P) = L. Therefore, 

Nc(P) = LOn'(Cc(P)) = LCK(P). 

Since Onr(Cc(P)) = CK(P) <l Nc(P), we have Nc(P) = CK(P)L. 
Note that Nc(P) is contained in a w-local subgroup, so by the 

basic assumptions, Nc(P) is solvable of odd order. Lemma 6.5 [BG] 
with (G,K,U,H) replaced by (Nc(P),On'(Cc(P)),L,P) yields P n 
Nc(P)' = P n L' <:;;; L' <:;;; Nc(Q)'. Q.E.D. 

Proposition 1.5. Suppose pEw and A is an abelian p-subgroup 
of G. Assume that either (1) A = {x E Cc(A) I xP = 1} and every 
w-local subgroup of G hasp-length 1, or (2) A E SCN2(P) for some 
P E Sy£p( G). Then, A satisfies Hypothesis 1.1. 

Proof. We can use the same method as in the proof of Theorem 7.5 
[BG]. The proof in [BG] utilizes the centralizer Cc(b) of an element b of 
order p. This subgroup need not be w-local. However, it is contained 
in thew-local subgroup Nc((b)). Since the index INc((b)): Cc((b))l 
is prime top, we may replace Cc(b) by Nc((b)) without affecting the 
argument. Q.E.D. 

Theorem 1.6 (Transitivity Theorem). Suppose pEw, A E 

SCN3(p), and q E p' n w. Then, Opr(Cc(A)) acts transitively on 
H(;(A; q) by conjugation. 

§2. The Fitting Subgroup of a Maximal w-Local Subgroup 

This section corresponds to Section 8 of [BG]. We begin with the 
following remark. Let H be a w-local subgroup of G. By the basic 
assumptions, His a solvable group of odd order. Let F = F(H) be the 
Fitting subgroup of H. Since Ow(H) =1- 1, we have Ow(F) =1- 1. This 
implies that 1r(F) <:;;; w as F is nilpotent and is the direct product of its 
Sylow subgroups. 

Theorem 2.1. Suppose M E M, p E 1r(F(M)), and A 0 E 

c;(F(M)). Assume that m(Ao) ~ 3. Let P E Sy£p(M). 

(a) If F(M) is not a p-group, then CF(M)(Ao) E U. 
(b) If F(M) is a p-group, then P E Sy£p(G) and every element of 

SCN3(P) is contained in F(M) and belongs to U. 
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Proof. (a) Let F = F(M), 1r = n(F) and A = CF(A0 ). Then 
n(A) = 1r because Z(F) <;;; CF(A0 ) =A<;;; F. Note that for every q En, 

The last equality comes from Lemma E (1) since Z(F)q is a nonidentity 
normal w-subgroup of M. The notation Nn stands for On(N) of a 
nilpotent group N as in [BG]. 

We will show that Ca(A) is an-subgroup. Suppose that x is an'­
element of Ca(A). Let C = CF(x). By the first paragraph, x E M. 
Since A <;;; C, CF(C) <;;; CF(A) <;;; CF(A0 ) = A <;;; C. By Proposition 
1.10 [BG] , x E CM(F) = CM(F(M)) <;;;F. Since xis a n'-element with 
1r = n(F), we get x = 1. Thus, Ca(A) is an-subgroup of M. 

We prove the following lemma. Let p be any prime, X a solvable 
subgroup of G and P a p-subgroup of X. Then, 

Op'(Na(P)) n X<;;; Op'(X). 

Proof. Let Y = Op'(Na(P)) n X. Then, 

Y = Op'(Na(P)) n Nx(P) <;;; Op'(Nx(P)). 

Since P <;;;X, we have [Op'(Nx(P)),P] <;;; Op'(Nx(P)) nP = 1. Hence, 

Op'(Nx(P)) <;;; Op'(Cx(P)). 

By Proposition 1.15 [BG], Op'(Cx(P)) <;;; Op'(X). 
This proves Y <;;; Op'(X). Q.E.D. 

With this lemma on hand, we verify Hypothesis 1.1 for A. Take an 
arbitrary w-local subgroup X that contains A andY E Hx(A; n'). Take 
any q E 1r. By the first paragraph of the proof, Cy(Aq) <;;; M. Since Y 
is an A-invariant n'-subgroup, 

[Cy(Aq),A] <;;; Y n [M,A] = Y n F = 1. 

Hence, Cy(Aq) <;;; C0 (A). Since C0 (A) is an-group, we have Cy(Aq) = 
1. Thus, by Proposition 1.6 [BG], Y = Cy(Aq)[Y, Aq] = [Y, Aq]· By 
hypothesis, lnl ;:::: 2. Taker -1- q in 1r. Since Na(Z(F)q) = M by Lemma 
E (1), Ar <;;; Fr <;;; Oq'(M): and: Ar <;;; Oq'(Na(Z(F)q)) nX. 

Since Z(F) <;;;A<;;; X, Lemma implies 

(1) Ar <;;; Oq' (X) for any q -1- r in 1r. 

Since Y = [Y, Ar], we have Y <;;; Oq' (X) for all q E 1r. Hence, Y <;;; 
nqEn Oq'(X) = On'(X). This proves Hypothesis 1.1 for A. 



56 M. Suzuki 

We will prove that Ha(A; q) = {1} for every q E 1r1 n w. Take 
q E 1r' n w. Since m(Z(A)) ;::: m(Ao) ;::: 3, Theorem 1.2 implies that 
01r' ( Cc(A)) acts transitively on Ha(A; q). But, Cc(A) is a 1r-group, 
so 01r'(C0 (A)) = 1. Thus, Ha(A; q) = {Q} for some q-subgroup Q of 
G. Since F is nilpotent, A <l<l F. By Theorem 1.4 (c), Ha(F; q) ~ 
Ha(A; q). Therefore, Ha(F; q) = {Q} and M normalizes Q. By Lemma 
E (3), Q ~ M. Hence, Q <l M and Q ~ F(M). Since 7f = 1r(F(M)) 
and q E 1r', we have Q = 1. Thus, Ha(A; q) = {1} for q E 1r' n w. 

To prove A E 'U, take H E M(A). Let D = F(H) and a = 1r(D). 
We will prove first a = 7f. Since A normalizes D, the last paragraph 
yields a~ 7f. By definition of D, Ou'(H) = 1. We have 

Ou'(Z(F)) ~ Ou'(A) = (Ar IrE 7f n a'). 

By (1) for X= H, Ar ~ Oq'(H). Hence 

(Ar IrE 7f n a')~ n Oqt(H) = Out(H) = 1. 
qEr:r 

It follows that 7f n a' is empty, i.e. 7f ~ a. Thus, a= 7f. 

For each q E 1r, Oq'(A) = (Ar I r =f. q) ~ Oq'(H). So, 

(2) [Dq, Oq'(A)] ~ [Dq, Oq'(H)] = 1. 

Hence, Dq ~ C0 (0q'(A)) ~ N0 (0q'(A)) = M. The last equality is by 
Lemma E (1). This proves D ~ M. 

The formula (2) implies that Ap centralizes Op'(D). Since Op'(D) = 
F(Op'(H)), Proposition 1.4 (BG] implies that Ap centralizes Op'(H). 
Hence, Op' (H) ~ C0 (Ap) ~ M by the first paragraph of the proof. By 
Lemma E (1) for H, Op'(H) ~ Op'(Nc(Dp)) n M. Since Dp ~ M, the 
lemma applies to get Op'(H) ~ Op'(M). 

We will prove that Op'(M) ~ Op'(H). Since A0 is a p-subgroup of 
F, we have Op'(F) ~ Cc(Ao) =A. Thus, Op'(F) = Op'(A). By (2), Dp 
centralizes Op'(A) = Op'(F) = F(Op'(M)). Proposition 1.4 [BG] shows 
that Dp centralizes Op'(M), i.e. Op'(M) ~ Cc(Dp) ~ Nc(Dp) = H. 
The last equality is by Lemma E (1) applied to HEM. Therefore, 

Op'(M) ~ Op'(Nc(Z(F)p)) n H. 

We have Z(F)p ~ Oq' (A) ~ Cc(Dq) ~ H. 
The lemma gives us Op'(M) ~ Op'(H). Therefore, Op'(M) = 

Op'(H) and M = Nc(Op'(M)) = Nc(Op'(H)) =H. This proves that 
A E 'U. 

(b) The proof of Part (b) of Theorem 8.1 [BG] is applicable. Note 
that we must take q E p' n w to apply the Transitivity Theorem 1.6 and 
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that an A-invariant p'-subgroup is a w-subgroup by Lemma B (2). 
Q.E.D. 

§3. The Uniqueness Theorem 

Theorem 3.1. Suppose that p is a prime, M E JVC, B E cp(M), 
and B is not cyclic. Assume that (a) Co(b) ~ M for all bE B~ or (b) 
(Mo(B;p')) ~ M. Then, BE U. 

Proof. Since Ow(M) =/= 1 and B normalizes Ow(M), Lemma B (1) 
implies p E w. If K E Mc(B;p'), Lemma B (2) proves that K is a 
w-group. In particular, Op' ( M) is a w-subgroup. It follows that if 
Op'(M) =/= 1, then M = Na(Op'(M)) by Lemma E (1). With these 
remarks, the proof of Theorem 9.1 [BG] shows the validity of the con­
clusion of Theorem 3.1. Q.E.D. 

Corollary 3.2. Suppose that LEU, K is a subgroup of Ca(L), 
and r(K) :::0: 2. Then, K E U if one of the following conditions holds: 

(a) rp(K) :::0: 2 for some pEw, 
(b) 1r( L) n w is non empty, or 
(c) K is contained in some M E JVC. 

Proof. Let JVC(L) = {H}. Take B E c~(K) for some prime p. If 
(a) holds, take p E w. If (b) holds, take q E 1r(L) n w and an element 
x of L of order q. The element x centralizes B. Since q E w, we have 
pEw. If (c) holds, B normalizes Ow(M) =/= 1. Then, pEw by Lemma 
B (1). Thus, we have pEw in all cases. 

For each bE B~, we have L ~ Ca(b) ~ No((b)). Since pEw, 
No((b)) is a w-local subgroup. Since JVC(L) = {H}, we have 

Ca(b) ~No( (b)) ~ H 

for all bE B~. By Theorem 3.1, BE U and JVC(B) = {H}. Since B ~ K, 
we have JVC(K) = {H} and K E U. Q.E.D. 

Corollary 3.3. Suppose that p E w, A is an abelian p-subgroup 
of G, and B is a noncyclic p-subgroup of G. Assume that A E U, 
m(A) :::0: 3, and rp(C0 (B)) :::0: 3. Then, BE U. 

Proof. Take B* E c~(Co(B)) and let P be a Sylow p-subgroup of 
G that contains B*. Replacing A by a conjugate, if necessary, we can 
assume that A~ P. The proof of Corollary 9.3 [BG] shows BE U. 

Q.E.D. 
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Lemma 3.4. Suppose that p is a prime, M E M, and rp(F(M)) ~ 
3. Then, ll contains every abelian p-subgroup of rank at least three. 

Proof. The assumptions imply p E ro by Lemma B (1). Lemma 
follows from Theorem 2.1 and Corollaries 3.2 and 3.3 as in the proof of 
Lemma 9.4 [BG] . Q.E.D. 

Lemma 3.5. Suppose p E ro and A E SCN3 (p). Then, A Ell. 

Proof. Since p E ro, Ca(A) is a ro-group (Lemma A). By Lemma D, 
M(Ca(A)) is not empty. Let M be an arbitrary element of M(Ca(A)), 
and let F = F(M). We assume that A tj. ll. By Lemma 3.4, we have 
rp(F) ~ 2. 

Choose a prime q as follows: if r(F) ~ 2, let q be the largest primes 
in 1r(M); if r(F) ~ 3, let q be some prime for which rq(F) ~ 3. If 
r(F) ~ 2, Theorem 4.20 (c) [BG] implies Oq(M) E Syfq(M). In all 
cases, Oq(M) =1- 1. Then, q E ro, for if q tj. ro, Oq(M) would centralize 
Ow(M) =1- 1 contradicting Lemma A. 

Since q E ro, we have M = Na(Oq(M)) by Lemma E (1). If r(F) ~ 
2, then Oq(M) is indeed a Sylow q-subgroup of G. Thus, rq(G) ~ 2. 
Since rp(G) ~ 3, we have q =1- p. If r(F) ~ 3, then rq(F) ~ 3 while 
rp(F) ~ 2. Thus, q =1- p in all cases. 

Let P be a Sylow p-subgroup of No(A) and let R be a subgroup of 
PnM that contains A. Then R normalizes Oq(M). Take Q E H(;(R; q) 
such that Oq(M) ~ Q. We will prove Q ~ Na(Q) ~ M. 

If r(F) ~ 3, the definition of the prime q implies rq(F(M)) ~ 3, 
so Lemma 3.4 applies with q in place of p. Since Oq(M) contains an 
abelian subgroup of rank at least three, Oq(M) E ll by Lemma 3.4. 
Since Oq(M) ~ Q ~ Na(Q), we have Na(Q) ~ M. On the other hand, 
if r(F) ~ 2, then Q = Oq(M) <J M. Hence, the claim holds in all cases. 

We will prove next Na(A) ~ M and Na(P) ~ M. 
By definition, R is a p-subgroup so A <J<J R. By Theorem 1.6, 

Ov'(Ca(A)) acts transitively on H(;(A;q). By Proposition 1.5, A satis­
fies Hypothesis 1.1. By Theorem 1.4, Ov'(Ca(R)) acts transitively on 
H(;(R; q). Note that Ca(R) ~ Ca(A) ~ M. 

Take x E Na(R). Then, Qx E H(;(R; q). He!J.ce, 

Qx = QY for some y E Op'(Ca(R)) ~ M. 

We have xy-1 E Na(Q) ~ M. This implies that x = (xy- 1 )y E M. 
Thus, Na(R) ~ M. By taking R = A, we have P ~ Na(A) ~ M. By 
taking R = P, we have Na(P) ~ M. 
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Let Po= [P, Na(P)] and D = Op'(F). Then, P0 =J 1 (Theorem 1.18 
[BG]). We will prove that P0 centralizes D. Suppose that Po does not 
centralize D. By Proposition 1.16 [BG], 

Take B <;;; fh (A) such that !:11 (A)/ B is cyclic and Po does not centralize 
CD(B). Since A E SCN3 (p), B is not cyclic. Since A rf- 11, we have 
B rf_ 11. By Theorem 3.1, there exist y E BH and L E J\1 such that 
Ca(y) <;;; L and Ca(y) cJ;_ M. Since Ca(A) <;;; Ca(b) <;;; L, we can 
apply the preceding argument, with L in place of M, to conclude that 
Na(P) <;;; L. Hence, 

Nc(P) <;;; M n L and Po<;;; (Na(P))' <;;; (M n £)'. 

Since DnL <l Mn£, no subgroup of DnL lies in 11. As D = Ov'(F(M)), 
Lemma 3.4 implies that r(DnL)::; 2. Thus, by Corollary 4.19 [BG], P0 

centralizes every chief factor U /V of L n M for which U <;;; D n £. Since 
DnL is ap'-subgroup, Lemma 1.9 [BG] shows that Po centralizes DnL. 
However, D n L :;2 D n Cc(y) :;2 CD(B) and CD(B) is not centralized 
by P0 . This contradiction shows that P0 centralizes D. 

We claim that {M} = M(Na(Po)). Suppose that r(F) 2: 3. Since 
rp(F) ::; 2, we have r(D) 2: 3. By Lemma 3.4 applied to a prime q 
with rq(D) 2: 3, D contains some subgroup in 11. Thus, D E 11. Since 
M = Na(D), we have M(D) = {M}. We have D <;;; Ca(Po) <;;; Na(Po) 
so M(Na(Po)) = {M}. 

Suppose that r(F) ::; 2. By Theorem 4.20 [BG], M' <;;; F. We have 
shown that P <;;; N 0 (P) <;;; M. 

Since M/F is abelian, FP <l M and M = Ov'(M)NM(P). Since 
Po= [P, Na(P)] <l Na(P) and Op'(M) centralizes P0 , we have Po <l M. 
This yields {M} = M(Na(Po)). 

We will complete the proof as in [BG]. Since A rf- 11, it follows 
that !11 (A) rf_ 11. By Theorem 3.1, there exists x E !11 (A)H such that 
Ca(x) cJ;_ M. Take HE M(Ca(x)). Then, Ca(A) <;;; Ca(x) <;;;H. Since 
M was chosen arbitrary from M(Ca(A)), we can apply the previous 
argument to H in place of M to conclude 

{H} = M(Nc(Po)) = {M} 

that is a contradiction. This completes the proof of Lemma 3.5. 
Q.E.D. 

Theorem 3.6 (The Uniqueness Theorem). Suppose that K is a 
subgroup of G with r(K) 2: 2. Assume that rv(K) 2: 3 for some p E w 
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or rv(Ca(K)) ;::: 3 for some p E w. Then, K E 'U. In particular, if 
A E e~(G) \ e*(G), for some primep E w, then A E 'U. 

Proof. Assume that rv(K) ;::: 3 for some p E w. Take B E e~(K) 
of order p3 • Let P be a Sylow p-subgroup of G that contains B. By 
Lemma 5.1 [BG], there exists A E SCN3(P). Since p E w, Lemma 3.5 
implies A E 'U. Since B is abelian, B ~ Ca(B). Corollary 3.3 implies 
B E 'U. Therefore, K E 'U. 

Assume that rv(Ca(K)) ;::: 3 for some p E w. 
Then, the first paragraph of the proof shows L E 'U. 
nonempty, Corollary 3.2 implies K E 'U. 

§4. The Subgroups Ma and Mu 

Let L = Ca(K). 
Since 1r(L) n w is 

Q.E.D. 

For each M E M, we define the sets of primes a(M), {3(M) and 
a(M), and the subgroups M0 , M13, and Mu as in [BG], page 70. In 
addition, we use the notation 

ao(M) = a(M) n w and Mu0 = Ouo(M)(M). 

Lemma F. Let ME M and p E 1r(M). If p ¢. w, then M has a 
cyclic Sylow p-subgroup. 

Proof. By the basic assumptions, p is odd. If a Sylow p-subgroup 
S of M is not cyclic, then S contains an elementary abelian p-subgroup 
E that is not cyclic ([S], II page 59, (4.4)). The group E normalizes 
Oro(M) which is a nonidentity w-subgroup. By Lemma B (1), we have 
pEw. Q.E.D. 

Theorem 4.1. Suppose ME M, p E a(M), and X is a nonempty 
subset of G~ such that (X) is a p-subgroup of G. 

(a) If X ~ M, g E G, and XY ~ M, then g = em for some 
c E Ca(X) and mE M. 

(b) The subgroup Ca(X) acts transitively by conjugation on the set 
{MY I g E G and X~ MY}. 

(c) If X is a subgroup of M, then Na(X) = NM(X)Ca(X). 
(d) If X is a Sylow p-subgroup of M, then X~ MY implies gEM 

(so M is the only conjugate of M that contains X). 
(e) If X~ M, Ca(X) ~ M, g E G, and X~ MY, then M =MY 

andg EM. 

There is only a small difference between our Theorem 4.1 and the 
corresponding Theorem 10.1 [BG]. To prove (b), we may replace X by 
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(X) and assume that X is a nontrivial p-subgroup of G (as in [BG]). 
The argument in [BG] proves the result. Note that in the case when 
r(P) 2: 3, we have p E w. This justifies the use of the Uniqueness 
Theorem on the top of page 72 [BG]. 

Theorem 4.2. Let ME JV(. Then, 

(a) Ma is a Hall a(M)-subgroup of M and of G, 
(b) Ma is a Hall O"( M) -subgroup of M and of G, 
(c) Ma ~ Ma0 ~ Ma ~ M', 
(d) r(M/Ma):::; 2 and M' /Ma is nilpotent, 
(e) Ma0 #- 1, and 
(f) Ma0 is a Hall O"o(M)-subgroup of M and of G. 

Proof. The proof is the same as that of Theorem 10.2 [BG]. We 
will repeat it here because the results are so basic. 

The basic assumptions imply that M is a solvable group of odd 
order. So, M contains a Hall a(M)-subgroup M(a). Take p E a(M) 
and P E Sy£p(M(a)). By definition of a(M), r(P) 2: 3. So, by Lemma 
F, p E w. The Uniqueness Theorem implies P E 'U. In particular, we 
have Na(P) ~ M. Thus, p E O"(M); in fact, p E O"o(M). Since pis 
arbitrary in a(M), we have a(M) ~ O"o(M) ~ O"(M). Also, Na(P) ~ M 
implies that P E Sy£p(G). Thus, M(a) is a Hall a(M)-subgroup of G. 

Let M(O") be a Hall O"(M)-subgroup of M that contains M(a). Take 
p E O"(M) and P E Sy£p(M(O")). By definition of O"(M), we have 
Na(P) ~ M soP E Sy£p(G). Hence, M(O") is a Hall O"(M)-subgroup of 
G. 

By Theorem 1.17 [BG], 

P n G' = (x-1y I x, y E P and x is conjugate to y in G) 

P n M' = (x- 1 y I x, y E P and x is conjugate to y in M). 

Since G is simple, P n G' = P. If x, yEP andy= x9 for some g E G, 
then Theorem 4.1 (a) yields that g =em where c E Ca(x) and mE M. 
This implies x9 = xm = y. It follows that P = P n G' = P n M' ~ M'. 
Since pis arbitrary in O"(M), we have M(O") ~ M'. 

Consider the group M/Ma. Since Ma = Oa(M)(M), we have 

Consider the normal subgroup F of M such that Ma ~ F and F / Ma = 
F(M/Ma)· Then, F/Ma is nilpotent and it is an a(M)'-group. The 
extension ofF over Ma splits by the Schur-Zassenhaus Theorem. Hence, 
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FIMa is isomorphic to a subgroup of M. Since FIMa is an a(M)'-group, 
we have r(FIMa) :S; 2. By Theorem 4.20 [BG], 

M' IMa = (MIMa)' ~ F(MIMa) = FIMa. 

This implies that M' IMa is nilpotent. Therefore, any Hall subgroup 
of M' I Ma is a characteristic subgroup. Since the subgroups M (a) I Ma 
and M(a)IMa are normal subgroups of MIMa, both M(a) and M(a) 
are normal subgroups of M. It follows that 

Ma = M(a) and Ma = M(a). 

This proves (a) and (b). The last statement (f) is proved in a similar 
way. We have also (c) and (d). To prove (e), we may assume Ma = 1. 
Then, r(M) ::::; 2. By Theorem 4.20 [BG], Oq(M) E SyR.q(M) for the 
largest prime q of 1r(M). This implies q E a(M). We need only to note 
that q E was Ow(M) -=/= 1. Q.E.D. 

Lemma 4.3. Suppose M E M, X is an a(M)' -subgroup of M, 
and r(CMa (X)) 2: 2. Then, CM(X) Ell. 

Lemma 4.4. Suppose ME M, p E 1r(M), and P E SyR.p(M). 

(a) If p divides IMIM'I, then p tf. a(M). 
(b) Assume p tf. a(M) and Ma -=/= 1. Then, there exists x E 

01(Z(P))U such that {M} -=/= M(Cc(x)) and CMa(x) is a Z­
group. 

(c) Assume p tf. a(M) and rp(M) = 2. Then, p is not ideal and 

c~(M) ~ c;(M). 

The proof of Lemma 10.4 [BG] applies here. Note that the assump­
tions of Part (c) imply p E w by Lemma F. So, the use of the Uniqueness 
Theorem is justified. On the fourth line of the proof of (b) in [BG], Z 
stands for 0 1(Z(P)). 

Lemma 4.5. Suppose that ME M, p E a(M)', and X is a non­
identity p-subgroup of G with Nc(X) ~ M. Then, rp(M) = 2, p is not 
ideal, and if lXI = p, there exists A E c~(M) that contains X. 

Proof. The assumptions imply X ~ M. Since a(M) ~ a(M), we 
have rp(M) ::::; 2. Let P E SyR.p(M) that contains X. If rp(M) = 1, 
P is cyclic. Then, X is a characteristic subgroup of P. So, we have 
Nc(P) ~ Nc(X) ~ M. This contradicts the assumption that p tf. 
a(M). Therefore, rp(M) = 2 and p is not ideal by Lemma 4.4. If 
X= 01(Z(P)), then we have Nc(P) ~ Nc(X) ~ M. So, if lXI = p, 
X-=/= 01 (Z(P)) and X01 (Z(P)) E c~(P). Q.E.D. 
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Theorem 4.6. Let M E JVL Then, M has p-length one for every 
p E n(M). 

We have followed the usage in [BG] so a group H is said to have 
p-length one for a given prime p if H/Op',p(H) is a p'-group. 

Corollary 4.7. Suppose that p E n(G) n u; and P E SyCp(G). 
The following propositions hold. 

(a) Take V to be any complement of Pin Nc(P). Then we have 

P = [P, V] <::;; Nc(P)'. 

(b) Suppose r(P) :S: 2. Then, either Pis abelian or Pis the central 
product of a nonabelian subgroup P1 of order p3 and exponent p 
and a cyclic subgroup P2 for which rl1(P2) = Z(PI). 

(c) Suppose Q <::;; P, x E G, and Qx <::;; P. Then, Qx = QY for some 
element y E Nc(P). 

(d) For every subgroup Q of P, the group Np(Q) is a Sylow p­
subgroup of Nc(Q). 

(e) Suppose R is ap-subgroup ofG and Q <::;; PnR and Q <I Nc(P). 
Then Q <1 Nc(R). 

Proof. Since p E u;, Nc(P) is a w-local subgroup. Take M E 

M(Nc(P)). By Theorem 4.6, M hasp-length one, so P <::;; Op',p(M). 
By the definition of CJ(M), we have p E fi(M). Theorem 4.2 shows that 
P <::;; Ma <::;; M'. The rest of the proof is the same as that of Corollary 
10.7 [BG]. Q.E.D. 

Lemma 4.8. Let ME M. Then the following hold. 

(a) Mf3 is a Hall (J(M)-subgroup of M and of G. 
(b) M' and Ma have nilpotent Hall (J(M)' -subgroups. 
(c) For each prime p E n(M) \ (J(M), M' and Ma have normal p­

complements and pis the largest prime divisor of IM/Op'(M)I. 

Corollary 4.9. Let ME M. 

(a) Suppose that p and q are distinct primes in n(M) \ (J(M) and 
X is a q-subgroup of M. Assume X<::;; M' or p < q. Then, 

(1) X centralizes a Sylow p-subgroup of Ma, 
(2) if p E a(M) and X # 1, then q E w and CM(X) E 11, and 
(3) if X E SyCq(M'), then NM(X)' contains a Sylow p-subgroup of 

M'. 
(b) If HEM\ {M} and Nc(S) <::;; HnM for some Sylow subgroup 

S of G, then M = (H n M)Mf3 and a(M) = (J(M). 
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The proof of Corollary 10.9 [BG] can be used to prove this corollary. 
We shall add a few lines to verify the statement (2). 

Suppose that p E a(M) and X# 1. By (1), X centralizes a Sylow 
p-subgroup P of M 0 • Since p E a(M), we have P # 1 and r(P) ~ 3. By 
the Uniqueness Theorem, P E U. Note that pEw. Since a nonidentity 
q-subgroup X centralizes a p-subgroup P, we have q E w. Since P ~ 
CM(X), P E U implies CM(X) E U. 

Lemma G. If ME M, then M is a w-group except when 

(1) M is a Frobenius group such that the Frobenius kernel of M is 
a Hall w-subgroup of M, or 

(2) M has the following structure: M I M' is a cyclic w-group, Ma = 
Mf3 = Mu0 is a nilpotent w-group, and M' 1Mf3 is a nonidentity 
cyclic w' -group. 

In the case (1), the Frobenius kernel is Mu0 and it is either M' or 
Mf3. If it is Mf3, then we have Ma = Mf3. In the case (2), both M' and 
MIMf3 are Frobenius groups with Frobenius kernels Mf3 and M' 1Mf3, 
respectively. 

Proof. By definition of {3(M), we have Mf3 ~ Ma ~ M' and Mf3 
is a w-group. By Lemma 4.8, M' 1Mf3 is nilpotent. Hence, M' 1Mf3 is 
either a w-group or a w'-group. 

Suppose that M' 1Mf3 is a w-group. Then, M' is a w- group. If 
M I M' is a w-group, so is M. If M I M' is a w'-group, then by Lemma 
A, x E (M')~ satisfies Ca(x) ~ M'. This shows that M is a Frobenius 
group with Frobenius kernel M'. In this case, M' is nilpotent by a 
theorem of Thompson. If p E 1r(M'), a Sylow p-subgroup P of M' is a 
Sylow p-subgroup of M and P <I M. It follows that Na(P) = M and 
p E ao(M). This proves that M' = Muo· 

Suppose that M' 1Mf3 is a w'-group. If MIM' is a w'-group, so 
is MIMf3. We see that M is a Frobenius group with Frobenius kernel 
Mf3. In this case, Ma = Mf3 because Ma is a w-group, and Mf3 = Mu0 

because Mf3 is nilpotent. 
Finally, assume that M I M' is a w-group. Then, M' is a Frobenius 

group with Mf3 as Frobenius kernel and MIMf3 is a Frobenius group with 
Frobenius kernel M' 1Mf3. Thus, M' 1Mf3 is nilpotent (as a Frobenius ker­
nel) and r(M' 1Mf3) = 1 (as a Frobenius complement in M'). It follows 
that M'IMf3 is cyclic. The abelian group MIM' satisfies r(MIM') = 1 
because it is a Frobenius complement in MIMf3. Thus, MIM' is cyclic, 
too. This proves Lemma G. Q.E.D. 

Proposition 4.10. Suppose that p and q are distinct primes, A E 
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£~(G) n t:;(c), and Q E M0(A; q). Assume that p E w and q E 

n(Cc(A)). Then for some P E SyCp(G) that contains A, 

(a) Na(P) = Op'(Cc(P))(Nc(P) n N0 (Q)), 
(b) P s;; Nc(Q)', and 
(c) if Q is cyclic or £2 ( Q) n £ * ( Q) is not empty, then P centralizes 

Q. 

Proof. Since pEw and q E n(Cc(A)), we have q E w. Since A is a 
maximal elementary abelian p-subgroup of G, we have A= {x E Ca(A) I 
xP = 1}. Hence, by Proposition 1.5, A satisfies Hypothesis 1.1. Since 
m(Z(A)) = 2, Theorem 1.3 yields that Op'(Cc(A)) acts transitively on 
M0(A;q). Take P1 E SyCp(G) such that As;; P 1 . Then, Theorem 1.4 
shows 

Mc(Pl; q) s;; Mc(A; q) 

and for every Q1 E M0(P1 ; q), we have P1 n Na(PI)' s;; Nc(QI)' and 

Since both Q and Q1 lie in M0(A; q), we have Qf = Q for some x E 
Op'(Cc(A)). Let P = Pf. Then, P satisfies (a). 

Since pEw, Corollary 4.7 shows that P s;; N 0 (P)'. Therefore, 

P = P n Na(P)' s;; Nc(Q)'. 

This proves (b). To prove (c), note that the hypothesis of (c) im­
plies that Q is narrow. Apply Theorem 5.5 (a) [BG] to the s~bgroup 
Nc(Q)/Cc(Q) of Aut Q. It follows that (Nc(Q)/Cc(Q))' is a q-group. 
Since P s;; Nc(Q)', we have P s;; Cc(Q). This proves (c). Q.E.D. 

Proposition 4.11. Suppose ME M and K is a (Jo(M)' -subgroup 
of M. Then 

(a) if M is a w-group, K t/:. 11; 
(b) r(CK(Ma0 )) S:: 1; 
(c) CK(Ma0 ) n M' is a cyclic normal subgroup of M; and 
(d) if p E (Jo(M)', P E £b(NM(K)), CM"o (P) = 1, and K is an 

abelian p'-group, then [K, P] centralizes M 170 and is a cyclic 
normal subgroup of M. 

Proof. There is a small difference between this and Proposition 
10.11 [BG]. If M is a w-group, we have (Jo(M) = u(M) and for every 
subgroup P of M, Na(P) is a w-local subgroup. The proof of Part (a) 
in [BG] is valid in our case. 
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To prove (b), suppose rp(CK(Ma0 )) 2': 2 for some prime p. Then, 

p E 1r(K) ~ £To(M)'. 

By Lemma G, M is a w-group. Thus, £To(M) = £T(M) and Part (a) 
implies K 'f. ll. The argument in the proof of Part (b) of Proposition 
10.11 [BG] gives us p E £T(M). However, p E 1r(K) ~ O"(M)'. This 
contradiction proves (b) . 

For (c) and (d), read £To for £T in the proof of Proposition 10.11 [BG]. 
The assertions are proved. Q.E.D. 

Lemma 4.12. Suppose M, HEM and H is not conjugate toM 
in G. Then, 

(a) Man Ha = 1 and a(M) is disjoint from £T(H), and 
(b) if Ma is nilpotent, then Man Ha = 1 and £T(M) is disjoint from 

£T(H). 

Proof. The proof is similar to the one of Lemma 10.12 [BG]. 
Suppose that p E £To(M) n O"(H). Then some Sylow p-subgroup S 

of G lies in M and in a conjugate H9 of H. Then, S E M n H9 and 
M =1- H9 by assumption. Since p E w, the Uniqueness Theorem yields 
that r(S) ::::; 2. Thus, p 'f. a(M). This proves (a). 

Assume that Ma is nilpotent. Suppose £T(M) n £T(H) is not empty. 
Take a prime p in £T(M) n O"(H). As before, some Sylow p-subgroup 
P lies in M and in some conjugate Hx of H. Then, M =1- Hx and 
Nc(P) ~ M n Hx. In particular, Pis not normal in M, soMa is not 
nilpotent. Q.E.D. 

Lemma 4.13. Suppose p E w, A E t:;(G) n t:;(G), and P is a 
nonabelian p-subgroup of G that contains A. Let Z 0 = D1 (Z(P)) and 
Ao E £ 1 (A) such that Ao =1- Zo. Then, 

(a) ZoE £1 (A), 
(b) Cp(A) = A 0 x Z with Z a cyclic subgroup that contains Z0 , and 
(c) Np(A) acts transitively by conjugation on £1 (A) \ {Z0 }. 

Proof. LetS be a Sylow p-subgroup that contains P. Since pEw, 
we can apply Lemma 4. 7 (b) when r( S) ::::; 2. The proof of Lemma 10.13 
[BG] will prove this lemma. Q.E.D. 

Proposition 4.14. Let ME M, p E (3(M), and P E Syfv(M). 

(a) The sets t:;(P) n t:;(P) and £~(G) n t:;(G) are empty. 
(b) Every p-subgroup R of G such that r(R) 2': 2 lies in ll. 
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(c) If X is a subgroup of P, then Np(X) Eli. 
(d) For every nonidentity (3(M)-subgroup Y of M, Nc(Y) <;;; M. 

Proof. (a) By the definition of (3(M), c;(c) n c;(P) is empty for 

the Sylow p-subgroup P of M. If A E c~(G) n c;(c), take a Sylow 
p-subgroup Q of G such that A<;;; Q. Then, Q9 = P for some g E G. 
Thus, A9 <;;; Q9 = P and Ag E c;(P) n c;(P). This is a contradiction. 

(b) We can assume R <;;; P by choosing a conjugate of R. Take 
A E c~(R). By (a), there is BE c;(P) such that A<;;; Band m(B) 2: 3. 
Since B <;;; Cc(A), we have rp(Cc(A)) 2: 3. Since p E (3(M) <;;; w, the 
Uniqueness Theorem yields A Eli. Therefore, we haveR Eli. 

(c) Let Q = Np(X). If r(Q) 2: 2, then Q Eli by (b). Suppose that 
r(Q) = 1. Then, Q is cyclic, X chra Q, and Np(Q) <;;; Nc(X) = Q. 
Since P is a p-group, this implies Q = P contrary to the assumption 
that p E (3(M). 

(d) Let q E 1r(F(Y)) and X = Oq(Y). We can assume that q = p 

and X <;;; P. Then, by (c), Np(X) E li. Since Nc(X) is w-local, we 
have Nc(X) <;;; M and Nc(Y) <;;; Nc(X) <;;; M. 

§5. Exceptional Subgroups of M 

The following conditions and notation are used throughout this sec­
tion. 

Hypothesis 5.1. Suppose ME M, p E CJ(M)', Ao E c~(M), and 

Nc(Ao) <;;; M. 

By Lemma 4.5, rp(M) = 2 and Ao <;;;A for some A E c~(M). Let 
P be a Sylow p-subgroup of M that contains A. Since rp(M) = 2 for 
p E CJ(M)', Lemma G implies that M is a w-group. Asp E CJ(M)', 
Nc(P) C/: M and since Cc(A) <;;; Cc(Ao) <;;; Nc(Ao) <;;; M, we have 
A E c;(c). 

We will fix the subgroups A and P throughout this section. 

Lemma 5.1. Suppose that g E G \ M, A<;;; M9, q E CJ(M), and 
that Q1 and Q2 are A-invariant Sylow q-subgroups of Mu and Mu 9, 
respectively. Then, 

(a) Q1 n Qz = 1, and 
(b) if X E c1 (A), then Cq1 (X)= 1 or Cq2 (X) = 1. 
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Proof. As remarked at the beginning of this section, Hypothesis 
5.1 implies that M is a w-group. Thus, if Q1 n Q2 "I 1, the subgroup 
Q1 n Q2 is a w-group "I 1. Also, ea(X) is a w-group by Lemma A. 
Thus, if either (a) or (b) is false, there is a w-local subgroup H such 
that 

H n Q1 "I 1 and H n Qz "I 1. 

(Cf. Lemma D.) By Lemma 1.1, we have Q2 = Q1 k for some element 
k E ea(A). The rest of the proof is the same as that of Lemma 11.1 
(BG]. Q.E.D. 

Corollary 5.2. Suppose g E G \ M and A ~ MY. Then, 

(a) Mer n MY = 1, and 
(b) Mer n ea(AoY) = 1. 

Theorem 5.3. The group Mer is nilpotent. 

Corollary 5.4. Suppose H E M(A) and Mer n Her "I 1. Then, 
M=H. 

Theorem 5.5. The Sylow p-subgroups of M are abelian. 

Corollary 5.6. We have 

(a) A= !11(P), 
(b) eM.,.(A) = 1, and 
(c) there exist subgroups A1 , A 2 E e~(A) such that A1 "I A 2 and 

eM.,. (Al) =eM.,. (Az) = 1. 

Theorem 5.7. We have MerA <J M. 

§6. The Subgroup E 

Let E denote a complement of Mer in M, which will be fixed for 
discussion. We use the notation ri and Ei as defined in (BG], Section 
12. 

Lemma 6.1. (a) E' is nilpotent. 

(b) E3 ~ E' and E3 <J E. 
(c) If Ez = 1, then E1 "I 1. 
(d) E1 and E3 are cyclic. 
(e) E = E1E2E3, E12 = E1E2, EzE3 <J E, and Ez <J E12· 
(f) eE3 (E) = 1. 
(g) lfp E rz(M) and A E e~(M), then A E e;(G) andp rt (3(G). 
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Lemma 6.2. Suppose that M E M, p is a prime, X is a noniden­
tity p-subgroup of M, and M* E M(Nc(X)). Then, 

(a) p E a(M*) U T2(M*), and 
(b) ifp E a(M) and M =/= M*, or ifp E T1 (M) UT3 (M), then M* 

is not conjugate to M in G. 

Proof. (a) Suppose that p tJ_ a(M*). Then, Lemma 4.5 applied to 
M* implies that rp(M*) = 2. This proves p E T2(M*). 

(b) Suppose that M* is conjugate to M. Then, a(M) = a(M*) 
and Ti(M) = Ti(M*) fori = 1, 2, 3. Therefore, if p E T1 (M) U T3 (M), 
we have a contradiction to (a). Suppose that p E a(M). Then, by 
Theorem 4.1(b), M* and M are conjugate by an element x of Cc(X): 
M = (M*Y· Since Cc(X) ~ Nc(X) ~ M*, we have M = M*. This 
proves (b). Q.E.D. 

Remark. If p E ro, a subgroup M* is available; however, if p E ro 
is not assumed, Lemma 6.2 holds only when there is a ro-local subgroup 
that contains Nc(X). 

Lemma 6.3. Suppose M* EM\ {M}, p is a prime, A E e~(M n 
M*), and Nc(Ao) ~ M* for some Ao E e1 (A). 

(a) If p tJ_ a(M), then A centralizes Man M*. 
(b) If p E a( M) \ a( M), then A centralizes Mo: n M*. 

Proposition 6.4. Suppose ME M, pis a prime and A E e~(M). 
Then, 

(a) Cc(A) ~ M, and 
(b) if M(Nc(Ao)) =/= {M} for every Ao E e1 (A), then p E a(M), 

Mo: = 1, and Ma is nilpotent. 

Proof. By assumption, rp(M) ~ 2 so p E ro. Thus, for every 
X E e1 (A), Nc(X) is a ro-local subgroup. The proof of Proposition 
12.4 [BG] can be adapted to yield the results. However, this is basic so 
we repeat the argument. 

Suppose that M(Nc(Ao)) = {M} for some A0 E e1 (A). Then, 
Cc(A) ~ Cc(Ao) ~ Nc(A0 ) ~ M. This proves (a) in this case. 

For the remainder of proof, we may assume that M(Nc(X)) =I= {M} 
for every X E £l(A). For a fixed X E e1 (A), choose 

M* = M*(X) E M(Nc(X)) \ {M}. 
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Since CM(X) <;;; M n M*' the Uniqueness Theorem implies 

r(CM(A))::::; r(CM(X))::::; 2. 

We claim that p E O"(M). Suppose p tJ. O"(M). Then, Lemma 6.3(a) 
implies that CMa (X) <;;; Ma n M* <;;; CM(A). This holds for every 
X E £1 (A). By Proposition 1.16 [BG], Ma = (CMa(X) I X E e1 (A)). 
Since CMa(X) <;;; CM(A) for every X E £1 (A), we have Ma <;;; CM(A) 
which contradicts Proposition 4.11 (b). Thus, we have p E O"(M). 

Let P be a Sylow p-subgroup of Ma that contains A and let Z = 
0 1 (Z(P)). Since r(CM(A)) ::::; 2, we have Z <;;; A. Take X E £1(Z). 
Then, P <;;; CM(X) and r(P) ::::; r(CM(X)) ::::; 2. This proves that 
p E O"(M) \ a(M). We apply the same argument as before to MDI. Again 
for any X E £ 1 (A), choose M* E M(Na(X)) \ {M}. Then, Lemma 
6.3 (b) implies that CMa(X) <;;; MDI n M* <;;; CM(A). It follows that 
MDI= (CMa(X) I X E e1 (A)) <;;; CM(A). This implies MDI= 1 because 
r(CM(A)) = 2. By Theorem 4.2 (d), M' = M' /MDI is nilpotent. Since 
Ma <;;; M', Ma is nilpotent. This proves (b). 

Since Ma is nilpotent, we have P <l M. Hence, 

Z = 0 1 (Z(P)) <l M. 

Since Z <;;; A, we have Ca(A) <;;; Ca(Z) <;;; Na(Z) = M. The last equal­
ity comes from Lemma E (1). This completes the proof of Proposition 
6.4. Q.E.D. 

We state a corollary of Lemma G. 

Lemma H. Let M E M. 

(1) If T2(H) =/= 0, then M is a w-group. 
(2) If M is not a w-group, then rp(M)::::; 1 for all p tJ. O"o(M). 

This follows immediately from the structure of subgroups in M 
which are not w-groups given in Lemma G. 

Theorem 6.5. Suppose ME M and T 2 (M) =/= 0. Let p E T2 (M) 
and A E e~(M). Then, M is a w-group and the following hold: 

(a) Ma is nilpotent, 
(b) M has abelian Sylow p-subgroups and every Sylow p-subgroup P 

of M such that A<;;; P satisfies 0 1 (P) =A and Na(P) rt M, 
(c) MaA <l M, 
(d) CMa(A) = 1, 
(e) Man M* = 1 for every M* E M(A) \ {M}, and 
(f) there exists A1 E £ 1 (A) such that CMa (A1 ) = 1. 
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Proof Since T2(M) ::/=- 0, M is a w-group by Lemma H. Hence, 
for any X E £1 (A), Nc(X) is a w-local subgroup. Since p ¢c a(M), 
Proposition 6.4 (b) implies that M(Nc(A0 )) = {M} for some A 0 E 

£ 1 (A). Thus, we have Hypothesis 5.1 for A0 and M. The results of 
Section 5 prove Theorem 6.5 except (e). 

To prove (e), take M* E M(A) \ {M}. If N 0 (A0 ) ~ M* for some 
A 0 E £ 1 (A), Lemma 6.3 (a) shows that A centralizes Man M*. On 
the other hand, eM"(A) = 1 by (d). This proves Man M* = 1. If 
Nc(X) c_t M* for every X E £ 1 (A), the hypothesis of Proposition 6.4 (b) 
is satisfied for M*. Hence, we have p E a(M*) and M* a is nilpotent. 
It follows that A ~ OP(M*) and [Ma n M*, A] ~ Ma n OP(M*) = 1 
because p ¢c a(M). So, Ma n M* ~ eM" (A) = 1. Q.E.D. 

Corollary 6.6. Suppose ME M and T2 (M) ::/=- 0. Let p E T2 (M) 
and A E t:;(E). Then, 

(a) A <l E and t:~(E) = £1 (A), 
(b) ec(A) ~ NM(A) = E and Nc(A) c_t M, 
(c) M(ec(X)) = {M} for each X E £1 (A) such that eM"(X) ::/=- 1, 
(d) eM"(x) = 1 for each x E E3~, 
(e) eM"(x) = 1 for each x E eE1 (A)~, and 
(f) if M* E M is not conjugate to M, then Man M* a = 1 and 

a(M*) is disjoint from a(M). 

Proof As before, Lemma H implies that M is a w-group. Since E 
is a complement of Ma, Theorem 6.5 (c) implies A <l E. If X E t:~(E), 
then AX is a p-subgroup of E. Let P be a Sylow p-subgroup of E 
such that AX ~ P. By Theorem 6.5 (b), we have 0 1 (P) = A. Since 
X~ 0 1 (P), X~ A. This proves t:~(E) = t:l(A). This proves (a). 

We have e0 (A) ~ M by Proposition 6.4 (a). Thus, e0 (A) ~ 
NM(A). By (a), E ~ NM(A). It follows from the Dedekind law that 

NM(A) = NM(A) n MaE= NM"(A)E. 

We have [NMJA),A] ~Man A= 1, so NMJA) ~ eM"(A) = 1 by 
Theorem 6.5 (d). This proves that NM(A) = E. If P is any Sylow 
p-subgroup of M that contains A, then A= 0 1 (P) by Theorem 6.5 (b). 
Hence, Nc(P) ~ Nc(A). Since Nc(P) c_t M by Theorem 6.5 (b), we 
have Nc(A) c_t M. This proves (b). 

