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Approximation of Expectation of Diffusion Process
and Mathematical Finance

Shigeo Kusuoka

§1. Introduction

Let (2, F, P) be a probability space and let {(B(t),...,B%(t);t ¢
[0,0)} be a d-dimensional Brownian motion. Let B°(t) =t¢, t € [0, o).
Let Vo,Vi,...,V4 € C2(RM;RY).. Here C°(RY;R") denotes the
space of R™-valued smooth functions defined in R whose devivatives of
any order are bounded. We regard elements in C;° (RY;RM) as vector
fields on RY.

Now let X (t,z),t € [0,00), x € R¥, be the solution to the Stratono-
vich stochastic integral equation

d t ]
(1) X(t,z) =z + Z/O Vi(X (s, z)) o dB(s).

Then there is a unique solution to this equation. Moreover we may
assume that with probability one X (¢, z) is continuous in ¢ and smooth
in z.

In many fields, it is important to compute E[f(X(T,x))] numeri-
cally, where f is a function defined in RY. Let u(t,z) = E[f(X(t,z))],
t >0, z € RY. Then u satisfies the following PDE:

Ou

a(tv I) = Lu(ta .’I?),

u(0,z) = f(x).

Here L = %Zivzl V2 + V. So to compute E[f(X(T,z))| is the
same to compute the solution u(7, z) to PDE. However, in mathematical
finance, if we think of the problem of pricing of Europian options, there
are sometimes following difficulties.

(1) L can be degenerate. Moreover, L may not satisfy even the
Hoérmander condition.
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(2) f may not be continuously differentiable.

Bally and Talay [1] showed that under the Hérmander condition,
Euler-Maruyama approximation gives a good approximation, even if the
function f is only bounded measurable. In this paper, we introduce a
new method to compute E[f(X(T,z))] numerically. Our method works
when the function f is Lipschitz continuous. Our main tools are Malli-
avin calculus and stochastic Taylor approximation based on Lie algebra.
Such stochastic Taylor expansion was initiated by Ben Arous [2], and
has been studied by many authors ([3], [8], [10], also see [9]).

§2. Notation and Results

Let A = {0} UU;2,{0,1,...,d}* and for a € A, let |a] = 0 if
a=0let o =k ifa = (al,...,a*) € {0,1,...,d}*, and let ||| =
|a| + card{1 < i < |a| ; o* = 0}. For o, 3 € A, we define a x 3 € A by
axfB=(al,...;ak g ..., 0% ifa = (a?,...,a*) € {0,1,...,d}* and
B =(8,...,8° € {0,1,...,d}*. Then A becomes a semigroup with
respect the product * with the identity 0.

Let Ag and A; denote A\ {0} and A\ {0, (0)}, respectively. Also, for
each m > 1, A(m), let Ag(m) and A;(m) denote {a € A ; ||a| < m},
{a€ Ay ; |laf} £ m} and {a € A; ; ||| < m} respectively.

Let B°*(t), t € [0,00), o € A, be inductively defined by

B =1, B°W=RBit), i=0,1,...,d
and
t
Boer) () — / B°(s) 0 dBi(s), i=0,1,...d
0
We define a vector field V},}, o € A, inductivel by

Vin=0, Vy=V, i=0,1,....d
Viasti)) = Vau Vi, i=0,1,...,d.

Now we assume the following throughout the paper.
(UFG) There is an integer £ such that for any a € A;, there are
Ya,p € CRYN), a € Ay, B € A1(£), satisfying the following.

Vid= Y, %8V
BeEAL(L)

Remark.
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(1) Let us think of Cg°(RY)-module M = Y 4 C*(RN)V,.
Then the assumption (UFG) is equivalent to the assumption that M is
finitely generated as a Cg°(R”Y)-module.

(2) The following condition (UH) (Uniform Hérmander condition)
implies the assumption (UFG).