Suppose eMJX) ::/=- 1 and M(ec(X)) ::/=- {M} for some X E £1 (A). 
Take M* such that e 0 (X) ~ M* ::/=- M. Since A ~ e 0 (X), Theorem 
6.5 (e) implies that Ma n M* = 1. Hence, 

eM"(X) ~Man ec(X) ~Man M* = 1. 
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This contradiction proves (c). 
For (d) and (e), we may assume that (x) =X is a q-group for some 

prime q E T1 (M) U T3 (M). As remarked at the beginning of the proof, 
q E w so we can take M* E M(Na(X)). By Lemma 6.2, M* is not 
conjugate to M. In particular, M* =1- M. Since A and E3 are normal 
subgroups of E with AnE3 = 1, A centralizes E 3. Thus, A<:;;; Ca(X) <:;;; 

M* in all cases. By Theorem 6.5 (e), we have Mu n M* = 1. Therefore, 

CM" (X) <:;;; Mu n Ca(X) <:;;; Mu n M* = 1. 

This proves (d) and (e). 
Since Mu is nilpotent (cf. Theorem 6.5 (a)), Lemma 4.12 (b) yields 

(f). Q.E.D. 

Theorem 6.7. Suppose that ME M, p E T2 (M), A E c~(E), and 
assume that G has nonabelian Sylow p-subgroups. Then, 

(a) T2 (M) = {p}, 
(b) Ao = CA(Mu) has order p and satisfies F(M) = Mu x Ao, 
(c) every X E £~(E)\{A0 } satisfiesCM"(X) = 1 andCa(X)% M, 
(d) A 0 has a complement Eo in E, and 

(e) 7r(CE0 (x)) <:;;; T1(M) for every x EMu"· 

Proof. The assumptions of this theorem imply that M is a w-group 
(by Lemma H). The argument of the proof of Theorem 12.7 [BGJ proves 
the assertions. We paraphrase a few points in the argument. 

The subgroup A0 was defined as an element of £1 (A) such that 
C M" ( A0 ) =1- 1. It is proved to be the unique element with C M" ( A0 ) =1-
1. We have A 0 = CA(Mu)· Since A <l E by Corollary 6.6 (a), E 
normalizes Ao. Note that Mu <l M. Clearly, Mu normalizes Ao, so 
M = MuE normalizes A 0 . Thus, A 0 <l M and A 0 is a part of the 
Fitting subgroup F(M). Apply Lemma 6.2 taking each q E 1r(F(M)) 
and X= Oq(M). Then, ME M(Na(X)) and q E cr(M) U T2 (M). This 
proves that 1r(F(M)) = cr(M)U{p} as Mu is nilpotent (Theorem 6.5 (a)) 
and T2 (M) = {p} by (a). Q.E.D. 

Lemma 6.8. Suppose that ME M, p E T2 (M), A E c~(E), and 
S is a Sylow p-subgroup of G that contains A. Assume that S is abelian. 
Then, 

(a) E2 is an abelian normal subgroup of E, 
(b) E2 is a Hall T2(M)-subgroup ofG, 
(c) S <:;;; Na(S)' <:;;; F(E) <:;;; Ca(S) <:;;; E and S = Op(E), 
(d) Na(A) = Na(S) = Na(E2) = Na(E2E3) = Na(F(E)) C/:. M, 
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(e) every X E c1 (El) for which CM"(X) = 1 lies in Z(E), and 
(f) we have Cs(X) <1 Na(S) and [S,X] <1 N 0 (S) for every sub­

group X of Na(S). 

Proof As before, the assumptions imply that M is a w- group. By 
Theorem 6.7 (a), each p E T2(M) satisfies the assumption that G has 
abelian Sylow p-subgroups. Since S <;;;; Cc(A) <;;;; E by Corollary 6.6 (b), 
E 2 is a Hall T2(M)-subgroup of G. This proves (b). 

By Corollary 6.6 (a), we have E <;;;; Na(A). 
Clearly, A <;;;; Op(Na(A)) <;;;; S. Hence, A is contained in the center 

of F(Na(A)). Thus, 

F(Nc(A)) <;;;; Ca(A) <;;;; E <;;;; Na(A). 

This proves two properties. One is F(Nc(A)) <;;;; F(Cc(A)) <;;;; F(E), 
and the other property is r(F(Nc(A))) :::::; r(E) :::::; 2. By Theorem 4.20 
[BG], we have Na(A)' <;;;; F(Nc(A)). It follows that E <1 Na(A), so 
F(E) <;;;; F(Na(A)). We have F(Nc(A)) = F(Cc(A)) = F(E). By 
Theorem 6.5 (b), we have A= 0 1 (8), so Nc(S) <;;;; Nc(A). Moreover, 
Corollary 4.7 (a) shows S <;;;; N 0 (S)'. It follows that 

S <;;;; N 0 (S)' <;;;; N 0 (A)' <;;;; F(N0 (A)) = F(E). 

This implies that S = Op(E) and F(E) <;;;; Ca(S) <;;;; C0 (A) <;;;; E. We 
have proved (c). As remarked earlier, S = Op(E) for every p E T2(M). 
This implies E 2 <I E and (a) holds. 

Let K = E2E3. Then, E3 <IE by Lemma 6.1 (a). Since E2 <I E 
and E 2 n E 3 = 1, we have K = E 2E3 = E 2 x E3. Since E3 is cyclic by 
Lemma 6.1 (d) and E2 is abelian, K is a Hall subgroup of F(E). Each 
subgroup in the series 

is characteristic in its successor. Since F(E) = F(Nc(A)), we have (d). 
By (d), K <1 Na(K) = Na(S). Also, Na(S)' <;;;; F(E) <;;;; Ca(K) 

by (c). Let X E c1 (El) be a subgroup such that CM,(X) = 1. Then, 
N 0 (S)' X <1 N 0 (S) and N 0 (S)' <;;;; Ca(K). Consider Y = [K, X]. Then, 
it is a subgroup of K and 

Y = [K, X] = [K, Na(S)' X] <1 Na(S). 

Thus, Nc(Y) -;2 Na(S) so we have Na(Y) cJ;_ M. On the other hand, 
Proposition 4.11 (d) applies to X and shows that Y = [K,X] <1M. If 
Y =f- 1, then Y is a nonidentity normal w-subgroup of M. This would 
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imply Na(Y) = M by Lemma E (1). However, we have shown that 
Na(Y) cJ;. M. This contradiction proves [K, X] = 1. Since E = E 1K 
and E 1 is cyclic (Lemma 6.1), we have X s;;; Z(E). This proves (e). 

To prove (f), note that for any subgroup X of Na(S), 

Ca(S)X <J Na(S) 

because Na(S)' s;;; Ca(S) by (c). Then, Cs(X) = Cs(Ca(S)X) <J 

Na(S) and [S, X] = [S, Ca(S)X] <J Na(S). Q.E.D. 

Corollary 6.9. Suppose M E M, p E T2(M), A E e;(E), q E 

Tl(M), Q E e~(E), CM"(Q) = 1, and [A,Q] =f. 1. Let Ao = [A,Q] and 
A 1 = CA(Q). Then, G has nonabelian Sylow p-subgroups. We have 

(a) Ao E e1 (A) and Ao = CA(M<7) <J M, 
(b) A 0 is not conjugate to A1 in G, and 
(c) A1 E e1 (A) and Ca(Al) cJ;_ M. 

Proof. If G has abelian Sylow p-subgroups, Lemma 6.8 (e) implies 
either CM" ( Q) =f. 1 or [A, Q] = 1. Thus, G has nonabelian Sylow p­
subgroups. 

Since A is abelian, we have A = A 0 x A1 by Proposition 1.6 [BG]. 
Proposition 4.11 (d) with (p, P, K) replaced by (q, Q, A) yields that A0 = 
[A, Q] =f. 1 is a cyclic normal subgroup of M. It follows that Ao s;;; 
CA(M<7). Theorem 6.7 (b) yields (a). 

This implies that A1 E e1 (A). Then, Theorem 6.7 (c) proves (c). 
Since rq(M) = 1 and Q does not centralize A0 , Ca(Ao) is a q'-group. 
Therefore, (b) holds. Q.E.D. 

Corollary 6.10. Let M E M. 

(a) Every nilpotent a(M)' -subgroup of M is abelian. 
(b) The groups E2 and E' are abelian. 
(c) Suppose p E T2(M) and A E e;(E). Then, E2E3 s;;; CE(A) <] E 

and 7r(E/CE(A)) s;;; T1(M). 
(d) Suppose p E a(M) and Pis a noncyclic p-subgroup of M. Then, 

Na(P) s;;; M. 
(e) Suppose x E M#, 1r((x)) s;;; T2(M), and CM"(x) =f. 1. Then, 

M(Ca(x)) = {M}. 

Proof. We will paraphrase the proof of Part (e); the remainder is 
straightforward (cf. the proof of Corollary 12.10 [BG]). 

The group M contains an abelian Hall T2 (M)-subgroup E 2 (Theo­
rems 6.7 (a) and 6.5 (b), and Lemma 6.8 (a)). This implies that any 
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T2 (M)-subgroup of M is conjugate to a subgroup of E 2 . Since (x) is a 
T2 (M)-subgroup of M, (x) is conjugate to a subgroup of E 2 in M. Thus, 
we may assume that x E E 2 . 

We have T2 (M) =1- 0. By Lemma H, M is a w-group. So, Cc(x) 
is contained in a w-local subgroup and contains A E c~(E) for some 

p E T2(M). If Cc(x) ~ M* E M(Cc(x)) \ {M}, Theorem 6.5 (e) yields 
that CM"(x) ~ Mu n N* = 1. This proves (d). Q.E.D. 

Lemma 6.11. Suppose M E JV(, p E T2 (M), A E c~(E), and 

M* E M(Nc(A)). Then, 

(a) T2(M) ~ CJ(M*) \ (J(M*), 
(b) 7r(E/CE(A)) ~ TI(M*) U T2(M*), and 
(c) if q E 1r(EjCE(A)) n 1r(CE(A)), then q E T2(M*), some Sylow 

p-subgroup of G is normal in M*, and M* contains an abelian 
Sylow q-subgroup of G. 

Proof. As before M is a w-group. The proof of (a) and (b) is 
similar to the corresponding proof of Lemma 12.11 [BG]. We paraphrase 
the proof of Part (c). 

Let q E 1r(E/CE(A)) n 1r(CE(A)) and Q E SyCq(E). Corollary 
6.10 (c) yields q E T 1 (M). It follows that Q is cyclic. Since A <J E 
by Corollary 6.6 (a), we have CE(A) <J E. Hence, Q n CE(A) is a 
Sylow q-subgroup of CE(A). Thus, we have Qo = 01(Q) ~ CE(A) and 
Qo =1- Q. 

By Corollary 6.6 (b), Cc(A) ~ E so Cc(A) has a cyclic Sylow 
q-subgroup. The Frattini argument yields 

Nc(A) = Cc(A)(Na(A) n Nc(Qo)). 

Take M** E M(Nc(Q0 )). Since Q 0 ~ CE(A), we have A ~ Nc(Q0 ). 

Proposition 6.4 applied to M** yields that Cc(A) ~ M**. The above 
displayed formula shows Nc(A) ~ M**. By (b) and Lemma 6.2 (a) 
both applied to A and M**, the prime q lies in CJ(M**) U T2(M**) and 
in T1 (M**) UT2(M**). Therefore, q E T2(M**). The part (a) applied to 
M* and then toM** shows that p E CJ(M*) and p E CJ(M**). Since q E 

T2(M**), we can apply Corollary 6.6 forM**. The part (f) implies that 
M* is conjugate toM**; otherwise we would have CJ(M*) nCJ(M**) = 0. 
Since A ~ M* n M**, Theorem 4.1 (b) shows that M** is conjugate to 
M* by an element of Cc(A). But, Cc(A) ~ M** so we have M** = M*. 
Thus, q E T2(M*). 

It follows from Theorem 6.5 (a) that (M*)u is nilpotent. Since 
p E CJ(M*) \ (J(M*) by (a), Op(M*) is a Sylow p-subgroup of M* and 
of G. This proves the second statement. 
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Since q E 7 2 (M*), Theorem 6.5 (b) applied toM* yields that M* has 
abelian Sylow q-subgroups. Note that Q0 <l Q so Q ~ M** = M*. Let 
E* be a complement of (M*),. in M* that contains Q. LetS be a Sylow 
q-subgroup of E* that contains Q. We will show that S E Syfq(G). 

Suppose that G has nonabelian Sylow q-subgroups. Theorem 6. 7 
applied toM* yields the following. Among the elements of e1 (S), there 
is a unique subgroup X 0 such that CM;(Xo) =I 1 (Theorem 6.7 (c)). 
This subgroup X 0 has a complement Eo in E* (Part (d)). We have 
A~ M; n Ca(Q0 ). Therefore, we must have X 0 = Q0 . Since Qo has 
a complement Eo in E*, the Dedekind law shows that Eo n Q must be 
a complement of Q0 in Q. Since Q =I Q0 and Q is cyclic, Q0 has no 
complement in Q. This is a contradiction. Thus, G has abelian Sylow 
q-subgroups. By Lemma 6.8 (b), we haveS E Syfq(G). This completes 
the proof. Q.E.D. 

Theorem 6.12. Suppose M E M and CM"o (e) = 1 for each 

( 71 ( M) U 73 ( M)) -element e E E~. Then, 

(a) E contains an abelian normal subgroup A0 such that CE(x) ~ 
Ao for every x E (M,.0 )~, and. 

(b) E contains a subgroup E0 of the same exponent as E such that 
EoM,.0 is a Probenius group with Frobenius kernel M,.0 • 

Proof. If E 2 = 1, then E = E 1 E3 acts regularly on M,.0 • Therefore, 
with A0 = 1 and Eo= E, (a) and (b) hold. 

Assume that 72 (M) is not empty. Then, by Lemma H, M is a ro­
group. Take p E 7 2 (M). If G has nonabelian Sylow p-subgroups, then 
Theorem 6.7 provides subgroups A0 and Eo as required. Note that (c) 
implies that CMJx) = 1 for every p-element x of E0~. Thus, we can 
assume the hypotheses, notation and conclusions of Lemma 6.8. 

By assumptions, CE(x) is a 7 2 (M)-group for every x E M,.~. By 
Lemma 6.8 (a) and (b), E contains an abelian normal Hall 7 2 (M)­
subgroup E2 • Hence, we have CE(x) ~ E2 for every x E M). Thus, 
Ao = E2 satisfies (a). 

For each p E 7 2 (M), we have a normal abelian subgroupS of rank 
two such that Sis a Sylow p-subgroup of E and of G (Lemma 6.8 (a) 
and (b)). We will prove that for each p E 72 ( M) there is a cyclic normal 
subgroup Z = Zp of E having the same exponent as S and satisfying 
the condition CM"(z) = 1 for every z E Z~. 

We remark that the last centralizer condition is equivalent to 
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and this condition is automatically satisfied if Z is a nonidentity cyclic 
subgroup of S such that 0 1(Z) <J Nc(S). The first claim is trivial. To 
prove the second, suppose that CM.,.(S11(Z))-=/- 1. Corollary 6.6 (c) for 
X= 0 1(Z) yields M(Cc(X)) = {M}. Since 0 1(Z) <J Nc(S), we have 

Nc(S) ~ Nc(OI(Z)) ~ M. 

This contradicts Lemma 6.8 (d). 
Assume that CE(S) =E. Since Sis abelian ofrank 2, S = Y X Z for 

some cyclic subgroups Y and Z. We choose the notation JYI ~ IZI. If 
IYI < IZI, S11(Z) is characteristic inS. Then, S11(Z) <l Nc(S) so Z = Zp 
satisfies the required property. (Since CE(S) = E, any subgroup of Sis 
normal in E.) If IYI = IZI, we can take a factor Z in such a way that 
0 1(Z) is equal to any given A1 E c1(S) and, by Theorem 6.5 (f), at 
least one such Al satisfies eM.,. (AI) = 1. This completes the proof in 
the case CE(S) = E. 

Assume that CE(S) -=/- E. Take q E n(E/CE(S)) and let Q 1 E 

SyCq(E) and Q E SyCq(Nc(S)) such that Q1 ~ Q. The definition of q 

implies C8 (QI)-=/- S. Let A= 0 1(S). Then, A E c2 (S). By Proposition 
1.6 [BG], Q1 does not centralize A. Therefore, by Corollary 6.10 (c), 
q E T1(M) and Q1 is cyclic. Since Cs(Q1)-=/- Sand Cc ~ E, we have 

Qo = CQ(S) ~ Q1. 

Suppose that Q/Q0 acts regularly on S. Then, Proposition 3.9 [BG] 
shows that Q/Qo is cyclic. Hence, 0 1(Q/Q0 ) ~ QI/Q0 and 0 1(Q) ~ Q 1. 
Since Q1 is cyclic, 0 1 ( Q) ~ Q1 implies that Q is cyclic, too. Thus, 
rq(Nc(S)) = 1. On the other hand, since q E T1(M), the assumption of 
this theorem implies that CM.,.(OI(QI)) = 1. Hence, by Lemma 6.8 (e), 
0 1(Q1) lies in Z(E) so 0 1(QI) centralizes A. 

If M* E M(Nc(A)), S ~ Nc(A) ~ M*. So, S is a Sylow p­
subgroup of M*. Now,Lemma 6.11 (c) yields q E T2 (M*), S <J M*, 
and M* contains an abelian Sylow q-subgroup of G. This implies that 
rq(Nc(S)) ~ 2. This contradiction proves that Q/Qo does not act 
regularly on S. Therefore, 1 -=/- C8 (X) -=/- S for some subgroup X of Q. 
By Proposition 1.6 (d) [BG], we have S = So x S1 where So = Cs(X) 
and S1 = [S,X]. Since r(S) = 2, both S0 and S1 are cyclic. By Lemma 
6.8 (f), both So and S1 are normal in Nc(S). Define Z =So if I Sol~ IS1I 
and z = sl if ISol <lSI I· Then, z has the required properties. 

Define Eo to be the product of E1E3 and fi Zp for all p E T2(M). 
Then, Eo satisfies the requirements of (b). Q.E.D. 

Theorem 6.13. Let p E w. Then, every nonabelian p-subgroup 
of G lies in U. 
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Proof. The proof of Theorem 12.13 (BG] works. We just add some 
details. Let p E w and let P be a nonabelian p-subgroup of maximal 
order that lies in two distinct subgroups M and M* of M. Then, by 
Corollary 6.10, Na(P) ~ M n M*. It follows that P E Syfp(G) and 
r(P) = 2. By Corollary 4.7 (b), P contains a nonabelian subgroup Q 
of order p3 and of exponent p and Z(Q) = 0 1 (Z(P)). Let Z = Z(Q) 
and K = CM"(Z). It is proved that K ~ M*. By Corollary 4.9 (b), 
M = (M n M*)Ma.. This implies that Ma. I- 1. Similarly, we have 
(M*)a. #- 1. 

Apply Lemma 6.5 (b) with (K,U,H,G) replaced by (Ma.,M n 
M*,Z,M) to conclude NM(Z) = CMa(Z)(NM(Z) n M*) ~ M*. It 
follows that 

M(Na(Z)) #- {M}; 

otherwise, we would have Na ( Z) = N M( Z) ~ M n M*. 
Take any A E £~(Q) and apply Proposition 6.4 (b) toM, and then 

M*. Since Ma. I- 1, the hypothesis of Proposition 6.4 (b) does not hold. 
Thus, there is a subgroup A 0 E £1 (A) such that M(Na(Ao)) = {M}. 
Since Z does not satisfy this condition, we have A0 I- Z. Similarly, there 
is a subgroup A0 E £1 (A) \ {Z} which satisfies M(Na(A0)) = {M*}. 

' By the property of the group Q, A0 is conjugate to A0 in Q. This 
would imply that M(Na(A0)) would be conjugate to M(Na(A0 )) by 
an element of Q ~ M n M*, so M* = M. This contradiction proves 
Theorem 6.13. Q.E.D. 

Corollary 6.14. Suppose M EM, p E a(M), X E £~(M), and 

P E Syfp(Mu)· Assume that p E (3(M) or X~ M/. Then, pEw and 
M(Ca(X)) = M(P) = {M}. 

Proof. We may assume that X is a subgroup of P. First, we prove 
a lemma: under the assumptions of Corollary 6.14, if p ~ (3(M), then 
we have X~ P'. If p ~ (3(M), the assumption implies that X~ M/. 
The group Mu/M/3 is nilpotent by Lemma 4.8 (b). Since P n M 13 = 1, 
we have X ~ M/ n P = P' proving the lemma. 

This lemma implies that if p ~ (3(M), Pis nonabelian; in particular, 
Pis not cyclic so r(P) ~ 2. Thus, pEw by Lemma F. If p E (3(M), we 
have p E w. This proves p E w in all cases. 

Suppose that r(Cp(X)) ~ 3. By the Uniqueness Theorem, we have 
Cp(X) E U. Since Cp(X) = Ca(X) n P, both Ca(X) and P lie in U. 
Then, we have 

M(Ca(X)) = M(P) = {M}. 

Suppose that r(Cp(X)) ::::; 2. If r(P) ~ 3, Pis narrow by Corollary 
5.4 [BG]; sop~ (3(M). By the lemma, we have X~ P'. On the other 
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hand, if pis narrow and r(Cp(X)) :::; 2 for some X E £l(P), Theorem 
5.3 (d) shows X n P' = 1. This contradicts X <;;; P'. Hence, r(P) :::; 2 
and p rf'- f3(M). The lemma yields that Pis nonabelian. 

By Corollary 4. 7 (b), P is the central product and satisfies P' <;;; 
Z(P). We have P <;;; CM(X) because X <;;; P'. Since Pis nonabelian, 
P E 11 by Theorem 6.13. This implies that Cc(X) E 11 and completes 
the proof. Q.E.D. 

Proposition 6.15. Suppose ME M, q E CJ(M), X is a noniden­
tity q-subgroup of M, and M* E M(Nc(X)) \ {M}. LetS be a Sylow 
q-subgroup of M n M* that contains X. Then, S, M, and M* satisfy 
the following conditions. 

(a) M* is not conjugate to M in G. 
(b) Nc(S) <;;; M. 
(c) S is a Sylow q-subgroup of M*. 
(d) If q E CJ(M*), then (1) M* = (M n M*)M;, (2) T1(M*) <;;; 

T1(M) U a(M), and (3) M(3 = Ma -1- 1. 
(e) If q rf'- CJ(M*), then (1) q E T2 (M*), (2) 1r(M)nCJ(M*) <;;; f3(M*), 

and (3) M n M* is a complement toM; in M*. 

Proof. The assertions follow as in the proof of Proposition 12.15 
[BG]; we will paraphrase the proof of (e). 

Suppose that q rf'- CJ(M*). By Lemma 6.2 (a) applied to q, we 
have q E T2 (M*). Lemma H shows that M* is a w-group. Since 
S E Sy.Cq(M*) by (c), Theorem 6.5 proves A= D1(S) E c2 (S). 

Let E* be a complement of M; in M* that contains A. By Theorem 
6.5 (e) and Corollary 6.6 (a) with (p, M) replaced by (q, M*), M; nM = 

1 and A <J E*. By Corollary 6.10 (d), we have Nc(A) <;;; M. This implies 
that E* <;;; Nc(A) <;;; M. Thus, 

Mn M* = MnM;E* = (MnM;)E* = E*. 

This proves ( 3). 
Suppose that p E 1r(M) n a(M*) and p rf'- f3(M*). By Corollary 

6.6 (b) applied toM*, we have Cc(A) <;;; E*. Since p E CJ(M*), the 
group Cc(A) is a p'-group. 

By (a), M is not conjugate toM*. Therefore, Corollary 6.6 (f) 
applied to M* and q proves that CJ(M*) is disjoint from a(M). This 
implies first p -1- q because p E CJ(M*) and q E CJ(M), and secondly 
p rf'- f3(M) as {3(M) <;;; CJ(M). By (1), q E T2 (M*) so q rf'- f3(G) by 
Lemma 6.1 (g) with p replaced by q. We can apply Corollary 4.9 to 
M*. If p < q, the q-subgroup A of M* centralizes a Sylow p-subgroup of 
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M;. Since p E a(M*), Ca(A) has order divisible by p. This contradicts 
the earlier statement that Ca(A) is a p'-group. Thus, we have q < p. 
We apply Corollary 4.9 toM interchanging p and q. We conclude that 
a Sylow p-subgroup P of M centralizes a Sylow q-subgroup Q of Mu. 
Since p E 1r( G), we have P =/= 1. We may replace Q and P by conjugates 
and suppose that A~ Q. We get a contradiction that 1 =/= P ~ Ca(A). 
This completes the proof of (e). Q.E.D. 

Corollary 6.16. Let ME JY( and E a complement of Mu in M. 
Suppose that Y is a a(M)-subgroup of G such that O,(Y) =/= 1. Then, 
Y is conjugate to a subgroup of Mu and for every p E 1r(E) n (3( G)' and 
every HE :M(Y) not conjugate toM in G, 

(a) rp(NH(Y)):::; 1, and 
(b) ifpEr1 (M), thenpff_1r(NH(Y)'). 

Proof. With the extra condition that O,(Y) =/= 1 Y is contained 
in a tv-local subgroup, so it is solvable. We can take a nonidentity 
characteristic q-subgroup X of Y for some prime q E a0 (M). Since M 
contains a Sylow q-subgroup of G, we may replace Y by some conjugate 
if necessry, and assume that X ~ Mu. 

First we prove the following lemma as part of the proof of (a). Let 
H E :M(Y). If H is not conjugate to M in G, then for any prime 
p E 1r(E) n (3( G)', we have rv(H n M) :::; 1. 

Suppose rv(H n M) ~ 2 and take A E c;(H n M). Then p E r 2 (M) 
and by Theorem 6.5 (e) we have Mu n H = 1 in contradiction to 

1 =/= X ~ Mu n H. 

This proves the lemma. 
To prove Corollary 6.16, we assume first that Na(X) ~ M. In this 

case we have Y ~ Na(X) ~ M. Since M/Mu is a a(M)'-group and 
Y is a a(M)-group, we have Y ~ Mu. Let p E 1r(E) n f3(G)' and let 
H E :M(Y) such that H is not conjugate to M in G. By the lemma, 
rv(H n M) :::; 1. Since NH(Y) ~ Na(Y) ~ Na(X) ~ M, we have 
NH(Y) ~ H n M. This implies rv(NH(Y)) :::; rv(H n M) :::; 1. If 
p E r1(M), M' is a p'-group (by definition of r1(M)). Then, (b) holds 
because NH(Y)' ~ (H n M)' ~ M'. 

In the remainder of the proof we assume that Na(X) cJ, M. Since 
X is a tv-group, there is M* E :M(Na(X)). Since Na(X) cj;, M, we 
have M* =/= M. By Proposition 6.15, M* is not conjugate to Min G, 
q E a(M*) U r2 (M*), and if q E r 2 (M*), then 1r(M) n a(M*) ~ (3(M*). 
Moreover, if K is defined to be M~ or M; according as q E a(M*) or 
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q E r 2 (M*), then M* = (MnM*)K. We claim that K is a a(M)'-group. 
If q E a(M*), K = M~ <::;;; M; and by Lemma 4.12 (a), a(M*) is disjoint 

from a(M). If q E r 2 (M*), we have K = M; and a(M*) n a(M) = 0 by 
Corollary 6.6 (f) with M replaced by M*. Thus, K is a a(M)'- group. 

Since Y <::;;; Nc(X), the a(M)-group Y is contained in M* = (M n 
M*)K. Since K is a normal a(M)'-group, the Schur-Zassenhaus The­
orem shows that Y is conjugate to a subgroup of M n M*. Since Y 
is a a(M)-group, Y is contained in Mu n M* which is a normal Hall 
a(M)-subgroup of M n M*. This proves the first assertion of Corollary 
6.16. 

Take p E 1r(E) n(3(G)' and HE M(Y) that is not conjugate toM in 
G. We claim that K is a p1-group. This is clear if K = (M*)f3 because 
p ¢:. (3(G). On the other hand, if K = (M*)u, we have q E r 2 (M*) sop 
cannot divide I(M*)ul because 1r(M) na(M*) <::;;; (3(M*) and p ¢:. (3(M*). 
Thus, K is a p'-group. Since NH(Y) <::;;; Nc(Y) <::;;; M* and M* is not 
conjugate toM in G, we may assume H = M*. In this case, we have 
H = (H n M)K. Since K is a p'-group, H n M contains a Sylow p­
subgroup of H. The lemma at the beginning of the proof shows that 
rp(H n M) ::; 1. Thus, we have rp(NH(Y)) ::; rp(H) ::; 1. This proves 
(a). 

Ifp E r1(M), thenp ¢:. 1r(M'). It follows that (HnM)' is ap'-group. 
Clearly, we have NH(Y)' <::;;; H' <::;;; (H n M)'K. Therefore, NH(Y)' is a 
p'-group. Q.E.D. 

Lemma 6.17. Let M E JY( and E a complement of Mu in M. 
Then, we have CMJE) <::;;; (Mu)', [Mu,E] = Mu, and for every g E 
G \ M, the group Mu n M9 is a cyclic (3(M)' -group intersecting (Mu )' 
trivially. 

Lemma 6.18. Suppose ME M, p E r1(M), P E c~(M), q E p', 
and Q is a nonidentity ?-invariant q-subgroup of M such that CQ(P) = 
1 and M(Nc(Q)) =/= {M}. 

(a) If Ma =/= 1 and q ¢:_ a(M), then CM"' (P) =/= 1 and CM"' (PQ) = 1. 
(b) IfQ E Sy.Cq(M), then a(M) = (3(M) and we have the situation 

of(a). 

Proof. We will rewrite the first paragraph of the proof of Lemma 
12.18 [BG]; the remainder of the proof can be adapted directly. 

Suppose that M 01 =/= 1 and q ¢:. a(M). We will prove that 
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Suppose that r(CM"(Q)) > 2. Then, CM"(Q) is a ro-group so by 
Lemma A, Q is a ro-group. Lemma 4.3 with X replaced by Q yields 
that CM(Q) E 11. Since q E ro, M(Nc(Q)) is not empty and, by as­
sumption, contains HEM different from M. Thus, 

so CM(Q) rf: 11. This contradiction proves r(CM"(Q)):::; 1. 
We prove r(CM"(P)):::; 1. Suppose that r(CM"(P)) 2': 2. The same 

argument as above yields that p E ro and CM(P) E 11. Since p E T1(M), 
P is contained in a cyclic Sylow p-subgroup S of M. Since p r;j: a-(M), 
we have Nc(S) ~ M Thus, Nc(S) <:;;; Nc(P) ~ M. 

We can find H E M(Nc(P)) because p E ro. Then, H -1- M and 

CM(P) <:;;; Nc(P) <:;;; H #- M. 

Thus, CM(P) rf: 11. This proves r(CM"(P)):::; 1. Q.E.D. 

Lemma 6.19. Let M E M and E a complement of Ma in M. 
Then, the group E' centralizes a Hall (3(M)' -subgroup of Ma. 

§7. Prime Action 

This section corresponds Section 13 of [BG]. Troughout this section, 
s subgroup M E M and a complement E of Ma in M will be fixed. 

Lemma 7.1. Suppose that M* E M, p E 1r(E) n 1r(M*), p rf: 
T 1 (M*), [Man M*, M n M*] -1- 1, and M* is not conjugate toM in G. 
Then, 

(a) every p-subgroup of M n M* centralizes Man M*, 
(b) p rf: T 2 (M*), and 
(c) if p E ron T1 (M), then p E (J(G). 

Proof. Since [ManM*, MnM*] <:;;; Man(M*)', there is q E a(M)n 
7r((M*)'). Then, q -1- p because p E 1r(E). Let Y be a Sylow q-subgroup 
of (M*)'. By Lemma 4.8, (M*)' /(M*)/3 is nilpotent so (M*)13Y <l M*. 
The Frattini argument yields M* = (M*)f3NM·(Y). 

In order to prove (b), suppose p E T2 ( M*). Then, r P ( N M* (Y)) = 2 
because NM•(Y) covers M* /(M*) 13 . Moreover, M* is a ro-group by 
Lemma H. It follows that q E ro. Lemma 6.1 (g) yields that p rf: (3(G). 
Corollary 6.16 (a) can be applied to get rp(NM·(Y)):::; 1. This contra­
diction proves (b). 

To prove (c), suppose that p E (J(G)'. By (b) and the assumptions, 
p E a(M*) U T3 (M*). Therefore, p E 1r((M*)'). We have (M*)' = 
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(M*)J3(NM* (Y))'. Hence, NM* (Y)' contains a p-subgroup P #1. We 
will show that this is a contradiction. Let S be a Sylow p-subgroup 
of (M*)'. Since (M*)' /(M*)J3 is nilpotent, (M*)J3S <l M* and P ~ 
(M*)J3S. We claim that q E w. If q E f3(M*), this is trivial. If q tJ. 
f3(M*), (M*)f1S is a q'-group. Recall that p-I q. Now, [Y, P] ~ Y n 
(M*)J3S = 1 because P ~ Na(Y) and P ~ (M*)J3S· Since P "I 1 is a 
p-group and p E w, we have q E w. We can apply Corollary 6.16 (b) 
which yields that if p E 71 ( M), then p tJ. n( N M* (Y)). This contradiction 
proves (c). 

The statement (a) follows as in [BG]. Q.E.D. 

Corollary 7. 2. Suppose that p E 7 1 ( M) U 7 3 ( M), P is a non iden-
tity p-subgroup of M, and M* E M(Na(P)). Then, 

(a) every p-subgroup of M n M* centralizes Man M*, 
(b) every 7 1 (M*)'-subgroup of En M* centralizes Ma n M*, and 
(c) if [Man M*,M n M*] #1, then p E a(M*) and in the case 

pEw n 7 1 (M), we even have p E f3(M*). 

Corollary 7.3. The following statements hold. 

(a) Let P E Sy£p(E) for some p E n(E) n w. Assume that P is 
cyclic. Then, P acts in a prime manner on Ma. 

(b) If w n 7 3 (M) "I f/J, E 3 acts in a prime manner on Ma. 

Proof. Let P1 = fh(P). If x E pU, then P1 ~ (x) ~ P. By 
assumption, p E 71 (M) U 73(M). Therefore, we have Na(P) cJ;. M Since 
p E w, there exists M* E M(Na(P)). We have P ~ M n M*. By 
Corollary 7.2 (a), P centralizes Man M*. Thus, 

On the other hand, CMJPI) ~ Na(H) ~ M*, so CM,(Pl) ~ ManM*. 
It follows that CM,(x) = Ma nM* for every X E pU. This proves (a). 

The proof of (b) is similar. Take X E £ 1 (E3 ) with p E w and 
M* E M(Na(X)). We have E3 ~ E' by Lemma 6.1 (b). Since E ~ 
N 0 (X) ~ M*, E3 is a subgroup of (M*)'; in particular, E3 is a 71(M*)'­
subgroup. If x E E 3U satisfies X~ (x), then we have 

If p E w for one prime pin 73 (M3 ), then 73(M) ~ w. Hence, for any 

element x E E3 U, we have CM,(x) = CM,(E3 ). This proves (b). 
Q.E.D. 
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Theorem 7.4. Suppose that p E ro, p E T1(M), P E c1(E), 
r E 1r(E), andRE c!.(CE(P)). Then, CM"(P) ~ CMu(R). 

Proof. By assumption, we have RP = R x P so r E ro. Since p E 
T1(M), we have Na(P) cJ;. M. We can take M* E M(Na(P)) because 
Na(P) is a ro-local subgroup. By Lemma 6.2, p E a(M*) U T2 (M*) 
(by (a)) and M* is not conjugate to M in G (by (b)), In particular, 
M* -1M. 

By Corollary 7.2 (a), P centralizes Mu n M*. as in the proof of 
Corollary 7.3, we have CM" (P) = Mu n M*. This implies that Mu n M* 
is a ro-group by Lemma A. Since R ~ Mn M*, the a(M)'-group PR 
normalizes Mu n M*. Therefore, for each q E 1r(Mu n M*), there is a 
P R-invariant Sylow q-subgroup S of Mu n M*. Then, S f:J. 11 so S is 
abelian by Theorem 6.13. Note that q E ro. 

We have to show that R centralizes S. We will derive a contradiction 
by assuming that R does not centralize S. Let Q = [S, R] and assume 
that Q -1 1. Then, S = Q x Cs(R) and CQ(R) = 1 (because S is 
abelian). Since S ~ Mu n M*, 

Q = [S,R] ~ [Mu n M*,Mn M*]-#1. 

By Corollary 7.2, we obtain p E {J(M*) from (c) andrE T1(M*) from 
(b). 

We check that all the assumptions of Lemma 6.18 (a), except the 
one about M(Na(Q)), are satisfied for (M*,r,R,q,Q) in place of 
(M,p,P,q,Q). But, since p E {J(M*), one of the conclusions is vio­
lated, i.e. P ~ CM;,(RQ) -#1. It follows that M(Na(Q)) = {M*}. 

By Lemma 6.2 (a), we have q E a(M*) U T2 (M*). We can apply 
Proposition 6.15 for Q =X. If q E T2 (M*), Part (e) applies so M n M* 
is a complement of (M*)u in M*. However, this is not true because 

P ~ (M*)u n M = (M*)u n (M n M*) -#1. 

It follows that q E a(M*). Hence, by Proposition 6.15 (d), we have 

r E 1r(E) n (T1(M) U a(M)) = T1(M) 

and Mo: -1 1. Since q E a(M*), Lemma 4.12 (a) yields q f:J. a(M). 
Thus, if R does not centralize S, we have q f:J. a(M). It follows that 
CM,(P) ~ CM,(R) andrE T1(M). We can interchange p and r to get 
CM,(R) ~ CM,(P). Then, C = CM,(P) = CM,(R), so 

C = CM,(P) = CM"(P) n Mo: = Mo: n M* 
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because CM"(P) =Man M*. The groupS normalizes C. Hence, 

[C,R,S] = [S,C,R] = 1. 

By the Three Subgroup Theorem we have [R, S, C] = 1. Thus, Q = 
[R, S] centralizes C. It follows that C = CM"" (R) = CM"" (RQ). On the 
other hand, Lemma 6.18 (a) forM, r, R, q and Q in place of M, p, P, q 
and Q yields CM"" (R)-=/= CM"" (RQ). This contradiction proves Theorem 
7.4. Q.E.D. 

Theorem 7.5. Suppose that w n T1(M)-=/= 0. Then, E 1 acts in a 
prime manner on Ma. 

Proof. Since E 1 is cyclic, the assumption yields that E 1 is a w­
group. For each p E T1(M), let P E £l(E1). By Theorem 7.4, the group 
C = CMJP) does not depend on p. If P1 is any p-subgroup of E 1, we 
have CM"(P1) = C by Corollary 7.3 (a). It follows that CM"(X) = C 
for any subgroup X of E 1. Q.E.D. 

Lemma 7.6. Suppose 1 -=/= P s;;; E1, q E (J"(M), and X E 

c~(CM" (P)). LetS E SyCq(Ma ). Assume either P = E1 orwnT1(M)-=/= 
0. Then, q E w and M(C0 (X)) = M(S) = {M}. 

Proof. If q E f3(M) or X s;;; (Ma)', Corollary 6.14 yields the conclu­
sion of the lemma. We will derive a contradiction by assuming q rf:. f3(M) 
and X cj;. (Ma)'. If w n T1(M)-=/= 0, E1 acts in a prime manner on Ma 
by Theorem 7.5. Therefore, we may assume that P = E 1. 

Since q t/:. f3(M), by Lemma 6.19, E' centralizes some Sylow q­
subgroup of Mo-. The group E is a dM)'-group that normalizes a 
(J"(M)-subgroup CM" (E'). Hence, E normalizes some Sylow q-subgroup 
of CM" (E'). We may replaceS by a conjugate without affecting the con­
clusion. Thus, we may assume that S is normalized by E and centralized 
byE'. 

The group SE1 s;;; SE is a Hall {q, T1(M)}-subgroup of M. There­
fore, the subgroup XE1 of M is conjugate to a subgroup of SE1. Thus, 
for some x E M, (XE1)x = xx Ef s;;; SE1 Then, Ef and E 1 are Hall 
subgroups of SE1, so they are conjugate in SE1. We may assume that 
E'f = E 1. Since XE1 =X x E 1, we have xx s;;; CM(El) = CM(El). 
Also, we have xx s;;; S because Sis a normal Sylow q-subgroup of SE1. 
It follows that xx E c~(CMJP)) and xx s;;; S. By replacing X and S 
by conjugates, we may assume that 
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By Lemma 6.17, CM"(E) ~ (Mu)'. Since XC/:. (Mu)', X does not 
centralize E, but does centralize E 1 and E'. It follows that E =1- E1E'. 
Since E 3 ~ E' and E = E 1E 2E 3 by Lemma 6.1, we have E2 =1- 1. By 
Lemma H, M is a w-group. 

Take p E T2 (M) and A E e;(E). We have A <l E by Corollary 
6.6 (a) and CM"(A) = 1 by Theorem 6.5 (d). Since A is abelian, A= 
A 0 x [A,E1] with A 0 = CA(El)· Since [A,E1] ~ E', [A,E1] centralizes 
X. Furthermore, Theorem 7.4 shows that A0 centralizes X. Thus, 
X~ CM"(A) and CMJA) =1- 1. This contradicts Theorem 6.5 (d). 

Q.E.D. 

Lemma 7.7. Suppose that E 1 =1- 1, E 3 =1- 1, and that E 1 does not 
act regularly on E 3. Then, we have one of the following two cases. 

( 1) We have T3 ( M) n w = 0, M is a Fro ben ius group with Fro ben ius 
kernel M01. = M~ = Mu0 , M01. is a w-group, and MjM01. is a 
w'-group. 

(2) We have T3(M) n w =1- 0, M is a w-group and the group E 1E3 
acts in a prime manner on Mu. 

Proof. By assumption, there exist primes p and r such that P E 

£1(E1) centralizes R E t.;.(E3). These primes p and r lie in the same 
connected component of the prime graph of G. 

Suppose that T 3 (M) n w = 0. Then, M is not a w- group. By 
Lemma G, we have (1). 

Suppose that T 3 (M) n w =I- 0. Since E3 is cyclic by Lemma 6.1 (d), 
we have T3(M) = 1r(E3) ~ w. Since M' /M~ is nilpotent by Lemma 4.8 
and T3(M) ~ 1r(M'/M~)by Lemma 6.1 (b), the group M'/M~ is a w­
group. The remark at the beginning of the proof shows T1 (M) n w =1- 0. 
Since T1(M) ~ 1r(MjM'), M/M' is a w-group. This proves that M is a 
w-group. 

The remainder of the proof is similar to that of Lemma 13.7 [BG]. 
Since M is a w-group, we can apply Corollary 7.3 and Theorems 7.4 
and 7.5. We assume 

CM"(P) =1- CMJR) 

and we will obtain a contradiction. We have 1 =1- R ~ E3 and CM" (R) =1-
1. If T2(M) =1- 0, Corollary 6.6 (d) would yield CM"(R) = 1. Therefore, 
T2(M) = 0 and E = E1E3. Since R char E3 <l E by Lemma 6.1, we 
haveR <l E. We can take M* E M(Nc(R)) since Na(R) is a w- local 
subgroup. We have Na(R) C/:. M so M* =1-M. By our hypothesis, 
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If c = CE, (M,. n M*), the above displayed formula yields c -I- El. 
On the other hand, C centralizes M,. n M*. Since E 1 acts in a prime 
manner on M,. by Theorem 7.5, we have C = 1, Corollary 7.2 with p and 
P replaced by rand R yields n(E1) s;; T1(M*) from (b) andrE (J(M*) 
from (c). Thus, E 1 is contained in a Hall T1(M*)-subgroup (E*h of M* 
and 1 -=f- P s;; CE:; (R) where R s;; (M*),.. Since T1 (M*) n w -I- f/J, E~ acts 
in a prime manner on (M*),. by Theorem 7.5. Therefore, E~ centralizes 
R. Since E1 s;; E~, R centralizes E 1. It follows that R s;; C Ea (E) because 
R s;; E3 and E = E 1E3. Recall that E3 is cyclic. However, CE3 (E)= 1 
by Lemma 6.1 (f). This proves Lemma 7.7. Q.E.D. 

Lemma 7.8. The following configuration is impossible: 

(1) M, M* s;; JY( and M* is not conjugate toM in G, 
(2) pET1(M)nT1(M*) andPE e1(MnM*), 
(3) Q and Q* are P-invariant Sylow subgroups (possibly for different 

primes) of M n M*, 
(4) Cq(P) = 1 and Cq· (P) = 1, and 
(5) Nc(Q) s;; M* and Nc(Q*) s;; M. 

Proof. Assume this configuration. It follows from (3) and (5) that 
Q is a nonidentity Sylow q-subgroup for some prime q different from 
p and Q* is a Sylow subgroup of M*. By Lemma 6.18 (b), we have 
a(M) = (3(M), Ma -=f- 1, and q </:- a(M). Furthermore, by (a) of the 
same lemma, CMa (P) -=f- 1 and CMa (PQ) = 1. Since CMa (P) -=f- 1 and 
a(M) s;; w, we have pEw by Lemma A. 

Proposition 1.6 [BG] yields that Q = Cq(P)[Q, P]. By (4), 

Q = [Q, P] s;; M' n (M*)'. 

Theorem 4.2 (d) shows that M' j Ma is nilpotent. It follows that MaQ <l 

M and the Frattini argument yields M = MaNM(Q). 
This implies that NM(Q) contains a Hall a(M)'-subgroup K of M. 

Since q </:- a(M) and p E T1(M), PQ is an a(M)'-subgroup of NM(Q). 
We may choose K so that PQ s;; K. Note that we have 

M = MaK, Man K = 1, and PQ s;; K s;; NM(Q). 

We claim that CM(P) = CMa (P)CK(P). Take an element of CM(P) 
and write it xy with x E Ma andy E K. This is a unique expression of 
this sort. For any z E P, 
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Since z- 1xz E Ma. <J M and z-1yz E K, we have z-1xz = x and 
z-1yz = y. This proves eM(P) ~ eM,(P)eK(P). The reverse contain­
ment is obvious. This proves the claim. 

Let H be a Hall (f3(M) U (3(M*))-subgroup of ea(P). Recall that 
pEw; so ea(P) is contained in a w-local subgroup and it is solvable. 
Take any s E n(F(H)) and t E nF(eM13 (P))). By symmetry between 
M and M*, we may fix notation and can assumes E (3(M). We may 
choose H so that eM13 (P) ~H. Let X= Os(H) andY= Ot(eM13 (P)). 
We will show that H ~ M. 

Since s E (3(M), M contains a Sylow s-subgroup of G. Hence, some 
conjugate MY with g E G contains X. By Proposition 4.14 (d), applied 
to MY and X, we have MY 2 Na(X) 2 H 2 Y. 

The same argument applied to M and Y yields M 2 N a (Y) 2 
ea(Y). Since Y ~ M n MY, it follows from Theorem 4.1 (b) that 
MY= Mh for some element hE ea(Y) ~ M. Thus, M =MY 2 H. 