(UH) There are an integer ¢ and a constant ¢ > 0 such that
> (Ve &)? 2 clel’, forall z,6 € RY
a€A; (£)
Let Vg, a € A, be differential operators given by

V. = Identity, if a =0,

and
Va=Vo, Vo, fa=(a,...,o).

Let us define a semi-norm || - ||ly.n, n > 1, on C°(RY; R) by

||f||V,n = Z Z ||V[a1] T V[ak]fHoo'

k=1 ai,...,apr€A
[y #-xag||l=n

Now let us define a semigroup of linear operators {P;}¢c[0,00) by
(Pif)(z) = E[f(X(t,2))], te€[0,00), f € C(RY).

Then we can prove the following by using a similar argument in
Kusuoka-Stroock {7] (also see [5] for the details).

Theorem 1. For anyn,m > 0 and aq,...,0n+m € Ay, there is
a constant C > 0 such that .

: C
”V[aﬂ te V[an]PtV[anH] T V[an+m]f||oo < o xxan {m /2 ”f”om

f € CP(RY).

Corollary 2. For anyn > 0 and oa,...,an, € Aj, there is a
constant C > 0 such that

Ctl/? o0 113 N
Meaay - ViawiPeflloo < samaqrallVllee,  f € GE(R )-
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Definition 3. We say that a family of random variables {Z,, ; a €
Ao} is m-moment similar, m > 1, if Zg) =1,

E||Z4|"] < oo forany n>1, a€ A,

and if
ElZa -+ Zoa) = BB (1) - B (1)

forany k=1,2,...,mand ay,...,a € Ag with [lag||+- -+ ||ak] < m.

Let H : RN — RY be given by H(z) = (x1,22,...,ZN), T =
(z1,22,...,25) € RV,
Our main result is the following.

Theorem 4. Let m be an integer and suppose that a family of
random variables {Z, ; o € Ag} is m-moment similar. Let Q4 be a

Markov operator in Cp(RN)

- 1
Q) f(z) =E [f(kz o > sUlell++laxll)/2
=0

ay,...,ak€Ag,
loa I+ -+ [ <m

(P2, P2 ) Vi) Vie D) (0))|

for f € Co(RY) and z € RN. Here

P°:|a[—12ﬂ€: SN 2z
a L B1 Br -

k=1 ﬂl*--»*ﬁkza
Then for any n > 1 there is a constant C > 0 such that

n(m+1)
1Psf = Qo (@)oo < C( > Pl fllve + s‘m+1>/2||Vf||oo),

k=m+1
€ (0,1], f € C;°(RY; R).

Let 7' > 0 and v > 0. Let t; = t,(cn) =EkE'T/n", n > 1, k =

0,1,...,n, and let s = s,(cn) =t —tg—1, k= 1,...,n. Then we have

the following.
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Theorem 5. Let m > 1 and Q), s > 0 be as in Theorem 4.
Then we have the following.
For v € (0,m — 1), there is a constant C > 0 such that

IPrf = Qo) Qsns) ** Qo) Flloo < C™2||V fl oo,
: feCPRN), n>1.

For v =m — 1, there is a constant C > 0 such that

IPrf — Qs.)Qs )+ Q) Flloo < Cn™ ™D/ 2 log(n + 1) |V £l 0o,
feCeE®N), n>1.

For v >m — 1, there is a constant C > 0 such that

”PTf - Q(sn)Q(sn—l) T Q(S1)f||oo < Cn_(m_l)ﬂ”vf“om
feCE®YN), n>1.

- 83. Example of 5-momemt similar family

Let n;, i =1,...,dand n;5, 1 < i < j <d, are independent random
variables such that

Pon=0)=3, P(m=%y24v2) =3

and

1
P(T],;j = :l:].) = 5
Then we see that
E[n]=ER]]=0, E[f]=1, Enj]=3,

and
Elnij] =0, En}]=1.

Now let us define random variables {Z, ; & € Ag} as follows.

(1) The case where |af] = 1.

ZZ':'I],', 221,,d
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(2) The case where |af = 2.

Zy =1,
L(mim; +mij), 1<i<j<d,
Zij =14 2(mmj —my), 1<j<i<d,
Inimj, 1<i=j<d

(3) The case where |a|| = 3.
1 1, .
Zio = Zoi = Wi, Zuwi = zm;, 1<i<4d,
2 6
1
Ziij = Zjis = M Zi;i =0, 1<i#j<d,

and Z, = 0 in other cases.
(4) The case where ||| = 4.

Za = E|B,
that is
1 ..
Zisj; = 3 1<4,5 <4,
1 .
Zoii = Ziio = —, 1<i<d,
4
1
Z00: 5)

and Z, = 0 in the other case.
(5) The case where ||| > 5.

Za = 0.

Then the family of random variables {Z, ; a € Ap} is 5-moment
similar.
84. Preparation from Algebra

We say that a polynomial p of z,,a € Ap, is m-homogeneous,
m > 0, if

p(e"o‘”xa,a € Ag) = e™p(zq,x € Ag), €>0.

Let U be the free algebra generated by {vg, v, . ..,vq} over R. Then
the algebra U can be extended to the algebra I/ of formal power series
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in {vo,v1,...,v4}. We define v* € U, o € A, by v? =1, and by v® =
vl % if o = (al,...,a*). Then U is the complete direct sum of
the space Rv®, a € A. We define convergence in i by Y e A Oa,nV® —
YA Bt n— 00, if ag n — aq for any a € A.

For z,y € U, let [xy] = zy — yz. For o € A, let vl®) € U denote 0,
ifa=0v,ifa=1¢€{0,1,...,d}, and [---[[va1va2]vas] - - -, Vo], if
a=(al,...,oF) and k > 2. Let 7" be the closure of S eea RV in .
Then " is closed under Lie product | ] (see Jacobson [4, p.168]).

We use the following two theorems (see Jacobson [J, pp.167-174]).

Theorem 6 (Friedrichs). Let § be a continuous homomorphism
fromU into U QU determined by 6§(1) = 1®1 and §(v;) = v; @1+ 1®v;,
i=0,1,...,d. ThenforzelU, zcU" if and only if 8(z) = xR1+1Qz.

Theorem 7. Let o be a linear continuous operator from U into
—L . .. —L
U~ given by o(v®) = |a| !, a € A. Then the restriction of o on U
is identity.

Let By be a Borel algebra over U. Let (€2, F,P) be a complete

probability space. One can define f-valued random variables and their
expectaions etc. naturally. Let {Fi}icp0,00) be a filtration satisfying
a usual hypothesis, (B1(t),..., B%(t)), t € [0,00), be a d-dimensional
{F¢}te(0,00)-Brownian motion, and B(t) =t, t € [0,00). We say that
X (t) is a U-valued continuous semimartingale, if there are continuous
semimartingales X,, o € A, such that X(t) = > . Xa(t)v®. For
U-valued continuous semimartingale X (t), Y (), we can define U-valued
continuous semimartingales [, X(s) o dY (s) and f(f odX (s)Y (s) by

/ X(s)odY(s)= Y / Xo(s) odYﬁ(s))v v

a,BeA VO
/Ot 0dX (s)Y (s) = a,ﬁZGA ( /Ot Yj(s) o an(s)>vvtvﬁ’

where

X(t) =Y Xa(tp®, Y(t)=)_ Ya(t)’.

acA peA

Then we have

XY (t) = X(0)Y (0) X )odY(s) + / odX (5)Y (s).
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Since R is regarded a vector subspace in U, we can define fot X(s)o

dB'(s), i =0,1,...,d, naturally. We can similarly think of :f ®/-valued
semimartingales and stochastic calculus for them.
Now let us consider SDE on I

d + '
X(@t) =1+ Z;/O X(s)v; 0 dB(s), t>0.