Take r E (3(M*) n n(H). By Lemma 4.12 (a), r fj. a(M). Note 
that M* is not conjugate toM by (1). Moreover, since H ~ M, r E 
n{eM(P)). Since eM(P) = eM,(P)eK(P), K ~ NM(Q), and r fj. 
a(M) ~ a(M), we haver E n(eK(P)). Therefore, there is a subgroup 
R E c~(NM(Q) n ea(P)). Then, R ~ Na(Q) ~ M* and r E (3(M*). 
Proposition 4.14 (d) applied toR~ M* yields Na(R) ~ M*. 

The subgroup PR = PxR is a a(M)'-subgroup of M. Hence, PR is 
conjugate to a subgroup of E in M. Since p E w, we can apply Theorem 
7.4 to obtain 

1 =1- X~ eMu(P) ~ eMu(R) ~ M*. 

We claim that [X, Q] = 1. We have X ~ Ma. n M* and Ma. n M* is 
a Q-invariant q'-subgroup because q fj. a(M). Therefore, [X, Q] is a q'­
group. We have Q ~ (M*)' and (M*)' j(M*)a. is nilpotent by Theorem 
4.2 (d). Hence, (M*)a.Q <J M*. 

It follows that [X, Q] ~ [X, (M*)a.Q] ~ (M*)a.Q. Since [X, Q] is 
a q'-group, we have [X, Q] ~ (M*)a.· On the other hand, X ~ M 13 
because s E (3(M). Therefore, [X, Q] ~ [M13, Q] ~ M13 ~ Ma.. Lemma 
4.12 yields Ma. n (M*)a. = 1. Thus, we have [X, Q] = 1. 

Since X ~ H ~ eM, (P), we have 1 =f. X ~ eM, (PQ). This 
contradicts the fact that eM, (PQ) = 1. Q.E.D. 

Theorem 7.9. Suppose M, M* E JVC and M* is not conjugate to 
Min G. Then, a(M) is disjoint from a(M*). 

Theorem 7.10. Suppose that some P E c1(E) does not centralize 
E3. Then, T1(M) ~ w and the following hold. 

(a) E 1 acts regularly on E3 . 
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(b) E3 acts regularly on Ma0 • 

(c) CMu0 (P) =/= 1. 

89 

Proof. We remark that the assumption implies E3 =/= 1. Suppose 
71(M) n tv= 0. Then, by Lemma G, M is a Frobenius group. The 
Frobenius kernel is either M' or Ma. In the first case, we have M' = Ma 
and E3 = 1. On the other hand, if the Frobenius kernel is Ma, the group 
E is a subgroup of a Frobenius complement. Hence, by the structure of 
a Frobenius complement, every subgroup of prime order in E is normal 
in E. In particular, P centralizes E 3 . Thus, we have 7 1 (M) n tv=/= 0. In 
this case, we have 71 (M) ~ tv because E1 is cyclic. 

Suppose that 7 1 (M) ~tv but M is not a tv-group. Then, Lemma 
G yields that M I M' is a tv-group, M' I Mo. is a tv' -group and Ma is a 
tv-group. Since E3 ~ E' ~ M' by Lemma 6.1 (b), E3 is a tv1-group. 
Since E1 is a tv-group (71(M) ~tv), we have (a). 

Lemma G yields Ma = Mao. Hence, Mao is a tv-group and we have 
(b). The Frobenius group PE3 acts on Mo. with CM"' (E3) = 1. Theorem 
3.10 [BG] yields that CM"' (P) =/= 1. This proves (c). 

If M is a tv-group, the proof of Theorem 13.10 [BG] shows the 
validity of (a), (b) and (c). Q.E.D. 

Corollary 7.11. Suppose E3 =/= 1 and E3 does not act regularly 
on Mao· Then, M is a tv-group with 72(M) = 0. We have (a) E1 =/= 1, 
(b) E = E 1E3, (c) E acts in a prime manner on Ma, and (d) every 
X E C. 1 (E) is normal in E. 

Proof. If 7 2 (M) =/= 0, Corollary 6.6 (d) yields that E3 acts regularly 
on Ma. This is false, so we have 7 2 (M) = 0. Lemma 6.1 yields (a) and 
(b). It follows from Theorem 7.10 (b) that every P E C. 1 (E1 ) centralizes 
E3. This implies (d) because E = E 1E3 and E1 is cyclic. 

By assumption some nonidentity element of E3 centralizes a tv­
subgroup. Therefore, 73(M) n tv=/= 0 by Lemma A. By Lemma 7.7 (2), 
M is a tv-group and (c) holds. Q.E.D. 

Lemma 7.12. Suppose p E 7 1 (M), P E C. 1 (E), q E 7 2 (M), A E 

c.;(E), and CA(P) =/= 1. Then, CM"(P) = 1. 

Proof. Since 72(M) =/= 0, M is a tv-group by Lemma H. The proof 
of Lemma 13.12 [BG] may be adapted to this case. Q.E.D. 

Lemma 7.13. Suppose that p E 7 1 (M) U 7 3 (M), P E C. 1 (E), and 
CM"(P) =/= 1. Then, for every M* E M(Na(P)), we have p E a(M*). 

Proof. Once p E 72 (M*) is assumed, M* is a tv-group by Lemma 
H. The proof of Lemma 13.13 [BG] works. Q.E.D. 



90 M. Suzuki 

§8. Subgroups of Type P and Counting Arguments Prime Ac­
tion 

Warning. We will use the notation of [BG] with one major change. 
Let ,.,(M) be the set of primes p E T1 (M) U T3(M) such that 

CM~0 (P) "/= 1 for some P E £~(M). 

This definition makes ,.,(M) <;;;; w. Since we never use the set defined 
to be ,.,(M) in [BG], we use the same notation for a different meaning. 
We divide the set JV( into three parts J\1(9', J\i(p 1 , and J\i(p 2 just as in [BG]. 
However, the set ,.,(M) is used in the sense defined above. 

The notion of a-decomposition and of a-length of an element must 
also be modified: we replace a(M) used in their definitions in [BG] by 
a0 (M). For example, we define 

However, we use the same notation as that of [BG]. Note that our def­
inition coincides with theirs if g is a w-element. As in [BG], we have 
Ca (g) = 1 for a w-element g E G if and only if Ma (g) is not empty. 

Lemma 8.1. Suppose that ME JV( \ JVCp 1 • Take any p E 1r(M) \ 
{a(M),,.,(M)}, letS E SyCp(M) and let A= fh(S). Then, IAI :S p2, 
CM~0 (A) = 1, and Ma0 is nilpotent. 

Proof. We have 1r(M) \ a(M) = T1(M) U T2(M) U T3(M). If p E 
T 2 (M), M is a w-group by Lemma H. Lemma 8.1 follows from (b), (d) 
and (a) of Theorem 6.5. 

If p E T1(M) U T3(M), we have rp(M) :S 1 so IAI = p. Since 
p tf. ,.,(M), CM~0 (A) = 1 and this implies that Mao is nilpotent by 
Thompson's Theorem 3.7 [BG]. Q.E.D. 

Proposition 8.2. Suppose M E JV(p. Let K be a Hall ,.,(M)­
subgroup of M and define K* = C M~ ( K). Then, K* <;;;; Mao and the 
following hold. 

(a) The group K acts in a prime manner on Ma, and acts regularly 
on some abelian Hall (,.,(M) U ao(M))'-subgroup U of M. 

(b) For every X E £ 1 (K), 
(1) NM(X) = NM(K) = K x K*, and 
(2) X<;;;; (M*)a for each M* E M(Na(X)). In particular, 

we have Na(X) cJ;. M. 
(c) K* "/= 1 and every X E £1 (K*) satisfies M(Ca(X)) = {M}. 
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(d) Every g E G\M satisfies K* nM9 = 1 and every gEM\ (K x 
K*) satisfies K n KY = 1. 

(e) For every prime p E 1r(K*) and every S E SyR.p(Mu0 ), 

M(S)={M} and S%K*. 

(f) Every O"o(M)-subgroup Y of G satisfying Y n K* =f. 1 lies in 
Muo· 

(g) If M E Mp 2 , then O"o(M) = (3(M), K has prime order, and 
Mu0 is a nilpotent TI-subgroup of G. 

Proof. Although the proof of Proposition 14.2 (BG] is applicable, 
we include some details. 

We prove (a) and (b1). Take a complement E of Mu that contains 
K. Suppose that 

K(M) n T3(M) =f. 0. 

Then, E3 =f. 1 and E3 does not act regularly on Muo· By Corollary 7.11, 
M is a tv-group, E1 =f. 1, E = E1E3, E acts in a prime manner on Mu, 
and every X E C. 1 (E) is normal in E. Since E = E1E3 acts in a prime 
manner on Mu, we have K(M) = 1r(E). Therefore, K = E and K acts in 
a prime manner on Mu. In this case, 1r(M) = O"(M) U K(M). So, U = 1 
satisfies (a). If X E C.1 (K), we have X <1 E. It follows from M = MuE 
that 

NM(X) = NMu(X)E = eMu(X)E. 

Since K acts in a prime manner on Mu, we have eMu (X) = eMu (K) = 
K*. Thus, NM(X) = K x K*. Therefore, (a) and (b) hold in the case 
K(M) n T3(M) =1- 0. 

Suppose that K(M) n 73(M) = 0. Then, K(M) ~ Tl(M) and tv n 
T1(M) =f. 0. Theorem 7.5 shows that E1 acts in a prime manner on Mu· 
Thus, K(M) = T1 (M) and we may choose K = E 1 . To prove (a), we need 
to find U. Suppose that M is not a tv-group. Since T1 (M) = K(M) ~tv, 
M is a group of type (2) in Lemma G. Then, we have 

1r(M) \ {K(M),O"o(M)} = 1r(M) n tv'. 

There is an E 1-invariant complement U of Mo. in M'. Since U ~ M' jM13 
is cyclic, U satisfies (a). 

Assume that M is a tv-group. Then, O"o(M) = O"(M) and 

1r(M) \ {K(M),O"o(M)} = Tz(M) U T3(M). 

We will show that U = EzE3 satisfies (a). Since K = Et, U is K­
invariant. Assume E2 =f. 1. If E 1 does not act regularly on E2 , some 
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P E c1 (El) satisfies eA(P) =f. 1 for some A E c2(E2). Lemma 7.12 
yields eM"(P) = 1 contrary to the fact that K = E 1 acts in a prime 
manner on Ma. Thus, E 1 acts regularly on E2. If E 1 does not act 
regularly on E3 , some P E c1 (E1 ) centralizes some R E c1 (Ea). Since 
M is assumed to be a ro-group, Theorem 7.4 yields that 

This would imply r 3 (M) n K(M) =f. 0 in contradiction to the hypothesis 
of this case. Thus, E 1 =f. 1 acts regularly on E2E3. It follows from 
Theorem 3.7 [BG] that E 2E3 is nilpotent. By Corollary 6.10 (a), E2Ea 
is abelian. This proves (a). 

It follows from the structure of the group M discussed in the proof 
of (a) that every X E c1 (K) is normal inK, M is the semidirect product 
of Mao and UK, and NuK(X) = K. We have 

This proves (b1). 
Lemma 7.13 yields the first part of (b2). We have M ~ M(Na(X)), 

since X~ E 1 . This proves (b2). 
The parts (c), (d), (e) and (f) are proved as in the proof of Propo­

sition 14.2 [BG]. For (f), recall that Mao is a normal Hall subgroup of 
Ma. Hence, Mao contains all a-o(M)-subgroup of Ma· 

For the proof of (g), suppose that U =f. 1. Then, (a) implies that 
KU is a Frobenius group with Frobenius kernel U. Suppose that M is 
not a ro-group. Then, by Lemma G, U is a ro'-group, so Ma0 U is a 
Frobenius group with Frobenius kernel Mao· Hence, eMJU) = 1 and 
Mao is nilpotent. Thus, the nonidentity Frobenius group KU acts on a 
nilpotent group Ma0 and K acts in a prime manner on Mao. It follows 
from Theorem 3.10 [BG] that K has prime order. By Lemma G, we 
have M13 =Mao· Lemma 6.17 shows that for every g E G \ M, the 
group Mao n Mg is a ,B(M)'-group. Since Mao = M13, Mao n Mg is a 
,B(M)-group. This proves that Mao nMg = 1 for every g E G\M. Thus, 
Ma0 is a TI-subgroup of G. . 

Suppose finally that M is a ro-group In this case, we have U = E2 E3 • 

Lemma 8.1 shows that eM" (U) = 1 and Ma is nilpotent. Since K acts 
in a prime manner on Ma by (a), Lemma 3.10 [BG] yields that K has 
prime order. We have U = [U, K] ~ E'. By Lemma 6.19, U centralizes a 
Hall ,B(M)'-subgroup of Ma. Since eM" (U) = 1, a Hall ,B(M)'-subgroup 
equals 1. Therefore, M13 = Ma and ,B(M) = a-(M). Lemma 6.17 implies 
that Mao n Mg = 1 for every g E G \ M. This completes the proof of 
Proposition 8.2. Q.E.D. 
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Corollary 8.3. Suppose M E :M, x E Ma0 #, and x' is a non iden­
tity a(M)'-element ofCM(x). Then, either 

(1) rr((x')) ~ ~(M) and Ca(x) ~ M, or 
(2) rr((x')) ~ T2(M), Ra(x') = 1, and :M(Ca(x')) = {M}. 

Theorem 8.4. Suppose that X is a w-element of en such that 
:Ma(x) is not empty. Then, Ca(x) has a normal Hall subgroup R(x) 
that acts sharply transitively on :Ma(x) by conjugation. Furthermore, if 
I:Ma(x)l > 1, then Ca(x) lies in a unique subgroup N = N(x) E :M and 
for every ME :Ma(x), 

(a) R(x) = CN)x) =1- 1, 
(b) Ca(x) = CM(x)R(x), 
(c) rr((x)) ~ T2(N) ~ ao(M), 
(d) rr(M) n a(N) ~ f3(N), 
(e) M n N is a complement of Na inN, and 
(f) N is a w-group in :M:r U :M:P 2 • 

Proof. The proof of Theorem 14.4 [BG] may be modified with some 
changes to yield this theorem. We will present the details here. If 
I:Ma(x)l = 1, we can let R(x) = 1 and finish the proof. So, we will 
assume I:Ma(x)l > 1 in the remainder of proof. 

Since x is a w-element with :Ma(x) =/:- 0, we can take M E :Ma(x), 
q E rr((x)), X E e~((x)), and N E :M(Na(X)). Note that :Ma(x) ~ 
:Ma(X) and 

Ca(x) ~ Na((x)) ~ Na(X) ~ N. 

We will show that :Ma(X) consists of conjugates of M and that 
Ca(X) acts transitively on :Ma(X) by conjugation. Let L E :Ma(X). 
Then, X ~ Man La. Theorem 7.9 yields that L is conjugate toM. 
Since q E a(M) and X is a q-group, Theorem 4.1 (b) yields that Ca(X) 
acts transitively on :Ma(X). In particular, Ca(X) % M and N =/:- M. 

Since N =/= M, Proposition 6.15 (a) applies toN and yields that N 
is not conjugate to M. Then, by Theorem 7.9, a(N) is disjoint from 
a(M). It follows that q ¢. a(N). Proposition 6.15 (e) now yields that 
q E T2 (N) and the conditions (d) and (e) of this theorem hold. Since 
q E T2(N), T2(N) is not empty. Therefore, N ¢. :M:P 1 and N is a w-group 
by Lemma H. This proves (f). 

We will prove that R(x) acts sharply transitively on :Ma(x). We 
have shown that if L E :Ma(x), then L = Mu with u E Ca(X) ~ N. 
Since N = (M n N)Na by (e), we may choose u E Na. Then, 

(x- 1ux)-1 M(x- 1ux) = Mux = Lx = L = Mu. 
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However, if Mu = Mv for u, vENa, then uv- 1 E Nc(M) n Na. Since 
Nc(M) = M by Lemma E, we have uv- 1 E M n Na = 1 by (e). We 
apply this twice. First, the displayed formula yields that if L = Mu 
with u E N"" then u E R(x). Thus, R(x) acts transitively on Ma(x). 
Secondly, Mu = M with u E R(x) implies u = 1. Thus, R(x) is sharply 
transitive. Since IMa(x)l > 1, we have (a). Since R(x) <:;;; Cc(x) and 
R(x) is transitive on Ma(x), we have 

Cc(x) = (Cc(x) n Nc(M))R(x) = CM(x)R(x). 

This proves (b). 
We prove next M(Cc(x)) = {N}. Since R(x) "/= 1, there is an 

element y E Na0 ~ such that y E Cc(x). Apply Corollary 8.3 to (N,y,x) 
in place of (M, x, x'). Since xis a cr(M)-element, it is a cr(N)'-element. 
Since q En( (x) )nT2(N), we have the second case of Corollary 8.3. Thus, 
n((x)) <:;;; T2 (N) and M(Cc(x)) = {N}. 

It remains to prove (c). We have just proved 7r ( ( x)) <:;;; T2 ( N). Take 
p E T2(N). By (e) and Corollary 6.6 (a), there is A E c;(M n N) such 
that A <J M n N. Then, x E NMa (A). Since rp(M) ?: 2, we have 
p E cr(M) U T2(M). If p E T2(M), NMa (A)= CMa (A)= 1 by Corollary 
6.5 (d). This contradiction proves p E cr(M). In fact, p E cr0 (M) because 
N is a w- group by (f). Q.E.D. 

We will use the notation M to mean 

{xx' I x E Mao~ and x' E R(x)}. 

This is slightly different from the usage in [BG]. 

Lemma 8.5. The following hold. 

(a) If x andy are distinct tv-elements of G~ of cr-length one, then 
xR(x) n yR(y) = 0. 

(b) If M1 and M2 are elements of M not conjugate in G, then M 1 n 

M2 =0. 
(c) If ME M, then lec(M)I = (IMa0 1- 1)IG: MI. 

Proof. (a) Suppose that g = xx' with .Ca(x) = 1 and x' E R(x) lies 
in yR(y) and x "/= y. Write g = yy' withy' E R(y). Since y is a cr-factor 
of the element g, we have y = x', sox' "/= 1. Therefore, IMa(x)l > 1. 
Take M E M(Cc(y)). Then, y' = x E Ma and M E Ma(x). Take 
N E M(Cc(x)). Then, x' = y E Na nM which is 1 by Theorem 8.4 (e). 
This contradicts y "/= 1. 

The parts (b) and (c) follow as in the proof of Lemma 14.4 [BG]. 
Q.E.D. 
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Lemma 8.6. Each nonidentity w-element g satisfies exactly one 
of the following two conditions: 

(1) g = xx' with Ru(x) = 1 and x' E R(x), or 
(2) g = yy' with Ru(Y) = 1 andy' is a nonidentity "'(M)-element of 

CM(Y) for some ME Mu(y). 

Proof Suppose that both (1) and (2) hold for some w-element g =f. 
1. We will derive a contradiction. TakeN E M(Ca(x)) and L E Mu(x). 
Since y is a a--factor of g, we have y = x or y = x'. Suppose y = x. We 
may choose L = M. Since y = x, we have x' = y' =f. 1. By Theorem 8.4, 
\Mu(x)\ = \R(x)\ > 1 and. by Part (e), 

x' = y' E N u n M = 1. 

This contradicts y' =f. 1. Suppose next y = x'. Then, we have y' = x and 
it is a "'(M)-element and at the same time a T2 (N)-element by Theorem 
8.4 (c). Since 1 =f. y = x' EMu n Nu, N is conjugate toM by Theorem 
7.9. Therefore, we have T 2(N) = T2 (M) Since "'(M) n T2 (M) = 0, we 
have a contradiction y' = 1. 

We will prove that either (1) or (2) holds for every g. Suppose that 
no decomposition of type (1) or (2) is possible and we will derive a 
contradiction. We have .eq (g) > 1 since the choice of x = g and x' = 1 
provides (1) if Ru(g) = 1. Let x be a a--factor of g with Ru(x) = 1, 
and write g = xx'. We prove a lemma: under the hypothesis of this 
paragraph, no subgroup ME Mu(x) contains g. 

Suppose g E M. Then, x' E M and x' =f. 1 because .eq(g) > 1. 
Since x is a a--factor of the element g, x' is a o-(M)'-element but not 
a "'(M)-element because g = xx' does not satisfy (2). Therefore, we 
must have the case (2) of Corollary 8.3. Thus, we have Ru(x') = 1 and 
M(Ca(x')) = {M}. It follows that 

x E Mu n Ca(x') = R(x'). 

This implies that g = xx' is a decomposition of type (1) with (x', x) in 
place of (x, x'). This is a contradiction and proves the lemma. 

Let x be a a--factor of the element g with Ru(x) = 1 and write 
g = xx'. Then, xis a power of g. Take ME Mu(x) and N E M(Ca(x)). 
Then, g E Ca(x) ~ N. By the lemma, none of the a--factor of g of 
a--length one lies in Nu. It follows that g is a o-(N)'-element of N. We 
have x = xY EM n MY and g tJ. M (by the lemma). Thus, \Mu(x)\ > 1 
and, by Theorem 8.4 (e), MnN is a complement of Nu inN. Since g is 
a o-(N)'-element, g E (MnN)u for some element u EN. Thus, g EMu. 
Since xis a power of g, we have x EMu. However, xis a o-(M)-element. 
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Since u(M) = u(Mu), we have x E Muu· This contradicts the Lemma. 
Q.E.D. 

Theorem 8.7. Suppose ME J\l(p and K is a Hall K,(M)-subgroup 
of M. Let K* = CM"(K), k = IKI, k* = IK*I, Z = K X K*, and 
Z = Z\ (KUK*). Then, for some other M* E JVCp that is not conjugate 
toM, we have 

(a) M(Ca(X)) = {M*} for every X E £1 (K), 
(b) K* is a Hall K,(M*)-subgroup of M* and a Hallu0 (M)-subgroup 

ofM*, 
(c) K = CM;;(K*) and K,(M) = T1(M), 
(d) Z is cyclic and for every x E K~ andy E (K*)~, 

M n M* = z = CM(x) = CM· (y) = Ca(xy), 

(e) Z is a TI-subset of G with Na(Z) = Z, Z n MY empty for all 
g E G\M, and 

~ 1 1 1 1 
lea(Z)I = (1- k- k* + kk* )IGI > 2101, 

(f) M or M* lies in J\l(p 2 and, accordingly, K or K* has prime 
order, 

(g) every HE JVCp is conjugate toM or M* in G, and 
(h) M' is a complement of K in M and M' = Mu0 U where U is 

the subgroup defined in Proposition 8.2 (a). 

Proof. Although the proof of Theorem 14.7 [BG] is adequate to 
cover this theorem, we will paraphrase their proof of this miraculous 
theorem. By the hypothesis, M E JVCp. Thus, /'1,( M) is not empty and 
K=/=1. 

We begin the proof with the following lemma which is not really nec­
essary. If X E £ 1 (K), then N 0 (X) Ell. Suppose H, L E M(Na(X)). 
By Proposition 8.2 (b2), X ~ Hun Lu. It follows from Theorem 7.9 
that L = HB for some g E G. Since Ca(X) ~ Na(X) ~ H, Theorem 
4.1 (e) with H in place of M yields L = HB =H. This completes the 
proof of the lemma. 

Let M 1 , M 2 , ... , Mn be the distinct subgroups in J\1( that contain 
Na(X) for some X E £1 (K). For each i, take Xi E £1 (K) such that 
Mi E M(Na(Xi)). By Proposition 8.2 (b), we have 7r(Xi) ~ uo(Mi) and 

Z = K x K* ~ Na(Xi) ~ Mi. 
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Since w(Xi) ~ w(K) = K(M) ~ a(M)', none of Mi is conjugate toM in 
G. Therefore, by Theorem 7.9, a(M) is disjoint from a(Mi)· Thus, K* 
is a a(Mi)'-subgroup of Mi. 

Take X* E c.l(K*). By Proposition 8.2 (c), M(Ca(X*)) = {M}. 

Apply Corollary 8.3 to Mi E M, X E xi", and x' E X*"· All the 
assumptions of Corollary 8.3 are satisfied. Since M(Ca(X*)) -=/= {Mi}, 
we have the first case: w(X*) ~ K(Mi)· We can take X* arbitrary in 
£1 (K*), so w(K*) ~ K(Mi)· 

Let Ki be a Hall K(Mi)-subgroup of Mi that contains X*, and define 
Ki = CMi)Ki)· Recall that Ki is a Z-group and that, by Proposition 
8.2 (b1) for Mi, every subgroup in £1 (Ki) is normal in Ki. We claim that 
K* ~ Ki. This is proved as follows. Since K* is a K(Mi)-subgroup of a 
solvable group Mi, K* ~ (Ki)g for some g E Mi. Then, X* and X* 9 are 
normal subgroups ofthe same prime order in the Z-group (Ki)9. Hence, 
we have X*= (X*) 9 . Thus, g E NMi(X*) = NMi(Ki) by Proposition 
8.2 (b1) for Mi. This implies K* ~ (Ki)g = Ki. 

Since X*~ K* and K ~ Mi, we have 

Therefore, K x K* ~ Ki x K;. Similarly, with Mi, Ki, X*; M, K, and 
xi in place of M, K, Xi; Mi, Ki, and X*' we have Ki X Ki ~ K X K*. 
We need to check a few relations: X* ~ Ki, ME M(Na(X*)) and 

Xi~ K where Xi E £1(Kt). 

We check the last one. We have Xi ~ K ~ Ki x Ki, w(Xi) ~ a0 (Mi), 
and Ki is a Hall a 0 (Mi)-subgroup of Ki x Ki- Therefore, Xi ~ £1(Ki). 
It follows that K x K* = Ki x Ki for each i. Let Mo = M, Ko = K, 
and K0 = K*. Take X 0 E £1 (K*). Then, by Proposition 8.2 (c), 
M(Ca(X0)) = {M0 }. For each Xi E c1 (Ki) we have M(Ca(Xt)) = 
{ Mi}. It follows that Ki n Kj = 1 if i -=/= j. Otherwise, we would have 

{Mi} = M(Ca(X)) = {M1} for X E £1(Ki n Kj). 
We claim that Z = K0 x Kr x · · · x K~. Let Z0 be the subgroup 

of Z generated by the subgroups Ki. For each i, we have Z = Ki x Ki 
where Kt is a a(Mi)-group and Ki is a a(Mi)'-group. Therefore, Ki is a 
normal Hall subgroup of Z. If i-=/= j, we have shown Ki nKJ = 1(i-=/= j). 
Then, Ki and KJ with i -=/= j have relatively prime orders and centralize 
each other. It follows that 

Zo = K 0 x K; x ... x K~. 

We will show that Z = Z0 . First, we prove that every X E £1 (Z) is 
contained in some K;. Since Z = Ko x K0 and (IKol, IK0I) = 1, either 
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X ~ K~ or X ~ Ko. Suppose X ~ Ko 
definition of the subgroups Mi that 

K. It follows from the 

for some i ( cf. the lemma at the beginning of the proof). By Proposition 
8.2 (bl) for Mi, we have X~ (Mi)a· Since Ki is the normal Hall CT(Mi)­
subgroup of Z, we have X ~ Ki. Take any element x E Z of order pe 
where p is a prime. Let X E e 1 ( (x)). Then, X ~ Ki for some i. Hence, 
p E 1r(Kt) and (x) is a CT(Mi)-subgroup. This implies x E Ki as before. 

Finally, let y be an arbitrary element of Z of order n. If n = TI Pie, is 
the canonical decomposition of the integer n into the product of powers 
of distinct primes Pl, ... ,pm, we have y = x1 ... Xm where Xi is a power 
of the element y and the order of Xi is p/'. Then, xi E Z so each Xi lies 
in Z0 and we have Z = Z0 . 

The subgroups Ki are distinct and each is a normal Hall subgroup 
of Z. It follows that the groups Mi are pairwise not conjugate in G. 
By Theorem 7.9, CT(Mi) is disjoint from CT(Mj) if j -=1- i. Since Kj is 
a CT{Mj)-group, Kj is a CT(Mi)'-group for j -=1- i. Therefore, we have 

Kj ~ Ki for j -=1- i, so if we let W = IJ#iKj, W ~ Ki. The groups Ki 
and Ware complements of Kt in Z. This implies Ki = W. 

For every element z E Z, the factorization z = TI Zi with Zi E Ki is 
the CT-decomposition of z. 

Define T = Z \ { K~, Ki, ... , K~}. Note that z E Z is in T if and 

only if z = yy' with y E Kt" and y' E Ki" for some index i. In this 
case, y' is a nonidentity 1\:(Mi)-element of CM, (y) with fa(Y) = 1. Thus, 

we have the case (2) of Lemma 8.6. It follows that T n ii = 0 for any 

H E J\1. Thus, ec(T) n ec(Mi) = 0 for each i. Since Mi are not 
conjugate to each other, Lemma 8.5 yields 

We will prove that Tis a TI-subset of G with Nc(T) = Z. Suppose 

that t E T, g E G, and t9 E Z. Write t = yy' = y'y with y E Kt" 
andy' E KiH for some i. Then, y9 and (y')9 are powers of t9. Hence, 
y9 E Kin (Mi)9. By Proposition 8.2 (d) for Mi, we have g E Mi. Then, 
y'9 E Ki n (Ki) 9. The same proposition yields that g E Z. This proves 
that Tis a TI-subset of G with Nc(T) = Z. 

We count the number of elements in ec(T). With z = IZI, ki = IKil, 
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and ki = \Ki\, we have 

\ea(T)\ = \T\\G : N 0 (T)\ 
n 

= ( z - 1 - ~) ki - 1)) \G : Z\ 
i=O 

n n 1 
= (1 +--"' -)\G\. z ~k· 

i=O • 
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Suppose that all the subgroups Mi lie in P1. Then Mi = MiaoKi so 
\Mi\ = \Miao\\Ki\· By Lemma 8.5, 

The last inequality comes from Z £Mi. Since the sets ea(T), e 0 (M0 ), 

... , ea(Mn) are pairwise disjoint, . 

n 

\Gu\;::: !ea(T)\ + L !ea(Mi)\ 
i=O 

n n 1 n 1 1 
;::: ((1 +--"'-) + "'(---))\G\ 

z ~ k· ~ k· 2z 
i=O • i=O • 

> \G\ 

and this contradiction proves that some Mi is of type P 2 • 

If Mi is of type P2 , Proposition 8.2 (g) yields that Ki is of prime 
order and Miao is nilpotent. Therefore, Ki = Kj for j =/:- i and we have 
n=l. 

Since Ki ~ Miao, Ki is nilpotent. Furthermore, 

Kj = Ki, Ki = Kj and r(Ki) = 1. It follows that the nilpotent group 
Ki is cyclic. Since Ki is of prime order, Z = Ki x Ki is cyclic. This 
proves the first statement of (d). 

Since n = 1, we have T = Z. Suppose g E G \ M and T n MY =f. 0. 
Take uv E T n MY with u E KU and v E K*U. Then, any power of uv 
lies in MY so in particular' v E K* u n MY' This contradicts Proposition 
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8.2 (d). We have 

1 1 1 
lec(T)I = (1- y;;- k* + kk* )IGI 

1 1 8 1 
= (1- y;;)(1- kJIGI2: 15 1GI > 2IGI 

because k and k* are odd integers 2: 3 and k =/= k*. This proves (e). 
With M* = M 1 , we have proved (f). We will prove (g). Suppose 

that H E M:t>. Let L be a Hall K( H)-subgroup of H, L * = C Ha ( L), and 
S = L x L* \ {L, L*}. We have lec(T)I > IGI/2 and lec(S)I > IGI/2. 
It follows that ec(T) n ec(S) =/= 0. 

Replacing M and H by conjugates, we may assume that T n S is 
not empty. Then, L* n Kt =/= 1 for some i. If Y E £1 (L* n Kt) then 
Proposition 8.2 (c) yields {H} = M(Cc(Y)) = {Mi}· This proves (g). 

We will prove (a)l, If X E £1 (K), then X E £l(K;) because Ki = 
K. Proposition 8.2 (c) yields M(Cc(X)) = {M1 } = {M*}. 

Since K* = K 1 , K* is a Hall K(M*)-subgroup of M*. This is the 
first statement of (b). Clearly, K* is a a 0 (M)-subgroup of M*. Let H 
be a Hall ao(M)-subgroup of M* that contains K*. The subgroup His 
a a 0 (M)-subgroup such that H n K* =/= 1. By Proposition 8.2 (f), we 
have H ~ Muo· Hence, [H,K] ~ [Mu0 ,K] ~ Muo· On the other hand, 
H ~ M* and K = Ki ~ (M*)u· It follows that 

[H,K] ~ [M*,(M*)u] ~ (M*)u, 

and [H,K] ~ Mu0 n (M*)u· But, M is not conjugate toM*, so by 
Theorem 7.9, [H, K] = 1. Therefore, H ~ CM" (K) = K*. This proves 
H = K*. Thus, (b) holds. 

To prove (c) and (h), let U be the subgroup defined in Proposi­
tion 8.2 (a). Since K acts regularly on U, we have U = [U, K] ~ M'. 
Since Mu0 ~ M', Mu0 U ~ M'. On the other hand, Mu0 U is a normal 
subgroup of M with M/Mu0 ~ K. Since K is cyclic by the first part 
of (d) which we have proved, Mu0 U contains M'. Therefore, we have 
Mu0 U = M' and K is a complement of M' in M. This proves (h). 

Moreover, K is a cyclic Hall subgroup of M such that 1r(K) n 
1r(M') = 0. By defintion, we have 

K(K) = 7r(K) = Tl (M). 

Since K = Ki and K* = K 1 , we have K = CM-u•(K*). This proves 
(c). 

It remains to prove the second part of (d). By (b), K* is a Hall 
ao(M)-subgroup of M*. Therefore, K* = Muo n M*. It follows that 



On the Prime Gmph of a Finite Simple Group 101 

K* =Muon M* <J M n M* and, by Proposition 8.2 (b1), 

MnM* c;;, NM·(K*) = K x K*. 

Since K X K* c;;, M n M*, we have M n M* = K X K* = z. 
If x E K~ and y E K*~, (a) yields Ca(x) c;;, M* so CM(x) C 

M n M* = Z. Since Z is cyclic by the first part of (d), we have 

Similarly, CM·(Y) = Z. Moreover, Ca(xy) = Ca(x)nCa(y) c;;, MnM*. 
This implies Ca(xy) = Z and completes the proof of (d). Q.E.D. 

Remark. From now on, we reserve the notation M* or K* to denote 
the subgroups given in Theorem 8. 7 for the subgroup M in J\1p. 

Corollary 8.8. The subgroups in J\1p 11 if any, are all conjugate 
in G and, if :Mp is not empty, then :Mp contains exactly two conjugacy 
classes of subgroups. 

Corollary 8.9. Choose a system of representatives M1. M2 , •.• , 

Mn E M from each conjugacy class of subgroups of :M. 

(a) If :Mp is empty, then the set of w-elements of G~ is the disjoint 

union of the sets ea(Mi) fori= 1, 2, ... , n. 
(b) If :Mp is not empty, the set of w-elements of G~ is the disjoint 

union of ea(Z) and the sets ea(Mi) fori= 1, 2, ... , n with 2 
as in Theorem 8. 7. 

Corollary 8.10. For every w-element g E G we have Ru(g) ~ 2. 

Lemma 8.11. Suppose that ME M:r, Eisa complement of Mu 
in M, q E 1r(E), and Q E C:!(E). Assume that Q C/:. F(E). Then, M 

is a w-group with r2(M) :f. 0. Take p E r2(M), A E c:;(E) and H E 
:M(Na(A)). Then, Ao = [E,Q] = CA(Mu) E C:~(A)and E = AoCE(Q). 
Moreover, either 

(1) q E r 2 (H) and :M(Ca(Q)) = {H}, or 
(2) q E "-(H) and HE J\1p 1 • 

Proof. Suppose r 2 (M) = 0. Then, M is a Frobenius group and E 
is a Frobenius complement. From the structure of Frobenius comple­
ment, we get Q c;;, F(E). This contradicts the assumption Q C/:. F(E). 
Therefore, r 2 (M) :f. 0 and, by Lemma H, M is a w-group. 
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Let p E Tz(M) and take A E c~(E). By Corollary 6.6 (a), we have 

A <J E and c~(E) = E~(A). Since Q % F(E), we have q tj. T2 (M). 
By Lemma 6.1, E3 is a cyclic normal Hall T3(M)-subgroup of E. Thus, 
q tj. T 3 (M). Therefore, we have q E T1 (M). 

Let S be a Sylow p-subgroup of G that contains A. Suppose that 
S is abelian. Since q E T1 (M) and M is a Frobenius group, we can 
apply Lemma 6.8 (e) to conclude that Q lies in Z(E) ~ F(E). This 
contradiction proves that S is nonabalian. 

By Theorem 6. 7 (b), A0 = C A ( Mu) has order p and satisfies F( M) = 
Mu x A 0 . Let K = [E, Q]. Then, K ~ E' and E' is abelian by Corollary 
6.10 (b). It follows that K is an abelian q'-group. Therefore, because 
KQ <J E, the Frattini argument yields E = KNE(Q). Since [Q, NE(Q)] 
is a q'-subgroup of Q, we have NE(Q) = CE(Q) and E = KCE(Q). This 
implies K = [E, Q] = [K, Q]. Now, Proposition 4.11 (d) with q and Q 
in place of p and P yields that [K, Q] = K is a cyclic normal subgroup 
of M that centralizes Mui It follows that K ~ F(M) n E = A 0 . We 
have K =I= 1 because Q% Z(E). Therefore, we have K = Ao. 

Take HE M(Nc(A)). Since A= [A, Q] x CA(Q) and [A, Q] = Ao, 
we have CA(Q) E c1 (A). Lemma 6.11 yields that p E u0 (H) \(3(H) and 
q E T1 (H) U T2 (H). Recall that p E T2 (M) and pEw. 

Suppose q E T2 (H). Since CA(Q) =I= 1 and A ~ Hu0 , Corollary 
6.10 (e) for Hand Q in place of M and (x) yields M(Cc(Q)) = {H}. 
This is the case (1 ). 

If q E T1(H), CA(Q) =/= 1 and A ~ Hu0 imply q E K(H). Since 
q E uo(H), we have uo(H) =/= (3(H). Proposition 8.2 (g) for H yields 
that H E M:J> 1 • Thus, we have the case (2). Q.E.D. 

Corollary 8.12. Suppose M E M:P 2 • Let K, M*, and K* be as 
in Theorem 8. 7 and U as in Proposition 8.2 (a). Suppose r E 1r(U) and 
R E Syfr(U). 

(a) If M is not a w-group, there is no HE M(Nc(R)) and H =I= M. 
(b) If M is a w-group, M(Nc(R)) is not empty. For any H E 

M(Nc(R)), H is a w-group in M:r such that U ~ Hu, M n 
H = UK, NH(U) % M, K ~ F(H n M*), and H n M* is a 
complement of Hu in H. 

Proof Suppose that N E M:P 2 • Then, U =I= 1 and there exists 
r E 1r(U). Let H E M(Nc(R)) and H =I= M. We will prove that H is 
not conjugate to M or M*. 

Suppose that H = M 9 for some g E G. Then, R E Syfr(H). Since 
Nc(R) ~ H, we have r E u(H). Since Cc(R) ~ Nc(R) ~ H, Theorem 
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4.1 (e) with Rand H in place of X and M yields H = M9 = M. Thus, 
His not conjugate toM in G. 

Suppose H = (M*)9 for some g E G. Then, K <:;;; (M*)9 = H. 
Proposition 8.2 (d) with M and K* replaced by M* and K (cf. The­
orem 8.7 (b) and (c)) yields gEM*. Thus, H = (M*)9 = M*. The 
nonabelian group KU is contained in M n H. However, H = M* so 
M n H = M n M* that is cyclic by Theorem 8.7 (d). Hence, His not 
conjugate to M* either. 

To prove (a), suppose that there is a subgroup H -=J M such that 

HE M(Nc(R)). 

Then, H is not conjugate to M or M*. By Theorem 8. 7 (g), we have 
H E M:r. By assumption, M is not a w-group. Hence, by Lemma G, 
U is a w' -group. It follows that H is not a w-group. Lemma G yields 
that H is a Frobenius group with Frobenius kernel that is a w-group. 
In particular, H is w-closed. However, UK <:;;; H and the subgroup UK 
is not w-closed. This contradiction proves (a). 

To prove (b), take HE M(Na(R)). Since M is a w-group, we have 
r tJ_ u(M) so Na(R) cJ;. M. It follows that H # M. The first part of the 
proof shows that H is not conjugate to M or M*. By Theorem 8. 7 (g), 
we have H E M:r. 

Since M E Mp 2 , we have U # 1. Proposition 8.2 (g) implies that 
K has prime order, say q. Note that q E w because M is a w-group. 
We will prove that H is a w-group. If H is not a w-group, Lemma G 
implies that H is a Frobenius group and the Frobenius kernel of H is 
a Hall w-subgroup. Since UK is a w-subgroup of H, UK is contained 
in the Frobenius kernel of H. Since UK is not nilpotent, we have a 
contradiction. Thus, H is a w-group. 

Since H is not conjugate to M*, Theorem 7.9 implies that u(M*) 
is disjoint from u(H). By Theorem 8.7 (c), we have q = IKI E u(M*). 
Hence, q tJ_ u(H). It follows that K lies in some complement D of H,. 
in H. We will prove that K <:;;; F(D). 

Suppose K cJ;. F(D). By Lemma 8.11 with (H, D, K) in place of 
(M,E,Q), there is a subgroup L E Jv( such that either q E T2(L) and 
M(Ca(K)) = {L}, or q E "'(£)and L E Mp 1 • If L E Mp 1 , then L 
must be conjugate to M or M* by Theorem 8.7 (g). Note that L is 
not conjugate toM* because q E u(M*). Hence, Lis conjugate toM. 
This contradicts the assumption that M E Mp 2 • Therefore, we have 
M(Cc(K)) = {L}. However, Theorem 8.7 (a) yields C0 (K) <:;;; M*. 
This is a contradiction as M* # L. Thus, we have K <:;;; F(D). 

It follows that K is subnormal in D. We claim that this implies 
D <:;;; M*. We will prove that if K <:;;; L <:;;; M*, then N 0 (L) <:;;; M*. If 
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g E Nc(L), then K ~ L = £9 ~ (M*)9. Then, Proposition 8.2 (d) with 
( M, K*) replaced by ( M*, K) yields g E M*. By obvious induction, if 
K is subnormal in D, then D ~ M*. 

The subgroup U is a q'-group satisfying U = [U, K]. Since 

we get 

We will prove next M n H =UK. Clearly, UK~ M n H. Since 
UK is a complement of M 17 in M, we have M n H = XUK where 
X= M 17 n H <l M n H. Then, since U ~ H 17 , 

[X, U] ~ MIJ n HIJ = 1 

because M is not conjugate to H (by Theorem 7.9). On the other hand, 
Lemma 8.1 with M and p E n(U) yields that CM" (U) = 1. Thus, X = 1 
and we have M n H =UK. 

By Lemma 8.1 with Hand q in place of M and p yields that H 17 is 
nilpotent. Since MnH =UK and U ~ H 17 , we have MnH17 = U. Thus, 
if U is a proper subgroup of H17 , then NH(U) cJ;. M by a fundamental 
property of nilpotent groups. On the other hand, if U = H 17 , NH(U) = 
Hand certainly NH(U) cJ;. M. 

It remains to show that D = H n M*. We have seen that D ~ 
H n M*. Suppose that H n M* f= D. Then, H 17 n M* f= 1. Since 
K ~ (M*) 17 , 

[HIJ n M*, K] ~ HIJ n (M*)I7 = 1. 

It follows from the definition of the set JV(:J" that H E JV(:J" implies q E 
T 2 (H). Then, Theorem 6.5 (e) for H yields H 17 n M* = 1 contradicting 
the earlier inequality. This proves D = H n M*. Q.E.D. 

Lemma 8.13. Assume that xis a w-element such that jM17 (x)l > 
1. Let N = N(x) be as in Theorem 8.4 and ME M 17 (x). 

(a) If a(N) n n(M) f= 0, then M E JV(:J" and T 2 (M) = 0. In this 
case, M is a Frobenius group with Frobenius kernel M 170 • 

(b) If y E (MI70 )~ and Cc(y) cJ;. M, then jM17 (y)j > 1 and N(y) is 
defined. If N(y) 9 = N for some g E G, then N(y)m = N for 
some mE M. 

Proof. (a) By Theorem 8.4 (f), N is a w-group in M:7 U Mp 2 • 

Take q E a(N) n n(M), Q E c~(M), and HE M(Nc(Q)). Since a(M) 
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is disjoint from a(N), q ~ a(M) so Q lies in some complement E of Mu 
in M. By Theorem 8.4 (d), 

q E a(N) n 1r(M) ~ (3(N) ~ (3(G). 

Therefore, N contains a Sylow q-subgroup of G. By Sylow's Theorem, 
Q ~ Ng for some g E G. Corollary 6.14 with N9, q, and Q in place 
of M, p, and X yields M(Ca(Q)) = {N9}. Note that q E (3(N9). It 
follows that H = N9. By Lemma 6.1 (g) and Theorem 8.4 (c), 

1r((x)) ~ T2(N) ~ ao(M) \(3(M). 

In particular, a0 (M) =/:- (3(M). Hence, Proposition 8.2 (g) yields M ~ 
J\1p 2 • Suppose that ME J\1p 1 • Then, 1r(M) = a(M) U ~>,(M). Since 
q ~ a(M), we have q E ~>,(M). There is a subgroup M* E M with 
properties stated in Theorem 8.7. We may take a Hall ~>,(M)-subgroup 
of M that contains Q. Define Q* = CM.,.(Q). Then, Q* ~ Mu0 and by 
Proposition 8.2 (b1) and Theorem 8.7 (b), Q* is a Hall a 0 (M)-subgroup 
and a Hall K,(M*)-subgroup of M*. It follows that Muon M* = Q*and 
a0 (M) n 1r(M*) = ~>,(M*). On the other hand, Theorem 8.7 (a) yields 

M(Ca(Q)) = {M*}. 

Therefore, M* = Ng and 7r(M*) = 7r(N). Since X E Muo n N, 

1r( (x)) ~ ao(M) n 1r(N). 

By Theorem 8.4 (c), 1r((x)) ~ T2(N)% ~>,(N). Since M* = N9, we have 
~>,(N) = ~>,(M*) and a0 (M) n 1r(N) % ~>,(M*). This contradiction proves 
that M ~ M:r. Thus, ME M:r. 

Suppose that T 2 (M) is not empty. Take any p E T 2 (M). By Lemma 
6.1 (g), p ~ (3(G). Theorem 8.4 yields 

1r(M) n a(N) ~ (3(N) and T2(N) ~ ao(M). 

Therefore, p ~ a(N) U T2(N). It follows that rp(N) :::; 1. The rest of 
proof is as in [BG]. Q.E.D. 