One can easily solve this SDE and obtain
X(t)=1+ Y B (t)™.
acAg
We also have the following.

Proposition 8. Letp?, a € Ay, be ||a||-homogencous polynomials
in x3, B € Ag, given by

IQ' k—1
_ -1
pg(xﬁm@E.A{)):la, 1 E _(__T)__. E T LRy
k=1 617"'7ﬂk€A0

Br#-*fr=a

Then
log X (t) = Y pA(B°?(t), 8 € Ao)vl®.
a€Ag

In other words,

Xt)=1+ Z B°%(t)v™ = exp ( Z p2(B°?(t),8 € Ao)v[a]).

acAg a€Ag

Proof. Note that
d t
§(X(t) =101+ Z/ §(X(s))(vi ® 1+ 1®v;) odB*(s),
i=0 0

and

X(t) ® X(t) =1®1+/t0d(X(s)®1)(1®X(s))
+/0(X(s)®1)0d(1®X(s))

d t
=1®1+Z/ X(s)® X(s)(v; ®1+1®v;) odB(s).
i=0 Y0
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Since one can easily see the uniqueness of such SDE on U ® U, we have
§(X () =X(t)® X(t).
For any u € U with of the form u = > e, av®, we have
exp(u) @ exp(u) = exp(u® 1+ 1 ® u),
which implies
log((1+u)®@ (1+u) =log(l+u)®1+1log(l+u).
So we have
8(log X (t)) =log(6X(t)) =log X(t) ® 1 + 1 @ log X (¢).
So by Theorem 6 we see that log X (¢) € U° P-a.s. On the other hand,
o~ (D! 0 °
log X (t) = Z——k——< > Be(t)-- BOk(t)v™ ak).
k=1 N ar,..,0x€A0
So acting the linear operator ¢ in Theorem 7, we have our assertion.

Q.E.D.

Proposition 9.  There are polynomials g3, a € Ao, inzg, 8 € Ao,
such that

log(exp(—acgvo)exp( Z wav[a])> = Z (x5, B € Ao)vl®

OtEAU OéeAl

for any x5 € R, B € Ay. Moreover, ¢§ = 0 and ¢° is ||a|-homogeneous
for each o € A;.

Proof. Similarly to the proof of Proposition 8 we see that
log (exp(—zovp) expP(D_nea, xav["‘])) € I". Since we have

exp(—zovo) exp( Z xav[o‘]) =1+ Z z vl

a€Ap a€A;

1 (e} (s}
SIS S TR
L+k>2ay,...,ar€EAp

Note that v§vl1l . .. plek] ¢ ué£+||a1||~--||ak||' So acting the linear operator

o in Theorem 7 again, we have our assertion. Q.E.D.
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§5. Basic Estimates

For n > 0 let ¢,, denote a map from U into the space of differential
operators in RY of order n given by

gon(Zaavo‘>= Z aoVy, aq €R,a€ A

acA a€A(n)

Note that if u € U L, then ¢, (u) is a vector field.
First we observe the following.

Proposition 10. For any U € C°(RY; RY),

for any f € CP(RY) and n > 1.

U™ flloo

TR =2 gUM| <Gy

Proof. One can prove the following inductively.
n_ 4k t (4 _ e\
o)) = 3 AN+ [ O eor)@) ds

k!
0

Then we have our assertion. Q.E.D.

As corllaries of the above Proposition, we have the following.

Proposition 11.  For anyu =Y, 4. agul® e Zjﬁ, andn > 1 we
have

[1f (exp(@n(w))(-)) = (n(exp(w)) )()lloo
n(n+1)
< Y max{laa|1; o € A (m)}IIf vk

k=n+1
for any f € C°(RY).

Proposition 12. For any u = Zaer agul® € HL, andn > 1 we
have a constant C depending only on d and n such that

| f(exp(en(w))(-)) — (¢n(exp(uw) f)()loo
n(nt1)

<C E max{laall/”a” ;€ Ao(n)}k Z Vaflloo

k=n+1 €A, |lall=k
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for any f € CP(RN).
Also, we have the following.