§9. The Subgroup MF 

Let ME M. We will choose a Hall ~>,(M)-subgroup Kanda comple­
ment U of KMu0 in M that is K-invariant. If ME M:r, the subgroup 
U is defined in Proposition 8.2 (a). If ME M:r, k = 1 and U can be any 
complement of Mu0 in M. We will choose one and fix it throughout the 
discussion. In addition, MF denotes the largest normal nilpotent Hall 
subgroup of M. The notation is fixed in the rest of this paper. The 
subgroup UK is a complement of Mu0 in M. 
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Lemma 9.1. The following conditions hold. 

(a) UMao <J M = KUMa0 , K is cyclic, Mao~ M', and M'IMao 
is abelian. 

(b) If K :/= 1, then M' = UMa0 and U is abelian. 
(c) If X is a nonidentity subgroup of U such that CMao (X) :/= 1, 

then 
M(Cc(X)) = {M} 

and X is a cyclic T2 (M)-subgroup. 
(d) The group (Cu(x) I x E (Ma0 )rt) is abelian. 
(e) If U :/= 1, then U contains a subgroup Uo of the same exponent as 

U such that U0 Ma0 is a Frobenius group with Probenius kernel 

Mao· 

Proof. Since U is K-invariant, UMa0 <J M. If K :/= 1, Theorem 
8.7 (d) implies that K is cyclic. By Theorem 4.2 (c), 

Part (d) of the same theorem implies that M' I Mao is nilpotent. By the 
definition of the sets Ti(M), Theorem 6.5 (b), and Lemma F, the group 
M' I Mao has abelian Sylow subgroups. Therefore, M' I Mao is abelian. 
This proves (a). 

If K :/= 1, we have U = [U,K] ~ M'. Then, M' = UMa0 and 
U S:' M' I Ma0 • Hence, U is abelian and we have (b). 

To prove (c), take nonidentity elements x' and x such that 

Since x' E urt, 1r( (x')) rj;_ K(M). By Corollary 8.3, we have 1r( (x')) ~ 
T2 (M) and M(C0 (x')) = {M}. It follows that X is an abelian T2 (M)­
subgroup. If rp(X) > 1 for some prime p, take A E e~(X). Theorem 
6.5 (d) yields CMa(A) = 1. Then, 

contrary to the hypothesis. Therefore, rp(X) :::::; 1 for all primes and 
X is cyclic. Taking the element x' to be a generator of X, we have 
M(Cc(X)) = {M}. 

If K :/= 1, U is abelian by (b). In this case, (d) is trivial. Suppose 
that K = 1. In this case, U is a complement of Mao· Let V = U n Ma. 
Then, Vis a complement of Mao in Ma, and Vis a Hall a-(M)-subgroup 
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of U such that V <J U. There is a complement E of V in U. It follows 
that E is a complement of Mu in M. 

If ao(M) = a(M), we have U = E and Theorem 6.12 yields (d) and 
(e). If ao(M) -1- a(M), V is a nontrivial w'-group that acts regularly 
on Muo· By Lemma H, T 2 (M) = 0. Since K = 1, the group E acts 
regularly on Mu0 • It follows that U = EV acts regularly on Mu0 • Thus, 
U = U0 satisfies (e), while the subgroup defined in (d) is 1. 

It remains to prove (e) in the case K -1- 1. If M is not a w-group, U 
is a w'-group by Lemma G. It follows that U0 = U satisfies (e). Suppose 
that M is a w-group. Then, Mu0 = Mu and r;,(M) = T1(M) by Theorem 
8.7 (c). We may assume that U = E 2 E 3 . 

Since r;,(M) = T1(M), E 3 acts regularly on Mu. The group E 2 is 
an abelian group of rank 2. We use the same argument as that of the 
proof of Theorem 6.12. Take p E T 2 (M) and S E Sy£p(E2 ). If G has 
nonabelian Sylow p-subgroups, then Theorem 6.7 provides a subgroup 
S0 of the same exponent asS that acts regularly on Mu. Furthermore, 
we have E 2 = S (by Theorem 6.7 (a)). So, U0 = S0 E 3 satisfies the 
condition (e). We can assume that S is a Sylow p-subgroup of G for 
every p E T2 (M). We write S = Y x Z for some cyclic subgroups with 
IYI S JZJ. If IYI < JZJ, then CMa (01 (Z)) = 1 (cf. the proof of Theorem 
6.12). If IYI = JZJ, we can choose Z to satisfy the same condition. Then, 
the product U0 of all those cyclic factors and E 3 satisfies the condition 
(e). Q.E.D. 

Theorem 9.2. For every ME M, we have 

Suppose Mp -1- M 170 , and let p = JKJ, K* = CMa(K), and q = IK*J. 
Then, 

(a) ME M:P 1 and Mu = M', 
(b) p and q are primes and q E 1r(MF) n (J(M), 
(c) M has a normal Sylow q-subgroup Q, so K* ~ Q, 
(d) a complement D of Q in M' is nilpotent, 
(e) Qo = CQ(D) <J M, 
(f) Q = QjQ0 is a minimal normal subgroup of M/Qo and is ele­

mentary abelian of order qP, and 
(g) M" = (Mu)' ~ F(M) = QCM(Q) = CM(Q) = CMa(K*) ~ 

Mu. 

Proof. This theorem has assumptions slightly different from those 
of Theorem 15.2 [BG]. However, the proof is almost identical. Since M 
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is a w-local subgroup, O,(M) f 1. Therefore, the Fitting subgroup 
F(M) of M is a w-group. It follows that Mp ~ Ma-o· Since Ma-0 =/= 1 
by Theorem 4.2 (e), we have Mp f 1 if Mp =Ma-o· Therefore, we may 
assume Mp f Ma-o· Lemma 8.1 yields that ME M:ru i.e. K =/= 1 and 
M = KMa-. Then, M/Ma- ~ K. Since K is cyclic by Theorem 8.7 (d), 
we have M' ~Mo-. Therefore, Ma- = M' and (a) is proved. 

We can continue the proof along the line adapted from the proof of 
Theorem 15.2 [BG]. Q.E.D. 

Corollary 9.3. Suppose H is a Hall subgroup of Ma- such that 
1r(H) n w =/= 0. Then, 

(a) CM(H) = CM,0 (H)X with X a cyclic Tz(M)-subgroup, and 
(b) if H is a w-group, any two elements of H conjugate in G are 

already conjugate in NM(H). 

Proof. Since H contains a nontdentity w-subgroup, CM(H) is a w­
group by Lemma A. If X =I= 1 is a K(M)-element, eM, (x) is conjugate to 
K* and does not contain any Hall subgroup of Ma- by Proposition 8.2 (d). 
It follows that CM(H) = CM,0 (H)X where X is a (O"o(M) U K(M))'­
subgroup. By Lemma 9.1, X is conjugate to a subgroup of U and, since 
CM,0 (X) =/= 1, X is a cyclic Tz(M)-subgroup. 

Suppose that x,y E H, g E G, and x = y9. Then, x EM n M 9 

and M = Mgc for some element c E Cc(x) by Theorem 8.4. Then 
m = gc E M by Lemma E (2) and x = y=. This proves (b) in the case 
H<JM. 

Suppose the His not normal in M. Then Mp =/= Ma-0 and we can 
use Theorem 9.2 as in the proof of Corollary 15.3 [BG] to finish the 
proof. Q.E.D. 

Corollary 9.4. Suppose that H is a nonidentity nilpotent Hall 
subgroup of G. If H is a w-group, then there is a subgroup M E JV( such 
that H ~ Ma- 0 • 

Proof. Let S be a nonidentity Sylow subgroup of H and let M E 
M(Nc(S)). Then, we haveS~ Ma-o· By Corollary 9.3 (a), CM(S) = 
CM,0 X where X is a cyclic T2 (M)-subgroup of M. If p E T2 (M), Sylow 
p-subgroups of M are not cyclic. Hence, X contains no Sylow subgroup 
of G. A nilpotent Hall subgroup H is written H = S x L where L is 
a product of Sylow subgroups of G. Since H ~ Nc(S) ~ M, we have 
L ~ CM(S). It follows that L ~ CM,0 (S) because X is a O"o(M)'­
subgroup that contains no Sylow subgroup of G. This proves that H = 
S X L ~ Ma-0 • Q.E.D. 
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Corollary 9.5. Let H = MF andY= Oao(M)'(F(M)). Then, 

(a) Y is a cyclic T2 (M)-subgroup of F(M), 
(b) M" ~ F(M) = CM(H)H = F(Ma0 ) x Y = F(Ma) x Y, 
(c) H ~ M' and M' I H is nilpotent, and 
(d) if K =I- 1, then F(M) ~ M'. 

Proof (a) We have H ~ F(M) ~ HCM(H). By Corollary 9.3 (a), 
a Hall o-0 (M)'-subgroup of CM(H) is a cyclic T2(M)-subgroup. This 
implies (a). 

(b) Clearly, we have F(M) = F(Ma0 ) X Y = F(Ma) x Y. Suppose 
H =Mao· Then, M" ~Mao by Lemma 9.1 (a). Thus, 

M" ~ F(M) = H x Y ~ HCM(H) = Mao x X <l M 

where X is a cyclic T2(M)-group by Corollary 9.3 (a). Since H = Ma0 , 

Mao xX is a nilpotent normal subgroup of M. Hence, Mao xX ~ F(M). 
Thus, HCM(H) = F(M) in this case. Suppose H =1- Mao· By Theorem 
9.2, M has a normal Sylow q-subgroup Q such that Q ~Hand 

Theorem 9.2 (g) yields the first containment and the last equality. 
(c) If H = Ma0 , Theorem 4.2 (c) and (d) yield the conclusions. If 

H =1- Mao, Theorem 9.2 yields that M' = Ma contains H and M' I H is 
nilpotent (Part (d)). 

(d) If K =1- 1, M' is a complement of Kin M by Theorem 8.7 (h). 
Thus, MIM' is a K(M)-group. By (c), we have H ~ Ma ~ M'. By 
Corollary 9.3, CM(H) ~ MaX where X is a T2(M)-group. It follows 
that F(M) = HCM(H) ~ M'. Q.E.D. 

Corollary 9.6. Suppose M E Mp. Then, K* = CM,. (K) is a 
nonidentity cyclic subgroup of MF and M". Furthermore, MF is not 
cyclic. 

Proof. By definition, K is a w-group. Therefore, K* ~ Ma0 • If 
MF = Ma0 , certainly K* ~ MF. If MF =1- Ma0 , Theorem 9.2 yields 
that K* ~ Q for some Q ~ SyCq(M). Since Q <l M, we have Q ~ MF. 
Thus, K* ~ MF in all cases. 

Since ME Mp, we have K =1- 1. Theorem 8.7 (h) yields that M' is 
a complement of K. Thus, M' is a normal HallK(M)'-subgroup of M. 
By Lemma 6.3 [BG], K* ~ CM'(K) ~ M". 

By Proposition 8.2 (c) and Theorem 8. 7 (d), K* =1- 1 and K* is 
cyclic. Finally, we will prove that MF is not cyclic. If MF is cyclic, 
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Theorem 9.2 yields that Mao = Mp because Q in Theorem 9.2 is non­
cyclic (by (f)). Then, F(M) = Mp x Y is cyclic by Corollary 9.5 (a) 
and (b). This implies M" = 1 which contradicts K* ~ M". Hence, Mp 
is not cyclic. Q.E.D. 

Theorem 9. 7. Suppose that F(M) is not a TI-subset of G. Let 
H = Mp and define 

X= F(M) n F(M)Y =f. 1 for some g E G \ M. 

Let E, E 1, E 2 and E 3 be as in Section 6. Then, 

(a) M E M:r U Mp 1 and H = Ma0 i 
(b) X~ H, X is cyclic, and His a f3(M)'-group; 
(c) M' ~ F(M) = Ma0 timesY where Y is as in Corollary 9.5; 
(d) E3 = 1, Ez <IE= E 1E 2 , and E1 is cyclic; and 
(e) one of the following conditions holds: 

(1) ME M:r and H is abelian of rank 2, 
(2) lXI = p is a prime in ao(M) \ f3(M), Ov(H) is not 

abelian, Ov'(H) is cyclic, and the exponent of M/H 
divides q- 1 for every q E 1r(H), or 

(3) lXI = p is a prime in a0 (M) \ f3(M), Ov'(H) is cyclic, 
Ov(H) has order p 3 and exponent p and is not abelian, 
ME Mp 11 and IM/ HI divides p + 1. 

Proof. We remark first that F(M) is a w-group so any prime in 
1r(X) lies in w. Take p E 1r(X) and X 1 E £1(X). We will show that 
Ov(M) is not cyclic. If Ov(M) were cyclic, X 1 would be the unique 
subgroup of order p in F(M) as well as in F(M)Y. This would imply 
M = N0 (X1) = MY so g E M. Thus, Ov(M) is not cyclic. Corollary 
9.5 (a) yields that p E a0 (M). Since p is arbitrary in 1r(X), we have 
1r(X) ~ a0 (M). Hence, X~ Mao n MY. By Lemma 6.17, X is a cyclic 
f3(M)'-subgroup. In particular, a0 (M) =f. f3(M) and by Proposition 
8.2 (g), we have M rf_ Mp2 • Thus, the first part of (a) is proved. 

Since X1 ~ MnMY, Theorem 4.1 yields Ca(Xl) 1:. M. This implies 
that CH(X1 ) rf_ 11 where H = Mp. Since (H,X1) ~ F(M), Ov'(H) 
centralizes X 1. Theorem 6.13 and the Uniqueness Theorem yield that 
every Sylow subgroup of Ov'(H), and hence Ov'(H) itself, is abelian of 
rank ::::; 2. Let P = Ov(H). Then, X 1 ~ P and Cp(X1 ) is abelian 
of rank ::::; 2. Therefore, H is a f3(M)'-group. If H =f. Ma0 , Theorem 
9.2 (b) and (c) yield that a Sylow q-subgroup Q is normal in M and 
q E 1r(MF) n{3(M). This contradiction proves that H =Mao· Thus, (a) 
holds. 
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If M is a w-group, certainly Ma = Ma0 • If M is not a w-group, 
M is not a group of type (2) in Lemma G because a group of type (2) 
satisfies O"o(M) = (3(M). Similarly, if M is a group of type (1) in Lemma 
G, we have M' = Ma = Mp. Thus, we have Ma = Mao even if M is 
not s w-group. Since Ma0 = H, Ma is a nilpotent (3(M)'-subgroup of 
M. By Lemma 6.19, the groupE' centralizes Ma. Since E' is nilpotent 
by Lemma 6.1 (a), we have 

where Y is a cyclic T2 (M)-subgroup (by Corollary 9.5). Hence, E' is a 
T2 (M)-group. Since E 3 ~ E', we have E 3 = 1. This proves (c) and (d). 

The last part (e) can be proved by adapting the proof of the corre-
sponding part of Theorem 15.7 [BG]. Q.E.D. 

Theorem 9.8. Suppose that we have the situation of Corollary 
8.12 and assume that M is a w-group. Thus, M E J\!(p 2 , K, M*, and K* 
are as in Theorem 8. 7 and U is as in Proposition 8.2 (a). Suppose that 
R E Sy£-r(U) for some r E 1r(U) and H E M(Nc(R)). Furthermore, 
suppose that T2(H) is not empty. Then, for IKI = q, q is the unique 
prime in T2 ( M) and T2 ( M) is empty. 

Proof. By Corollary 8.12, H is a w-group such that 

U ~ Ha,MnH = UK,K ~ F(HnM*), 

and H n M* is a complement of Ha in H. By Theorem 8.2 (g), q = IKI 
is a prime. Let D = H n M*. Then, D is a complement of Ha in H by 
Corollary 8.12 (b). 

By assumption, T2 (H) is not empty so we can choose A E c2 (D). 
Corollary 6.6 (a) yields A~ F(D). Since K ~ F(D), [A, K] = 1 if A is 
not a q-group. If A is a q-group, Theorem 6.5 (b) implies that K ~ A 
so [A, K] = 1 trivially. If A ~ M;, then 1r(A) ~ T2(M*). Theorem 
6.5 (d) forM* yields CM,; (A) = 1. This contradicts [A, K] = 1 because 
K ~ M;. Hence, we have A~ M;. 

We claim that F(M*) contains A as well as a Sylow q-subgroup Q 
of M*. If (M*)p = (M*)a0 , this is certainly true because (M*)a 0 ~ 
F(M*). On the other hand, if (M*)F =f (M*)a 0 , F(M*) contains a 
Sylow q-subgroup Q of M* by Theorem 9.2 (c). Also, the part (g) of 

the same theorem quoted above yields that F(M*) = CM,; (K) which 
contains A. This proves the claim. 

We prove next that q tj. (3(G). If A is a q-group, Lemma 6.1 (g) 
implies q tj. (3( G). If A is not a q-group, then we have [Q, A] = 1 because 
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both Q and A are subgroups of a nilpotent group F(M*). Since A tJ. 11, 
we have Q tJ. 11 by Corollary 3.2 (a). This proves q tJ. {3(G). 

Theorem 9.2 (b) yields (M*)F = (M*)ao· Since <To(M*) -=f. {3(M*), 
M* E Mp 1 by Proposition 8.2 (g). Therefore, we have M* = (M*)a0 K*. 
By Lemma 6.17, 

Since (M*)a-0 = (M*)F is nilpotent, K ~ Q'. Hence, Q is nonabelian 
and, by Theorem 6.13, Q E 11. Since A tJ. 11, Lemma 3.2 yields that 
[Q, A] -=f. 1. Therefore, A is a q-group. Since Q is nonabelian, we have 
Tz(H) = {q} by Theorem 6.7 (a). 

The remaining statements are proved as in [BG]. Q.E.D. 

Corollary 9.9. Let x E M$0 and N E M(Cc(x)). Assume that 

C0 (x)% M and N tJ. M:>. Taker E n((x)) and X E c;((x)). Then, 
both M and N are w-groups. Furthermore, for a suitable choice of a 
complement E of Ma in M, 

(a) ME M:> and N E Mp 2 , 

(b) E is cyclic and M is a Jilrobenius group with Frobenius kernel 
Ma, and 

(c) r E Tz(N), NE(X) ~En Nand IE n Nl = IN/N'I· 

Proof. Take y E Cc(x) \ M. Then, M, MY E Ma(x) and M -=f. 
MY. Hence, we are in the situation of Theorem 8.4 with IMa(x)l > 1. 
Therefore, 

CN,.(x) -j.1,M(Cc(x)) = {N},r E Tz(N) na-o(M), 

N is a w-group in M:> U Mp 2 , and M n N is a complement of Na in N. 
By assumption, we haveN E Mp 2 • 

Let K 1 be a Hall K(N)-subgroup of N. Since MnN is a complement 
of Na inN, we can take K 1 ~ M n N. By Proposition 8.2 (g) and (a), 
IKll is a prime and there is an abelian complement ul of Kl in M n N 
for which Cu1 (KI) = 1 and U1 <J M n N. 

Let R E Sy£-r(M n N). Then, R ~ U1 andRE SyRr(N). Since 

r E rz(N) ~ a-0 (M), 

R is not cyclic and, by Corollary 6.10 (d), Nc(R) ~ M. Corollary 
8.12 (b) with N, K 1 , U1 , and Min place of M, K, U, and H yields that 
M is a w-group in M:> with M n N = U1K 1 . This proves (a). 

By Lemma 8.1, Mao is nilpotent. Since R ~ U1 ~ M andrE a-(M), 
we haveR~ Ma. The group RK1 is not nilpotent. Therefore, K 1 % Ma. 



On the Prime Graph of a Finite Simple Group 113 

Since IK1 1 is a prime, we have K 1 n M<7 = 1. We choose E to satisfy 
K 1 ~ E. Theorem 9.8 with N and M in place of M and H implies 
that if r 2 (M) is not empty, then r 2 (N) is empty. However, r 2 (N) is not 
empty, so r 2 (M) must be empty, i.e. E2 = 1 for M. The element x is 
contained in M<7 and Cc(x) cJ; M. Since M<7 is nilpotent, F(M) is not 
a TI-subset of G. By Theorem 9.7 (d), we have E 3 = 1. It follows that 
E = E 1 and it is cyclic. Since M E M:r, t£(M) is empty. This implies 
that E acts regularly on M(7 = M<7o. Thus, M is a Frobenius group with 
Frobenius kernel M<7. 

We have shown that r E r 2 (N). Since Cc(x) ~ Nc(X), we have 
Nc(X) ~ N. Therefore, NE(X) ~En N. The choice of E implies 

Since Cu1 (KI) = 1, we have K 1 = CEnN(KI). This implies K 1 = EnN 
because E is cyclic. It follows from Theorem 8. 7 (h) that IE n Nl = 
IKll = IN/N'I· Q.E.D. 

§10. The Main Results 

Theorem A. Let M E J\1. Then, the following conditions are 
satisfied by M. 

(1) M has a unique normal Hall O"o(M)-subgroup M(70 which is also 
a Hall O"o(M)-subgroup of G. 

(2) M has a cyclic Hall t£(M)-subgroup K. 
(3) KM(70 has a K-invariant complement U in M, i.e. 

UM<7o <J M = KUM<7o and U <J UK. 

(4) Cu(k) = 1 for every k E K~. 
(5) K* = CM;, 0 (K) -=/:- 1 and if K-=/:- 1, then CM(k) = K x K* for 

every k E K~. 
(6) 1 -=J- MF ~ Mr70 ~ M' C M and M' /MF is nilpotent. 
(7) M" ~ F(M) = CM(MF)MF and if K -=/:-1, then F(M) ~ M'. 
(8) If MF -=J- M(70 , then U = 1, F(M) is a TI-subgroup in G, and 

K has prime order. 

Proof. The group M<7o is defined as 0<7o(M)(M). Hence, M<7o <J M. 

Theorem 4.2 (f) yields (1); a normal Hall subgroup is unique. If t£(M) 
is empty, K = 1 and the conditions (2), (3), (4) and (5) are trivially 
satisfied. If t£(M) is not empty, M E J\1p. Then, Proposition 8.2 (a) 
implies the conditions (3) and (4), and Proposition 8.2 (c) yields K* -=J- 1; 
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while Theorem 8. 7 (d) yields (2) and the second part of the condition 
(5). 

Theorem 9.2 proves the first part of (6). If Mp = M 170 , Theorem 
4.2 (c) and (d) imply the second part of (6). If Mp =f. M 170 , Theorem 
9.2 (d) yields the result. The condition (7) has been proved in Corol­
lary 9.5 (b) and (d). Theorem 9.2 (a) and (b) yield the first and third 
conditions of (8), respectively, while Theorem 9.7 (a) implies the second 
condition. Q.E.D. 

To state further results, we need the following notation: 

Note that this definition is slightly different from that in [BG]. We 

also define A(M) and Ao(M) as in [BG]; however, we use the set M 17 

defined above in the definition of the sets A(M) and A 0 (M). Thus, the 
sets A(M) and A 0 (M) are different from the sets in [BG] even though 

they are denoted by the same notation. In particular, M 17 consists of 
w-elements. 

If ME J\1 is not a w-group, we can determine these sets from Lemma 
G. The result is contained in the following table: 

Type K 
(1) 1 
(2) =f. 1 

U M 170 

a Z-group M(J0 

cyclic M 170 

M 17 A(M) Ao(M) 
M!Jo M!Jo M!Jo 

M!Jo U eM(Z) M!Jo M!Jo U eM(Z) 

Theorem B. Let ME J\1. The following conditions are satisfied 
byM. 

(1) Every Sylow subgroup of U is abelian of rank at most 2. 

(2) (U n M(J) is abelian. 
(3) U has a subgroup Uo that has the same exponent as U and sat­

isfies Uo n M 17 = 1. 
(4) M(Cc(X)) = {M} for every nonidentity subgroup X of U such 

that CM"o (X) =f. 1. 
(5) The set A(M) \ M 170 is either empty or a TI-subset of G with 

normalizer M. 

Proof. It follows from the definition of the subgroup U (at the 
beginning of Section 9) that n(U) = n(M) \ { ,.,;(M), a 0 (M)}. Take 
p E n(U) and S E Sy£p(U). If p E T1(M) U T3(M), then S is cyclic 
by the definition of the sets Ti(M). If p E T2 (M), Sis abelian of rank 2 
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by Theorem 6.5 (b). Finally, if p E a(M) \ a0 (M), Sis cyclic by Lemma 
F. This proves (1). 

Lemma 9.1 (d), (e) and (c) imply the conditions (2), (3) and (4), 
respectively. Suppose that the set B = A(M) \Mao is not empty. The 
table before Theorem B shows that M is a w-group. Since U is a Hall 
subgroup of Ma0 U, every element g of Ma0 U can be written uniquely 
as a product of a a 0 (M)-element x and a 7r(U)-element v such that 
g = xv = vx. We say that v is the 7r(U)-component of the element g. 
It is a power of g, and v is conjugate to an element of U in M by the 
Schur-Zassenhaus Theorem. 

Suppose that g E B. Then, g t/- Mao so the 7r(U)-component v is 
not the identity. Also, g E B implies CM"o (g) =F 1. It follows that 
CMa0 (v) =F 1. If v is conjugate to an element u of U in M, we have 
v = uY for some y E M and u =F 1. Then, Theorem B (4) yields that 
M(Ca(u)) = {M} because u =F 1 and CM"o (u) =F 1. Since v = uY with 
y E M, we have M(Ca(v)) = {M}. Thus, g E B implies M(Ca(v)) = 
{M} for the 7r(U)-component of g. Therefore, if g E B n Bh for some 
hE G, then 

{M} = M(Ca(v)) = {Mh}. 

This implies M = Mh and hE M. This proves (5). Q.E.D. 

Theorem C. Let M E M:r so K =F 1. The following conditions 
hold. 

(1) U is abelian. If M is a w-group, Na(U) cJ;. M. If a(M) =F 
ao(M), then Na(U) ~ M. 

(2) K* is cyclic, 1 =F K* C Mp, but Mp is not cyclic. 
(3) M' = UMao and K* ~ M". 
(4) There exists a unique subgroup M* EM:r such that K =CM;(K*) 

and K* is a Hall K,(M*)-subgroup of M*. 
(5) M(Ca(X)) = {M} and M(Ca(Y)) = {M*} for all subgroups 

X ~ K* and Y ~ K of prime order. 
(6) MnM* = Z = K x K* and Z is cyclic. 
(7) M or M* is of type P2 and every subgroup H E M:r is conjugate 

to M or M* in G. 
(8) Z is a TI-subset ofG with Na(Z) = Z. 

(9) eM(Z) is equal to A 0 (M) \ A(M) and is a TI-subset of G with 
normalizer M. 

(10) If U =F 1, then K has prime order and F(M) is a TI-subset of 
G that contains Ma0 • 

(11) If U = 1, then K* has prime order. 
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Proof. Proposition 8.2 (a) shows that U is abelian. The second 
statement of (1) follows from Corollary 8.12 (b), while the last one is 
obvious from the definitions. 

Proposition 8.2 (c) implies the second condition of (2) and the first 
one in (5). Corollary 9.6 proves the remaining conditions of (2) and the 
last condition of (3). The most of the other conditions (3)-(9) follow 
from Theorem 8.7. Thus, the first condition of (3) follows from the part 
(h), ( 4) from the parts (b) and (c), the uniqueness of M* and the second 
part of (5) from (a), the condition (6) from (d), the condition (7) from 
(f) and (g), the conditions (8) and the second part of (9) from (e) and 
the first part of (9) follows from the definitions. 

Consider the conditions (10). The first one follows from Proposition 
8.2 (g). Since U =f. 1, we have M E JVCp 2 • Theorem 9.7 (a) now yields 
that F(M) is a TI-subset of G. Then, M(j0 = MF so M(j0 <;;;; F(M) by 
Theorem 9.2 (a). 

The assumption U = 1 of (11) implies that ME JVCp 1 • By Theorem 
8.7 (f), M* E JVCp 2 and K* has prime order. Q.E.D. 

Theorem D. Let ME M. The following conditions are satisfied 
byM. 

(1) Whenever two elements of M(j0 are conjugate in G, they are 
conjugate in M. 

(2) For every g E G \ M, the group M(j n MY = M(j n (M(j )Y is 
cyclic. 

(3) For every x E (M(j0 )~, CM(x) is a Hall subgroup of Ca(x) and 
has a normal complement R(x) in C0 (x) that acts sharply tran­
sitively by conjugation on the set {MY I g E G, x E MY}. 

(4) Ifx E (M(j0 )~ andCa(x) i M, thenM(Ca(x)) = {N} for some 
w-group N = N(x) E JV( such that R(x) = CNJx), N(j0 = NF, 
x E A(N) \ N(j0 , N E M:r U Mp 2 , and M n N is a complement 
of N(j inN. If N E JVCp 2 , then M is a w-group in M:r that is a 
Probenius group with cyclic Probenius complement and Probenius 
kernel M(j = MF. Furthermore, MF is not a TI-subset in G. 

Proof. Corollary 9.3 (b) with H replaced by M(j0 yields the condi­
tion (1), while Lemma 6.17 implies (2). 

The assumptions of (3) and (4) imply that M(j(x) is not empty. 
Therefore, Theorem 8.4 yields (3) and the most parts of (4). In par­
ticular, N i JV(p 1• Then, Theorem 9.2 (a) applied to N proves that 
N(j0 = NF. We have 1r( (x)) <;;;; T2(N). Since N i Mp 11 either N = N(j0 U 
or N(j0 U is a normal complement of K where U and K are defined as 
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a Hall (a0 (N), 1\;(N))'-subgroup and a Hall h;(N)-subgroup of N, re­
spectively. Recall that if K -=F 1, K is a Hall 7 1 (H)-subgroup of N by 
Theorem 8. 7 (c). Thus, 1r ( ( x)) ~ 7 2 ( N) implies that x E N ao U. This 
proves that x E A(N) \ Na0 • 

If N E JV(p 2 , Corollary 9.9 yields that M E M:r and M is a Frobenius 
group with Frobenius kernel Mao. We have Ma0 = Mp by Theorem 
9.2 (a). Since Ca(x) cj;_ M and x E Mao = Mp. Mp is not a TI-subset 
ofG. Q.E.D. 

Theorem E. For each x E (Ma0 )~, let R(x) be as in Theorem D. 
Define 

M = {xR(x) I X E (Mao)~}. 

Then, 

(1) lea(M)I = (IMaoi-1)IG: MI. 
Let M1, ... , Mn be a set of subgroups in JV( such that every subgroup of 
JV( is conjugate in G to exactly one of the Mi. Then, 

(2) tv is the disjoint union of the sets ao(Mi)· 

(3) Let G be the union of the sets ea(Mi). Then, G is the disjoint 

union of the sets ea(Mi)· 

If JV[p is empty, G is the set of the nonidentity tv-elements of G. If JV[p 

is not empty and M E JV(p, then the set of nonidentity tv-elements of G 
is the disjoint union of G and ea(Z) where z is as defined in Theorem 
8.7. 

Proof. If p E tv, take P E Syl!p(G) and ME M(Na(P)). We have 
p E a0 (M). If H E JV( is not conjugate to M, a(H) is disjoint from 
a(M) by Theorem 7.9. Thus, tv is the disjoint union of the sets ao(Mi)· 

The remaining assertions of this theorem follow from Lemma 8.5 
and Corollary 8.9. Q.E.D. 

We define the type of a subgroup as in [BG] pp.128-129 with the 
following three changes. 

We change (IIiv), (IIv) and (IIIiii) to read 

(IIiv) V -=F 1 and, if Vis a tv-group, Na(V) cj;_ M. 
(IIv) Na(A) ~ M for every nonidentity subgroup A of M' such that 

CH(A) -I 1. 
(IIIiii) Vis an abelian tv-group and Na(V) ~ M. 

Proposition 10.1. Let M be an element of M. 

(a) ME M:r if and only if M is of type I. 
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(b) M E J\1p 2 if and only if M is of type II. 
(c) ME J\1p 1 and Mp =/=Mao if and only if M is of type III or IV. 
(d) ME J\1p 1 and Mp =Mao if and only if M is of type V. 
(e) M' = Ma0 U if and only if M is not of type I. 
(f) Mp = Ma0 if and only if M is of type I, II, or V. 

Proof. (a) Suppose that M E M:r. This means that K = 1 and 
U =/= 1 in the notation of this section. As in [BG], let H denote Mp. 
Since U =/= 1, Theorem A (8) yields that Mao = Mp = H. Thus, U is a 
complement of H in M. We have H =/= M because U =/= 1. By Theorem 
A (6), H =/= 1 so we have the condition (Ii). The conditions (Iii), (Iiii) 
and (Iiv) are Theorem B (2),(3) and (1), respectively. We need to prove 
(Iv). Suppose that H is not a TI-subset of G. Then, F(M) is not a 
TI -subset of G. Since M E M:r, the case ( 3) of Theorem 9. 7 (e) does 
not occur. Suppose that neither (a) nor (b) hold in (Iv). Then, we 
have the case (2) of Theorem 9.7 (e). Then, for every q E n(H), either 
q E o-o(M) \ (3(M), or M has a cyclic Sylow q-subgroup. Thus, q E n*. 
Furthermore, the exponent of M I H divides q- 1. Since Op' (H) is cyclic 
for one prime p E n(H), M satisfies the condition (Iv). Therefore, every 
subgroup in M:r is of type I. 

Conversely, suppose that M is of type I. Suppose that K,(M) =/= 0. 
Let K be a Hall fl,(M)-subgroup of M and K* = CM" (K). Then, by 
Theorem C (2), K* = CH(K) =/= 1. We will prove that CH(K) = 1 
contrary to the above inequality. 

Since K n H ~ K n Mao = 1, there is a complement E of H in M 
that contains K. Since K is a cyclic Hall subgroup of M by Theorem 
A (2), (Iiii) implies that K acts regularly on H by conjugation. Thus, 
CH(K) = 1. This contradiction proves that every subgroup of type I 
lies in M:r. 

(b) Suppose that ME J\1p, i.e. K =/= 1. By Theorem C (3), M' = 
UMa0 , so M' is a normal complement of K. Hence, M' is a Hall K,(M)'­
subgroup of M. It contains H because H ~ Mao ~ M' by Theorem 
A (6). Thus, M satisfies (T1). 

Define W1 = K, W2 = K*, and let V beaK-invariant complement 
of H in M'. If Mao = H, then choose V = U. By Theorem A (6), 
V (~ M' I H) is nilpotent. This proves the condition (T2) for M. The 
group His not cyclic by Theorem C (2). The remaining parts of (T3) 
follow from Theorem A (7). Since K* ~Mao ~ M', we have 

KK* n M' = (K n M')K* = K*. 

This, together with Theorem A (5), implies (T4); while Theorem C (8) 
yields (T5). 
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Suppose that A0 and A1 are subgroups of prime order in V such 
that 

If H = M"o' then V = U. Hence, by Theorem B (4), we have 

{M} = M(Cc(AI)) = M(Cc(A0 ))9 = {M9 }. 

This would imply g E M by Lemma E. Therefore, we have H =1- M"o. 
Theorem A (8) yields U = 1 and 

By Theorem D (1), A0 and A1 are conjugate in M. This proves that M 
satisfies (T6). 

Assume that ME MJJ 2 • Then, K =1- 1 and U =1- 1. Theorem A (8) 
yields M"o = H so V = U. We will check the conditions in (T7) for 
ME MJJ 2 • By Theorem C (10), W1 = K has prime order and F(M) is 
a TI-subset in G. Since F(M) = CM(H)H by Theorem A (7), we have 
(T7)(ii). Theorem C (1), together with Theorem B (1), yields that U is 
abelian of rank :::; 2. This is (IIiii). 

Since ME MJJ 2 , we have V = U =1- 1. Suppose that U is a w-group. 
Then, M is a w-group and Theorem C (1) yields Nc(U) cJ_ M. This 
proves (IIiv). 

To prove (IIv), let A be a nonidentity subgroup of M' such that 
CH(A) =1- 1. Since M' = HU, we have A = XY where X = An H is 
a normal Hall subgroup of A and Y is a complement of X in A. Then, 
Nc(A) ~ Nc(X). If X =1- 1, we have Nc(X) ~ M because F(M) is 
a TI-subset of G. In this case, Nc(A) ~ M. Suppose X = 1. Then 
A= Y is a a 0 (M)'-group and it is conjugate to a subgroup of U in M. 
We may assume, by replacing A by a conjugate in M if necessary, that 
A~ U. Since CH(A) =/-1, TheoremB (4) yields that M(Cc(A)) = {M}. 
Therefore, Nc(A) ~ M. This proves (IIv). Thus, a group in J\11> 2 is of 
type II. 

Assume that M E J\11> 11 i.e. K =1- 1 but U = 1. In this case, we 
have V ~ M' = M"o. Therefore, V is a w-group. Suppose that V =1- 1. 
Recall that V is defined as a complement of H in M'. Thus, in this case, 
we have H =1- M"0 • Hence, by Theorem A (8), conditions (i) and (ii) of 
(T7) hold. Since Vis a Hall subgroup, V contains a Sylow p-subgroup 
P of G. Since P ~ V ~ M"o' we have p E ao(M) and Nc(P) ~ M. By 
(T2), Vis nilpotent. Hence, 

N 0 (V) ~ Nc(P) ~ M. 
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Thus, M E M:P 1 with V =f=. 1 is of type III or IV according as Vis abelian 
or not. 

Finally, suppose that M E M:J> 1 and V = 1. In this case, we have 
H = Mu0 = M'. Suppose that His not a TI-subset of G. Then, F(M) 
is not a TI-subset of G. Theorem 9.7 (e) implies that M satisfies one of 
the three conditions. Since M E M:P 1 , the first condition does not hold. 
Hence, M is of type V. 

Suppose that M is a group of type II, III, IV, or V. Then, M' is a 
Hall subgroup of M with a cyclic complement W1 by (T1) and (T2). The 
group W1 is a cyclic Hall subgroup of M such that CH(W1) = W2 =f=. 1. 
This implies 1r(W1 ) ~ K(M). Thus, K(M) =f=. 0 and ME M:J>. The group 
M has a series of characteristic subgroups H ~ Mu0 ~ M'. The type 
of M is determined by the properties of this series. The type is V if 
and only if H = M'. The type is IV if and only if the group M' I H is 
nonabelian. 

For the remaining types, M' I H is abelian. The type is III if and 
only if M' IH is an abelian tv-group and Na(V) ~ M. Thus, the type 
of a group in M:P is uniquely defined. Therefore, the statements (b), 
(c), and (d) hold. The other parts of Proposition 10.1 are proved as in 
[BG]. Q.E.D. 

Theorem I. Let H be a nilpotent Hall subgroup of G. Suppose 
that H is a tv-group. Then, two elements of H are conjugate in G if 
and only if they are conjugate in Nc(H). 

Either every subgroup in M is of type I or all of the following con­
ditions are true. 

(a) G contains a cyclic subgroup w = wl X w2 with the prop­
erty that Na(W0 ) = W for every nonempty subset W0 of W \ 
{W1, W2}. Also, Wi =f=. 1 fori= 1, 2. 

(b) There are two subgroups S and T in M not of type I such that 

S=W1S', T=W2T', S'nW1 =T'nW2 =1 andSnT=W. 

(c) M E M is either of type I or conjugate to S or T. 
(d) S or T is of type II. 
(e) Both S and T are of type II, III, IV, or V. 
(f) The group S is not conjugate to T in G. 

Proof. Let H be a nilpotent Hall subgroup of G, and assume that 
H is a tv-group. In order to prove the first statement, we may assume 
H =f=. 1. By Corollary 9.4, there is a subgroup M E M such that H ~ 
Muo· We will show that Nc(H) ~ M. Take a prime p E 1r(H) and 
P E Syfp(H). Since His a Hall subgroup of G, we have P E Syfp(G). 
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It follows from the definition of a0 (M) that N0 (P) <;;;; M. Since H is 
nilpotent, Nc(H) <;;;; Nc(P) so Nc(H) <;;;;Mas claimed. 

Corollary 9.3 (b) implies that any two elements of H which are 
conjugate in G are already conjugate in NM(H). Since Nc(H) <;;;; M, 
we have NM(H) = Nc(H) and the first statement is proved. 

Suppose that there is a subgroup M E M not of type I. Then, M E 

M:r by Proposition 10.1 (a). Let M = S, M* = T, K = W1 , and K* = 
Wz. The group M satisfies the conditions (T1)-(T6) by Proposition 
10.1 (a). These conditions imply that W1 and W2 are nonidentity cyclic 
subgroups of relatively prime orders. Condition (T4) yields 

Hence, W is cyclic. Condition (T5) yields the first condition (a) of 
Theorem I. By Theorems C (4), C (6), and C (7), together with (T1) 
and (T2), S and T satisfy the conditions (b), (c) and (d). The last two 
conditions follow from Proposition 10.1 and Theorem 8.7. Q.E.D. 

We state here the definition of the sets A(M) and A 0 (M) for each 
M E M. Let H = MF. 

If M is of type I, then 

A(M) = A 0 (M) = U CM(x). 
xEH~ 

If M is of type II, 

A(M) = U CM'(x); 
xEH~ 

while if M is of type III, IV, or V, 

A(M) = M'. 

If M is not of type I, then 

Theorem II. For a subgroup M E M, let X = A(M) or X = 
Ao(M), and let 

D = {x E xu I Cc(x) cf= M}. 

Then, D <;;;; Ma 0 , IM(Ca(x))l = 1 for all x E D, and the following 
conditions are satisfied. 
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(Fi) Whenever elements of X are conjugate in G, they are conjugate 
inM. 

(Fii) If D is not empty, then there are ro-subgroups M1, ... , Mn of 
J\1 of type I or II such that with Hi= (Mi)F, 

(a) (jHij, jHjl) = 1 fori =f. j, 
(b) Mi = Hi(M n Mi) and M n Hi= 1, 
(c) (jHij, jCM(x)l) = 1 for all x EX~, 
(d) A 0 (Mi) \Hi is a nonempty TI-subset ofG with normalizer Mi, 

and 
(e) if x E D, then there is a conjugate y of x in D and an index i 

such that Ca(y) = CH, (y)CM(Y) ~ Mi. If y ED with Ca(y) ~ 
Mi, then y E A(Mi). 

(Fiii) If some Mi in (Fii) has type II, then M is a ro-group and is 
a Probenius group with cyclic Probenius complement, and Mp is not a 
TI-subset in G. 

Proof. For any ME J\1, A0 (M) is a disjoint union of the sets 

M,.0 ,A(M) \ M,.0 , and Ao(M) \ A(M). 

The order of an element of M,.0 involves only primes in a0 (M), the order 
of an element of A(M) \ M,.0 involves no prime of K-(M) and some prime 
in 1r(U) which is disjoint from a0 (M), and the order of an element of 
A0 (M) \ A(M) involves a prime of K-(M). Thus, an element of any of 
these sets is not conjugate to an element of one of the other two sets. 
By Theorems B (5) and C (9), the latter two sets are TI-subsets of G 
with normalizer M if not empty. Therefore, we have D ~ M,.0 • Thus, 
if x E D, then x is a ro-element with M E M,.(x). In fact, we have 
jM,.(x)j > 1 because Ca(x) cJ,. M. Theorem 8.4 yields jM(Ca(x))j = 1. 

It follows from the definition of the set X that X \ M,.0 is either 
empty or a TI-subset of G with normalizer M as remarked earlier. 
Therefore, Theorem D(1) implies (Fi). 

Assume that D is not empty. For each x E D, let N(x) be the 
element of M(Ca(x)). By Theorem D (4), N(x) is a ro-group of type 
I or II. Let A be the collection of all such subgroups N(x) and let 
{M1 , ... ,Mn} be a subset of A such that each N E A is conjugate in 
G to exactly one Mi. The last condition (Fiii) follows from Theorem 
D (4). 

We will prove (Fii). Take some Mi. Theorem D (4) yields that 
(Mi),.0 =Hi and MnMi is a complement of Hi in Mi. This proves (b). 
By Theorem E (2), the sets a(Mi) are pairwise disjoint which implies 
(a). 
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By Theorem D (4), x E A(Mi) \Hi. Thus, A(Mi)\Hi is a nonempty 
TI-subset of G with normalizer Mi (by Theorem B (5)). If A 0 (Mi) =/= 
A(M), then A0 (Mi) \A(M) is also a TI-subset (by Theorem C (9)) and 
does not fuse to A(M). This proves that A 0 (Mi) \Hi is a nonempty 
TI-subset of G with normalizer Mi. 

To prove (e), let x E D. Then, the subgroup N(x) is conjugate to 
Mi for some i, so N(x)9 = Mi for some g E G. By Lemma 8.13 (b), 
we may take gEM. Then, y = x9 ED and N(x) =Mi. By Theorem 
8.4 (b), we have 

Cc(y) = CH,(y)CM(Y) ~Mi. 

If Mi is of type I, certainly y E A(Mi)· Suppose that Mi is of type II. 
Theorem 8.4 (c) yields 1r((y)) ~ T2(Mi)· Since Mi is oftype II, Theorem 
8.7 (h) and (c) yield y E (Mi)'. Hence, y E A(Mi) in this case, too. 

It remains to prove (c). Suppose x E xH and (JHiJ, JCM(x)J) =/= 1 for 
some i. Then, 1r(M) n u0 (Mi) is not empty. By Lemma 8.13 (a), M is 
a Frobenius group with Frobenius kernel Mao. Hence, 

Ao(M) =Mao= X and CM(x) ~Mao· 

It follows that u0 (M) n u0 (Mi) is not empty. By Theorem E (2), M is 
conjugate to Mi in G. However, this is a contradiction because T2(M) = 

0 by Lemma 8.13 (a), while T2(Mi) =/= 0 by Theorem 8.4 (c). Q.E.D. 

Chapter II. Application of Character Theory 

We continue to study the structure and embedding of the subgroups 
in M and use the notation introduced in Chapter I. We will follow most 
of the terms and notation of [BG] and [FT]; however, I follow the practice 
of denoting elements of groups by the lower case letters and subsets by 
the capitals. For a group H, let 

Irr(H) 

denote the set of all irreducible characters of the group H over the field 
C of complex numbers. If X is a subset of H, 

I(X) 

denotes the set of virtual characters which vanish outside X. The subset 
of I(X) consisting of those virtual characters which take zero at the 
identity will be important and denoted by 

I0 (X). 
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Sometimes, the set of complex valued class functions which vanish out­
side X will be considered; it is denoted by C(X). The subset of those 
class functions taking value zero at the identity is denoted Co(X). 

When H is a subgroup of a group G, the induction tp0 and the 
restriction (} H of class functions are defined as usual. If the groups 
involved are clear from the context, the notation tp* for the induction 
may be used. 

Our starting point is Theorems I and II of Section 10, Chapter I. 
Theorem I asserts that every subgroup M E M is of type I, II, III, IV, 
or V. The definition of groups of each type is stated in [BG] but we 
have made three changes in Section 10, Chapter I; we will be using the 
modified definition in Chapter II. Theorem II concerns the embedding 
of the subgroups of M. We say that a subset X of M is an F-set (or sat­
isfies Feit-Thompson-Sibley-Bender-Glauberman conditions) if M and 
X satisfy the conditions (Fi), (Fii) and (Fiii) of Theorem II. Theorem 
II simply says that both X = A(M) and X= A0 (M) are F-sets of M. 
In [BG], it is suggested to call A(M) and A0 (M) tamely imbedded sub­
sets. I choose a different term because there is another tamely imbedded 
subset in [FT] and I have added two conditions to (Fii). 

The set of subgroups { H 1 , H 2 , ... , Hn} in (Fii) is called the set of 
supporting subgroups of the F -set X. Sometimes we abuse the term and 
may call subgroups {M1, ... , Mn} are also supporting subgroups. 

If X is an F -set of M, we will use the following notation throughout 
Chapter II. Let D be the set defined by 

D = {x E xn I Ca(x) ct M}. 

If D is empty, X is a TI-subset of M. If X is either A(M) or A0 (M), 
and if D is not empty, then Theorem II yields that D <:;:; Muo. Therefore, 
the set D does not depend on whether X= A(M) or X= A0 (M). The 
following notation is used. 

Do= {x EX I Ca(x) <:;:; M} 

and fori> 0, 
Di ={xED I Ca(x) <:;:; Mi} 

where Mi is one of the supporting subgroups of the set X. We have 
abused the notation already. It is convenient to define 

Ho = {1},Mo = M, and D* = Un Di. 
i=O 

As in [FT], we define for i 2:: 0 and x E Di 

Ax= A(x) = {hx I hx = xh,h E Hi}. 
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Note that each A(x) consists of nonidentity elements. We call a subset 
of the form A( x) for some x E D* an annex. For an F -set X of M, we 
call the set of elements of G which are conjugate to an element of some 
annex A(x) for x E D* the territory of X. Sometimes, we abuse the 
term and call it the territory of M. A class function (} on G is called 
well-behaved if(} takes a constant value on each annex. The well behaved 
class functions will play an important role in the following discussion. 

§ 11. Preparation from Character Theory 

First we paraphrase the proof of Lemma 4.5 [FT] because it is basic 
to our work. Afterwards, we define the basic character correspondence 
T and prove its properties. This part corresponds to Section 9 of [FT]. 

For convenience, we state Lemma 4.5 [FT]: 

Lemma. Let H be a normal subgroup of the group X and let (} be 
an irreducible character of H. Suppose X contains a normal subgroup 
X 0 such that the inertia group I(O) ~ X 0 and such that X 0 / H is abelian. 
Then (}* is a sum of irreducible characters of X which have the same 
degree and occur with the same multiplicity in (}*. This common degree 
is a multiple of IX : I(O)I. If furthermore H is a Hall subgroup of Xo, 
then (}* is a sum of II(O) : HI distinct irreducible characters of degree 
IX: I(O)IO(l). 

We need a lemma. 

Lemma. Let M be a group, H <l M, (} E Irr(H), and let I= I(O) 
be the inertia group of (} in M. If 01 = I: aiAi where ai are positive 
integers and Ai are distinct irreducible characters of the group I, then 
Af1 are distinct irreducible characters of M and 

By the reciprocity theorem, (Ai)H contains the character (} with 
exact multiplicity ai. Since H <l I, (Ai)H is a sum of the conjugates of 
(}. It follows from the definition of the inertia group that (} is the only 
conjugate of(} in I. Thus, we have 

in particular, Ai(l) = aiO(l). 
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Let ~ be an irreducible component of ;..f1. Then, 6 involves Ai. 
Hence, ~H contains aiB· Since H <l M, ~H contains all the IM : II 
conjugates of B with the same multiplicity. It follows that 

Since ~ is an irreducible component of )..f1, we have ;..f1 = ~' i.e. ;..f1 is 
irreducible. The preceding proof yields that ()..f1)H involves e exactly 
ai times. This implies that the character ()..f1)I does not involve Aj for 
any j -=1- i. Thus, ;..f1 -=1- )..1 fori -=1- j. This proves the lemma. Q.E.D. 

Hypotheses of Lemma 4.5 [FT] are H <l X, B E Irr( H), I = I (B), the 
inertia group of e in X' and I I H is abelian. By the preceding lemma, 
we need only to prove the assertion for I. 

Let ).. be an irreducible component of 81 and let {JLI, ... 'Mm} be 
the set of all irreducible characters of I/ H. Since I/ His abelian, J-li are 
linear and {JL1, ... ,J-Lm} is a multiplicative group of order m =II/HI. 
Suppose that we take notation AJ-li = ).. if and only if 1 ::; i ::; n. For 
every j, (AJ-lj)J-li = (AJ-Lj) fori= 1, 2, ... , n. 

We have (B1)H =me so AH = ae for some positive integer a. Then, 

Since (1H)1 = 'i:.J-Lj, the irreducible components of 81 are characters of 
the form AJ-lj. This proves that all the irreducible components of 81 are 
of the same degree. Also, the equality 

yields that 81 contains each irreducible component AJ-lj with the same 
multiplicity, say b. This proves the first assertion of Lemma 4.5 [FT]. 
We remark that n = ab. 

The second part of the lemma asserts that if in addition H is a Hall 
subgroup of the inertia group I, then ex is a sum of exactly II : HI 
distinct irreducible characters of degree IX : IIB(1). By the lemma, it 
suffices to prove the case X = I. 

We can take an abelian complement A of H in I because H is a 
Hall subgroup of I and I/ H is abelian. We will show by induction that 
if H ~ K ~ I, eK is a sum of exactly IK : HI distinct irreducible 
characters of degree 8(1). The first part of Lemma yields that 
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where >.1, ... , A8 are distinct irreducible characters of degree a8(1). 
Suppose that IK : HI =pis a prime. By definition of the induced 

character, we have 

Then, the orthogonality relations yield 

Since pis a prime, we have b = 1 and s = p. Thus, n = nK = 1. 
Suppose that H s;;; K s;;; L s;;; I and IL : Kl = q is a prime. Suppose 

that n K = 1. Take an irreducible component >.of 8K and let {tLl' ... '!Ls} 
be the set of irreducible characters of the abelian group K j H. Since 
nK = 1, the characters AfLi are distinct. Therefore, 

We claim that L s;;; I(>.). If X E L, (8K)x = (8x)K = 8K because 
X E L s;;; I. Thus, ).X is an irreducible component of 8K' i.e. ).X = AP,i 
for some i. We need to show that P,i is the principal character of Kj H. 
We may assume that x E KnA. If /Li is nonprincipal, there is an element 
y E K n A such that P,i (y) # 1 and the order of y is a power of some 
primer. Lemma 4.2 [FT] implies 

>.(y) = >.(1) (mod t) 

where t is a prime ideal dividing r in the ring of integers of a number 
field. Since nK = 1, we have >.(1) = 8(1). Also, >.(1) divides the order 
IHI. The group H is a Hall subgroup of I so r does not divide >.(1). 
It follows from the above congruence that >.(y) # 0. Since A is abelian 
and x, yEA, we have 

Therefore, P,i(Y) = 1 because >.(y) # 0. This contradiction proves that 
>.x = >. and L s;;; I(>.). 

By the result proved earlier, the induced character >.L is a sum of 
IL : Kl distinct irreducible characters. This holds for any irreducible 
component of 8K. Thus, 8L is a sum of exactly IL : HI distinct irre­
ducible characters of degree 8(1). In particular, nL = 1. This completes 
the proof of Lemma 4.5 [FT]. Q.E.D. 

We need some lemmas about the fusion of elements. 
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Lemma I. Let M E M and let X be an F-set of M. Every element 
of X~ is conjugate to an element of D* in M. 

Proof. Let x E X( If x E D0 , the assertion is trivial. If x tj. Do, 
we have xED. By (Fii, e), there is a conjugate y of x such that y E Di. 
Since x and y are two elements of X which are conjugate, (Fi) yields 
that they are conjugate in M. Q.E.D. 

Lemma J. (a) Every element g of Mi is conjugate in Mi to an 
element of the form xh = hx where x E M n Mi and h E Hi. 

(b) Suppose that g is an element of Mi with C H; (g) =/:- 1. Assume 
that g is conjugate in Mi to an element of the form hx where x E MnMi 
and hE CH;(x), and at the same time g is conjugate to an element of 
the annex A(y) withy E Dj. Then, j = i and the element xis conjugate 
toy in Mi. In particular, x E Di and g E A(Mi)· 

Proof. (a) If i = 0, Mi = M and (a) holds trivially. Assume i > 0. 
The subgroup Hi is a normal Hall subgroup of Mi with complement 
M n Mi by (Fii, b). Let g = uv = vu be the decomposition of the 
element g into the product of a 1r(Hi)-element u and a 7r(Hi)'-element 
v. Since Hi is nilpotent, we can apply the Schur-Zassenhaus Theorem 
to the subgroup (Hi, g). Then, (v) is conjugate in Mi to a subgroup of 
M n Mi. It follows that g is conjugate in Mi to an element of the form 
hx where x EM n Mi and hE CH;(x). 

(b) Suppose that CH; (g) =f. 1 and that g is conjugate to an element 
ky of A(y) with y E D j and k E C Hj (y). The first assumption implies 
that i > 0. We will prove that j > 0. If j == 0, we have Ca(y) <:;;; M. It 
follows that 

Ca(ky) <:;;; Ca(y) <:;;; M. 

Since CH;(g) =f. 1 for some i > 0, (ICa(g)l, IHil) =f.l. We have ICa(g)l = 
ICa(ky)l because g is conjugate to ky. Therefore, 

This contradicts (Fii,c) as ICa(Y)I = ICM(Y)I. Hence, we have j > 0. 
It follows that Ca(Y) <:;;; Mj and Ca(Y) = CHj(y)CM(y). Suppose 

that j =/:- i. Then, by (Fii) (a) and (c), ICa(Y)I is prime to IHil· This is 
a contradiction because 

ICa(g)l = ICa(ky)l and Ca(ky) <:;;; Ca(y). 

Therefore, we have j = i. Since y E xu, the order of y is prime to !Hi I 
by (Fii,c). Hence, y is the 1r(Hi)'-part of the element ky. Similarly, the 
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element x is the n(Hi)'-part of hx. Since hx is conjugate to ky, the 
element xis conjugate toy in G. By (Fii,e), the element y is in A(Mi)· 
Since hx is conjugate tog in Mi and CH,(g) =I= 1, we have CH,(x) =I= 1. 

If Mi is of type I, then x E A(Mi)· If Mi is of type II, (Mi)' is a Hall 
subgroup of Mi by (T1), andy E A(Mi) ~ (Mi)'. Since x is conjugate 
toyinG, we have 

l(x)l = I(Y)I. 

Hence, x E (Mi)' and x E A(Mi)· Clearly, y =I= 1 so y tJ. Hi. Since Hi 
is a Hall subgroup of Mi, we have x tJ. Hi. Thus, x andy are elements 
of A0 (Mi) \Hi that is a TI-subset in G with normalizer Mi. Since x is 
conjugate to y, they are conjugate in Mi. It follows that 

By (Fii,e), hx E A(Mi)· Since g is conjugate to hx in Mi, we have 
g E A(Mi)· Q.E.D. 

We will define the fundamental mapping T. 

Definition K. Let ME JY( and let X be an F-set of M. For 

a E I0 (X) and 1 :::; i:::; n, 

define 
ai = aMnM,· 

Let ail be the virtual character of Md Hi that is the lift of ai and 
let ai2 be the virtual character of Mi induced by ai. We define 

T G '"'n G a =a + L...,i=l (ail- aiz) . 

Thus, aT is a virtual character of the group G that vanishes at the 
identity. 

Lemma L. (a) If g E G is not conjugate to any element of X~ in 

G, then a 0 (g) = 0. If g EX~, then 

a 0 (g) = ICc(g): CM(g)la(g). 

(b) Let i be one of the integers between 1 and n. If g E G is not conjugate 

to any element x of Mi with CH,(x) =/= 1, then (ail- aiz) 0 (g) = 0. 

Proof. (a) The first statement is obvious from the definition of 
induced characters. Suppose a E X~. By definition, 
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where a 0 is the function that ~grees with a on M but vanishes outside 
M, and the sum is over a system {Xi} of the representatives of the cosets 

of M. We need to count the number of Xi such that xi1gxi E x". If 
x-1gx EX, (Fi) yields 

for some m E M. Hence, xm-1 = c E Ca(g). We choose c as a 
representative of the coset xM. Then, a 0 (xi 1gxi) = a(g). This yields 
the result. 

(b) If x E Mi is not conjugate to any element of M n Mi, then it 
follows from the definition of the induced character that Cl!i2(x) = 0. We 
may take the set Hi as a set of representatives from the cosets of M n Mi. 
If x E M n Mi and h E Hi, 

h-1xh E MnMi 

implies [x, h] = x- 1h-1xh E (M n Mi) n Hi= 1. Hence, if x EM n Mi, 
then 

Cl!i2(x) = ICH;(x)lai(x). 

Thus, ( Cl!i 1 - Cl!i2) ( x) = 0 if x E Mi satisfies C H; ( x) = 1. This, together 
with Lemma J(a), proves (b). Q.E.D. 

The following lemmas correspond to the lemmas in Section 9 of [FT]. 

Lemma 11.1. Let ME M and X an F-set of M. For a E Io(X), 
let a 7 be defined as in Definition K. Then, a 7 (g) = 0 if g is not conjugate 
to an element of A(x) for any xED*. If g E A(x) for xED*, then 

In the other words, if a E Io(X), the support of the function 0!7 is 
contained in the territory of X, and the function a 7 is well-behaved. 

Proof. Suppose that a 7 (g) # 0. Then, clearly, g must be conjugate 
to some element of M,M1, ... , or Mn. In order to have a 0 (g) -j. 0 or 
a8(g) # 0, the element g must be conjugate to an element of X". By 
Lemma J, if g E Mi fori> 0, g is conjugate to an element of the form 
hx such that x EM n Mi and hE CH;(x). In order to have ag(g) # 0, 
g must be conjugate to an element ky such that y E X" and k is a 
1r(Hi)-element commuting withy. 

Every element of x" is conjugate to an element of D* by Lemma I. 
It follows that if g is not conjugate to an element of A(x) for any xED*, 
a 7 (g) = 0. This proves the first part. 
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Suppose that the element g E G is not conjugate to an element x 
of Mi with CH,(x) =1- 1 for any i > 0. Then, by Lemma L(b), 2::(ai1 -

ai2) 0 (g) = 0. Hence, we have 

If g is not conjugate to any element of Xij then a 0 (g) = 0. Suppose that 
g is conjugate to an element x E Xij. If x is conjugate to an element y of 
Di for some i > 0, then Cc(y) <;;; Mi and CH, (y) =1- 1. This contradicts 
the hypothesis. By Lemma I, g is conjugate to an element u of D 0 . 

Then, 

aT(g) = a0 (u) = a(u) 

by Lemma L (a). 
Suppose that g E Mi and CH, (g) =1- 1. By Lemma J (a), we may 

assume g = hx with x E MnMi and hE CH,(x). We may also assume 
that aT (g) =1- 0. By the first paragraph of the proof, g is conjugate to 
an element of A(y) for some y E Dj (j:::: 0). By Lemma J (b), j = i 
and x E Di· Since xis a power of g, 

Cc(g) <;;; Cc(x) <;;;Mi. 

The conditions (Fii)(e), (a) and (c) yield that for j =1- i, 

Since Cc(g) <;;; Cc(x), g is not conjugate to any element u of Mj with 
CH1 ( u) =1- 1 and j =1- i. It follows from Lemma L that 

Suppose that h =1- 1 in g = hx. Then, 7r( (g)) n 7r(Hi) =I- 0. Hence, 
by (Fii, c), g is not conjugate to any element of Xij. Lemma L yields 
a 0 (g) = 0. Also, no conjugate of g lies in M n Mi because M n Mi is a 
7r(Hi)'-subgroup. Thus, a8(g) = 0. If g1 = v- 1gv, v E G, and g1 E Mi, 
then Lemma J (b) yields g1 E A(Mi)· Therefore, by (Fii,d), we have 
v E Mi. This proves 

Suppose that h = 1 in g = hx. All conjugates of g are contained in 
A(Mi) \Hi. By (Fii, d), 
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Since x EM n Mi, we have ai1(x) = a(x) and 

ai2(x) =I CHi (x)ia(x). 

By (Fii, e), we have ICHi(x)i = ICc(x) : CM(x)j. Therefore, aT(g) = 
a(x) by Lemma L. Q.E.D. 

Lemma 11.2. Let ME JV( and X an F-set of M. For a E Io(X), 
let aT be defined as in Definition K. Then, for x E A(Mi), 

Furthermore, (aT)Mi is a linear combination of characters of Mi/ Hi. If 
Mi is of type II, elements of (M n Mi) \ (Mi)' are not contained in X 
and for y E Mi \ (Mi)' 

Proof. By Lemma J, an element x of Mi is conjugate in Mi to an 
element of the form hu with u E M n Mi and h E CHi ( u). Suppose 
x E A(Mi)· Then CHi(x) -=1- 1. Suppose that x is conjugate to an 
element of A(y) for some y E Dj (j 2: 0). By Lemma J (b), u E Di. 
Hence, by Lemma 11.1, 

because x is conjugate to hu in Mi. On the other hand, if x is not 
conjugate to any element of A(y) for y E D*, then u tf- xU and aT ( x) = 0 
by Lemma 11.1. Thus, 

because ai1(hu) = ai(u) = a(u) = 0. 
Suppose that Mi is of type II and aT(y) -=1- 0 for some y E Mi \ (Mi)'. 

Since Mi is of type II, r;,(Mi) = {q} and q E 1r((y)) for some prime q 
and CHi (y) -=1- 1. The element y is conjugate to an element of the form 
hu with u E MnMi and hE CHi(u). By Lemma 11.1, the assumptions 
of Lemma J (b) are satisfied. Thus, we have u E Di andy E A(Mi) by 
Lemma J. This is a contradiction because A(Mi) ~ (Mi)' in the group 
Mi of type II. Therefore, aT (y) = 0 for y E Mi \ ( Mi)'. 

Since Mi is of type II, M n Mi is a Frobenius group. Thus, if y is an 
element of MnMi outside (Mi)', the order of y is q and (ICc(y)j, IHil) -=1-

1. Suppose that y E xu. Then, y must be conjugate to an element z E 

Di. It follows that z E A(Mi) by (Fii, e). Since Mi is of type II, A(Mi) ~ 
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(Mi)' and (Mi)' is a Hall subgroup of Mi. This is a contradiction because 
both z andy have the same order. This proves 

ail(Y) = a(y) = 0. 

It remains to prove that (a7 )M; is a linear combination of characters 
of Mi/ Hi. Let ()be any irreducible character of Mi which does not have 
Hi in its kernel. By Lemma 4.3 [FT], ()vanishes on those elements x of 
Mi such that CH;(x) = 1. Compute ((a7 )M;,e). 

Suppose that Mi is of type I. Then,() vanishes off A(Mi) and (a7 )M; 
agrees with ai1 on A(Mi). Hence, 

This proves the assertion. If Mi is of type II, then both (a7 )M; and ail 
vanish outside (Mi)'. On (Mi)', ()vanishes off A(Mi) and (a7 )M; =ail 
on A(Mi)· Therefore, we have 

Lemma 11.3. Let ME J\1 and X an F-set of M. For a E J0 (X), 
let a 7 be defined as in Definition K. Then, 

where la and 1M are the principal characters of G and M, respectively. 

Lemma 11.4. Let M E J\1 and X an F-set of M. Let 8 be a 
virtual character of G that is well-behaved. If a, f3 E Io(X), then 

Lemma 11.5. Let M E J\1 and X an F-set of M. Let 8 be a 
class function of G that is well-behaved. Let Go be the territory of the 
set X. Then, we have 

The proof of each of the above three lemmas is similar to the cor­
responding proof of Lemmas 9.3, 9.4, and 9.5 in [FT]. We mention here 
that the assumption of 8 being well-behaved is essential in the proof. 
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§12. Coherent Set of Characters 

Let ME M and let X be an F-set of M. In the preceding section, 
we defined a mapping from I0 (X) to the set of virtual characters of the 
group G. We will denote this mapping T = TM in the remainder of 
this paper. Its main property is stated in Lemma 11.4: the mapping T 

is an isometry on I0 (X). It is useful to extend the domain ofT so as 
to include some characters. For this purpose, the concept of coherent 
subsets has emerged; its definition is in Section 10 of [FT]. For the 
purpose of reference we state the definition. 

If Sis a set of virtual characters, we denote by I 0 (S) the set oflinear 
combinations of elements of S with integer coefficients which take the 
value zero at the identity. 

Definition. A set S of virtual characters of M is said to be co­
herent if and only if 

(1) I0 (S)-=/= {0} and I 0 (S) <:;;; I0 (X), and 
(2) It is possible to extend T form I 0 (S) to a linear isometry mapping 

S into the set of virtual characters of G. 

When S is a coherent set, an extension ofT to I(S) will be denoted 
by the same letter T. The following lemma which corresponds to Lemma 
10.4 of [FT] illustrates the usefulness of the concept of coherency and 
suggests a tight connection between A and AT when AT is defined. 

Lemma 12.1. Let ME M and let X be an F-set of M. Let a be 
the least common multiple of all the orders of elements in X. Suppose 
that S is a coherent set of virtual characters of M such that S contains 
at least two irreducible characters. If A is an irreducible character in 
S, then the values assumed by AT are contained in the field Qa of the 
primitive ath roots of unity. 

Proof. Let n = IGI and (]' E Gal(Qn/Qa)· By assumption, S con­
tains another irreducible character 11· Then, 

!1(1)A- A(1)f.L E Io(S) 

and the values assumed by (f.L(1)A- A(1)f1t lie in Qa by Lemma 11.1. 
Therefore, 

(J'(f1(1)AT- A(1)f.LT) = !1(1)AT- A(1)f1T· 

Since S is coherent, AT and ILT are either irreducible characters or the 
negatives of irreducible characters of G. The same statement holds for 
(]'(AT) and (J'(f.LT). It follows that dAT) =AT for all(]' E Gal(Qn/Qa)· 
Thus, the values assumed by AT lie in Qa. Q.E.D. 
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It follows easily from the definition that a subset 'J' of a coherent set 
S is coherent provided ! 0 ('J') =f. 0. It is more difficult to decide whether or 
not the union of two or more coherent sets is coherent. One of the useful 
necessary conditions is Theorem 10.1 [FT]. We will state the theorem 
for the purpose of reference and refer the proof as well as the definition 
of a subcoherent set to the original paper [FT]. The following set of 
conditions and definitions is used. 

Hypothesis 12.2. (i) Let M E J\1 and let X be an F-set of M. 

(ii) For 1 ::; i ::; k, si = {>•is II ::; s ::; ni} ~ I(X). 
(iii) s = u si consists of pairwise orthogonal characters. 
(iv) For any i (1 ::; i ::; k), si is coherent with isomrtry Ti, si 

is partitioned into sets sij such that each sij either consists 
of irreducible characters of the same degree and ISij I 2: 2 or 
( Sij, Tij) is subcoherent in S where Tij is the restriction of Ti on 
sij· 

(v) For 1 ::; i ::; k, 1 ::; s ::; ni, there exist integers lis such that 

1 = Ru ::; £21 ::; · · · ::; lk1, 

Ais(l) = iis.Xu(l), and eil I lis· 

(vi) ..\11 is an irreducible character of M. 
(vii) For any integer m with 1 < m::; k, 

Theorem 12.3. Suppose that Hypothesis 12.2 is satisfied. Then, 
S is coherent. 

The isometry on S is an extension of Ti and is essentially unique ( cf. 
Theorem 10.1 [FT]). The most important condition is the inequality 
(vii); we refer it as "the inequality" of Hypothesis 12.2. 

For applications in this paper it is convenient to have a specialized 
set of conditions adapted to our case. To state the results we need 
further definitions. 

Let S be a set of pairwise orthogonal characters. Define an equiva­
lence relation on S by the condition that two characters in S are equiv­
alent if and only if they have the same degree and the same weight. For 
any normal subgroup A, let S(A) be the subset of S consisting of those 
characters which are equivalent to some character in S that has A in its 
kernel. 

Consider the following set of conditions. 
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Hypothesis 12.4. (i) Let M E M and let X = A(M). 

(ii) Let H be a nilpotent normal subgroup of M such that 

Mp~H~X. 

Define K = M if M is of type I; otherwise, let K = M'. 
(iii) S is a set of characters of M which are induced by nonprincipal 

irreducible characters of K, each of which vanishes outside X. 
Assume that I 0 (S) =1- 0 and S consists of pairwise orthogonal 
characters. 

(iv) There exista an integer d such that diM : Kl divides A(1) for 
every A E S. Furthermore, S contains an irreducible character 
of degree diM: Kl. 

( v) Define an equivalence relation as before. Then, eqch equivalence 
class of S is either subcoherent in S, or consists of irreducible 
characters and contains at least two characters. 

Theorem 12.5. Suppose that Hypothesis 12.4 is satisfied. Let H1 
be a normal subgroup of M such that H1 ~Hand 

If S(Hl) is coherent and contains an irreducible chamcter of degree 
diM: Kl, then S is coherent. 

This is Theorem 11.1 [FT] of page 817 which is proved under more 
complex conditions. Actually, we need to consider the case when the 
group M I H is a Frobenius group with Frobenius kernel K I H and S is 
the set of all irreducible characters of M I H that do not contain K I H 
in their kernel. In this case we will state the following result. 

Lemma 12.6. Let M be of type III or IV and let S0 be the set 
of all irreducible chamcters of M I H that do not contain K I H in their 
kernel. Then, S0 is coherent except possibly if K I H is a nonabelian 
p-group for some prime p and 

I(KIH): (KIH)'I::; 4IM: Kl 2 + 1. 

In this case, we have (KIH)' = <P(KIH). 

This is Lemma 11.2 [FT]. 

Lemma 12.7. Let ME M, H <l M, H1 ~ H, e = IM: HI, and 
h = IH: H 1 1. LetS be the set of chamcters of M which are induced by 
nonprincipal irreducible chamcters of H. Suppose that H is an F-set of 
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M and S is coherent. Assume further that H1 <l M, HjH1 is abelian, 
M/H1 is a Frobenius group with Frobenius kernel H/H1, and 

IH: Hll > (IM: HI+ 1)IM: HI+ 1. 

Let ( = (1H )M and let A be an irreducible character of M / H1 with degree 
e. Then, { S, (} is coherent if we define 

Proof. Since M/ H1 is a Frobenius group with Frobenius kernel 
H/Hb there are irreducible characters of degree IM: HI= e. In fact, 
there are n = (h -1)/e such characters. Let A1 =A, A2, ... , An be those 
characters. Then, Ai - Aj E 10 (H). Thus, {A[} are defined; they are 
virtual characters of G with weight one and satisfy 

Since a= (-A E Io(H), Lemma 11.4 yields llaTII 2 = e + 1, 

Then, if ai = (Ll, Xi), then a1 = ai for all i and 

where (Ll1, 1c) = (Ll1, Xi)= 0. It follows that 

If a 1 =/= 0, then we have n - 1 :=; e. This contradicts the assumption. 
Thus, Ll does not involve any X[. Hence, we have 

Let a be any character of S. We want to prove (Ll, aT) = 0. By 
definition, a = p,M for some nonprincipal irreducible character p, of H. 
Since H <J M, we have ((,a) = 0. Suppose that (Ll, aT) =/= 0. Then, 
a =/= ,\. Choose A2 =/= A and consider 
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Then, f3 E I0(H) and Lemma 11.4 yields (aT,f3T) = (a,f3) = 0 because 
>.2 =J >.and ((,a-) = 0. Since Sis coherent, 

f3T = fl(l)>.;- (J"T 

0 = (aT,{3T) = (.:1- AT,fl(1)>.;- (J"T) = -(Ll,o-T) # 0. 

This contradiction proves (.:1, a-T) = 0 for every a- E S. Since IIL1II2-II(II2, 
the set {S, (} is coherent if we define C = .:1. Q.E.D. 

§13. The Self Normalizing Cyclic Subgroup 

Suppose that there is a subgroup in M that is not of type I. Then, 
by Theorem I, there is a cyclic subgroup w = WI X w2 such that 
Wi # 1 fori= 1, 2 and Na(Wo) = W for any nonempty subset W 0 of 

W = W \{WI, W2 }. Consequences of the existence of such a subgroup 
are very important. They are discussed in Section 13 of [FT]. We will 
briefly review them and introduce the notation. 

Let w10 and w01 be faithful irreducible characters of W jW2 and 
W /WI, respectively. Define 

for 0 ::; i < WI = I WII and 0 ::; j < w2 = I W2l· Thus, Woo is the principal 
character of W. The following lemma is the key to applications and 
serves as introduction of the family of virtual characters { 'T/ij} of G. 

Lemma 13.1. The set W is a TI-subset with normalizer W in G 
(in fact, in any subgroup that contains W). There exists an orthonormal 
set { 'T/ij} of virtual characters of G such that for 0 ::; i < WI and 0 ::; j < 
w2, the value assumed by 'T/ij, 'T/iO, 'T/Oj lie in Qw, Qw1 , Qw2 , respectively. 

We have "loo = 1a, 'T/ij(x) = Wij(x) for x E W, and 

(woo - Wio - Woj + Wij )0 = 1a - "lio - 'T/oj + 'T/ij 

for 1 ::; i < WI and 1 ::; j < w2. In particular, the right side of the 

above equality is a virtual character that vanishes outside ea (W) 0 Fur­
thermore, every irreducible character of G distinct from { ±rJij} vanishes 

onW. 

The proof is in Lemma 13.1 [FT]. The set {'T/ij} is orthonormal. 
Therefore, either 'T/ij or -'T/ij is an irreducible character of G and they 
are distinct. 
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Lemma 13.2. Suppose that a virtual character a = 2::::: aijWij of 

W vanishes on W. Then, for all s and t, we have 

aoo - aso - aot + ast = 0. 

If in addition a= (31 + f32 with llf3III2 = llfJ2II 2 = 2, then a= 0. 

Proof. The first part is proved as in the proof of Lemma 13.2 [FT]. 
The second half follows by case-by-case analysis. Q.E.D. 

Theorem I yields that the subgroup W is contained in two subgroups 
S and T of JV[ such that neither S nor T is of type I, 

S n T = W, S'W1 = S, T'W2 = T, 

and S' n W1 = T' n W2 = 1. We can apply Lemma 13.1 to S and 
T. Thus, each subgroup has a family of orthonormal virtual characters 
corresponding to the family { Wij}. The following lemma serves to define 
the notation. 

Lemma 13.3. Let M =Sand let H = Mp. Suppose that M is 
not of type I. Then, W2 ~ H ~ M' and W \ W2 is a TI-subset of M. 
There is a complement V of H in M' that is normalized by W1. The 
group VW1 is a Fro ben ius group with Frobenius kernel V. The group V 
is nilpotent; if M is of type II, V is abelian. 

Proof. All the conditions follow from the conditions (T1)-(T7) in 
the definition of groups not of type I in [BG], page 128. Thus, (Tl) 
yields H ~ M', while (T4) yields W2 ~ H and CM'(x) = W2 for all 

X E W1 H. It follows that C M (X) = W if X E W \ W2. Therefore, W \ W2 
is a TI-subset of M with normalizer W. The remaining conditions also 
follow from (T1)-(T7). Q.E.D. 

Lemma 13.4. Let M E JV[ be not of type I. Use the notation 
in Lemma 13.3. Then, M has a family of irreducible characters /-lij 
(0 ::::; i < w1, 0 ::::; j < w2) such that for some Ej = ±1 

for all x E W. The family of virtual characters { E j J-lij} is the one 
corresponding to {wij} in Lemma 13.1. For each k, (J-lik)M' = (J-ljk)M' 
and J-lk defined by J-lk = (J-lik) M' is an irreducible character of M'. Define 
~k = I::i/-lik. Then 
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Proof. By Lemma 13.1, there is a family of irreducible characters 

{J.Lij} such that ±J.Lij(x) = Wij(x) for all x E W. Set q = IW1I· Then, 
M has exactly q linear characters because M I M' ~ wl. Let ( be the 
linear character such that (w = w10• Then, {(i} (0 ::; i < w1 ) is the 
set of linear characters of M and ((i)w = WiQ. Let C:j = ±1 so that 

for x E W. Since (i is a linear character, (i J.Loj is an irreducible character 

of M. Consider the restriction of (iJ.Loj on W. We have for x E W 

Since the characters Wij are distinct on W, Lemma 13.1 yields 

(iJ.LOj = J.Lij· 

Thus, J.Lij(x) = C:jWij(x) for x E W. This proves that {cjJ.Lij} is the fam­
ily corresponding to { Wij } in M. Clearly, J.Lk = (J.Lik) M' is independent 
of i. By the tensor product formula, we have 

Since (.;k)M = qJ.Lk, the orthogonality relations yield 

Therefore, J.Lk is an irreducible character of M'. Q.E.D. 

The set W \ W2 is a TI-subset of M by Lemma 13.3. For each k 
( 0 ::; k < w2), the set { Wik I 0 ::; i < w1} is coherent and the characters 
{w[k} are {c:kJ.Lik} (cf. Lemma 13.3 of [FT]). 

Lemma 13.5. Let M E JVC be not of type I and use the notation 
in Lemma 13.3. Then, an irreducible character of M' induces either an 
irreducible character of M or one of the characters .;j (0::; j < w2 ). 

The proof of Lemma 13.7 of [FT] gives the result. 

Lemma 13.6. Let M and {J.Lij I 0 ::; i < w 1 , 0 ::; j < w 2 } be 
as in Lemma 13.4. Suppose that for some i, j, k with 0 ::; i < w1, 

1 ::; j, k < w2, we have J.Lij(1) = J.Lik(1). Then, J.Lij- J.Lik E Io(Ao(M)) 
and 
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where 'TJij, 'TJik are virtual characters of G defined in Lemma 13.1. 

Proof. The factor group M I H is isomorphic to the group vwl 
which is a Frobenius groupwith Frobenius kernelV. By 3.16 of [FT], 
every nonprincipal irreducible character of M' I H induces an irreducible 
character of M. Therefore, Lemma 13.5 yields that J.lij with positive j 
does not contain H in its kernel. By Lemma 4.3 [FT], these J.lij vanish on 
M' \ A(M). Thus, if j, k > 0 and J.lij(1) = J.lik(1), then for X= A0 (M), 

J.lii - J.lik E Io(X). 

Since T is an isometry on I0 (X), (J.Lij - J.likf is the difference of two 
irreducible characters. 

We have W <;;;X. If x E W, then Cc(x) = W <;;; M. Thus, xis not 
conjugate to any element in A(y) for y E Dt with t > 0. Hence, Lemma 
11.1 yields that 

for x E W. It follows that (J.Lij- J.likf is the difference of two characters 

of the form ±rJst. Since rJij ( x) = Wij ( x) for x E W, Lemma 13.2 yields 
that (J.Lij- J.Likr = ±(rJij- TJik)· Q.E.D. 

Lemma 13.7. Let M, {J.Lij}, and~k be as in Lemma 13.4. Choose 
k with 1::; k < W2· Let sl = {~j 11::; j < w2,~j(1) = ~k(1)}. Then, sl 
is coherent and 

G =ELi% 

for some E = ±1. Furthermore, if S is the set of characters of M which 
are induced by the nonprincipal irreducible characters of M' that vanish 
outside A(M), then (S1,T) is subcoherent inS. 

The proofs of Lemmas 13.9 and 13.10 in [FT] can be adapted to 
a proof of the above lemma by changing the references suitably (and 
correcting a misprint). 

Lemma 13.8. Let M E JV( be of type II or III, H = Mp, and 
q = I W1 1. For positive integers r and s with r > 1, let A( r, s) be the set 
of nonprincipal irreducible characters a of H such that II( a) :HI = qr 
and a(1) = s. Let B(r, s) be the set of characters of M induced from the 

irreducible components of aM' with a E A(r, s). Then, B(r, s) consists 
of characters of the same degree and B(r, s) is coherent. 

Proof. Since M is of type II or III, the factor group M' I His abelian 
and His a Hall subgroup of M. We can apply Lemma 4.5 of [FT]. If 
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a E A(r, s), then the inertia index of a in M' is r. So, by Lemma 4.5 of 

[FT], aM' is a sum of exactly r distinct irreducible characters fh, ... , ()r 

of M' of degree IM': Hlslr. 
Lemma 13.5 yields that elements of B(r, s) are irreducible characters 

or one of the characters ~j. Let S1 be the set of irreducible characters in 
B(r, s) and let S2 be the set of ~1 which are in B(r, s). The characters of 
B(r, s) have the same degree. By Lemma 4.3 [FT], they vanish outside 

A(M). If (3 E Si for i = 1, 2, then the complex conjugate 7J E Si. Thus, 
I 0 (Si) :f. 0. It follows that each subset Si is coherent. We want to 
prove that the union S1 u S2 is coherent. Since S1 consists of irreducible 
characters of the same degree and S2 is subcoherent (by Lemma 13.7), 
Theorem 12.3 yields that S1 U S2 is coherent provided the inequality of 
Hypothesis 12.2 is satisfied. The condition becomes IS 1 1 > 2 in this 
case. We need to examine the set of irreducible components {Oi} of 

aM'. By assumption II( a) : HI = qr with r > 1. We may assume that 
Q = W1 <;;;; I(a) because Q is a Hall subgroup of M (by (T1)). Then, 
I(a) n VW1 = RQ where R = V n I(a) is contained in the inertia group 
I of a in M' and IRI = r. 

From the proof of Lemma 4.5 [FT] at the beginning of Section 11 of 
this paper, we have 

a 1 = 1'1 + 1'2 + · · · + 'Yr 

where 'Yi are irreducible characters of I. Since a is Q-invariant, Q per­
mutes these characters { 'Yi}. Since r = 1 (mod q), one of them, say 
')'1, is Q-invariant. We can write 'Yi = ')'1 /Li where f.L1 , ... , f.Lr are the 
set of linear characters of I I H and f.L 1 is the principal character. Since 
I I H ~ R, Q acts on the set of non principal characters {f.L2 , ... , /Lr} with­

out fixed points. Thus, if the notation is such that 'Yfd' = ()i, then 01 is 
Q-invariant and all the other ()i for i > 1 induce irreducible characters 
of B(r,s). Therefore, each a E A(r,s) contributes one character of S2 

and (r-1)lq characters of S1 . Since r > 1 is odd, we have (r-1)lq ~ 2. 
If a E A(r, s), then a E A(r, s) and a is not conjugate to a in M. It 
follows that IS 1 I ~ 4. This proves that B(r, s) is coherent. Q.E.D. 

§14. Further Properties of Coherent Sets 

In this section, we use the following notation. Let M E JV( and let 
X be an F-set of M. Let H be one of the supporting subgroups for the 
set X with N = Nc(H) EM. Thus, His Np, i.e. the largest normal 
nilpotent Hall subgroup of N. Define N0 as follows. If N is of type I, 
let No = N, while if N is not of type I, then N0 = N'. It follows from 
the definition that A(N) <;;;; N0 . 
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The following two lemmas correspond to Lemmas 10.2 and 10.3 of 
[FT]. 

Lemma 14.1. Let M, X, H, N and N 0 be as above. For each 
nonprincipal irreducible character o: of H, let S(o:) be the set of ir­
reducible characters of N0 which are involved in aNo, and let T( o:) 
be the set of the virtual characters of G of the form (fh - 02)G with 
(}b 02 E S(o:). If 8 is a virtual character of G which is orthogonal to 
the elements ofT(o:) for all o: # 1H, then 8 is constant on the cosets of 
H which lie in N 0 \H. 

Proof. The subgroup H is a Hall subgroup of N by definition of 
groups of type I or II. If N is of type I, then N satisfies the assumptions 
of Lemma 4.5 [FT]. If N is of type II, then No = N' and N 0 / His abelian 
by (IIiii). Lemma 4.5 [FT] is applicable to N 0 • In all cases, o:No is a 
sum of irreducible characters of the same degree with multiplicity one. 

Fix a nonprincipal irreducible character o: of H. If 01 , 02 E A(o:). 

Thus, 8N0 contains each(} E S(o:) with the same multiplicity. Since the 
sum of all(} E S(o:) is o:No, we have 

where 8 1 is a virtual character of the group N 0 / H and f3 is a virtual 
character of H. Since f3No vanishes outside H, eNo is constant on the 
cosets of H lying in N0 \H. Q.E.D. 

Lemma 14.2. Suppose that M, X, Hand N0 are as in Lemma 
14.1. Let S be a coherent subset of I(X) that contains at least two 
irreducible characters. For any A. E S, A_'T is constant on the cosets of H 
that lie in N0 \H. 

Proof. Take any nonprincipal irreducible character o: of H and let 
S(o:) be the set of irreducible characters of No defined in Lemma 14.1. 
We will show that for (}b 02 E S(o:) 

Assume that this does not hold. Let A1,A2 E S be distinct irreducible 
characters. Then 
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By Lemma 11.2, (!P")N is a linear combination of characters of NjH. 
Hence, 

It follows that 
((AI)N0 , fh- 02) =f- 0. 

Similarly, we have ((A2)N0 , 01- 02) =1- 0. 
Suppose that N is of type I so N0 = N. By Lemma 4.3 of [FT], 

Oi E S(a) vanishes outside A(N). Since 01 and 02 are equal on H, 01-02 
vanishes outside A(N) \H. Since N is of type I, A(N) = A0 (N) and 
(Fii,d) yields that A 0 (N) \ H is a TI-subset of G with normalizer N. 
Hence, (01- 02)0 = 81 - 82 where 8i are irreducible characters of G. 
We have 

It follows that the irreducible character ±A[ is either 8 1 or 8 2 . We may 
assume that A[ = c:8i for c: = 1 or -1. It is crucial that 

vanishes at the identity so both AI and A2 are irreducible characters or 
both of them are not. Then, A1(1) = A2 (1) and 

By Lemma 11.2, ((A1 - A2Y)N is orthogonal to 01 -02. Thus, 

0 =((AI- A;)N, 01- 02) 

=(AI- A;, (01- 02) 0 ) 

= (c:(81- 82), (81- 82) = 2c:. 

This contradiction yields that A r is orthogonal to every element in T( a) 
for any a =1- 1H. By Lemma 14.1, A7 is constant on a coset of H that 
lies inN\ H. 

Assume that N is a group of type II. Suppose that 

for some 01, 02 E S (a). Then, Of and Ofi are distinct characters of N. 
If they are irreducible, then the previous argument can be applied here. 
In this case, Of and Ofi vanish outside A0 (N) \ H, and A0 (N) \ H is 
a TI-subset in G by (Fii,d). Hence, (01 - 02 ) 0 is a difference of two 
irreducible characters. We obtain a contradiction as before. 
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Suppose that Of is not irreducible. In this case, we are in the 
situation of Lemma 13.8. The set A(N) is an F-set of N. Let a = TN 

be the isometry associated with N. Then, by Lemma 13.8, the set 
S(a) U S(a) is coherent with respect to the isometry a and for some j. 
We have 

(Of)""= E L rJij 

where { rJij} is the family of characters defined in Lemma 13.1. Thus, 

where { ei} is the family of virtual characters {of 1 i > 1}. 
Since N is of type II, Theorem II (Fiii) yields that M is a Frobenius 

group and X= MF. Let q = IM: M'l· By Lemma 11.2, elements of N 
of order q are not contained in X. Since X= MF is a Hall subgroup of 
M, no element of X has order q. Lemma 12.1 yields that .AI as well as 
.A2 is q-rational. 

The virtual character 01 - 02 vanishes outside A(N) \ H. If g E 

A(N) \His conjugate to an element of the form hx where x E N n M 
and h E CHi ( x), then Lemma J (b) yields that x E Di. By Theorem II, 
we haveN= M(Cc(x)). Since g is conjugate inN to an element having 
this property, C0 (g) <:;;: N. In other words, no suppoting subgroup 
contributes any to (Of- Of)""(g). It follows that 

for some j. We have shown that .A[ is not equal to ±8k. Since both .AI 
and >-2 are not orthogonal to ( 01 - 02 ) 0 , both .AI and 02 are one of ±rJij. 

However, at most one of the characters ±r]ij is q-rational for a given j. 
This contradiction proves that .AT is constant on the cosets of H that lie 
in N0 \H. Q.E.D. 

Lemma 14.3. Let M E M, X an F-set of M, and let S be a 
coherent subset of I(X). IfS contains at least two irreducible characters, 
every ). E S satisfies the property that ).T is constant on the set of the 
form A(x) for every xED*. 

Proof. The sets A(x) and D* are defined at the beginning of Chap­
ter II. If x E Do, then Cc(x) <:;;: M. In this case, A(x) = {x} and 
the assertion is trivial. Suppose that x E Di for some i > 0. Then, 
C0 (x) <:;;: Mi for some supporting subgroup Mi. By (Fii, e), we have 
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x E A(Mi)· It follows from the definition of the subgroup (Mi)o at the 
beginning of this section that A(Mi) <;;; (Mi)0 . Since A(x) is contained 
in a coset of Hi in (Mi)o \Hi, Lemma 14.2 yields that _\Tis constant on 
the set A(x). Q.E.D. 

For any virtual character A, the set of irreducible characters p such 
that (A, p) =/= 0 is called the support of A. 

The following lemma corresponds Lemma 10.5 of [FT]. 

Lemma 14.4. Let X be an F-set of ME M. LetS be a coherent 
set consisting of characters of I(X) with disjoint supports and let e be 
a virtual character of M that is well behaved. Suppose that there is a 
virtual character(} of M such that for every a E J0 (S), 

Then, there is a pair (r, (3) of a rational number r and a virtual character 
(3 of M such that (3 is orthogonal to every element of S and 

e(g) = B(g) + r(3(g) for g E xu. 

Suppose that e 1 is a well behaved virtual character of G that is 
orthogonal to every element of ST, then there is a pair (r1, (3!) of a 
rational number r1 and a virtual character (31 of M such that (31 is 
orthogonal to every element of S and e1 (g) = r 1(31 (g) for g E xu. 

Suppose that S contains at least two irreducible characters of M. 
Then, for any A E S, there is a pair (s, '"Y) of a rational numbers and a 
virtual character'"'( of M, depending on A, such that '"Y is orthogonal to 
every element of S and 

AT(g) =-\(g)+ S'"'f(g) for g E xu. 

Proof. Since Sis coherent, J0 (S) =/= 0. Therefore, S contains at least 
two characters. Let A, 11 E S. Then, a= -\(1)J.L- J.L(1)A is an element of 
J0 (X). Since e is well behaved, Lemma 11.4 yields 

By assumption, there exists a virtual character(} such that (a, eM-B)= 
0. For each a- E S, let B(a-) be the portion of eM-(} on the support of 
a-. Thus, 

eM- B = L: B(a-) + .11 
o-ES 
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where Ll1 is a linear combination of irreducible characters not involved 
in any a E S. Since 

o =(a, eM- 8) = (A(l)fL- tL(l)A, eM- 8), 

the orthogonality relations yield 

tL(l)(A, 8(A)) = A(l)(fL, 8(tL)). 

Thus, for a rational numbers, 

(A, 8(A)) = sA(1) for every A E S. 