Proposition 13. For any u® = Yo cAo () vlel e Hﬁ, 1=1,2,
and n > 1, we have a constant C depending only on d and n such that

1 (exp(pn (u)) (exp(0n(u®)) (- ))) = (pn(exp(w®) exp(utD)) £)(-)lloo

2n(n+1)
<C Yy max{ladIliae Ay(2n),i=1,21F Y [Vafle
k=n+1 a€A, |all=k

for any f € Co(RY).
Proof. Note that
Flexp(pn (™)) (exp(on (u®))(2))) = (n(exp(u®) exp(u™)) f)(x)
= f(exp(on(uM))(exp(pn(u®))(2)))
— (palexp(u™)) f)(exp(pn (u®))(z)))
+ (pn(exp(u)) ) (exp(pn (™)) (2)))
— ¢n(exp(u®))(pn(exp(u)) f)(=))
+ on(exp(ul?)) (n(exp(uM)) f)(x))
— (pn(exp(u®) exp(uM)) f)(=).

Then we have our assertion from previous two propositions. Q.E.D.

§6. Moment Equivalent Families
Let (92, F, P) be a probability space.

Definition 14. We say that families of random variables {Z, ;
a € Ap} and {Z), ; o € Ag} are m-moment equivalent, m > 1, if

E[|Zs|"] < 00, E[Z.|"] < 0o, foranyn>1andac A,

and
ElZo, -+ Zo) = EZ,, - 2},

forany k=1,2,...,mand oq,...,01 € Ag with |ai||+- - +|lak| < m.

The main result in this section is the following,.



158 S. Kusuoka

Theorem 15. Let m > 1. Let {Zg) ;a € Ag} and {Z&z) ja €
Ao} are m-moment equivalent families of random variables such that
Z((é)) = Z((g)) =1. Let ZO(e), e > 0, be a U" -valued random variable
given by ZO) () = D acAo ellell Z{ylal,

Then for any n > 1, there is a constant C > 0 depending only on n
and moments of Zc(f), i =1,2, a € Ap(n), such that

sup | Elf (exp(0n (2D (€)))(@)] ~ Elf (exp(9a (2 ())) (@)

n{m+1)
< C( > Flflvie +€"+1||Vf||oo>7 e€ (0,1, f € G°(RV;R).
k=m+1

To prove this theorem we need some preparations.

First we have the following combining Propositions 12 and 13.

Proposition 16. Let {Z, ; o € Ao} is a family of random vari-
ables such that Zo = 1. Let Z(e) = }_ c 4, ellel ZO vl Then for any

n>1 andp € [1,00), there is a constant C > 0 depending only on n, p,
and moments of Z,, a € Ap(n), such that

sup E[]f<exp<wn<2(s)>)(exp(—szvo)(x)))

zeRN
p11l/p
=1 (e (in( 3 t1e8(2a, 5 € Au) ) @) ]
aEAg
<c > elVaflloo, €€ (0,1], f € GPRY;R).

a€Ag
1<l <3n(n+1)

Here polynomials ¢°, a € Ay, are as in Proposition 9.
As a corollary we have the following.

Corollary 17. Let us assume the same as the previous proposi-
tion. Then for any n > 1 and p € [1,00), there is a constant C > 0
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depending only on n, p and moments of Z,, o € Ag(n), such that

sup E[ exp(pn(Z(0))) (exp(—<2Vo)(2))

zeRN

p1l/p
—exp(n(( X MRz, 5 ¢ Aott) @)
aEAy
< Centt > |VaH|loo, €€ (0,1].

a€Ap
nt1<]lal[<2n(n+1)

Proof. Let ¢ € C{°(R;R) such that ¢(t) = ¢, |[t| < 1, and 0 <
P'(t) <1, teR. Let fr; € CP(RV;R),£>1,j=1,...,N, be given
by fej(z) = &p(£ z;). Then we see that

sup ||V ]p,;
€21, j=1,...,N

loo < 00,

and
max ”kal,j”oo —0, £—>o00, k=>2
j=1,..,N

So we see that

sup ”Vafl,j”oo <00, aE€ Ao.
£>1,5=1,..,.N

Therefore applying the previous proposition for f, ; and letting ¢ T oo,
we have our assetion. Q.E.D.