Let p( a) be the portion of the regular representation p on the sup­
port of a E S. If a = I:;i ai~i is the decomposition of a into the sum of 
irreducible characters ~i, then p(a) = I:;i ~i(1)~i· Hence, 

Let p = I;,. p( a) + .::12 . Then, .::12 is a linear combination of irreducible 
characters not involved in any a E S. Set s = m/n with integers m, n 
and define 

r = 1/n and (3 = :L)n8(a)- mp(a))- m.::12 + n.::11 . 

aES 

Then, for x E X~, 

r(3(x) = (L.:: 8(a) + Lll)(x)- sp(x) = eM(x)- 8(x). 

We compute (a, (3). Since the supports of elements of S are disjoint, we 
have 

This proves the first part. 
For the second part, 81 = 0 satisfies the assumption of the first part 

for e 1 since (aT, e)= 0 for every a E I0 (X). For the third part, Lemma 
11.4 yields withe= AT, 

for all a E I 0 (X). The first part applies. Q.E.D. 
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§15. Characters of Subgroups of Type I 

Let ME M be a subgroup of type I. Let H = Mp, X= A(M), and 
let S be the set of irreducible characters of M that do not have H in 
their kernel. Let E be a complement of H in M. By (Iiii), E contains a 
subgroup Eo of the same exponent as E such that H Eo is a Frobenius 
group with Frobenius kernel H. With the notation introduced here we 
prove the following lemma. 

Lemma 15.1. Let M E M be a subgroupof type I. Then the set 
S defined above satisfies Hypothesis 12.4 with H = Mp, K = M and 

d= !Eo!-

Proof. If A E S, Lemma 4.3 of [FT] yields that A vanishes outside 
X. If A E S, then the complex conjugate character X is different from 
A and X E S. Thus, J0 (S) =1- 0 and S satisfies (iii) of Hypothesis 12.4. 
Since S consists of irreducible characters, S satisfies ( v). 

The definition of groups of type I implies that elements of A(M) n 
E are r 2-elements in the notation of §6. Therefore, E = AB with 
(!AI, jBI) = 1 such that A is abelian and B is a Z-group (cf. Hypothesis 
28.1 [FT]). In fact, E = E 1 E 2E 3 , E 2 is abelian, and E 1 and E 3 are cyclic 
groups of relatively prime order by Lemmas 6.1 and 6.8, and Theorem 
6.7. We may take A= E 2 and B = E 1E 3 . Since Eo has the same expo­
nent as E, the order of B divides !E0 j. Conjugacy of Hall subgroups in 
a solvable group yields that we may assume B ~ E0 • Furthermore, we 
may assume that A contains a Hall 1r(A)-subgroup of Eo. 

Since HE0 is a Frobenius group with Frobenius kernel H, no element 
of Eo stabilizes any nonprincipal irreducible character of H. Thus, for 
any A E S, the number of conjugate characters !M : J(A)! is divisible 
by !E0 j. By (Iii), the normal closure of I(A)/H is abelian. Therfore, 
Lemma 4.5 [FT] yields that AM is a sum of irreducible characters of 
degree !M : J(A)jA(1). Thus, d = !Eo! divides A(1) for every A E S. 

It remains to prove that S contains an irreducible character of degree 
exactly d = jE0 j. This is proved as in Lemma 28.1 of [FT]. Let E = AB 
as above. Since H is nilpotent, Hjif!(H) is elementary abelian. Let 
L be a maximal A-invariant subgroup such that if! ~ L C H, and let 
A1 = CA(H/L). Then, A acts on H/L irreducibly and A/A1 is cyclic. 
Since Eo has the same exponent as E and Eo nA1 = 1, lA/ A1 ! is equal to 
the exponent of A. This implies that E0 A 1 = E. Let A be a nonprincipal 
linear character of HjL. Then, HA1 = I(A). Therefore, Lemma4.5 [FT] 
yields that AM is a sum of irreducible characters of degree exactly equal 
to !Eo!= d. Q.E.D. 
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Remark. At the final stage of proof, Lemma 4.5 [FT] yields that 
)..M is a sum of exactly IA1I irreducible characters. We have 

Thus, M has at least 2IE :Eo I irreducible characters of degree d. 

Theorem 15.2. Let M E JV( be a group of type I and letS be as in 
Lemma 15.1. If H/if!(H) is not a chief factor of M, then S is coherent. 
The assumption on H is satisfied if Z (E) contains an element x such 
that CH(x) cj;_ H' and CH(x) -=f- H. 

Proof. Let d = lEo I- Since Eo acts regularly on H, each chieffactor 
of MinH has order at least 2d + 1 It follows that IH: H'l > 4d2 + 1. 
By Theorem 12.5, S is coherent if S(H') is coherent. 

Let S1, ... , Sk be the equivalence classes of characters in S(H'). Each 
Si is a set of irreducible characters of the same degree. If).. E Si, then 
::\ E Si. Thus, lSi I 2: 2. Hence, by Lemma 10.1 [FT], each si is coherent. 
Let ni = lSi I and let d£i be the common degree of the characters of Si. 
We may choose the notation so that 

Lemma 4.5 [FT] yields that for any nonprincipallinear character a, the 
irreducible component of aM has degree IM: I(a)l. Since d = IEol, we 
get £i :::; IE: Eol· 

If S(H') is not coherent, Theorem 12.3 yields that the inequality of 
Hypothesis 12.2 is violated, i.e. we have 

m-1 

L ni£I:::; 2£m:::; 2IE: Eol 
i=l 

for some m. 
We define H = H/if!(H) and use the bar convention. By assumption, 

we have a normal subgroup H 1 of H such that H 1 is a nontrivial proper 
E-invariant subgroup. Since (lEI, IHI) = 1, there is a complementof H1 
in H. Thus, there is an E- invariant subgroup H2 such that H1H2 = H 
and H 1 n H 2 = if!(H). Then, H 2 is a normal subgroup of M. We 
have remarked that there are at least 2IE: Eo I irreducible characters of 
degree d having H 1 in their kernel and at least 2IE: Eo I irreducible ones 
of degree d having H2 in their kernel. It follows that 4IE : Eol :::; n1. 
This contradicts the earlier inequality. Therefore, S is coherent. 

Suppose that Z(E) contains an element x such that CH(x) cJ_ H' 
and CH(x) -=f- H. Let C = CH-(x). Then, H = C x [H, x]. If C = H, 
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then CH(x)<P(H) =H. This implies CH(x) =H. Therefore, C-=/= H. 
If C = 1, then CH(x)(x) <;;; <P(H). This is impossible as CH(x)H' 

corresponds to a direct factor of HIH'. Since x E Z(E), C is M­
invariant. Hence, H = HI<P(H) is not a chief factor of M and the first 
part of Theorem 15.2 yields that Sis coherent. Q.E.D. 

§16. Characters of Subgroups of Type III and IV 

The following notation is used as in §29 [FT]. Let S = S'Q* be 
a subgroup of type II, III, or IV where q = IQ*I is a prime and Q* 
corresponds to the subgroup wl in the definition of the groups of type 
II, III, or IV. Let H =SF and let V be a Q*-invariant complement of 
H in S. We have a subgroup T not of type I paired with S in Theorem 
I. 

Let 1r(H) = {p1 , ... ,pt} and for 1 :S i :S t, let Pi E SyCPi (H), 

ci = Cv(Pi), and c = n~=l Ci. Let IHI = h, lVI = v, IQ*I = q, 
I ci I = Ci ( 1 :::; i :::; t)' and I Cl = c. 

Let S0 be the set of characters of S which are induced by non­
principal irreducible characters of S' I H and S the set of characters of 
S induced by irreducible characters of S' that do not have H in their 
kernel. 

Theorem 16.1. (a) If S is of type III, then S0 US is coherent 
except possibly if H is abelian with IHI = pq for some prime p, VQ* 
acts irreducibly on H, and C = 1. (b) If S is of type IV, then So U S is 
coherent except possibly if H is abelian with IHI = pq for some prime p, 
VQ* acts irreducibly on H, C = V', and S0 is not coherent. 

This is Theorem 29.1 [FT]. We paraphrase a part of their proof. 
Throughout this section we assume that S is of type III or IV. By 

Theorem I, T is of type II. Therefore w2 is of prime order. Let p = I W21 
and write p = p 1 , P = H, and P* = W2 . Since Sis of type III or IV, 
we haveS"<;;; F(S) = HC8 (H) = HC <;;; S' by (T3). 

We will prove Theorem 16.1 in 6 steps. 

Lemma 16.2. Hypothesis 12.4 is satisfied for S, F(S), and S0 US 
in place of M, H, and S, respectively, with d = 1. 

Proof. By the definition of groups of type III or IV, H <;;; F(S), 
F(S) -=/= S', and Sl His a Frobenius group with Frobenius kernelS' I H. 
Thus, So contains an irreducible character of degree q = IS: S'l· Every 
character of S0 U S is induced by an irreducible character of S'. So, 
the degree is a multiple of q. Thus, (iv) of Hypothesis 12.4 is satisfied. 
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By Lemmas 13.5 and 13. 7, each equivalence class of S0 U S is either 
subcoherent or consists of irreducible characters. An equivalence class 
contains .X as well as X. Thus, the condition (v) is satisfied. Q.E.D. 

Lemma 16.3. Let F = F(S) and let S(F') be the subset of S0 US 
consisting of those characters which are equivalent to some character in 
So U S that has F' in its kernel. If S(F') is coherent, then So U S is 
coherent. 

Proof. Since W2 <;;; P, V does not centralize P. Then, the Frobe­
nius group VQ* acts nontrivially on P/if>(P). This implies IP: if>(P)I ~ 
pq. Thus, 

IF:F'I ~ IP: if>(P)I ~ pq > 4q2 + 1 

by (5.9) of [FT]. Theorem 12.5 yields Lemma 16.3. 

Lemma 16.4. If S(F') is not coherent, then S" =F. 

Q.E.D. 

Proof. By Corollary 9.6, W2 is a subgroup of S". It follows that 
S/S" is a Frobenius group with Frobenius kernelS' /S". The proof of 
Lemma 29.3 [FT] proves Lemma 16.4. Q.E.D. 

Lemma 16.5. If S(F') is not coherent, then H = P, P' =if>( F), 
IP:P'I =pq, P*nif>(P) = 1, andC = V'. Furthermore, VQ* acts 
irreducibly on P. 

Proof. The proof is the same as that of Lemma 29.4 [FT]. Since 
IP: if>(P)I = pq and V does not act trivially, VQ* acts irreducibly on 
Pjif>(P). Q.E.D. 

Lemma 16.6. If S(F') is not coherent, then P is an elementary 
abelian p-group of order pq. 

Proof. See the proof of Lemma 29.5 [FT]. I will paraphrase the 
part of the proof concerning the linear characters si of V modulo p. 

For u,v E V, we have si(uv) = si(u)si(v) (modp). Thus, Si are 
indeed linear characters modulo p. None of these characters is trivial 
because CP/P'(V) = 1. If we take the notation that a generator w of 
Q* shifts the one-dimensional V-modules downwards i----+ i- 1, then 

If sisj = 1 for some i < j = i + k, then for x = wk, Sj(v) = si(x-1vx) 
so 1 = si(v)sj(v) = si(vx-1vx) for all v. We claim that the mapping 
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defined by () : v --+ vx-1vx induces an injection on the group VIV'. 
Suppose that O(v) = O(u) (mod V'). Then, 

modulo V'. Since the group VQ* IV' has odd order, this happens only 
when vu-1 = 1 (mod V'). Thus, ()induces an injection on a finite set. 
Therefore,() induces a surjective map. Then, for every v E V, there are 
elements u E V and z E V' such that v = O(u)z. Since si(z) = 1, we 
have si(v) = si(O(u)) = 1. This contradicts the statement that Si is not 
trivial. Thus, sisj =I= 1 for any i, j with 1 :=:; i,j :=:; q. 

The remaining proof is given in [FT]. Q.E.D. 

Lemma 16. 7. If S(F') is not coherent and C =/= 1, then So is not 
coherent. 

Proof. This is a paraphrase of the proof of Lemma 29.6 [FT]. As­
sume that S0 is coherent. Note that S I H is a Frobenius group with 
Frobenius kernel S' I H that is a nonabelian group of order v. Thus, So 
is the set of all irreducible characters of S I H that do not have S' in their 
kernel. 

Let S1 =So and let S2 , .•. , Sk be the equivalence classes of S(F')-So 
such that every character of Sm has degree lmq form 2': 2 and Z2 :=:; h :=:; 
• • · :=:; lk. By assumption, S(F') is not coherent. We check the validity 
of Hypothesis 12.2. If A E si, then X E si. Now, Lemmas 13.5 and 
13.7 yield the condition (iv). Since So contains an irreducible character 
of degree d, all conditions of Hypothesis 12.2 except the inequality are 
satisfied. Since S(F') is not coherent, the inequality must be violated. If 
A E Sm for m 2': 2, then A is equivalent to a constituent J.L of a character 
induced by a linear character ofF and A(1) = J.L(1). Since V' = C by 
Lemma 6.5 and F = HC, the degree lmq of J.L satisfies lm :=:;vic. 

Consider the contribution to the left side of the inequality from 
S0 . A character Als of S0 is irredU<;ible of degree h8 q. Since SIH is a 
Frobenius groupwith Frobenius kernelS' I H, S0 is the set of irreducible 
characters of S I H that do not have S' in their kernel. There are exactly 
q other characters of degree 1. Thus, 

8 

Thus, we obtain v - 1 :=:; 2lmq :=:; 2qul c. Since 1 < c < u and c = 1 
(mod 2q), we get a contradiction. Q.E.D. 
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Suppose that S is of type III or IV. If SoU S is not coherent, S(F') is 
not coherent by Lemma 16.3. Then, by Lemmas 16.5 and 16.6, H = P 
is elementary abelian of order pq and VQ* acts irreducibly on P. If S 
is of type III, then V is abelian so C = V' = 1 by Lemma 16.5. If S is 
of type IV, then C = V' and S0 is not coherent by Lemma 16.7. This 
proves Theorem 16.1. Q.E.D. 

§17. Characters of Subgroups of Type II, III and IV 

We will use the notation introduced at the beginning of §16. In 
addition, we denote a= exp V/V'. 

In the first part of this section, we assume that 

(1) S is a subgroup of type II, III, or IV, 
(2) S is not coherent if S is of type III or IV, and 
(3) V/V' has exponent a. 

In this section, we denote by S(A) the set of characters in S which 
have A in their kernel. This usage is different from the one used in §16. 
We follow the argument of §30 [FT]. 

Lemma 17.1. The degree of every character in S is divisible by 
aq. 

Proof. Every character in S is a constituent of a character of S 
induced by a nonprincipal character() of H. Let V1 = V n I(()) and let 
b = IV: V1 1. If S is of type II or III, V is abelian by (II iii) or (III iii). 
By Lemma 4.5 [FT], it suffices to show that a divides b. 

The group V1 centralizes a section of H. Then, V1 <;;; A(S) as shown 
in the proof of Lemma 30.1 [FT]. Consider Vb and suppose that Vb -=/- 1. 
Then, Vb <;;; V1 <;;; A( S). If S is of type II, the modified (II v) yields 
Nc(Vb) <;;; S. Since Vb char V, we get Nc(V) <;;; Nc(Vb) <;;; S in 
contradiction to (IIiv ). If S is of type III, Vb -=1- 1 is a normal subgroup 
of the Frobenius group VQ*. Since S is not coherent, Theorem 16.1 
yields that VQ* acts irreducibly on H. Then, the abelian group Vb-=/- 1 
acts semisimply and one component is trivial as vb <;;; vl. It follows that 
Vb acts trivially on H. Therefore, Vb <;;; C, contradicting Theorem 16.1. 

Suppose that Sis of type IV. Then, Theorem 16.1 yields that S0 is 
not coherent. By Lemma 12.6, V(~ S' /H) is a nonabelian r-group for 
some primer and V' = <I>(V). In this case V/V' is an elementary abelian 
r-group, so a= r. Since VQ* acts irreducibly on H, we have CH(V) = 1. 
It follows that V does not stabilize any nonprincipal character of H. 
Hence, the degree of a character in S is divisible by r. This proves 
Lemma 17.1. Q.E.D. 
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Lemma 17.2. For 1 :::; i :::; t, IPi : <I>(Pi)l = Piq' VQ* acts on 
Pi/<I>(Pi) irreducibly, and VICi has exponent a. 

The proof of Lemma 30.2 [FT] applies. 

Lemma 17.3. For 1:::; i:::; t, either a I (pi- 1) or a I (piq- 1) 
and (a, Pi - 1) = 1. In the second case, VI Ci is a cyclic group of order 
a and acts irreducibly on Pi/<I>(Pi)· 

Cf. Lemma 30.3 [FT]. 
We prove two (known) properties of finite abelian p-groups for .some 

prime p. 

Lemma 0. (1) Let A be a finite abelian p-group such that <I>(A) 
is a maximal characteristic subgroup of A. Then, A is a direct product 
of cyclic groups of the same order. 

(2) Suppose that an abelian group U acts on a finite abelian p-group 
A. Assume that the exponent of U divides p - 1. Then, A is a direct 
product of U -invariant cyclic subgroups. 

Lemma 17.4. Suppose (a, pi- 1) = 1 for some i, 1 :::; i :::; t. Let 
H1 = P[IT#iPj. Then, IH:H1I = IPi: Pfl = pqrn; for some integer mi. 
Furthermore, S(HI) contains at least 

irreducible characters of degree aq and at least p"('; - 1 characters of 
weight q and degree aq. 

Proof. I will paraphrase the proof of Lemma 30.4 [FT]. Lemma 
17.3 yields that vI ci is cyclic. Suppose that s is of type IV. Then, by 
Theorem 16.1, So is not coherent. We showed in the proof of Lemma 
17.1 that V' = <I>(V) = C = Ci. Then, VI<I>(V) is cyclic. Hence, V 
is cyclic. This is a contradiction because V is nonabelian for type IV. 
Therefore, S is of type II or III, and V is abelian. Lemma 17.3 yields 
that V acts irreducibly on Pi/<I>(Pi)· It follows from Lemma M that 
HI H 1 ( S:5. Pi/ P[) is a direct product of q cyclic groups of order_.Fp"(';. On 
each chief factor in HI H1 , Q* centralizes a subgroup of order Pi· Since 
CH(Q*) is cyclic by Theorem C (2), we have ICH/H'(Q*)I = p"(';. 

The group HCi/H1 is the direct product of HIH1 and H 1Ci/H1. 
Both factors are abelian. Since VI Ci acts regularly on HI H1, every lin­
ear character a of HCi/H1 that does not have HIH1 in its kernel has 
exactly a = IV: Gil conjugates. Hence, a induces an irreducible char­
acter of degree a. There are at least (p"(';q- 1)ci/a distinct irreducible 
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characters of degree a. Among them, precisely p";'' - 1 are Q* -invariant. 
The assertions of Lemma 17.4 follow from Lemma 13.5. Q.E.D. 

Lemma 17.5. Suppose that a I (Pi -1) for some i with 1 :::; i:::; t. 
Let H1 be as in Lemma 17.4. Then, IH:H11 = IPi:P[I = p";''q for some 
integer mi and S(H1 ) contains at least 

(p";''- 1) v 

a av' 

irreducible characters of degree aq where IV'I = v'. 

Proof. The Frattini factor group of HI H 1 is isomorphic to Pi/CP(Pi)· 
By Lemma 17.2, VQ* acts irreducibly on Pi/il>(Pi)· Since a I (Pi -
1), HI H 1 is a direct product of V-invariant cyclic groups of the same 
order. There are V-invariant subgroups K 1 and K 2 such that HI K 2 

is a cyclic group of order pm', K 1K 2 = H, and K 1 n K 2 = H 1. Let 
V1 = Cv(HIKz). Then, VIV1 is a subgroup of Aut(HIK2 ). Hence, 
VIV1 is cyclic, so IV: V1l :::; a. 

Consider the factor group L = HVI/ K 2 V'. Since Vi :2 V' and V1 
centralizes HI K 2, L is abelian. Let £ be the set of linear characters of L 
which do not contain H in their kernel. If A E £, A induces an irreducible 
character ()of degree IV: V1l inS. By Lemma 17.1, IV: V1l ~ a. Hence, 
IV : V11 = a. Suppose that () 8 = As is not irreducible or for .A, J1 E £, 
they induce the same irreducible character of S. In the first case, A is 
Q* -invariant, so H n ker A is Q* -invariant. In the second case, A and J1 
are Q*-conjugate so Hnker .A and Hnker 11 are Q*-conjugate. However, 
Hnker .A and Hnker 11 have the same index and both contain K 2 . Since 
HI K 2 is a cyclic group of order p";'', there is a unique subgroup of each 
index. It follows that H n ker A is Q*- invariant. Since every subgroup 
of H that contains K 2 is V-invariant, H contains a subgroup of index 
Pi that is VQ*-invariant. This contradicts Lemma 17.2. 

We have 1£1 = l = (pm' - 1)vlav' and the characters of£ produce 
exactly lla distinct irreducible characters of degree aq in S(Hl). 

Q.E.D. 

Lemma 17.6. If S(H') contains no irreducible character of degree 
aq, then t = 1, P{ = il>(Pl), a= u = (Plq -1)I(Pl -1), and c = c1 = 1. 
Furthermore, S(H') is coherent and S is not of type IV. 

Proof. See the proof of Lemma 30.6 [FT]. We note that in the 
following equation a= (Piq- 1)I(Pi- 1), Pi is determined by a. This 
remark yields t = 1. Since c = 1, V' = C = 1, and S is not of type 
IV. Since S(H') contains all the characters of degree aq and weight q, 
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S(H') consists of characters ~j, 0 ::::; j < p. By Lemma 13.7, S(H') is 
coherent. Q.E.D. 

In the remainder of this section we assume that 

(2)' S is not coherent 

in place of the condition (2). Note that S" C F(S) = HC C S' by 
Theorem A (7). Define F = F(S). 

Lemma 17.7. IfS(H') is not coherent, then H = P1 , C1 = 1, 
a= (p- 1)12, p = p 1 , v =;Fa, and .P(Pl) = P{. The degree of every 
characterinS(H') is eitheraq orvqlc, andS(H') contains exactly2vla 
irreducible characters of degree aq. Furthermore, S is not of type IV. 

Proof. The proof of Lemma 30.7 [FT] shows that if S(F') is not 
coherent, the degree of any character in S(F') is either aq or uq where 
u =vic, and the other conditions in Lemma 17.7 are satisfied. If Sis 
of type II or III, then V is abelian. Hence, F' = H' because F = H x C 
with C abelian. Thus, the result is proved if S is of type II or III. 

It remains to show that if S(H') is not coherent, then Sis not of type 
IV. Suppose that Sis of type IV. Since S(H') is not coherent, S0 US is not 
coherent. Theorem 16.1 (b) yields that H = P is elementary abelian, 
VQ* acts irreducibly on P, and So is not coherent. Since SIH ~ VQ* 
is a Frobenius group, Lemma 12.6 implies that V is an r-group for 
some prime r and V' = .P(V). It follows that VIV' is an elementary 
abelian group of order rn. Thus, the exponent of V IV' is r; we have 
r = a. We claim that n ::::; 2. Suppose that n > 2. Since H = P 
is elementary abelian, so is F I C. Let fh and (}2 be linear characters 
of F I C with exactly a conjugates in S', so each induces an irreducible 
character of degree a. Suppose that (}1 (}2 is not the principal character. 
Then, I((}1 (}2 ) :2 I((}l) n I((}2 ). Since both I((}1 ) and I((}2 ) have index r, 
the index of I ( (}1 (}2) in S' is at most r 2 . Since the index of the inertia 
group of a nonprincipal character is either r or rn, IS': I((}1 (}2 )1 = r. 
Thus, the set of linear characters with at most r conjugates forms a 
VQ*-invariant subgroup of the character group of FIG. Since VQ* acts 
irreducibly on FIG, every nonprincipal character of FIG has exactly 
r conjugates. It follows from the permutation lemma that the number 
of orbits on the character group by the action of V is the same as the 
number of orbits on pH. Since each orbit has at least r elements, every 
element of pH has exactly r conjugates. Take an element x =;F 1 in 
P*. Then, Cv(x) = X is a maximal subgroup of V. Since xis Q*­
invariant, so is X. Hence, Cp(X) is VQ*-invariant. Since VQ* acts 
on P irreducibly, we have Cp(X) = P. This contradicts Theorem 16.1 
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because C = Cv(P) = V'. Therefore, we haven:::; 2. If n = 1, Vlil>(V) 
is cyclic. This implies that V is cyclic. This contradicts the definition 
of a group of type IV (IV iii). If n = 2, Lemma 11.3 [FT] yields that S0 

is coherent. This final contradiction shows that S is not of type IV if 
S(H') is not coherent. Q.E.D. 

Lemma 17.8. The family S(H') is coherent. 

Proof Suppose that S(H') is not coherent. Lemma 17.7 yields that 
H = P1, C1 = 1, a= (p- 1)12, p = p1, v -=1- a, P{ = il>(P1), and Sis of 
type II or III. The last condition implies that the subgroup V is abelian. 
Let S1 be the set of irreducible characters in S(H') of degree aq. By 
Lemma 17. 7, the degree of every character in S(H') is either aq or vq, 
and IS1I = 2vla. We will prove some properties of characters of P = P1 
having exactly a conjugates. Note that there is such a character because 
s1 -=1- 0. 

We prove a lemma. Let B be a nonprincipal character of PIP' with 
exactly a conjugates. Then, V1 = V n I (B) contains no Q* -invariant 
subgroup different from 1. 

Proof. Suppose 1 -=1- U ~ V1 and U is Q* -invariant. Then, V1 
centralizes? I kerB. Since V is a p'-group, C p 1 P' (V) -=1- 1. Hence, 
CP/P'(U) -=1- 1, and it is a direct factor of PIP' because U is a p'­
group. Since U is Q*-invariant and V is abelian, Cp;p,(U) is VQ*­
invariant. By Lemma 17.2, VQ* acts irreducibly on PI<I>(P). It follows 
that CP/P'(U) =PIP', and hence U ~ Cv(P) = C1 = 1. This contra­
diction proves the lemma. Q.E.D. 

We claim that there is a pair of characters B1 and B2 of PIP' having 
exactly a conjugates such that B1B2 has v conjugates. Suppose that this 
does not hold. Then, the characters having at most a conjugates form a 
subgroup of the character group of PIP' that is VQ*-invariant. Then, 
Lemma 17.2 yields that every character of PIP' has at most a conju­
gates. This gives a contradiction as follows. There is a Q*-invariant 
non principal character B of PIP'. Then, I( B) n V is Q* -invariant, con­
tradicting the lemma. 

Choose a pair of characters B1 and B2 each having exactly a conju­
gates such that B1B2 has v conjugates. Then, IS': I(Bi)l =a fori= 1, 2, 
and I(Bt) n I(B2 ) = P. Thus, v divides a 2 ; in particular, v :::; a 2 . We 
will prove that r(V) :::; 2. Take an arbitrary prime r E 1r(V). We will 
show that V has a Sylow r-subgroup generated by at most two elements. 
Let x be an element of order a in V, and let w be a generator of Q*. 
If (x) n (x)w is an r 1-group, (x, xw) contains a Sylow r-subgroup of V 
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that is generated by two elements. Suppose that (x) n (x)w contains a 
subgroup R of order r. Then, R is the unique subgroup of order r in 
(x) as well as in (x) w. Thus, R is Q* -invariant. By the lemma, I( (}i) 

does not contain R. Let Vi = I(Oi) n V. Then, V1 n V2 = 1. Since 
Vi n R = I, V /Vi has a cyclic Sylow r-subgroup. The Second Isomor­
phism Theorem yields that V1 also has a cyclic Sylow r-subgroup. Thus, 
a Sylow r-subgroup of V is generated by at most two elements. Since 
Vis abelian, we have r(V) :::; 2. If r(V) = I, V would be cyclic. Then, 
a = v, contrary to a -=/= v. Thus, r(V) = 2. 

We prove that if(} has exactly a conjugates, then V1 =I( B) n V is 
cyclic and V1 n V1 w = I for any w E Q*. If V1 is not cyclic, V1 contains 
an elementary abelian group E of order r2 for some r E 1r(V). Since 
r(V) = 2, E is a characteristic subgroup of V. Thus, E is Q* -invariant, 
contradicting the lemma. Therefore, Vi is cyclic. If V1 n V1 w -=/= I for 
some w -=/= I in Q*, then take a subgroup R of prime order in V1 n V1 w. 

Since V1 is cyclic, R is the unique subgroup of its order. The same holds 
for V1w. Then, R is a Q*-invariant subgroup of V1. The lemma yields 
that this is not possible. Thus, V1 n V1 w = 1. 

The proof of Lemma 30.8 [FT] can be carried over. The Q* -invariant 
nonprincipal characters of P have exactly v conjugates as seen from 
the third paragraph of the present proof. Thus, S(H') contains p- I 
characters of weight q and of degree qv. 

Let A be an irreducible character of degree aq in S1. Then Lemma 4.5 
[FT] yields that A is induced by a linear character of some subgroup U of 
index a inS'. Define a= Ius -A. Since U<JS' (as S'/H ~Vis abelian), 

Ius' is the regular representation of the group S' jU. Since U = I( B) for 
some nonprincipal character (} with exactly a conjugates, U n uw = H 
for all w E Q*"· If IU: HI = b, then U/H ~ vl = I(O) n vis cyclic. 
Thus, uuw / H is the set Sb/ H of elements of order dividing b. It follows 
that Sis Q*-invariant. If a linear character~ of S' has U in its kernel, 
ker ~w ;;;! uw. Thus, ~w has U in the kernel if and only if ker ~ ;;;! Sb. 
Therefore, we can compute (Iu)s. It is the sum of PS/S', irreducible 
characters induced by non principal characters of S' I sb with multiplicity 
q and (a-a/b) other irreducible characters with multiplicity 1. Thus, it 
follows that llall 2 = q+q2 ((ajb) -I) jq+a- (a/b)+ I =a+ I+ (q-I)ajb. 

The remaining portion of the proof is the same as that of Lemma 
30.8 [FT]. Q.E.D. 

Lemma 17.9. S is of type II. 

Lemma 17.10. IfS contains an irreducible character of degree aq, 
then Hypothesis I2.4 is satisfied with M = S, X= A(S), H =SF = P, 
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and d =a. 

Lemma 17.11. If S contains an irreducible character of degree 
aq, then IH: H'l ::::; 4a2q2 + 1. 

Proof. We need only to check that the present S(H') is the same 
as S(H') in Theorem 12.5. Suppose that A E S(H') in the sense of 
Theorem 12.5. Then, A has the same degree as the character fJ in S 
that has H' in the kernel. By the definition of S, A is induced by an 
irreducible character A1 of S'. Similarly, fJ is induced by an irreducible 
character f-11 of S'. Since H' <:;;; ker f-1, the restriction of f-11 on H is a 
direct sum of irreducible characters of degree 1. Since S' / H is abelian, 
Lemma 4.5 [FT] yields that f-11(1) is prime to IHI. Note that His a Hall 
subgroup of S. Since A1(1) = f-11(1), the degree of A1 is prime to IHI. 
Therefore, the irreducible constituents of the restriction of A1 to H are 
linear. It follows that H' <:;;; ker A. Now, Theorem 12.5 yields Lemma 
17.11 because S is not coherent. Q.E.D. 

Lemma 17.12. For 1 ::::; i ::::; t, (a,pi- 1) = 1 and PiV/Ci is a 
Frobenius group. 

Lemma 17.13. The group H is a nonabelian 3-group with H' = 
if>( H). There is an irreducible character of degree aq in S and a < 3q/2 . 

Proof. By Lemma 17.8, H' -=1- 1 so H is nonabelian. Choose the 
notation that P{ -=1- 1. Let 

be a part of a chief series of S. Then, PI/ P0 is a nilpotent group of class 
2. Lemma 17.9 yields that Sis of type II. Hence, by (IIv), CH(V) = 1. 
It follows from Theorem 3.10 [BG] that Q* centralizes some nonidentity 
in each chief factor. Since CH(Q*) is cyclic, P1 /P0 has exponent pn. 

The mapping y----+ yPn-l induces a V-homomorphism of PI/if>(P!) into 
P{/ P0 . Therefore, the minimal polynomial of the generator x of U /C1 

on PI/if>( PI) is the same as that on P{/ P0 . By Lemma 6.2 [FT], we have 
q > 3 and a < 3q/2. 

If S contains no irreducible character of degree aq, Lemma 17.6 yields 
H = P1 and a= (P1q- 1)/(P1 -1). Hence, 

3q-1 ::::; P1 q-1 < a < 3q/2. 

This contradiction proves that there is an irreducible character of degree 
aq inS. 
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Let IP1: P{l =P1mq. Then, by Lemma 17.11, 

Pl mqrri>lPiq ~ IH: H'l ~ 4a2 q2 + 1 < 4. 3qq2 + 1. 

By (5.9) [FT], we have m = 1, t = 1, and p_1q < 4 · 3qq2 + 1. Thus, Pl 

is small. Eventually, we have p1 = 3 ( cf. page 960 [FT]). Hence, H is a 
3-group because t = 1. Since m = 1, we have IP(H) = H'. Q.E.D. 

Theorem 17.14. Let S be a subgroup of type II, III, or IV. Let 
a be the exponent of the group V IV', and let T be the element of JV( 

paired with S in Theorem I. Then, the family S of characters is coherent 
except possibly if S is of type II, H is a nonabelian 3-group, HV I C is a 
Probenius group with Probenius kernel H C I C, a < 3q/2 , IH: H'l = 3q, 

and T is of type V. 

§18. Characters of Subgroups of Type V 

In this section letT= T'W2 be a subgroup of type V. LetS be the 
subgroup in JV( which satisfies the conditions of Theorem I. By (d), Sis 
of type II. We use the notation introduced at the beginning of §16. 

Let 'J be the set of all characters ofT which are induced by non prin­
cipal irreducible characters ofT'. For 0 ~ i ~ q- 1, 0 ~ j ~ w2- 1, let 
'T/ij be the generalized characters of G associated with Wij of W and let 
Vij be the characters of T defined in Lemma 13.4. By Lemma 13.5, T' 
has exactly q irreducible characters which induce characters of weight 
w2 . Denote them vo = 1r,, v1, ... , Vq-1· Then, (i = viT has weight w2. 

Since q is a prime, the characters v1, ... , Vq-l are algebraically conju­
gate. Therefore, vi(1) = v1(1) for 1 ~ i ~ q- 1. 

We prove a lemma. 

Lemma P. If A is an irreducible character of 'J, then AT is defined 
and AT is not equal to ±rJst for any s and t. 

Proof. If A E 'J, then X is an irreducible character in 'J and X =f. A. 
Then, {A, X} is coherent and AT is (not uniquely) defined by (A- :xy = 

AT -XT. Suppose that AT= ±rJst· .Then, for an element x E W, we have 

Since A vanishes on w, AT- XT = (A- xr vanishes on x. Thus, we 

get that xr (x) = ±w8 t(x) =f. 0. By Lemma 13.1, XT is one of ±'TJij; in 

fact, Wst(x) = Wij(x) on X E w implies that xr = ±rJst = AT. This 
contradicts the inequality A =f. X. Q.E.D. 



On the Prime Graph of a Finite Simple Group 161 

Lemma 18.1. The family S(H') contains an irreducible character 
of S except possibly if w2 is a prime and S' = HV is a Frobenius group 
with Frobenius kernel H. 

Proof. We can apply Lemma 17.6. If S(H') contains no irreducible 
character, then H = P1 is a Prgroup, H' = if>(H), v = a = (P1q-
1) I (p1 - 1) and c1 = c = 1. Suppose that H is nonabelian. Choose a 
chief factor P{/ Po of S. Then, P{/ Po ~ Z(Pd P0 ) and it is an elementary 
abelian. As in the proof of Lemma 17.13, Lemma 6.2 [FT] yields a < 
3q 12 . Since a = (P1 q - 1) I (P1 - 1), we have a contradiction 3q-1 < 3q 12 . 

Therefore, His abelian. It follows from H' = if>( H) that His elementary 
abelian. On each chief factor in H, Q* has a nontrivial centralizer. Since 
CH(Q*) = W2 is cyclic, w2 = IW21 is a prime and VQ* acts irreducibly 
on H. Thus, HV is a Frobenius group with Frobenius kernel H. 

Q.E.D. 

Lemma 18.2. Let aij = ((v1(1)(o- (if,'T/oj)· Then aij -I 0 for 
1 ::::; i ::::; q - 1, 0 ::::; j ::::; w2 - 1. 

Proof. Let ME M be a supporting subgroup ofT and let N = MF. 
By (Fiii), M is a group of type I. Let E = MnT. Then (Fii)(b) yields 
that Eisa complement of N in M. We prove the following lemma. 

The elements of A(M) are n(W2 )'-elements. 

Proof. Since Tis of type V, we have A(T) = T'. Take an element 
x #1 of Cr,(W2) = Q*. Then, by (Fii)(c), we have (INI, ICr(x)l) = 1. 
It follows that (INI, IW2I) = 1. Suppose that there is an element of 
A(M) of order r for some prime r in n(W2). Since N is an r'-group, 
there is a subgroup R of order r in E with CN(R) "I 1. By replacing 
M by conjugate, we may assume R ~ W2 because W2 is a cyclic Hall 
subgroup ofT. By Theorem 8. 7 (d), Nr(R) = Q* x W2 and it is cyclic. 
By Lemma 6.1 (d) and Theorem 6.5 (b), E has abelian Sylow subgroups. 
It follows that E has cyclic Sylow r-subgroups. Then, r E T1(M)UT3 (M). 
Since M is a tv-subgroup by (Fii), CN(R) =f 1 implies that r E K(M). 
This contradicts Proposition 10.1 (a). Q.E.D. 

We claim that 8 = 'T/Oj satisfies the property that 8 is constant 
on the cosets of N which lie in M - N. By Lemma 14.1, we need to 
check that 8 is orthogonal to the elements ofT (a) for every nonprincipal 
irreducible character a of N. Take fh,(}z E S(a). Since M is of type 
I, ()i are irreducible characters of M which vanish outside A(M) and 
()1 = ()2 on N by Lemmas 4.3 and 4.5 [FT]. Thus, ()1 -B2 vanishes outside 
A(M) - N. Since M is of type I, A(M) = Ao(M) and A(M) - N is a 
TI-set of G with normalizer M by (Fii)(d). 
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Thus, (01 - 02)G is the difference of two irreducible characters of 
G. Suppose that (8, (01 - 02)c) =/= 0. Then, 8 = 1Joi is involved in 
W = (01 - 02 )c. The virtual character W vanishes outside ec(A(M)). 
Since elements of A(M) are 1r(W2 )'- elements by the lemma, there is 
a Galois automorphism of QliGI that leaves (01 - 02 )G invariant but 
moves 1JOi to 1JOk with k =1- j. Then, 1]ok is involved in W with the 
same multiplicity. This is a contradiction because W is the difference of 
two characters. Hence, 1JOi is constant on the sets of the form A(x) for 
XED*. 

Lemma 11.4 yields now 

The rest of the proof is the same as that of Lemma 31.2 [FT]. Q.E.D. 

From now on, the lemmas of this section will be proved under the 
assumption that 'J is not coherent, and we will derive a contradiction 
from this hypothesis. 

By Corollary 9.6, we have Q* ~ T". Then, T/T" is a Frobenius 
group with Frobenius kernel T' jT". We check that Hypothesis 12.4 is 
satisfied for S, S', 'J in place of M, H, S with d = 1. Since T jT" is a 
Frobenius group, there is an irreducible character of degree w2 = IT: T' I· 
The last condition of Hypothesis 12.4 holds by Lemmas 13.5 and 13. 7. If 
H1 = T", then S(Hl) in Theorem 12.5 is the set of irreducible characters 
ofT jT" which do not have T' /T" in their kernel. Since T' jT" is abelian, 
this family is coherent. Then, Theorem 12.5 yields that 'J is coherent if 

IT': T"l > 4IT: T'l 2 + 1. 

Since we are assuming that 'J is not coherent, we have 

IT': T"l ::; 4w~ + 1. 

This implies that W2 acts on T' jT" irreducibly. It follows that T' = Q 
is a q-group for the prime q = IQ*I· Define 

IQ : Q'l = l and IT: Ql = w2 =e. 

Lemma 18.3. Suppose that 'J is not coherent and IQ: Q'l = qb 
with b = 2c an even number. Then, IT: Ql = e is not a power of any 
prime. 

Proof. This is Lemma 31.3 [FT]. We will paraphrase a part of their 
proof. Suppose that e = ph for some prime p. Since 'J is not coherent, 
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Lemma 11.5 [FT] yields that qc + 1 = 2ph, qc is the degree of any nonlin­
ear irreducible characters of Qj[Q, Q'], and if Q1 is a normal subgroup of 
T such that Q1 <;;;; Q' and Q1 =1- Q', then TjQ1 is not a Frobenius group. 
Note that Q' /[Q, Q'] is contained in the center of Qj[Q, Q']. Therefore, 
Lemma 4.1 [FT] yields that the degree of any irreducible character of 
Qj[Q, Q'] is at most qc. 

Since 'J is not coherent, Q is nonabelian. So, Q' =/- 1. Let Q1 

be a normal subgroup ofT such that Q1 <;;;; Q' and Q' jQ1 is a chief 
factor ofT. Then, [Q, Q'] <;;;; Q1. Since Q1 =/- Q', the group T jQ1 is 
not a Frobenius group. Then, some nonidentity element of W 2 has a 
nontrivial centralizer in Q1 . By Proposition 8.2, W2 acts in a prime 
manner on Q. Thus, we have Q* 1"= Q1. Since [Q, Q'] <;;;; Q1, Q*Q1 
is a normal subgroup of Q. Clearly, W2 normalizes Q*Q1. Therefore, 
Q*Q1 is a normal subgroup ofT. Since Q' jQ1 is a chief factor ofT, 
we have Q*Ql = Q'. Then, IQ' : Qll = IQ*I = q. Any nonlinear 
irreducible representation of QjQ1 has degree qc because Q1 :2 [Q, Q'], 
and it represents the subgroup Q' jQ1 (in the center of Q jQ1) by scalar 
matrices. Since each coset of Q1 in Q' contains an element of Q*, any 
nonlinear irreducible character of QjQ1 is W2-invariant. Thus, there are 
q- 1 nonlinear irreducible characters v1 , ... , Vq-l that induce reducible 
characters of T. Let (i = vi T for 1 ::::; i ::::; q - 1. These characters are 
algebraically conjugate. 

Since IQ : Q'l = qb with b = 2c, 'J contains (qb- 1)/e = 2(qc- 1) 
irreducible characters of degree e. Let {.Ai} be these irreducible char­
acters of degree e. Since Q = A(T), { .\i} is coherent. Thus, the set of 
virtual characters {.Ai T} of weight one is defined by Lemma 10.1 [FT]. 
None of these AiT is equal to ±7Jst· 

Define a= ( 0 - .\1 and (3 = qc .\1 - (1. Consider the decomposition 
of aT and (JT as in the proof of Lemma 31.3 [FT]. Then, 

for some integer x and ( Ai T, ..:1) = 0 for all i. If we write 

where ..:10 does not involve any 7Jij, Lemma 13.2 yields 

aoo - aiO - aoj + aij = 0 

because (JT vanishes on W. By Lemma 11.3, ((JT, 1c) = ((3, 1r) = 0 so 
aoo = 0. 
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The set {(s}, 1 ::::; s ::::; q- 1, is coherent by Lemma 13.7 with 
(s 7 = E L:j T/sj. Then, by Lemma 11.4, 

It follows that aso - a10 = ±1 with the sign independent of s. With 
a= azo, we have 
(18.1) 

(a±1)2 +(q-2)a2 + Lao/+ L{(a±1+aoj)2+(q-2)(a+aoj)2 }::::; IIL1II 2 . 

j j 

Let k be the contribution from the third term. Since each pair of complex 
conjugate characters contributes an even integer to the sum, k is even. 
The terms in the last sum and the first two terms contribute at least 
one, so 

k + e::::; IIL1II 2 · 

By definition, (qc(o- (1) 7 = qcar +(F. Lemma 18.2 implies that for 
any value of j (1 ::::; j::::; e- 1) 

(a 7 , T/oj) =/= 0 or (!JT, TJoj) =/= 0. 

Since II/FII 2 = q2c + e by Lemma 11.4, we have 

(qc- x) 2 + x2 (2qc- 3) + k + e::::; q2c + e, x 2 (qc- 1)- xqc ::::; 0. 

Therefore, 0 ::::; x ::::; qc j ( qc - 1) < 2. Thus, x = 0 or x = 1. Suppose 
that x =/= 0. Then, x = 1 and IIL1II 2 = e + 2. It follows that k ::::; 2. If 
k = 0, we get a contradiction as in [FT]. Assume that k = 2. Then, 
aor = a08 = ±1 for exactly two r, sand the remaining aoj are zero. The 
values taken by {3 7 are in the field QIQI by Lemma 11.1, while the values 
taken by T/Oj are in the field Qe by Lemma 13.1. Then, TJor has at least 
p- 1 algebraic conjugates T/Oj with aoj = aor· It follows that p- 1 = 2. 
Thus, p = 3 and q =/= 3. 

Since IIL1II 2 = e + 2 = e + k, the contribution from each term of the 
last sum in (18.1) is exactly one. Since q- 2 > 1, we have a+ aoj = 0 
for each j with 1 ::::; j ::::; e- 1. Since the first two terms of (18.1) also 
contribute 1, we have a= 0. This contradicts aor = a08 = ±1. 

Therefore, x = 0 and we have 

(JT = qC)\1 T + L1 

with IIL1II 2 = e. It follows that k = 0 and aoj = 0 for 1 ::::; j ::::; e - 1. 
Then, (18.1) reads 
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Hence, a = 0 or a ± 1 = 0 and q = 3. If a = 0, then aij = 0 for all i 2: 2 
and a1j = a10 = ±1. Thus, 

If a ± 1 = 0 and q = 3, a 10 = 0 and a20 = ±1. Hence, a 1j = 0 and 
a2j = a2o = ±1. Thus, {3 7 = qc >.1 7 ± (2 7 • Since q = 3, we have only two 
characters ( 1 and (2 . We see that the union of characters {>.i} and {(s} 
is coherent. This set is precisely 'J(Q1), the set of characters of 'J which 
are induced by characters of Q/Q1 . Thus, 'J(Q1 ) is coherent. The index 
IQ: Q11 is q2c+l and q2c+1 > 4e2 + 1 because e = (qc + 1)/2 2: 2. 

We check that Hypothesis 12.4 is satisfied with d = 1. We wish 
to apply Theorem 12.5. The only point we need to worry about is 
the definition of 'J(Q1). Thus, suppose that f.1- is a character of 'J that 
is equivalent to T E 'J that has Q1 in its kernel. Then, T is either an 
irreducible character of degree e or a character of degree qc and of weight 
e. Our set 'J(Q1) contains all the irreducible characters of degree e and 
all the reducible ones of degree qce because there are only q - 1 such 
characters. Thus, f.1- E 'J(Q1 ). Theorem 12.5 yields that 'J is coherent, 
contrary to the assumption. Q.E.D. 