Similarly by using Proposition 12, we have the following.

Proposition 18. Let us assume the same as the previous propo-
sition. Then for anyn > 1 and p € [1,00), there is a constant C > 0
depending only on n, p and moments of Z,, a € Ag(n), such that

sup, E[|exp(n(Z(€))(2)) — (onlexp(Z(e)) H) () P}/

< Cemt! > |VaH|loo, €€ (0,1].

acAy
1<l <2n(n+1)
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Now let us prove Theorem 15. Note that
sup B (exp(en(ZOE)@)] - Elfexplon(Z2 () @)
= sup [BIf(exp(en(Z)(€))) (exp(~<Vo) ()]
— Elf(exp(n( 2 (0))) (exp(~£*V0) @))]
On the other hand, by Corollary 17, we have

F(exp(n(Z29(€)) (exp(—€*V0) (2)))

ol 5 vt )|

acAy

ce(0 Vel )19l

acA
nt+1<]af[<2n(n+1)

sup E{
z€RN

e€(0,1], f € C°(RV;R).

Also, since q?o) = 0, by Proposition 11 we have

sup EHf(eXp(wn( S elelgdz{), g e Ao)v["‘] ))

zeRN a€Ag

_E[(%(exp( T (29, pe A ),,,[al)) )(x)

a€Ag

|

n(n+1)
"“( T ||f||Vk) (0,1, f € CG°(RY;R).

k=n+1

Note that {qg(Zl(;i), B € Ag);ae Ay}, 1 = 1,2, are m-moment equiva-
lent to each other, we see that

E[(wm(em( 3 elelgq(z”, pe Ao)v["‘])>f> (96)]

a€Ao

= E[(som (exp( > elelgd (28, B € Ag)vle! ))f) (w)].

acAg

Therefore we have our theorem.
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§7. SDE

Let X (t, ) be the solution of SDE (1). Also, let X(t) be the solution
to SDE (2) in U. Then we have the following.

Proposition 19. For any n > 1, there is a constant C depending
only on d and n such that

sup E[|f(X(t,2)) - (pa(X () F)(@)|"]

zeRN
<Ot N Vaflle, t€ (0,1, f € CGR(RY;R).

1/2

acA
lel|=n+1,n-+2
Proof. Note that
d + ]
fE o) = f@)+ Y [ V()0 aB 0.
i=0

So we have

fXta) = Y (Vaf)(@)B°*(t) + R(t, ).

acA(n)
Here
1ot k 5k k-1
R(t, ) :2 / odB* (sk)/ odB*
0 0
[ B (s0) (VaVa ) (X (50,2)
0
and Y’ is the summation with respect to a = (a?,...,a*) € A(n) and

i=0,1,...,d, with ||({) *a|| > n+ 1. Since
t
/ (ViVaf)(X (s, 2)) o dB' (s)
0

— [ Van X 0) a8 e) + (=005 [ (VX (5,00 .

we see that there is a constant C(d,n) depending only on d and n such
that

sup E[|R(t,z)|*]"/?
zeRN

< C(d, n)t(n+1)/2 ma'X{HVaf“oo ja € A, ||a” =n+1n+ 2}'
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Since X(¢,-) : RY — RY is a diffeomorphism, we can think of the
push-forward X (¢)*. Then we have

d t
X(t)* = Identity + > / X (s)*V; 0 dB(s)
i=0 70

as linear operators in C*°(R"). So we have
Y. B (Ve = palX(1)).
acA(n)

This proves our assrtion. Q.ED.