Lemma 18.4. The family S for the group S is coherent. 

This follows from Theorem 17.14, Lemma 18.3, and Lemma 11.6 
[FT] as shown in [FT]. Q.E.D. 

We use the following notation. Let 

1 = qfo < qh < ... 

be the set of degrees of irreducible characters of Q and 

Since Q* ~ Q' by Theorem C(3), the principal character of Q is the 
only linear character of Q that is W2-invariant. Thus, v1(1) > 1, i.e. 
n > 0. For 0 :=:; i :=:; n- 1, let Ai be an irreducible character ofT with 
>.i(1) = eqh. Let Si be the set of irreducible characters ofT which 
are induced by irreducible characters of Q with degree qf'. Define is 
inductively as follows. Let io = 0. Define is to be the largest integer 
not exceeding n + 1 such that 

j.-1 

'Ys-1 = u si 
i=Js-1 
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is coherent. Let Q0 be the normal closure of Q* in T. Let 

1 = qgo < qg1 < ... < qg= 

be all the degrees of irreducible characters of QjQ0 . For any j with 
0:::; j :::; m, let ej be an irreducible character of TjQ0 of degree eqgj. 
Since T j Q0 is a Frobenius group, any non principal irreducible character 
of QjQ0 induces an irreducible character ofT jQ0 . Define 

a= (o- >.o, 

f3i = qf,-fi-l).i-1- >.i 

"fj = qgj-gj-l(Jj-1- Oj 

(1:::; i:::; n-1), 

(1:::; j:::; m). 

Lemma 18.5. With the notation introduced above, we have 

(f3iT,rJot) = 0 for 0:::; t:::; e -1,1:::; i:::; n -1 

('YjT,rJot) = 0 for 0:::; t:::; e -1,1:::; j:::; m. 

Furthermore, if e is a pnme, then one of the following possibilities 
occurs: 

e-1 

aT= 1c- >-oT + '2:.::'T/ot, 
t=1 

e-1 

aT= 1c +XoT + '2:.::'T/ot and 2e+ 1 = IQ: Q'l, 
t=1 

q-1 

aT = 1Q + 2.::.:: 'T/sQ + r 
s=1 

with (r, 'Tist) = 0 for 0 :::; s :::; q- 1, 0 :::; t :::; e- 1. 

Proof. Write 

aT = f00 + Lloo, f3i T =riO+ LliQ, "{j T = foj + Lloj 

where Llij is a linear combination of the generalized characters 'Tist and 
rij is orthogonal to each of these 'T/st· Since aT, f3i T, and 'Yj T vanish on 

W, Lemma 13.2 yields that Llij = L ast'Tist with a8 t (depending on i 
and j) satisfying 

aoo - aso - aot + ast = 0 

for all sand t. For 1 :::; s:::; q- 1, ((s- ( 1 )T is orthogonal to aT, (JT, 
and 'YT· Since (sT = E Lj 'T/sj for s > 1, we have 

aso = aw for 1 :::; s :::; q - 1. 
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Consider f3i· Suppose that Ai-l E 'Is and write 

f3iT = Ll + Ll1 

where Ll1 E I('Js r) and Ll is orthogonal to I('Js r). The Lemma at the 
beginning of Section 18 yields { ±1Jst} n 'Js T = 0. Thus, Llio is a partial 
sum of Ll. By Theorem 12.1 [FT], 

Since (f3i r, (.Xi -Xi f) "I 0, f3i r involves either Air or X/. If .Xi E 'Is, 

the coherence of 'Is yields that Ll = 0. If Ai ¢. 'Is, then .A/ (or X/) is 
involved in Ll. Since Air =F ±1Jst, we have 

We can prove a= 0 as in Lemma 31.5 [FT]. Hence, 

e-1 q-1 

LliO = L aot L 1Jst· 
t=l s=O 

By Lemma 11.1, the virtual characters of J0 ('Jf take nonzero values 
only at q-singular elements. On the other hand, the virtual characters of 
J0 (Sf vanish on q-singular elements by Lemma 11.1 and (Fii)(c). Thus, 
J0 ('Jf is orthogonal to J0 (Sf. Since S is coherent by Lemma 18.4, we 
have (~k(1)~rr -~r(l)~kr,LliO) = (~k(1)~rr -~r(1)~kr,/3/) = 0. On the 
other hand, (~k r, LliO) = ±aokQ· Hence, 

Suppose that aot =F 0 for some t. Then, aok "I 0 for all k. Hence, 
IILliOII 2 ~ q(e- 1). This contradicts 11LliOII 2 ~ e. Therefore, LliO = 0. 
The case for 'Yi is similar. 

The remainder of the proof is the same as the proof of Lemma 31.5 
[FT]. Q.E.D. 

We continue to use the notation introduced just before Lemma 18.5. 

Lemma 18.6. With the notation of the preceding lemma, let .A = 
An-1 and f3 = qfn-fn-l.A_- (1. Then (f3r, 1Jot) = 0 for 0 ~ t ~ e -1. 

Proof. Let 'Jb be the coherent set that contains Sn-1· If (1 E 'Jb, 
then f3r E I('Jbr) and (f3r,1Jot) = 0. If (1 ¢. 'Jb, we apply Theorem 12.1 
[FT]. The proof is the same as that of Lemma 31.6 [FT]. Q.E.D. 
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Theorem 18. 7. The set 'J' is coherent. 

Proof. Suppose that 'J' is not coherent and use the notation intro­
duced in Lemmas 18.5 and 18.6. In particular, a, f3i, /j, >.i, and ()j 
have the same meaning as in Lemmas 18.5 and 18.6. We may choose 
the notation >.0 = 00. We have 

(qf"(o _ (!)". = qfnaT + Lqf,-f;f3iT· 

i 

By Lemma 18.2, ((qf"(o- ( 1 )T,7Joj) =I= 0. Since Lemmas 18.5 and 18.6 
yield (f3i T, 7Jot) = 0 for all i with 1 ::; i ::; n, we have (aT, 1Jot) =I= 0 for 0 ::; 
t::; e-1. Thus, if (aT, 7Jot) =at, then at =I= 0 and E at2 ::; llaTII 2 = e+l. 
Therefore, at = 1 or -1, and aT involves exactly one more irreducible 
character with multiplicity 1 or -1. Since 

the extra character is either ±>.0 T or ±"X0 T. In the latter case, we have 
I Q : Q'l = 2e + 1 and there are exactly 2 irreducible characters ofT with 
degree e. We may choose the notation that 

(18.2) (at=1or -1). 

Lemma 18.5 yields ( rs T, 7Jot) = 0 for 1 ::; s ::; m, 0 ::; t ::; e- 1. Since 

j 

(qYj()o- ()j)T = Lqg;-g./s, 

s=l 

we have 
((qYj()O- {)jr, aT)= ((qYj()O- {)jr, -AoT). 

The left side is equal to (qY;()0 - ()j,a) = -qY; by Lemma 11.4 (and 
the choice ()0 = >.0 ). Since ll(q9;()0 - Ojtll 2 = q29; + 1 and ((q9;()0 -

Ojt, (Oj- Bjt) = -1, we have 

(18.3) 

If there are only two irreducible characters of degree eqY;, there is an am­
biguity in the definition of ()j T. But, we can take a consistent notation. 
Let Q0 be the normal closure of Q* in T as defined before Lemma 18.5. 
Let 'J'(Q0 ) be the set of irreducible characters of 'J' having the degrees 
eqY; with 0::; j::; m. Then, (18.3) implies that 'J'(Q0 ) is coherent. 
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Consider (qfn>..o- (!) 7 = L~=l qfn-f;(k By (18.2) together with 
Lemmas 18.5 and 18.6, 

((qfn Ao- (If, 0:7 ) = ((qfn Ao- (If, ->..o 7 ). 

Lemma 11.4 yields that the left side is equal to -q2fn. Since ll(qfn)..0 -

(1til 2 = q2fn + e, we have 

(qfn)..O- (lf = qfn)..OT + Ll 

with 11Llll 2 = e. The set {(s} of virtual characters (s is subcoherent 
by Lemma 13.7. Hence, the definition of subcoherent set yields that 
Ll = ±(s 7 • In fact, Ll = -(1 7 except possibly when q - 1 = 2. In the 
exceptional case, there are exactly two virtual characters of weight e. 
We can choose the notation 

(18.4) 

Let Q1 be a normal subgroup ofT such that Q1 ~ Q0 and Q0 /Q1 
is a chief factor ofT. It follows from the definition of Q0 that Q* cJ;, Q 1. 
Then, Q*Q1 is a normal subgroup ofT and Q*Q1 = Q0 (cf. the second 
paragraph of the proof of Lemma 18.3). Thus, IQo: Q1l = q. 

Since 'J is not coherent and 'J(Qo) is coherent, Theorem 12.5 yields 
that 

IQ: Qol :S 4e2 + 1. 

Hence, QjQ0 has no proper W2-invariant subgroup. Since TjQ0 is a 
Frobenius group, this implies that <I>( Q) ~ Q0 . On the other hand, 
Q*. ~ Q' by Theorem C (3). Therefore, Q0 ~ Q'. Thus, <I>(Q) = Q0 = 
Q'. The subgroup Q1 satisfies IQo: Q1l = q. Hence, Z(Q/Ql) = Qo/Ql 
and Q/Ql is an extraspecial q-group. Thus, IQ : Q'l = q2c for some 
integer c. Define 

'J(QI) = 'J(Qo) U {(i 11 :S i :S q -1}. 

Then, 'J( Q1) consists of all characters in 'J having the same weight and 
degree as some character in 'J which has Q1 in its kernel. By (18.4), 
'J(Q1) is coherent. Since 'J is not coherent, Theorem 12.5 yields 

By Theorem 2.5 [BG], e divides qc + 1 or qc -1. Since e is odd, we have 
2e :S qc + 1. Then, 

q2c+l :S 4e2 + 1 :S (qc + 1? + 1 < 2q2c. 

This contradiction proves Theorem 18. 7. Q.E.D. 
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r 1 , r "'e-1 Corollary 18.8. a = c- "'O + L...tt=1 'f/Ot· 

Proof. Let at= (a"", "'ot)· Since 'J is coherent by Theorem 18.7, we 
have 

(18.5) (v1(1)(o- (1)"" = v1(1)a"" + (v1(1).Xo- (1}"" 

= v1(1)a"" + v1(1).Xo""- (1""· 

By the Lemma at the beginning of this section, (.Xo"",'f/ot) = 0. Also, 
((1"",'f/ot) = 0. This follows from Lemma 13.1 if q > 3 because ( 1"" = 
± Lj ry1j. If q = 3, (1 "" is not uniquely determined; however, ( 1"" is either 

± Lj ry1j or ± Lj ry2j. Thus, we have ( (1 r, 'f/ot) = 0. Lemma 18.2 and 

(18.5) yield 
0 -I- ( (v1 (1)(o - (1)"", "'ot) = v1 (1)at. 

Since JTJ > 2, a"" involves -.X0 "". Since .X0 "" is not one of ±"1st, we have 

It follows from JJa""JJ 2 = e + 1 that at= 1 or -1 for each t. By Lemma 

13.1, .X0 "" vanishes on W. The same holds for a"". By Lemmas 13.1 and 
13.2, we have at = 1 for 0 ~ t ~ e - 1. Q.E.D. 

Corollary 18.9. The groupS' is a Frobenius group and the num­
ber w2 is prime. 

Proof. Suppose that Corollary 18.9 is false. By Lemma 31.1, S(H') 
contains an irreducible character (). Consider the group S/H'. Let 
E = Q*V be a complement of H in S. Since Sis of type II, Eisa 
Frobenius group with Frobenius kernel V and CH(V) = 1 (cf. (IIiv) and 
the modified (IIv)). By Theorem 3.10 [BG], Q* centralizes a nonidentity 
element of H/H'. Thus, S(H') contains one of the reducible characters. 
Hence, we can take ~i E S(H'). Note that S(H') is coherent. This 
is clear if S is coherent. If S is not coherent, Lemma 17.8 yields that 
S(H') is coherent. Hence, S(H') is coherent always, If we define f3 = 
()(1)6- 6(1)(), (3 E Io(S(H')) and (3"" = ()(1)6""- 6(1)()"". 

Let a be the element of J0 ('J) defined in Corollary 18.8. We prove 
that a"" is orthogonal to f3 r. By Lemma 11.1, a r vanishes on elements 

not conjugate to an element of A( x) for any x E T'". Suppose that 
g = xy = yx E A(x) and a""(g) f=- 0. We claim that f3""(g) = 0. Suppose 
f3"" (g) f=- 0. By Lemma 11.1 applied to S, g is conjugate to an element of 
S or one of the supporting subgroups of S. Since Tis of type V, Tis not 
conjugate to any supporting subgroup by (Fii). If M is a supporting 
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subgroup of S, then a(M) n a(T) = a(S) n a(T) = 0 by Theorem 7.9. 
Since g = xy is conjugate to an element of Sora supporting subgroup, 
the element x is conjugate to an element of S. Since (JT(g) =f. 0, x is 
conjugate to an element of A(S)- H. It follows that (ICa(x)l, IHI) =f. 1. 
This implies that S is conjugate to a supporting subgroup of T. Let 
Sh be a conjugate of S that contains Ca(x). Then, by (Fii), Sh n T 
is a complement of Hh that contains CT(x). Since x is conjugate to 
an element of A(S), the order of x is prime to q. On the other hand, 
Q* <:;; CT(x) because T' is nilpotent. This contradicts the structure of 
Sh n T being a Frobenius group with Frobenius complement of order 
q. Thus, (aT,(JT) = 0. In fact, the above argument proves that any 
element of I0 (T) is orthogonal to every element of J0 (S). We compute 
(aT,(JT) using Corollary 18.8. We have 

Note that Ao T =f. eT. This follows from ( ( Ao - Xo r' ( e - er) = 0. Since 
6 T = c: l:i 'T/il (or± l:i 'T/iz), we have 

This contradicts (aT,(JT) = 0. Q.E.D. 

Theorem 18.10. No element of M is of type V. 

Proof. We will paraphrase the proof of Theorem 32.1 [FT]. Suppose 
that M contains a subgroup T of type V. ForM = T, we use the notation 
introduced at the beginning of Chapter II. Thus, D* and A( x) for x E D* 
have the same meaning as defined there. We denote by S the subgroup 
of type II defined in Theorem I. The subgroup H = Sp is a TI-set by 
(T7). In addition, the following notation is used: T = T'Wz, S = S'Q*, 
W = Q* x Wz, IWzl = Wz = e, IQ*I = q and IS': HI= v. LetT be the 
set of characters of T introduced at the beginning of this section. Then, 
by Theorem 18.7, Tis coherent. Let 

T* = {T,(o}. 

Corollary 18.8 yields that 'J* is coherent if we define 

e-1 

(oT = 1c + L'T/Dt· 
t=l 
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The family 'J* consists of irreducible characters of T and q reducible 
characters (0 , (1, ... , (q- 1 of weight e. There are irreducible characters 
vij of T such that 

e-1 

~i = L Vij with (vij)r' = (viO)T'· 
j=O 

There is an irreducible character .A of degree e in 'J. Lemma 14.4 applied 
with T and 'J* in place of M and S yields 

A7 (x) = .A(x) + s'Y(x) for x E T'~ 

where 'Y is orthogonal to every element of 'J*. Since the irreducible 
characters ofT are {vij} and the characters in 'J, we have 

Since ('Y, (i) = 0 for 0 :s; i :s; q- 1, we have 'L,1 aij = 0 for 0 :s; i :s; q- 1. 

It follows that 

This proves that .A 7 ( x) = .A( x) for x E T'~. By Lemma 14.3, .A 7 is 
constant on the set of the form A(x) for x E D*. Hence, Lemma 11.5 
yields 

(18.6) 1 "" I 'T( 2 1 "" 12 e TGI L...J .x x)l = TTT L...J I.A(x) = 1- TT'I. 
xEG1 xET'U 

Let G1 be the set of elements of G which are conjugate to some element 
of A(x) for XED*. By Lemma 11.5 withe replaced by 1c, we have 

Define G2 = ec(W). By Theorem 8.7 (e), 

IG21 1 1 1 
-=1----+-IGI e q eq · 
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Let G 3 be the set of elements of G which are conjugate to some elements 
of HU. Since His a TI-set, we have 

These sets G1, G2 , and G3 are disjoint. Let G0 be the complement of 
the union G 1 U G2 U G3 . Then, 

IGol = 1 _ ~ ( 1 - _1_) _ ( 1 - ~ _ ~ + __!__) _ __!__ + _1_ 
IGI e IT'I e q eq qv qviHI 

(18.7) 
1 1 1 1 

>----->-
q eq qv - 3q 

because e 2: 3 and v 2: 3. By (18.6), we have 

1'"'T 2 e e TGT L...J 1,\ (x)l ~ 1- (1- TT'I) = TT'I. 
xEGo 

By Corollary 18.9, e is a prime and S' is a Frobenius group. Hence, 
ry01 , ... , 7Joe-l are algebraically conjugate characters with values in Qe. 
Since S' is a Frobenius group, every element whose order is divisible by 
e lies in G2 U G3 . Thus, 7Jot take the same integral value on G0 . Since 
((o- ,\r vanishes off G1, 

,\T(x) = 1 + (q- 1)ry01 (x) for x EGo. 

In particular, ,\ T ( x) is an odd integer so 

Thus, 

I Go I 1 '""' T 2 e lGI ~ TGT L...J I-\ (x)l ~ TT'I. 
xEGo 

Therefore, IT' I < 3qe by (18.7). Theorem C (3) implies Q* ~ T". Hence, 
we get IT': T"l < 3e. Since TjT" is a Frobenius group, IT': T"l 2: 2e+l. 
Thus, 

IT"I(2e + 1) ~ IT'I < 3qe, q ~ IT" I < 3eqj(2e + 1) < 2q. 

It follows that IT" I = q and W2 acts irreducibly on T' /T". This implies 
that T' is an extraspecial q-group. If IT' /T"I = q2c, then Theorem 2.5 
[BG] yields that e divides qc + 1 or qc- 1. Hence, e ~ (qc + 1)/2 and 

q2c = IT': T"l < 3e ~ 3(qc + 1)/2 ~ 2qc. 
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This contradiction proves Theorem 18.10. 

Corollary 18.11. LetS be a subgroup of type II, III, or IV in J\t(. 

Then, the family S is coherent. 

This follows from Theorems 17.14 and 18.10. 

§19. Subgroups of Type I 

We remark that a subgroup M E JV( of type I is a Frobenius group 
if and only if T2 (M) is empty. This is easy to see. If T 2 (M) = 0, then 
the complement E in (Iiii) is a Z-group and the only subgroup of E 
with the same exponent as E is E. Thus, E 0 = E and by (Iiii), M 
is a Frobenius group. Suppose conversely that M is a Frobenius group. 
Then, H = Mp is the nilpotent normal subgroup of maximal order in M. 
Then, H is the Frobenius kernel of the Frobenius group M. It follows 
from the property of a Frobenius complement that all Sylow subgroups 
of M/H are cyclic. This implies T 2 (M) = 0 (cf. the notation of §6). 

Theorem 19.1. Every subgroup of type I is a Frobenius group. 

The proof is by contradiction. Suppose that J\t( has a subgroup of 
type I that is not a Frobenius group. The following notation will be 
used. Let p be the set of primes defined as follows: Pi E p if and only 
if JV( has a subgroup Mi of type I such that Pi E T2 (Mi)· By Lemma 
H, the groups Mi are ro-groups; in particular, Pi E ro. (The set p is 
denoted O" in [FT]; I have chosen this notation because O" has a different 
meaning in [BG] and we have been using O" in the sense of [BG].) The 
smallest prime in p will be denoted p = Pk· Let M = Mk> K = Mp, 
PoE Sy£p(M), P E Sy£p(G) such that Po S: P, A= 01(Po), and 

L E M(Na(A)). 

If Lis of type I, let U = Lp and choose a complement E of U in L. If L 
is not of type I, then Lis of type II, III, or IV by Theorem 18.10. In this 
case, let H = Lp, U a complement of H in L', and W1 a complement 
of L' in L with W1 S: NL(U). The order IW1 1 is a prime by (T7). Note 
the particular usage of the symbol U. 

Let £., be the set of characters of L defined as follows: If L is of type 
I, £., is the set of all irreducible characters of L which do not have U in 
their kernel. If L is of type II, III, or IV, then £., is the set of characters 
of L each of which is induced by a nonprincipal irreducible character of 
L' that vanishes outside A(L). Thus, if L is of type I, £., is the set of 
characters studied in §15. If L is of type III or IV, then £., corresponds 
to the set S0 US in §16. 
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Lemma 19.2. The subgroup L is not of type II; it is either a 
Probenius group with cyclic Frobenius complement or of type III or IV. 
There is no subset of L that is a TI-set of G and contains A. The group 
P is either an abelian group of rank 2 or the center Z(P) is cyclic, and 
we can take P s;:; U. Furthermore, L is the unique subgroup of M that 
contains N0 (A). 

Proof. Since p E T2 (M), A E C:~(M) and Po is an abelian group 
of rank 2 by Theorem 6.5 (b). We have Ca(A) s;:; M by Proposition 
6.4 (a). It follows that either P = P0 or Z(P) is cyclic. 

By Lemma 6.2 applied with A and L in place of X and M*, we have 
that p E O"(L) U T2 (L). If p E T 2 (L), Theorem 6.5 (b) applied with Lin 
place of M yields Na(A) cJ. L, contradicting the definition of L. Thus, 
p E O"(L) and As;:; La. In fact, p E O"o(L) asp E w. 

We have A E C:~(M) by Theorem 6.5 (b). Since A normalizes K, 
some element a =/= 1 of A commutes with some element y =/= 1 of K by 
Proposition 1.16 [BG]. But, K n L = 1 by Theorem 6.5 (e). Thus, A is 
not contained in any subset of L that is a TI-set in G. 

Suppose that Lis of type II. Then, by Theorem 9.7 (a) with Lin 
place of M, La= H s;:; F(L) and F(L) is a TI-set of G. Since As;:; La, 
this contradicts what we proved in the preceding paragraph. Thus, L is 
not of type II. 

If L is of type III or IV, F( L) is a TI-set in G by (T7). Therefore, 
A cJ. F(L) but As;:; La= L'. Thus, p E 1r(U). Since U is a Hall subgroup 
of La, U contains a Sylow p-subgroup of G. We can choose P s;:; U. 

Suppose that L is of type I. Then, La0 = U. Since U is a Hall 
subgroup of G, we have P s;:; U. In fact, since U is nilpotent, P is 
a normal subgroup of L. We will prove that L is a Frobenius group. 
Suppose that L is not a Frobenius group. Then, T 2 (L) is not empty. 
Let q E T 2 (L) and take Q E C:~(L). Then, q E p. It follo'Ys that 
p < q. By Theorem 6.5 (d), we have Cu(Q) = 1. Thus, Q acts on 
0 1 (Z(P)) nontrivially. Since r(Z(P)) :S 2, we have q < p, contradicting 
the minimal nature of p. This proves that L is a Frobenius group. 

The subgroup E is a Frobenius complement of L. Hence, E acts 
on 0 1 (Z(P)) faithfully. If Z(P) is cyclic, E is abelian. If Pis abelian, 
0 1 (P) = A. Theorem 2.6 [BG] yields that E is abelian. A Frobenius 
complement is cyclic if it is abelian. Therefore, E is cyclic. 

It remains to prove that M(Na(A)) = {L}. Suppose that P is 
nonabelian. Choose a subgroup P 1 such that P0 s;:; P 1 s;:; P with IP1 : 

Pol = p. Since Ca(A) s;:; M by Proposition 6.4 (a), H is nonabelian. 
We have P 1 s;:; Na(A) as A = 0 1 (P0 ). By Theorem 6.13, P 1 E U. 
Hence, Na(A) E U. Assume that P is abelian. Then, P0 = P and 
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Na(P) ~ Na(A). Suppose that Lo E M(Na(A)). Then, p E a(Lo) n 
a(L). Theorem 7.9 yields that L 0 is conjugate to L: L 0 = g-1 Lg for 
some g E G. Then, P,g-1 Pg E Syfp(L0 ); hence, P = h-1g-1 Pgh for 
some h E £ 0 . Thus, L 0 = x-1 Lx with x = gh E Na(P) ~ Na(A) ~ L. 
Therefore, L 0 = L. This proves the uniqueness of L. Q.E.D. 

Lemma 19.3. There exists an irreducible character >. E £.., that 
does not have P in its kernel such that >.(1) divides p- 1 or p + 1. The 
group L j L' is a cyclic group of order e with e dividing p - 1 or p + 1. 

Proof Suppose that Lis of type III or IV. Then, L/ His a Frobe­
nius group with Frobenius kernel isomorphic to U. Since P ~ U, L/H 
has an irreducible character >. of degree w1 that does not have P in its 
kernel. Since Lj His a Frobenius group, W1 acts faithfully on fh(Z(P)). 
It follows that w1 I p2 -1. Since w1 is a prime by (T7), >.(1) = w1 divides 
p-1orp+l. 

Suppose that L is of type I. Then, by Lemma 19.2, L is a Frobenius 
group with Frobenius kernel U and Frobenius complement E that is 
cyclic. Thus, there is an irreducible character >. of L of degree e = lEI 
that does not have P in its kernel. We need to prove that e divides 
either p - 1 or p + 1. As before, E acts faithfully on 01 ( Z ( P)). Thus, if 
Z(P) is cyclic, e divides p- 1. If P is abelian, e I p2 - 1. Suppose that 
e has prime divisors q1 and q2 such that 

q1 I P - 1 and q2 I P + 1. 

We will derive a contradiction. Let Qi be a subgroup of E of order Qi· 

Then, Q2 acts regularly on e~(A), while Q1 has at least two fixed points 

on e~(A). Since Q1Q2 is abelian, Q2 moves a Q1-invariant subgroup 
to a Q1-invariant subgroup. Thus, there are at least 3 Q1-invariant 
subgroups of order pin A. It follows that Q1 acts on A as a scalar, i.e. Q1 
does not centralize A but every subgroup of order p in A is Q1-invariant. 
By Proposition 6.4 (b), there is A 0 E e1(A) such that Na(Ao) ~ M. 
This implies that Q1 ~ M. Then, Q1 ~ NM(A). By Corollary 6.6 (b), 
C = NM(A) is a complement of Kin M. The structure of Mas a group 
of type I yields that there is a subgroup Co of C with the same exponent 
as C such that C0 is a Frobenius complement of the Frobenius group 
KCo. We are in the situation that P =Po is abelian. Then, Lemma 
6.8 (a) yields that q1 tJ. r 2(M) soC has a cyclic Sylow q1-subgroup. We 
may take Co such that Q1 ~Co. Then, AQ1 nCo has order pq1 and it 
is not cyclic. This contradicts the structure of a Frobenius complement. 
Thus, we have e I p -1 ore I p + 1. Q.E.D. 
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Lemma 19.4. The family /:.; is coherent. Let A be the character 
defined in Lemma 19.3. Then, Ar(x) = A(x) for x E A(L)~. 

Proof. Let e = IL: L'l· We prove that the set /:.; of characters is 
coherent. Suppose that L is of type I. By Lemma 19.2, L is a Frobenius 
group with Frobenius kernel U and LIU is a cyclic group of order e. By 
(I v) for the group of type I, L satisfies one of the three conditions (a), 
(b), or (c) (cf. [BG], p.128). Since P ~ U, U is not a TI-set of L. Thus, 
the condition (a) does not nold. If L satisfies (b), U is abelian and /:.; 
is coherent. If L satisfies (c), then the exponent of L I U divides p - 1. 
Hence, e divides p - 1 and 

I U : U' I ~ p 2 > 4e2 + 1. 

Since £-(U') is coherent, Theorem 12.5 yields that /:.; is coherent. 
Suppose that Lis of type III or IV. Then, Ll His a Frobenius group 

with Frobenius kernel U HI H ~ U. If/:.; (H) is not coherent, Lemma 12.6 
yields that U is a nonabelian p-group with 

I U : U' I ::; 4e2 + 1. 

Thus, P = U is nonabelian. By Lemma 19.2, the center of Pis cyclic. 
Then, Lemma 19.3 yields e I p- 1. This is a contradiction because 

p2 ::; IU: U'l::; (p -1)2 + 1 < p2 . 

It follows that £-(H) is coherent. By Theorem 16.1 (b), /:.;is coherent if 
Lis of type IV. 

Suppose that L is of type III and /:.; is not coherent. Then, L I H is a 
Frobenius group with abelian Frobenius kernel which is isomorphic to U. 
Let £-0 be the set of characters of L which are induced by nonprincipal 
irreducible characters of L' I H. Then, £-o is coherent and 1£-o I = ( u -
1)le. If £- 1 = /:.; - £-o, then by Corollary 18.11, £-1 is coherent. Since 
we assumed that /:.; is not coherent, Theorem 16.1 (a) yields that His 
an elementary abelian group of order re for some primer, Cu(H) = 1, 
and UW1 acts irreducibly on H. Since A ~ t.~(U), some nonidentity 
element of A lies in the inertia group of a nonprincipallinear character of 
H. As we can see from the proof of Lemma 13.8, there is an irreducible 
character f-L E £- 1 of degree de with d ::; (ulp) where u = lUI. Let A 
be a character of £-0 . Then, A is an irreducible character of degree e. 
Consider 

a = ~o - A and f3 = dA - f-L, 

where ~0 = (1L' )L. If A1 , A2 E £-o are distinct from A, 
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by Lemma 11.4. Therefore, we have 

(19.1) {3T=d>..T-x L 1f-f..LT+Ll1 
vEI:-o 

where (Ll1, vT) = 0 for every v E £ 0 . Lemma 11.4 yields 

llf3TII 2 = llf311 2 = d2 + 1. 

Hence, we have (d- x) 2 + x 2 (((u- 1)/e)- 1) + 1:::; d2 + 1, or 

(19.2) 

By Lemma 19.3, e divides p- 1 or p + 1. If 2e f. p + 1, then 2e :::; p- 1. 
It follows from (19.2) that 

0:::; x:::; 2edj(u- 1):::; (p- 1)dj(u- 1) < 1 

because pd :::; u and d > 1. The above inequality yields x = 0 and .C is 
coherent. Therefore, we have 2e = p+ 1. Since 2edj(u -1) < 2, we have 
X= 1. 

Consider aT = (~0 - >..r. If we define aT = 1c + Ll- >._T, then 
(Ll, vT) = 0 for every v E .Co, and 11Llll 2 = e -1 (cf. the proof of Lemma 
12.7). We will show that 

e-1 

i=l 

There is a long detour. The set £ 1 contains jW2 1 = r reducible 
characters 6, ... , ~r-l· We will show that ~k(1) = ue fork> 0. Let B be 
an irreducible character of minimal degree in £ 1 with 8(1) = d1e. Then, 
BH contains a nonprincipal linear character TJ of H and I(TJ) n U f. 1. 
Take a prime q E n(I(TJ) n U). Since U is abelian and A <::;:: U, we have 
U <::;:: Cc(A) <::;:: M by Proposition 6.4 (a). In fact, U is contained in 
the complement NM(A) of Kin M (Corollary 6.6 (b)). Suppose that 
q f. p. If q E r 2 (M), then q > p by the minimal choice of pin the set 
p. If q </:. T2(M), then u has a cyclic Sylow q-subgroup. Since wl acts 
regularly on U, we have q = 1 (mod e). Since e = (p + 1)/2, we have 
q~p+2. Hf31=d1>..-e, 

with xi(u- 1) :::; 2ed1x1. Since d1 :::; ujq, the inequality x1 f. 0 yields 
q(u- 1) :::; (p + 1)u. Since q ~ p + 2, 

p+2 < _u __ 
p+1- u-1 
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This implies p + 1 ~ u - 1 ~ pz - 1. This contradiction proves that 
x 1 = 0 and £.., is coherent. Thus, 

n(J(ry) n U) = {p}. 

If jJ(ry) nUl > p, then we have an irreducible character of degree dze 
with dz:::; ujpz. Then, a similar argument yields 

p(u- 1):::; (p + 1)ujp < 2u. 

This is impossible. Thus, the degree of an irreducible character in £ 1 
is either uejp or ue. For a nonprincipal linear character TJ of H, the 
index jJ(ry): HI cannot be equal tope because W1 does not normalize 
any subgroup of order pas IW1I = e = (p + 1)/2. Hence, the degree 
~k(1) of the reducible character ~k (k > 0) is ue. 

As remarked before, His an abelian r-group for some primer. We 
will show that r ~ 2e. We have seen that there is a subgroup B of order 
pin A such that CH(B) -=1- 1. Let H1 = CH(B). Then, H = H1 x Hz 
with Hz = [H, B] by Proposition 1.6 [BG]. Since U normalizes B, U 
acts on H 1 and Hz. If TJ is a nonprincipal linear character of H/ Hz, 
then J(ry) n U =Bas we have shown. It follows that the group U/B 
acts regularly on H 1. This implies that U / B is cyclic. Hence, U = B x C 
with C being cyclic. We will show that C can be chosen in such a way 
that C acts regularly on H. 

The group UW1 acts on H irreducibly by Theorem 16.1 (a). Since 
NH(A) = CH(A) is Wrinvariant, we have 

NL(A) n H = NH(A) = 1. 

Note that Cu(H) = 1 by Theorem 16.1(a). It follows that Nc(A) 
NL(A) = UW1 . Since U ~ Cc(A) ~ M but Nc(A) ~ M, we have 
M n L = U. The elementary abelian group A acts on K. Therefore, 
CK(AI) -=1- 1 for some A1 E c:I(A). Since CK(AI) ~ L, M is one of the 
supporting subgroups of the F-set A(L) = L'. By (Fii), Cc(AI) ~ M. 
Since H n M = H n U = 1, we have 

We can take C :2 A 1. Then, for any subgroup C1 of prime order in C, 
CH(CI) = 1. Therefore, C acts regularly on H. It follows that re = 1 
(mod ujp). If jH1 1 = rm, then m < e and rm = 1 (mod ujp). Since e 
is a prime, we have r = 1 (mod ujp). The prime p divides ujp. This 
implies 

r - 1 ~ p or r ~ p + 1 = 2e. 
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Lemma 13.4 yields that ~k = L, f.tik where {f.tik} is the set of irre­
ducible characters associated with the selfnormalizing cyclic subgroup 
w = w1 X Wz. By the definition of the characters f.tik' there is a 
sign E that is independent of i such that f.tik ( x) = EWik ( x) for all x E 

W- Wz. We claim that E = 1. Consider the restriction (Jtok)w1 • Then, 

(Jtok )w1 - E 1 w1 vanishes on wf, so it is a multiple of the regular repre­
sentation of w1. Therefore, f.tok(1) = E (mod e). Since f.tok(1) = u, we 
have E = 1. 

The group W2 is of order r. Since r is a prime, the characters 
f.til> f.ti2, ... , f.tir-1 are r-conjugate; so are 'TJi1, ... , 'TJir-1· Recall the defi­
nition of Ll. It is defined 

(~o- >Y = 1c + Ll- AT. 

The weight of Ll is e- 1 and (1 0 , Ll) = (vT, Ll) = 0 for every v E £ 0 . 

We claim that Ll is r-rational and (Ll, TJik) = 0 if k > 0. Let v be an 
irreducible character of .Co different from A. Then, aT as well as (A- v r 
are r-rational by Lemma 11.1. The proof of Lemma 12.1 shows that AT 
is r-rational. Therefore, Ll is r-rational. Suppose that (Ll, 'TJik) = ak "f. 0 
for some i and k > 0. Since 'TJi1, ... , 'TJir-1 are r-conjugate, we have 
(Ll, TJit) = ak "f. 0 for every t > 0. Thus, Ll involves ak L-t TJit and 

Since r- 1 ;:::: 2e- 1, we have a contradiction that 

e- 1 = 11Llll 2 ;:::: 2e- 1. 

Thus, (Ll, TJik) = 0 if k > 0. 
Finally, we will prove that Ll = L,i TJio. For a fixed k > 0, consider 

'Yi = f.tio - f.tik + I;o 

where I;o is the sum of irreducible characters of £ 0 . There are ( u- 1) / e 

characters of degree e in .Co and for X E W1 ~, 

f.tik(x) = wik(x) = Wio(x) = f.tiO(x). 

Since f.tik(1) = u and f.ti0(1) = 1, we have 'Yi E Io(A0 (L)). Since 

('Yo- 'Yir = (1£ - Jtok - Jtio + f.tikr = 1c - TJok - TJio + TJik, 

we have 'Yi T = TJio- 'TJik + r where r is independent of i. We will compute 
boT, aT) using Lemma 11.4. Here, a= ~0 - A, so aT= 1c + Ll- AT. 
Since ~0 = L,i f.tio, we have 
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Similarly, ('yi 7 , an= ('yi, a)= 0. Thus, if i > 0, 

0 = (lo7 ,a7 ) = 1 + (f,L1)- (f,.X7 ) 

= (li7 ,a7 ) = (7JiO,L1) + (f,L1)- (f,.X7 ). 

Therefore, (rJio, L1) = 1. We have used the lemma that A7 -=f. ±1Jst for 
any sand t. We have 

e-1 

(19.3) L1 = 2::: 17i0· 
i=O 

Clearly, L1 is a real-valued character. By the definition of (3, we have 
73 = d"X - fl. Then, 

f3- 73 = d(.X- "X) - (JL -Jl). 

Since f3 -73, A->., and JL -Jl E I0 (A(L)), we have 

On the other hand, we can compute ((3- 73t = {3 7 - 73r using (19.1). 
Since 2::: v7 is real, we have 

Therefore, L11 = L11 is a real-valued virtual character. It follows from 
(19.3) that (L1, L11) is an even integer. We will contradict this by showing 
(L1,L11) = -1. 

Compute (a r, f3 r) in two ways. Lemma 11.4 yields 

By (19.1), we have 

Thus, ( L1, L11) = -1. This contradiction proves that ,C is coherent in all 
cases. 

We can apply Lemma 12.7 forM, H, H1, handS replaced by L, L', 
L", p 2 and£. Since P ~ U and U is nilpotent, we have IL': L"l 2': p2 . 

By Lemma 19.3, e :::; (p + 1)/2. This implies p2 - 1 > e(e + 1). If we 
define L1 by (~o- .X) 7 = 1a + L1- A7 and 

~or=1+L1, 
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the set { .C, ~0 } is coherent by Lemma 12.7. 

For x E A(L)«, Lemma 14.4 yields that 

where s is a rational number and "( is a virtual character that is or­
thogonal to every element of .C * = { .C, ~0 }. If L is of type I, .C consists 
of all nonlinear irreducible characters of L. Thus, "( = 2: ai>..i where 
)..i are linear characters of L / L'. Since ~o = 2: )..i, ('Y, ~o) = 0 means 
2: ai = 0. Thus, for an element x of L', we have 'Y(x) = 0. This proves 
)..7 (x) = >..(x) in this case. 

If L is not of type I, then .C* consists of irreducible characters in­
duced by characters of L' and ~k for 0 :::=:; k :::=:; w2 -1. Thus,"(= 2: a 8 tf..lst 

with ('Y, ~k) = 0 for all k. Then, for each k, l:s ask = 0. Since 
(f..lsk)u = (f..ltk)u by Lemma 13.4, "f(x) = 0 for x E L'. This proves 
that A7 (x) = >..(x) for x E A(L)«. Q.E.D. 

The next lemma is stated in [FT], p. 980, without proof. 

Lemma P. Let M, L E M. If M and L are not conjugate, no 
subgroup of M can serve as a supporting subgroup of A(M) and at the 
same time of A(L). 

Proof. Suppose that N E M is a supporting subgroup of A(M). 
Then, there is an element x E A(M) such that Ca(x) 1;. M and Ca(x) S: 
N. By Theorem II, x E Mao Hand MnN is a complement of Na inN. By 
Theorem 8.4, 1r((x)) S: T 2 (N). Similarly, if N is a supporting subgroup 

of A(L), there is an element y E La0 U such that Ca(y) 1;. L, Ca(y) S: N, 
1r( (y)) S: T2(N), and L n N is a complement of Na in N. Since Na is 
a Hall normal subgroup of N, L n N is conjugate toM n N inN. Let 
M n N = (L n N)9 forgE Nand let x' = y9. Then, x, x' EM n N. 

Take p E T 2 (N) and suppose that G has a nonabelian Sylow p­
subgroup. Then, by Theorem 6.7 (a), T2(N) = {p}. Therefore, both 
x andy are p-elements and a(M) n a(L) =f- 0. Since M is not conju­
gate to L, this contradicts Theorem 7.9. Hence, G has an abelian Sylow 
subgroup for every prime in T2 (N). By Lemma 6.8 (a), a Hall T2 (N)­
subgroup E2 of M n N is a normal abelian subgroup of M n N. Since 
x, x' E E2, they commute. The element x' is a a 0 (L)-element. Hence, 
x' is a a(M)'-element by Theorem 7.9. By Corollary 8.3, we have ei­
ther (1) 1r((x')) S: K(M) and Ca(x) S: M, or (2) 1r((x')) s;;; T2 (M) and 
M(Ca(x')) = {M}. Since Ca(x) 1;. M and Ca(x') S: N, neither case 
holds. This contradiction proves Lemma P. Q.E.D. 
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Lemma Q. For each ME M, let G0 (M) be the territory of M. 
Let L E M and assume that L is not conjugate to M. Then, 

Go(M) n Go(L) = 0 

unless either M is conjugate to a supporting subgroup for A(L) or L is 
conjugate to a supporting subgroup for A(M). 

Proof. The elements of A(x) are of the form hx where hE CH(x) 
and the order of x is prime to the order of h. The subgroup H is a 
supporting subgroup for A(M); thus, H = Hi = (Mi)u = (Mi)F for 
some Mi EM. Suppose that G0 (M) n G0 (L) =1- 0 and 

g- 1 (hx)g = ky 

where k is an element of a supporting subgroup K of A(L) and ky = yk 
for some y E A(L). 

Suppose that h =1- 1. Then, C0 (x) cJ. M and Cc(x) s.;;; Mi. By 

Theorem II, this implies x E Mu 0 U and y E N}. Note that any sup­

porting subgroup is a w-group. If k =1- 1, we have y E Lu0 U. Since 
n( (y)) s.;;; n( (h)) U n((x) ), 

O'(L) n (j(Mi) =1- 0 or O'(L) n O'(M) =1- 0. 

By Theorem 7.9, Lis conjugate to Mi that is a supporting subgroup for 
A(M). Suppose that k = 1. If n((y)) n O'(L) =1- 0, then the preceding 
argument shows that Lis conjugate to Mi. Assume that n( (y)) nO'(L) = 
0. Then, y is an O'(L)'-element of A(L). Theorem II yields that Cc(y) s.;;; 
L. Since g- 1 (hx)g = y, we have 

By the definition of A(L), y commutes with an element z of LuU· Since 

y is a w-element, we have z E Lu0 U. Corollary 8.3 yields that either 
n((y)) s.;;; K(L) or M(Cc(y)) = {L}. The definition of A(L) yields that 
nonidentity elements of Hall K(L)-subgroups are excluded from A(L). 
Thus, the first possibility does not occur. 

Therefore, we have M(Cc(y)) = {L}. It follows from C0 (y) s.;;; (Mi)g 
that L = Mi 9 · 

If k =1- 1, a similar proof shows that M is conjugate to a sup­
porting subgroup for A(L). Suppose that h = 1 = k. Suppose that 
n((x)) s.;;; O'o(M). Then, C0 (x) is containedin either Mora conjugate 
of a supporting subgroup. Since Lis not conjugate toM, Theorem 7.9 
yields that n( (y)) n O'(L) = 0. The argument of the preceding paragraph 
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proves that M(C0 (y)) = {L}. Since y is conjugate to x, we conclude 
that Lis conjugate to a supporting subgroup of A(M). 

Suppose that 1r( (x)) C/:. a0 (M). Note that x centralizes some non­
identity element of MF. Since MF is a tv-group, xis a tv-element. Since 
1r( (x)) C/:. a0 (M), there is a Hall subgroup (x') of (x) such that x' is a 

a(M)'-element and x' commutes with an element u of M,}. As before, 
Corollary 8.3 yields that M(C0 (x')) = {M}. Since xU= y, the element 
(x')U = y' is a power of y. Thus, y' E A(L). It follows that Ca(y') is 
contained in either Lor a conjugate of a supporting subgroup of A(L). 
Since 

M(Ca(y')) = M(C0 (x'))9 ={MY}, 

M is conjugate to a supporting subgroup for A(L). Q.E.D. 

Lemma 19.5. Let A be the irreducible character in £., defined in 
Lemma 19.3. Then, A7 is conformal relative to A(M) and 

1 ""' T 2 A(1)2 
IMI ~ lA. (x)l < lLf" 

xEK# 

Proof. We will prove that A7 is conformal relative to M. Let N 
be a supporting subgroup of A(M). Since M is of type I but not a 
Frobenius group, Theorem II yields that N is of type I. Let e = A7 • 

By Lemma 14.1, it suffices to check that 8 is orthogonal to every 
virtual character of the form (fh- B2)0 with B1,B2 E S(a) for a# 1H, 
a E Irr(H). For the notation, see Lemma 14.1. Since N is of type I, 
()1 and ()2 are irreducible characters of N and ()1 - ()2 vanishes outside 
A(N)-H. By (Fii)(d), A(N)-H is a TI-set. This implies that (B1 -B2 ) 0 

is a difference of two irreducible characters of G. Let 

(B1 - B2)0 = 81 - 82. 

If A7 = e is not orthogonal to (()1- ()2) 0 , then e must be either 81 or 
82. The virtual character 8 1-82 vanishes outside the territory G0 (N) 
of N. Lemma 19.2 yields that Lis either a Frobenius group or of type III 
or IV. Thus, by (Fii)(d) or (Fiii), Lis not conjugate to any supporting 
subgroup for A(N). Since N is not a Frobenius group by (Fii)(d), N is 
not conjugate to L. By definition, N is a supporting subgroup for A(M). 
Hence, by Lemma P, N is not conjugate to any supporting subgroup for 
A(L). By Lemma Q, the territory of Lis disjoint from that of N. Since 
£., is coherent by Lemma 19.4, 8- 8 vanishes outside of G0 (L). Then, 
we have 
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because Go(N) n Go(L) = 0. Thus, (01 - 02) 0 contains 8 and 8 with 
the same multiplicity. Since 8 # 8, this is a contradiction and proves 
that xr is conformal relative toM. 