Combining the previous proposition with Propositions 8 and 12, and
applying the argument in Corollary 17, we have the following.

Proposition 20. For any n > 1, there is a constant C > 0 de-
pending only on n and d such that

2]1/2

= 1 (o0 (en (X 150, 5 € A o))

a€Ag

<o X sem)

n+1<|lef|<n(n+2)

s€(0,1], f € C&°(RN;R).

In particular for any n > 1, there is a constant C' > 0 depending only
on n and d such that

sup E||X(s,z)

zeRN |:

—exp ((pn( Z s”o‘“/ng(Boﬁ(l), Be .Ao)va) ()

aEAy
< ¢'s(n+D/2 Z VaH|s0, s € (0,1].

2:|1/2

aEAg
nt1< ol <3n(n+1)

Here p? are polynomials in Proposition 8.
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§8. Proof of Theorems
By Theorem 15 and Proposition 20, we have the following.

Theorem 21. Let m > 1. Let {Zy ; a € Ap} be m-moment
similar family of random wvariables. Then for any n > 1, there is a

constant C > 0 depending only on n and moments of Z,, o € Ap such
that
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fore €(0,1], f € C°(RY;R).

Now Theorem 4 is an easy consequence of Theorems 15, 21 and
Proposition 18.

Now let us prove Theorem 5. By Theorem 4, Corollary 2 and the
argument in [6], we have the following,.

Proposition 22. For any a > 1, there is a constant C' > 0 such
that
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for any s,t € (0,a] and f € CP(RY; R) with s < at.
By this proposition, under the assumption in Theorem 5, we have
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It is easy to see that there is a constant C' > 0 such that

1Psf = flloo < CsY2||V fllco

and

1Qs)f = flloo < Cs*2||V flloo

for any s € (0,1} and f € C°(RY; R). So we see that there is a constant
C > 0 such that
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This implies our theorem.

References

[1] D. Bally and D. Talay, The law of the Euler scheme for stochastic dif-
ferential equations I. Convergence rate of the distribution function,
Probab. Theory Relat. Fields, 104 (1996), 43-60.

[2] G. BenArous, Flots et séries de Taylor stochastiques, Probab. Theory
Relat. Fields, 81 (1989), 29-77.

[3] F. Castell, Asymptotics expansions of stochastic flows, Probab. Theory
Relat. Fields, 96 (1993), 225-239.

[4] N. Jacobson, “Lie algebras”, Interscience, New York, 1962.

[5] S. Kusuoka, A remark on Malliavin Calculus, in preparation.

[6] S. Kusuoka and D. W. Stroock, Applications of Malliavin Calculus II,
J. Fac. Sci. Univ. Tokyo Sect. IA Math., 32 (1985), 1-76.

[7] S. Kusuoka and D. W. Stroock, Applications of Malliavin Calculus III,
J. Fac. Sci. Univ. Tokyo Sect. IA Math., 34 (1987), 391-442.

[8] R. Léandre, Applications quantitatives et géométriques du calcul de
Malliavin, in “stochastic integral”, (M. Métivier and S. Watanabe,
eds.), Lect. Notes in Math., 1322, Springer, Berlin, 1988, pp. 109-133.

[9] R. 8. Strichartz, The Cambell-Baker-Hausdorff-Dynkin formula and so-
lutions of differential equations, J. Funct. Anal., 72 (1987), 320-345.

[10] S. Takanobu, Diagonal short time asyptotics of heat kernels for cer-
tain dgenerate second order differential operators of Hérmander type,
Publ. Res. Inst. Math. Sci., 24 (1988), 169-203.



Approximation of Expectation of Diffusion Process 165

Graduate School of Mathematical Sciences
The University of Tokyo

3-8-1 Komaba

Meguro-ku

Tokyo, 153-8914

Japan