We can apply Lemmas 12.5 and 12.6 to B(x) = !.A7 (x)! 2 . Let G1 (M) 
be the proper territory of M. Then, G1 (M) is the set of elements of G 
which are conjugate to some element of A(x) with x E KU. Since Lis 
not conjugate toM, a(L) n a(M) = 0 by Theorem 7.9. It follows that 
G1 (M) is disjoint from Go(L). Lemma 12.6 yields 

Since G1 (M) n G0 (L) = 0, the orthogonality relation yields 

l~l L I.Ar(xW < 1- l~l L I.A7 (xW. 
xEG1 {M) xEGo(L) 

Then, Lemmas 12.5 and 19.4 yield 

1"'T 2 1"' 2 IMI L..t !.A (x)l < 1-m L..t I.A(x)l . 
xEK~ xE(L')~ 

The right side is equal to .A(1)2 /ILl because .A vanishes outside L'. 
Q.E.D. 

Lemma 19.6. Let F = M n L. Then, F is a complement of K 
in M. There is an element z of An Z(F)U such that CK(z) rJ;. K'. 

Proof. We have A ~ M n L and some nonidentity element of A 
has a nontrivial centralizer inK. Thus, M is a supporting subgroup for 
A(L). By (Fii), M n L = F is a complement of Kin M. 

Since M is of type I, F contains a subgroup F0 of the same exponent 
as F that acts regularly on K. It follows that any subgroup of e 1(F0 ) lies 
in the center Z(F0 ). Therefore, there is no Frobenius group that contains 
A. Note that A is the set of elements of order pin F by Corollary 6.6 (a) 
and Theorem 6.5 (b). 

If L is of type I, L is a Frobenius group by Lemma 19.2. Since 
F is not a Frobenius group as shown in the preceding paragraph, we 
have F ~ U. Therefore, F is nilpotent. By (Iiv) for M, every Sylow 
subgroup ofF is abelian. Hence, F is abelian. The group A E e;(F) 

acts on K / K'. By Proposition 1.16 (BG], there is an element z E AU 
such that CK/K'(z) #1. Proposition 1.5 [BG] shows that CK(z) rJ;. K'. 
This proves Lemma 19.6 if Lis of type I. 
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Suppose that L is of type III or IV. We may assume P ~ U. If 
F i L'' we may choose wl ~ F. Then, (A, WI) is a Frobenius group 
in F. This does not occur. Therefore, F ~ L'. Let F1 = F n H. Then, 
F1 is a normal subgroup of F. We may assume that F = F1(F n U) by 
replacing U by a conjugate if necessary. Since U is nilpotent by (T2), 
F n U is abelian. The subgroup A lies in F n U and A <J F by Corollary 
6.6 (a). Therefore, [Fb A]= 1 and A~ Z(F). Then, Lemma 19.6 holds 
as before. Q.E.D. 

Lemma 19.7. Let M be the set of all irreducible characters of M 
which do not have K in their kernel. Let A be the character defined in 
Lemma 19.3. If M is coherent, then ,AT is constant on Ka. 

Proof. Let a be the least common multiple of the orders of all the 
elements of A(L). By Lemma 19.2, we have A(L) = L' = Lu. Since 
M is not conjugate to L, Theorem 7.9 yields that a(L) n a(M) = 0. 
Thus, (a, !KI) = 1. Since /:.; is coherent by Lemma 19.4, we can apply 
Lemma 12.1 to conclude that the values taken by AT lie in the field Qa. 
Lemma 19.5 yields that ,AT is conformal relative to A(M). Assume that 
M is coherent. We will show that ,AT is orthogonal to every element of 
MT. Let a be a character of M. Then, aK is not rational as aK =I aK. 
Since (a, !K!) = 1, there is a Galois automorphism that sends aK to aK 
and induces the identity on Qa. This yields that AT =I aT. Lemma 14.4 
yields that there is a pair (r, (3) of a rational number r and a virtual 
character (3 of M such that (3 is orthogonal to every element of M and 
,XT(x) = r(3(x) for x E A(M)a. Then, (3 is a linear combination of 
irreducible characters of MjK. Thus, ,XT(x) = r(3(x) for x E Ka and ,AT 

is constant on K". Q.E.D. 

Proof of Theorem 19.1. For some element x of Aa, CK(x) =I 1. 
Take y E CK(x)a. Since M is a supporting subgroup for A(L), Lemma 
14.3 yields that ,AT is conformal relative to A(L). Thus, ,AT is constant 
on the annex A(x). It follows that 

The last equality comes from Lemma 19.4. Let Q0 be the field of prim­
itive jGjth roots of unity and let 1-lJ be the prime ideal dividing pin the 
ring of integers in Q0 . By Lemma 4.2 [FT], we have 

The values taken by ,AT lie in Qa where a is the exponent of L'. Therefore, 
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.>.. 7 (y) is a rational number, so we have 

.A7 (y) = .>..(1) (mod p). 

By Lemma 19.3, .>..(1) divides p + 1 or p- 1. This yields that .>..(1) ::::; 
(p + 1)/2 and 

(19.4) 

This inequality holds whenever y =f. 1 commutes with an element 
x E A~. As before, let F be a complement of K in M. Lemma 19.6 
yields that there is an element z E A~ n Z(F) such that CK(z) cJ;_ K'. If 
CK(z) = K, then (19.4) holds for every y E K~. If CK(z) =f. K, then 
Theorem 15.2 yields that M is coherent. By Lemma 19.7, A7 is constant 
on KH. Since (19.4) holds for at least one element of K", it holds for 
every y E K" because .>.. 7 is constant on KH. 

Let e = .>..(1). Then, Lemma 19.5 yields that 

1 2 1 ~ r 2 e2 
IMI (IKI- 1)(e -1) ::::; IMI L; 1.>.. (x)l < m· 

xEK~ 

Since IMI = IKIIM n Ll, we have 

(IKI- 1) (e -1) 2 IM n Ll < ~ 
IKI e < ILl -3· 

Since (e- 1)/e ::::0: 2/3, IKI < 4 and IKI = 3. The subgroup K is a 
Hall subgroup of G with INc(K)I odd. Then, G is not simple. This 
contradicts the assumption. Thus, Theorem 19.1 holds. Q.E.D. 

Theorem 19.8. If there is no subgroup of type II, then G contains 
a nilpotent Hall w-subgroup that is isolated. 

Proof. By Theorem I, all ME JV( are of type I. By Theorem 19.1, 
they are Frobenius groups. It follows from (Fii)(d) that no supporting 
subgroup of type I is a Frobenius group. Thus, if M E M, there is no 
supporting subgroup for A(M). Therefore, if H = Mp, then H = Mu0 

and, for every x E HH, Cc(x) ~ M. Since M is a Frobenius group, we 
have Cc(x) ~H. 

Take a prime pEw, P E Sy£p(G), and ME M(Nc(P)). Then, M 
is of type I. Therefore, M is a Frobenius group with Frobenius kernel 
H = Mu 0 = Mp and P ~ H. Thus, His a nilpotent w-subgroup having 
the property that Cc(x) ~ H for every x E H~. We will show that His 
a Hall w-subgroup of G that is isolated. 
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Take a prime q in w and suppose that pq is an edge of the prime 
graph of G. Then, there is a pair (x, y) of elements x and y such that 
x E P~ andy is an element of Ca(x)~ of order q. Let Q E Syl!q(G) such 
that y E Q and let z E Z(Q)~. Then, starting from x E P~ we have 
in succession y E H, z E H, and Q ~ H. Repeating this argument, 
we conclude that if r E w, then H contains a Sylow r-subgroup of G. 
Therefore, His a Hall w-subgroup of G. It is nilpotent and isolated. 

Q.E.D. 

§20. The Pair of Subgroups S and T 

In this section, we will assume that there is a subgroup in M that is 
not of type I. Theorem I yields that there is a pair of subgroups S and T 
which satisfy the conditions (a)-( e) of Theorem I. By Theorem 18.10, 
each of them is of type II, III, or IV. Throughout this section, we follow 
the notation of Section 34 of [FT]. Thus, p and q are distinct primes in 
w such that 

W = P*Q*, S = S'Q*, T = T'P*, IP*I = p, and IQ*I = q. 

Let P E Syf!p(S) and Q E Syl!q(T). By Theorem C(2), P* ~ SF. 
Therefore, P ~ SF and P is a normal subgroup of S. It follows that 
P* ~ P. Similarly, Q* ~ Q <l T. 

Let U be a Q*-invariant complement of PinS'. Then, UQ* is a 
complement of PinS. Let 

C = Cu(P). 

Then, C <l U. Since P* ~ P, we have P*n U = 1. Proposition 8.2 (b) 
yields that Q* acts regularly on U. Thus, the group UQ* is a Frobenius 
group with Frobenius kernel U. Then, the prime q does not divide the 
order of U. Thus, 

Q* E Syl!q(S). 

Also, U is nilpotent. Since C ~ U, Cis nilpotent; so is PC= P x C. It 
follows that PC~ F(S). Clearly, we have F(S) = Px (F(S)nU) ~PC. 
Therefore, 

F(S) = P x C = PC. 

By (T3), S" ~ F(S) ~ S'. It follows that S' /PC~ U /Cis abelian. 
Similarly, let V be a P*-invariant complement of Q inS'. Then, 

V P* is a complement of Q in T and V P* is a Frobenius group with 
Frobenius kernel V. Also, P* E Syf!p(T). Let 

D = Cv(Q). 
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Then, D <l V, QD = F(T) and T' /QD ~ V/ D is abelian. Note that 
A(S) is a TI-set of G with normalizer S. This is proved as follows. If 
A(S) is not a TI-set, there is an element x E A(S)H such that C0 (x) cJ;. S. 
Then, Cc(x) is contained in a conjugate of a supporting subgroup Mi 
by (Fii)(e). Since Sis not of type I, Mi is of type I by (Fiii). Then, 
by Theorem 19.1, Mi is a Frobenius group. But, none of the supporting 
subgroups can be a Frobenius group by (Fii)(d). Thus, A(S) is a TI-set 
of G. 

Similarly, A(T) is a TI-set. 
Let S be the set of characters of S which are induced by irreducible 

characters of S' not having P in their kernel. Since P ~ SF, this set S 
is a part of the set of characters considered in §16 for subgroups of type 
II, III, or IV. Hence, Corollary 18.11 yields that the set S defined here 
is coherent. Let 'J be the set of characters ofT induced by irreducible 
characters of T' which do not have Q in their kernel. Then, 'J is also 
coherent. 

Let 'TJij be the virtual characters of weight 1 associated with the 
self-normalizing cyclic group W = P*Q*. We use the notation of §13 
and 

TJij(x) = Wij(x) for x E W. 

Let f-tiJ be the set of irreducible characters of S defined in Lemma 13.4. 

Then, f-tij(x) = Ejwi1(x) for x E W with Ej = 1 or -1. Let 

q-1 

~k = L.":t-tik· 
i=O 

Similarly, let Vij be the set of irreducible characters of T defined 

in Lemma 13.4. Thus, vi1(x) = ±wi1(x) for x E W, where the sign is 
independent of j. Let 

p-1 

(i = LVij· 
j=O 

By Lemma 13.5, characters of S (or 'J) are either irreducible or one of 
the characters ~j (0:::; j :::; p- 1) (or (i (0:::; i:::; q- 1)). 

We use the following notation: 

ICI = c, IDI = d, IU:CI = u, IV:DI = v, and IGI =g. 

For the following lemmas in this section, we maintain the symmetry 
between S and T. So, the results proved for S hold for T as well. 
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Lemma 20.1. There is a normal subgroup Po of S such that Po ~ 
P, PI P0 is an elementary abelian group of order pq, and the group UQ* 
acts irreducibly on PI P0 . Either U I C is a cyclic group with u dividing 
(pq - 1) I (p - 1) that acts irreducibly and regularly on PI Po, or U I C 
is a product of at most q- 1 cyclic groups with u dividing (p- 1)q-1 . 

For 1 :S: j :S: p- 1, ~j is induced by a linear character of PC and 
~j(1) = uq. Either PU is a Frobenius group with Frobenius kernel P 
such that IPI = pq and u = (pq -1)l(p -1), or S contains an irreducible 
character of degree uq that is induced by a linear character of PC. 

This is Lemma 34.1 [FT]. Some additional remarks included in 
Lemma 20.1 are really proved there. Q.E.D. 

Lemma 20.2. Either PU is a Frobenius group with Frobenius ker­
nel P with !PI = pq and u = (pq - 1)I(P- 1), or QV is a Frobenius 
group with Frobenius kernel Q with IQI = qP and v = (qP- 1)l(q- 1). 

Proof. This is Lemma 34.2 [FT]. We paraphrase their proof. Sup­
pose that the result is false. Then, Lemma 20.1 yields that S contains an 
irreducible character .X of degree uq that is induced by a linear character 
of PC and 'J contains an irreducible character (} of degree vp that is 
induced by a linear character of Q D. Define 

a=.X-6 and (3={}-(1. 

Then, aT takes nonzero values only on conjugates of (PC)~. Since PC= 
F(S), aT is nonzero only at cr(S)-elements. Similarly, f3T is nonzero only 
at cr(T)-elements. Since Sis not conjugate toT, Theorem 7.9 yields that 
cr(S)ncr(T) =0; hence, (aT,f3T) =0. Similarly, 

((.X- >.y, ((3- /3f) = 0. 

This implies .X T =/= fF since .X =/= .X. 

By Lemma 13.7, G = ± I:i~~ 1/i1 and ([ = ± Lj 1/1j· By Lemma 
0, we have .X T =/= ±r]st =/= fF. Thus, 

(aT, f3T) = (.XT- ~[, (}T- ([) = (± l:: 1/i1l ± l:: 1/1j) = ±1. 
j 

This contradicts (aT,f3T) = 0. 

Lemma 20.3. For 1.:; j.:; p- 1, 

Z:: l1/oj(x)l 2 2 uc!Pi- u 2 . 

xE(PC)# 

Q.E.D. 



On the Prime Graph of a Finite Simple Group 191 

Proof. We paraphrase the proof of Lemma 34.3 [FT]. The set of 
irreducible characters of S consists of {P,ij}, 0::; i::; q-1, 0::; j::; p-1, 
the set IrrS of irreducible characters inS, and the set Irr(S/P). By 
Lemma 13.7, ~t 7 = EtLi'r/it· Write the restriction (TJot)s as a linear 
combination of irreducible characters of S as follows: 

(20.1) (TJot)s = cP,ot + L Cstltst + L a.xA + Ll 
s,t>O .\ElrrS 

where c = Ej and Ll is a character of SjP. Since Sis coherent, Lemmas 
M and 11.4 yield 

(20.2) 

for every a E J0 (S). Take j and k with 1 ::; j, k ::; p-1 and let a= ~j -~k· 
Note that ~1 (1) = uq = ~k(1), so a E J0 (S). Then, (20.1) and (20.2) 
yield 

q-1 q-1 

LCsj = LCsk 
s=O s=O 

including k = t. For each k, (ttik)s' is independent of i by Lemma 13.4 
and (ttik)S' = '1/Jk is an irreducible character of degree u of S'. Then, we 
have 

( L Cstltst) =a~ 'l/Jk(1)'1/Jk 
s,t>O S' k=1 

with a'l/Jk(1) = au = I:;~;:6 Csk· Thus, a is a rational number such that 
au is an integer. If IrrS is not empty, take A E IrrS. Then, A(1) is 
divisible by q because A is induced by an irreducible character B of S'. 
Let a= 8(1)6- UA. Since ~k(1) = uq, we have a E Io(S). Then, (20.1) 
and (20.2), together with Lemma N, yield 

q-1 

B(1)Lcsk=ua.x or a.x=aB(1). 
s=O 

Therefore, 

( L a.xA) =a L 8(1)(81 + · · · + Bq) 
.\ 8' .\ 

where 81 , ... , Bq are components of As'. It follows that 

( L Cstltst + L a.xA) = ap1 
s,t>O .\ S' 
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where p1 is the portion of the regular representation of S' on the set 
of irreducible characters which do not have P in their kernel. Let p be 
the regular representation of S' and write p = p1 + p2 . Then, p2 is the 
regular representation of S' I P. If x is a nonidentity element of S', then 

0 = p(x) = Pl(x) + P2(x). 

Let f3 = -ap2 + Lls'. Then, f3 is a linear combination of irreducible 
characters of S' I P with rational coefficients. It follows that for x E ( S')", 

'f/Ot (x) = c:'l/;t(x) + f3(x ). 

Since P2(1) =IS' IPI = cu, /3(1) = -acu+ Lls,(1) is an integer because 
Lls' is a character and au is an integer. The remainder of the proof is 
the same as the proof of Lemma 34.3 [FT]. We have 

L I'Tlot(xW = L(c:'l/;t(x) + f3(x))(c:~t(x) + /3(x)) 
xE(PC)U 

= L l'l/Jt(x)l2 + c: L('¢t(x)/3(x) 

+ ~t(x)f3(x)) + L lf3(x)l 2. 

Since 'l/Jt is an irreducible character that vanishes outside PC, the first 
term is ucl PI - u2 . Since f3 is a sum of irreducible characters of S' I P, 
the second sum is equal to -2c:uf3(1). The values of f3 are constant on 
each coset of P. Thus, the third sum is 

IPI L lf3(xW- /3(1) 2 . 

xEU 

Lemma 20.1 yields that u divides either (pq -1)I(P- 1) or (p- 1)q-l, 
and IPI :::0: pq. Hence, we have 

IPI::::: 2u + 1 

and IPI/3(1)2 - /3(1) 2 - 2euf3(1) :::0: 2u(f3(1)2 - c:/3(1)) ::;:: 0 because /3(1) 
is an integer. This proves Lemma 20.3. Q.E.D. 

Lemma 20.4. For 1 :::; i :::; q - 1, 

L I'Tlio(xW :::0: (IPI- 1)c. 
xEPC-C 
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Proof. We use the same method as in the proof of Lemma 20.3. 
Since T/iO is orthogonal to every character of sr' we have 

where au is an integer, p1 is the portion of the regular representation p 
with p - Pl the regular representation of S' I P, and '"'( is a character of 
S' I P. Then, p1 vanishes outside P, p1 takes the value -uc on P -1, and 

p1(1) = (IPI-1)uc. Let 8 = (TJio)u andy E P*~. Since'"'( is a character 
of S' I P, (TJio)s' takes a constant value on each coset of P except at the 
identity. Thus, 

(20.3) 

L ITJiO(x)l 2 = (IPI- 1) ( L l8(x)l 2 + ITJiO(Y)I 2 ) 

xEPC-C xEUU 

= (IPI- 1)(cll8ll2 - I8(1W + ITJio(Y)I 2 ). 

Clearly, 11811 2 is a nonzero integer. Let z E Q*~, and let .0 be a prime 
ideal dividing q in the ring of algebraic integers of Qpq· Then, TJiO(Y) = 
TJiO(yz) = wiO(yz) = wiO(Y) = 1 (mod .0). Thus, the left side of (20.3) is 
positive. It suffices to show that 18(1)12 -ITJio(Y)I 2 is an integral multiple 
of c. We have 

Hence, 

TJiO(Y) = ap1(y) +'"Y(Y) = -auc+'"Y(1), 

8(1) = ap1(1) + '"'f(1) = a(IPI- 1)uc + '"'f(1). 

18(1)12 -ITJiO(Y)I2 = (a(IPI- 2)uc + 2'"'f(1))a1Piuc. 

Since au is an integer, this is an integral multiple of c. Q.E.D. 

Lemma 20.5. Suppose that S contains an irreducible character>. 
of degree uq which is induced by a character of PC. Then, 

L l>-7 (x)l 2 > uqciPI- (uq) 2 - 2uq2 . 

xE(PC)U 

Proof. We have 
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where au is an integer, p1 is the portion of the regular representation p 
of S', p = Pt + P2 with P2 the regular representation of S' I P, and a is 
a character of S' I P. Let 

f3 = -ap2 +a. 

Then for X E (S')", xr(x) = A(x) + f3(x). The value of f3(x) is constant 
on each coset of P except at the identity. The proof of Lemma 34.5 [FT] 
may be applied. We have 

(20.4) 

L IA'"(xW = L(A(x) + f3(x))(X(x) + /3(x)) 
xE(PC)# 

= L IA(xW + L(A(x)/3(x) + f3(x)X(x)) + L lf3(xW. 

Since A E IrrS with A(1) = uq, the first sum is uqciPI- (uq) 2 • None of 
the irreducible components of As' has P in its kernel. Hence, the second 
sum is -2A(1){3(1). Since f3 is constant on each coset of P, 

L lf3(xW = IPI L lf3(xW -1/3(1)1 2 -

xEU 

Suppose l/3(1)1 < q. Then, 2A(1)If3(1)1 < 2uq2 • The result follows from 
(20.4). On the other hand, if l/3(1)1 ~ q, then 2A(1)If3(1)1:::; 2ulf3(1W:::; 
(IPI-1)If3(1W. The result follows from (20.4) again. Q.E.D. 

Lemma 20.6. Let G0 be the set of elements of G which are not 

conjugate to any element of PC, Q, or W. Suppose that S contains an 
irreducible character A of degree uq. Define 

At = {x EGo I A'"(x) =/:- 0}, 

A2 = {x EGo I1Jw(x) =/:- 0}, and 

A3 = {x EGo I1J01(x) =/:- 0 and 1]01(x) = 0 (mod (q- 1))}. 

Lemma 20. 7. The following statements hold. 

(i) If q ~ 5, then Pis an elementary abelian group of order pq and 
ulc > 9pq-l l20q. 

( ii) If p, q ~ 5, then c = 1 and u > (13l20)pq-l I q. 
(iii) If p = 3 and c =j:. 1, then u = 121, q = 5, and c = 11. 
(iv) If q = 3, then c = 1 or c = 7. Furthermore u > (p2 + p + 1)113. 
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(v) If q = 3, then Pis an elementary abelian p-group and IPI = pq 
or p = 7, c = 1, and IP I = 74 . 

(vi) Ifq=3andc=7,thenu>(p2 +p+l)/2. 

Lemma 20.8. If q 2: 5, then PU /C is a Frobenius group and we 
also have that u divides (pq - 1) / (p - 1). 

Lemma 20.9. Ifp,q 2: 5, then c = 1, IPI = pq, and either u = 
(pq- 1)/(p -1) or p = 1 (mod q) and uq = (pq -1)/(p- 1). 

These lemmas are proved as in [FT], §34. In the proof the references 
to Lemma 34.n [FT] should be to Lemma 20.n of this paper. 

§21. Four Propositions 

We continue to use the notation introduced at the beginning of §20. 
Thus, S and T are subgroups in M, and p and q are distinct primes such 
that IWI = pq. The purpose of this section is to prove that c = d = 1, 
IPI = pq, IQI = qP, PU is a Frobenius group, and QV is a Frobenius 
group. 

Suppose that both p and q are greater than 3. Then, Lemma 20.7 ( i) 
and ( ii) yield that P is an elementary abelian group of order pq and, ' 
c = 1. By symmetry, Q is an elementary abelian group of order qP 

and d = 1. By Lemma 20.8, PU is a Frobenius group and u divides 
(pq - 1)/(p- 1). By symmetry, QV is a Frobenius group. Thus, the 
result holds if p, q 2: 5. We may assume that q = 3 from now on. We 
prove four propositions. 

Proposition 21.1. If q = 3, then c = 1. 

Proof. Suppose that q = 3 and c =/= 1. By Lemma 20.7 ( iv) and 
(vi), we have c = 7 and 

u > (p2 + p + 1)/2. 

By Lemma 20.1., u divides either p2 + p + 1 or (p- 1)2 . It follows from 
the inequality that u = p2 + p + 1. Lemma 20.7 ( v) yields that P is an 
elementary abelian group of order p 3 . Then, by Lemma 20.1, U / C is a 
cyclic group that acts irreducibly and regularly on P. Hence, the group 
S' /Cis a Frobenius group with Frobenius kernel PC jC. The group PC 
is nilpotent; so is U. Since U /C is cyclic, U is abelian. Since p E w, we 
have 7 E w and U is a w-group. Therefore, S is a w-group of type II or 
III. 
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Suppose that S is of type II. Then, Su = Sp (Proposition 10.1); 
it is either P or PC. Suppose that Su = PC. Then, (u, 7) = 1. Let 
U = C x R with a 7'-group Rand let ME M(Na(R)). Then, by (IIiv), 
Na(R) % S. Hence, M is not conjugate to S. Since UQ* ~ M, M is 
not q-closed. Hence, M is not conjugate to T either. By Theorem I, 
M is of type I. Then, by Theorem 19.1, M is a Frobenius group with 
Frobenius kernel Mu. It follows that U ~ Mu n Bu. This contradicts 
Theorem 7.9. Therefore, we have Su = P. 

Let M E M(Na(U)). As before, M is a Frobenius group with 
Frobenius kernel Mu. Let H = Mu. Then, M = Na(H) and Q* ~ M. 
It follows from the structure of a Frobenius complement that I M: HI = 3 
or 3p. By (IIv), Na(C) ~ S. Then, Ca(C) is of rank at most 2. 
Therefore, H contains a characteristic subgroup of order 7 or 72 • Thus, 
if IM:HI = 3p, thenp divides 7-1 or (72 -1)(72 -7). This is impossible 
as p =/=- 3, 7. Hence, we have IM: HI = 3. 

Let M be the set of irreducible characters of M that do not have H 
in their kernel. Since M is a Frobenius group with Has the Frobenius 
kernel, M is the set of nonlinear irreducible characters of M. If M is not 
coherent, then His a nonabelian group of prime power order (a power 
of 7) such that IH: H'l :=::; 4IM: Hl 2 + 1 = 37. This implies that His 
cyclic and H ~ Na(C) ~ S. This is not the case. Hence, M is coherent. 
Let () be the character of M induced by the principal character of H. 
Then, by Lemma 12.7, M* = MU {()}is coherent. We can determine(}'~" 
as follows. Take an irreducible character>. of M with >.(1) = 3. Then, 
(()- >.t vanishes outside the territory G0 (M). We check that S and 
some of its conjugates are the only supporting subgroups for A(M). We 
remarked that no group of type I can be a supporting subgroup because 
it is a Frobenius group. A similar reasoning applies to the group T 
because QV is a Frobenius group by Lemma 20.2. Thus, the territory 
G0 ( M) consists of elements conjugate to some element of HU or PC-P. 

In particular, (()- >.t vanishes on W. Therefore, by Lemma 13.1, we 
have 

( ()'~" - ). r, 'T}OO - 'TJiO - 'T}Oj + 'T}ij) = 0. 

It follows that (}'~" is a virtual character of weight 3 that involves 'T}oo and 
one of 'T}io, 'T}Oj, or 'T}ij· Clearly, (}'~" is rational. Since 'T}Oj or 'T}ij (j =/=- 0) 
has p - 1 algebraic conjugates, (}'~" does not involve 'T}oj or 'TJij. Hence, 
(}'~" = 1 + 'T}lO + 'T}20· 

Let >. E M be the irreducible character of degree 3 as above. We 
claim that >.'~"(x) = >.(x) for x E HU. Note that ).'~" is well-behaved 
relative to A(M) by Lemma 14.3. Then, by Lemma 14.4, there is a 
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virtual character "( of M such that 'Y is orthogonal to every J1 E M * and 

with some rational number r. If J1 is a nonlinear irreducible character of 
M, then J1 E JY(*. Hence, ("!, JL) = 0 by the property of 'Y· Thus, 'Y does 
not involve Jl· Hence, "( is a sum of linear characters. Then, ("!,B) = 0 
implies that "( vanishes on H~. Hence, >. 7 ( x) = >. ( x) for x E H~. 

Let G0 = G0 (M). Then, Lemma 11.5 applied to I.A7 (x)l 2 and 10 

yield (with h = IHI) 

1 1 h -1 
-IGol = IMI L 1 = 3h· 
g xEH~ 

Let G 1 be the set of elements of G - Go which are not conjugate to 

any element of W, P~, or QH. On G1 , (0- >.) 7 vanishes. The virtual 
characters ry10 and ry20 are 3-conjugate. Therefore, they take the same 
value on G1. Thus, 

for x E G1. This implies that A7 (x)-=/= 0 on G1. Hence, 

3 1"' T 2 1 h ~- ~ I>- (x)l ~ -IG1I 
g xEG1 g 

> 1 __ h_-_1 _ (1 - ~ _ ~ + __!__) __ IP_I_-_1 _ IQI- 1 
- 3h P q pq lSI ~IT=I-, 

8 1 121 1 2 
-+-+- > -+-+- > -. 
3h 3cu pv - 3p lSI ITI 3p 

We have u = p2 + p + 1 ~ 3p, v = (3P- 1)/2 ~ 63, and h ~cu. Hence, 
the left side of the above inequality is at most (8+1+1)/63p = 10/63p < 
1/6p. This is a contradiction. 

Suppose that Sis of type III. Then, S' =Sa= A(S). Since there is 
no supporting subgroup for A(S), Sa is a TI-set of G with normalizer S. 
Let S1 = S0 uS in the notation of §16. Then, S1 is the set of characters 
of S which are induced by nonprincipal irreducible characters of S'. Let 
~0 be the character of S induced by the principal character of S'. By 
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Theorem 16.1 (a), S1 is coherent. As before, S2 = S1 u {~o} is coherent 
and 

~0 -r = 1 + 1710 + 1720· 

Let>. be an irreducible character of degree 3lying in So. By Lemma 13.5, 
the characters of s2 are either irreducible or one of ~i for 0 :S j :S p- 1. 
Then, any virtual character of S that is orthogonal to all p, E S2 vanishes 
on (S')U. It follows from Lemma 14.4 that .A7 (x) = >.(x) for x E (S')U. 
Let Go be the set of elements of G which are conjugate to some element 
of (S')U. Since S' is a TI-set in G, we have 

and IGol/g = (IS'I - 1)/ISI. Let G1 be the set of elements of G- Go 

which are not conjugate to any element of W or QU. Since (~o - >.t 
vanishes on G1 and 1710 = 1720 on G1o we see that >. -r does not vanish on 
G1. Thus, 

Hence, 

IT'l-l 

ITI 

This is a contradiction. Q.E.D. 

Proposition 21.2. Suppose that q = 3. Then d = 1. 

Proof. Suppose that q = 3 and d =J 1. Then, by Lemma 20.7 (iii) 
with q, c, and S replaced by p, d, and T, we have p = 5, d = 11, and 
v = 121 = (11)2. Since v = (35 -1)/2, V/D is cyclic by Lemma 20.1. It 
follows that V is abelian. Thus, T is of type II or III. 

Suppose that T is of type III. Let V be the set of characters of 
T which are induced by nonprincipal irreducible characters ofT'. By 
Theorem 16.1, V is coherent. Let (0 be the character induced by the 
principal character ofT'. By Lemma 12.7, V* = V U {(0} is coherent. 
We will see what (0 -r is. Let >. E V be a character of degree p and let 

a=(o->.. 

We use the same method as in the proof of Lemma 19.4. The characters 
Vii associated to the cyclic subgroup W satisfy Vij(l) = v for i > 0 
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(Lemma 20.1). Since v = 1 (mod p), all signs attached to Vij are 1. For 
a fixed i =/= 0, let 

"/j = Voj - Vij + 8 (0 ::; j ::; 4) 

where 8 is a sum of characters of degree pin V such that 8(1) = v- 1. 
For example, let 8 be the sum of distinct characters of degree 5 which 
have QD in their kernel. (There are exactly (v -1)/5 such characters.) 
We have 'Yi E I0 (A0 (T)). Thus, 'Yi -r are defined. Since 

('Yo - "/j r = "700 - 'f/iO - 'f/Oj + 'f/ij, 

we have 'Yi -r = 'f/Oj - 'f/ij + L1 with L1 independent of j. For each j with 
0::; j ::; 4, ('Yi -r, (0 -r) = ('Yj, (o) = 1. We have 

j j 

Since (i -r = ± l:i 'f/ij and ((i -r, (o-r) = 0, we get 

5 = 1 + L('f/oj,(o-r) + 5(L1,(0 -r). 
j>o 

Therefore, ( 'f/Oj, (0 -r) =/= 0 for some j > 0. The characters 'f/Ol> ... , 'f/o4 
are p-conjugate, while ( 0 -r is p-rational. Hence, ("'oi> (0 -r) is independent 
of j. Since (0 -r is of weight 5, we have (o-r = 1a ± l:j>O 'f/Oj· Since 
('YjT,(oT) = 1, 

(o-r = 1a + L 'TlOj. 
j>O 

Since V* consists of all the characters of T which are induced by 
irreducible characters ofT', Lemma 14.4 yields that 

_x-r(x) = .X(x) for x E (T')U. 

Since there is no supporting subgroup, A(T) = T' is a TI-set of G. Let 
G0 be the set of elements of G which are conjugate to some element of 
(T')U. Then, 

1 L I.A-r(xW = _..!..._ L I.X-r(xW 
g xEGo ITI xE(T')~ 

1~1 L I.A(x)l2 = 1- 1;'1 
xE(T')~ 
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because A vanishes on T- T'. We have IGol/9 = (IT'I-1)/ITI. Let G1 
be the set of elements of G - G0 which are not conjugate to any element 

of W or P~. Then if y E G1, then a.,.(y) = 0 and 'TJm(Y) = 'TJoj(Y) for all 
j > 0. It follows that 

1 + 4rym(Y)- A.,.(y) = 0. 

This implies A.,. (y) =/= 0. Then, 

1;'1 ~ ~ L IA.,.(xW ~ ~IG1I 
g xEG1 g 

IGol 1 1 1 IPI- 1 > 1- --(1- -- -+-)- --. 
- g P q pq lSI 

Thus, 

This is not the case. Therefore, T is not of type III. 
Suppose that T is of type II. In this case, 11 E w so T is a w-group. 

Take ME M(Nc(V)). Since M contains VP* which is not p-closed, M 
is not conjugate to P. The prime lilies in a(T)'. In fact, D centralizes 
Q; hence, Nc(D) ~ T by (IIv). Since Nc(V) C/:. T by (IIiv), V is not 
cyclic. Thus, 11 E r 2 (T)na(M) by Lemma 6.11. It follows that M is not 
conjugate to S. By Theorem I, M is of type I. Hence, by Theorem 19.1, 
M is a Frobenius group with Frobenius kernel M 17 • Let H = M 17 • Then, 
M = Nc(H). Since Nc(D) ~ T, we have NH(D) = T n H = V. It 
follows that IHI is a power of the prime 11 and Z(H) is cyclic. Therefore, 
IM/ HI = e divides 11- 1 = 10. Since P* is contained in Nc(V), we 
have e = 5. 

Let V be the set of irreducible characters of M which do not have 
H in their kernel. If V is not coherent, then IH: H'l :::; 4e2 + 1 = 101. 
This implies that H is cyclic. Therefore, V is coherent. Let (0 be the 
character of M induced by the principal character of H. As before, 
V* = V U {(0 } is coherent. Let A be an irreducible character of M of 
degree 5, and let 

a= (o- A. 

Then, a E Io(A(M)) and a vanishes on the conjugates of W. (The 
group Tis a supporting subgroup of A(M). But, the territory of A(M) 

does not intersect with W.) It follows that 

(a.,.,'TJoo- "lio- "loj + "lij) = 0. 
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Since A7 # ±1Jst for any s, t by Lemma N, we have 

( (o 7 , 1Joo - 1Jio - 1JOJ + 1JiJ) = 0 · 

Since a 7 = (0 7 - A7 involves the principal character of G, ((0 7 ,7Joo) = 
1. We will show that ( (o 7 , 1]0j) # 0. Suppose that ( (0 7 , 1Joj) = 0. If 
( ( 0 7 , 1JiJ) # 0, then 

(o 7 = 1a + a 2:::::: 1JiJ 
j>O 

because 1Jij for 1 ::::; j ::::; 4 are p-conjugate. Then, 

On the other hand, we have ((0 7 ,(i 7 ) = ((o,(i) = 0 fori> 0. Since 
(/ = ± L;j 1Jij, ( (o 7 , (i 7 ) = ±4a. This is a contradiction. Hence, 

((o 7 ,7JiJ) = 0 for i,j > 0. Then, ((0 7 ,(/) = 0 implies ((0 7 ,7Ji0) = 0. 
This contradiction finally proves ( (o 7 , 1]oj) # 0. Then, 

(o 7 = 1 + 2:::::: 1Joj. 
j>O 

Lemma 14.4 yields that 

By Lemma 14.3, A7 is well-behaved relative to A(M). Hence, we 
can apply Lemma 11.5. Let G0 be the territory of A(M). Then, 

And 
1 1 1 IHI-1 
-IGol =- 2:::::: 1 = IMI 2:::::: 1 = IMI . 
g g xEGo xEH" 

Let G 1 be the set of elements of G - Go which are not conjugate to any 

element of W, P~, or Q~. Then, a 7 (x) = 0 for x E G1 . Also, we have 
1701(x) = 1]oj(x) for j > 0 and x E G1. It follows that 
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This implies that A7 (x) =f. 0 on G1. Therefore, we have 

e 1 ~ 2 1 
IHI ~- L..; la(x)l ~ -IG1I 

g xEG1 g 

> 1 _ IHI - 1 _ (1 _ ~ _ ~ + ~) _ IPI - 1 _ IQI - 1 
- IMI p q pq lSI ITI ' 

e 1 1 4 1 1 1 4 
IHI + 3u + 5 · 113 ~ 15 + IMI + 1ST + lTf > 15 · 

Since u = 31 and IHI ~ 113 , this is a contradiction. Q.E.D. 

Proposition 21.3. Suppose that q = 3. Then, P is an elementary 
abelian group of order p3 • 

Proof. Suppose that Proposition 21.3 fails. Then, by Lemma 20.7 
(v), we have p = 7 and IPI = p4 • The group Pis elementary abelian. 
The group U is abelian and its order u divides either (p3 - 1) j (p - 1) or 
(p- 1)q-l. Since p = 7 and (u,6) = 1, Lemma 20.1 yields that U is a 
cyclic group of order dividing p2 + p + 1 = 57 = 3 · 19. Since ( u, 3) = 1, 
we must have u = 19. 

Lemma 20.1 yields a normal subgroup Po such that UQ* acts ir­
reducibly on P/P0 . Then, IPol = 7 and U centralizes P0 . There is a 
subgroup P1 of order p3 such that UQ* acts irreducibly on P1. Then, 

P =Po X P1 

and Po = Cp(U). Since Cp(U) =f. 1, Sis not of type II. Therefore, S is 
of type III. Since there is no supporting subgroup, S' = A( S) is a TI-set. 

Let U be the set of characters of S which are induced by non principal 
irreducible characters of S'. By Theorem 16.1 (a), U is coherent. Let 
~0 be the character of S that is induced by the principal character of 
S'. Then, by Lemma 12.7, U* = U U {~0 } is coherent. Let A be an 
irreducible character of degree 3 lying in U, and let 

a= ~o- A. 

Then, a 7 vanishes on any conjugate of W. It follows that 

(a7 , 1a- 'TJio- 'TJoj + TJij) = 0 for i,j > 0. 

By Lemma N, A7 is orthogonal to every "lst· Hence, 

(~or, 1a- "lio - 'TJoj + "lii) = 0. 
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The virtual characters 'T/Oj (1 ::; j ::; 6) are p-conjugate, while ~0 r is 
p-rational. Since ll~orll 2 = 3, ~or does not involve 'T/Oj· By the same 
reasoning, ~0 r does not involve 'T/ij. It follows that 

~or = 1c + 'T/Io + 'T/20· 

We can argue as in the previous propositions. We have 

>.r(x) = >.(x) for x E (S')~. 

Let Go be the set of elements of G which are conjugate to some element 
of (S')~. Since S' is a Tl-set, 

~ L l>-r(x)l2 = ~ L l>-r(x)l2 
g xEGo lSI xE(S')~ 

= 1~1 2::: 1>-(xW = 1- I;' I 
xE(S')n 

because>. vanishes on S- S'. Similarly, 

IGol/g = (IS'I- 1)/ISI. 

Let G1 be the set of elements of G - G0 which are not conjugate to any 

element of W or Q~. Then, ar vanishes on G1, and 'f/IO(Y) = 'T/2o(Y) for 
y E G 1 . Thus, 

This implies ).T (y) =f. 0 for y E G 1 . Then, 

3 1"' T 2 1 
-IS'I 2: - ~ I>- (x)l 2: -IG1I 

g xEG1 g 

IS'I - 1 1 1 1 IQI - 1 >1- -(1----+-)---. 
- lSI p q pq ITI 

Then, 
3 1 111 1 2 -+- >- --+-+- > -. IS' I 7. v - p pq. lSI ITI 21 

Since IS'I = 74 · 19 and v = 1093, this is a contradiction. Q.E.D. 
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Proposition 21.4. Suppose that q = 3. Then, U is a cyclic group 
of order dividing p2 + p + 1 that acts on P irreducibly and regularly. The 
group PU is a Frobenius group. The group Q is also an elementary 
abelian group of order 3P and QV is a Frobenius group with Frobenius 
kernel Q. The group V is a cyclic group of order dividing (3P- 1)12. 

Proof. Since q = 3, we have p 2: 5. By Lemma 20.7 ( i) with q and 
P replaced by p and Q, Q is an elementary abelian group of order 3P. 
By Proposition 21.2, we have d = 1 and D = 1. Lemma 20.8 with q 
and P replaced by p and Q yields that QV is a Frobenius group with 
Frobenius kernel Q and v = lVI divides (3P- 1)12. By Lemma 20.1 for 
T, Vis a cyclic group. 

Suppose that Proposition 21.4 fails. Then, by Lemma 20.1, the 
group U is a product of at most 2 cyclic groups and u divides [(p-1)12] 2 . 

Since U is abelian, S is either of type II or type III. 
Suppose that S is of type III. Let U be the set of characters of S 

which are induced by nonprincipal irreducible characters of S'. If U is 
coherent, we can apply the same argument as the one in the proof of 
Proposition 21.3. At the end, we get 

Since IS' I = p 3 u > 15p and ITI = viQI with 

V = (3P- 1)12 2: 5p, 

we have a contradiction 

We will prove that U is coherent. Since U ~ S' I P is abelian, U 
contains (u- 1)13 irreducible characters of degree 3. By assumption, 
U is an abelian group of exponent dividing (p- 1)12. Therefore, there 
is a U-invariant subgroup P1 of P with index IP : P1 1 = p. Then, 
U I Cu (PI P1) is cyclic. Since Cu (PI P1) is contained in the inertia group 
of any linear character of PI P1, there is a linear character () of P such 
that IS': J(())l:::; expU:::; (p-1)12. It follows that there is an irreducible 
character f.t of U having the degree 3d with 1 < d:::; (p- 1)12 (cf. §11, 
the proof of Lemma 4.5 [FT]). Let .A be an irreducible character of degree 
3 lying in U. Let 

a = ~ - .A and (J = d). - J.t 
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where ~ is the character of S induced by the principal character of S'. 
Then, a, f3 E I0 (A(S)) and aT, f3T are defined. Since S is of type III, 
we have A( S) = S'. Then, for characters v, v' of degree 3 in '11, 

((3T, (v- v'r) = 0 

if v =1- .A =1- v'; while (f3T, (v- .At)= -d. It follows that 

for some integer x where the sum is over all irreducible characters v 
of degree 3. If x = 0, '11 is coherent. Suppose that x =1- 0. We have 
llf3TII 2 = ~ + 1. It follows from this 

(21.1) 

Note that '11 contains exactly (u- 1)/3 irreducible characters of degree 
3. The above inequality implies x > 0. Lemma 20. 7( iv) yields u > 
(p2 + p + 1)/13. Since d ~ (p- 1)/2, (21.1) yields p ~ 37. By Lemma 
20.1, u divides (p- 1)2 /4. Thus, 

p2 + p + 1 (p- 1)2 
13 < u ~ 4 

If p- 1 is divisible by 4 or 3, we can replace (p- 1)2 /4 by (p- 1)2 /16 
to get a contradiction. Thus, p = -1 (mod 12) and p = 11 or 23. If 
p = 23, u divides 112 • If u = 11, then u "¥= 1 (mod 3). This contradicts 
the fact that UQ* is a Frobenius group. Thus, u = 121 and (21.1) yields 
x < 1. Therefore, we have p = 11, u = 25, d = 5, and (21.1) yields 
0 < x < 2. Hence, x = 1 and 

As before, ..:1 is a real-valued virtual character such that (1a, ..:1) 
(vT, ..:1) = 0 for every v E '11 with v(1) = 3. We check that 

Since ry20 = ry10 , (aT, ..:1) is an even integer. But, (aT,f3T) = (a,f3) = -d 
by Lemma 11.4. Thus, we have 

which implies (aT, ..:1) = -1. This contradiction proves that '11 is coher­
ent. Thus, Proposition 21.4 is proved if Sis of type III. 
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Suppose that S is of type II. Let M E M(Na(U)). Then, M is 
not conjugate to SorT. Therefore, by Theorem I, M is of type I. By 
Theorem 19.1, M is a Frobenius group with Frobenius kernel Mu. We 
have 

U~Mu. 

The group Q* is contained in M. Hence, IM:Mul = 3 or 3p. 
By Lemma 20.1, u divides (p-1)2 /4. As before, p-1 is not divisible 

by 4 or 3. Hence, if u =f. (p- 1)2 /4, then 

p2+p+1 (p-1)2 
=-------=--- < u < -=----'-

13 - 20 

which is a contradiction. It follows that u = (p- 1)2 /4 and U is the 
direct product of two cyclic groups of order (p- 1)/2. Thus, all Sylow 
subgroups of U are abelian of rank 2. Hence, we have 1r(U) = 72(8). 
Taker E 1r(U) and let A E c;(U). Then, for some B E £1 (A), Cp(B) =f. 
1 by Proposition 1.16 [BG]. ForB, Ca(B) ~ S by (IIv). This implies 
that 

Z(Mu) ~ Sn Mu = U. 

Since Mu is nilpotent, 7r(Z(Mu)) = 7r(Mu)· Thus, 

1r(U) ~ 1r(Mu) = 1r(Z(Mu)) ~ 1r(U). 

Therefore, 1r(U) = 1r(Mu ). Suppose that !1r(U)I > 1 or some Sylow 
subgroup of U is a Sylow subgroup of G. Then, by Theorem 6.7, G has 
abelian Sylow r-subgroups for each r E 1r(U). By Lemma 6.8(b), U is a 
Hall 72(8)-subgroup of G. It follows that U = Mu. Since Na(U) % S, 
we have IM: Mu I = 3p. Since M is a Frobenius group, 

!AI= 1 (mod 3p) 

for each A E £2(U). Since u = lUI = (p- 1)2 /4, we have U =A and 
u = 1 (mod 3p). (If A =f. U, lUI~ (3p+ 1)2 which is impossible.) Thus, 

(p-1)2 - 4 = 12kp 

for some integer k. Hence, p divides 3. This contradicts the assumption 
p > q = 3. Therefore, 1r(U) = {r} for a single primer and G has a 
nonabelian Sylow r-subgroup. It follows from the structure of S that 
P =Bu. Then, Theorem 6.7 yields that C = CA(P) has order p. This 
contradicts Proposition 21.2. Q.E.D. 
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Theorem. Let G be a finite simple group and let w be a connected 
component of the prime graph r( G) such that 2 tf- 1r. Then, we have one 
of the two cases: 

(1) G contains a nilpotent Hall w-subgroup H that is isolated in G, 
or 

(2) w = {p, q} and there is a self-normalizing cyclic group W of 
order pq. 
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