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Einstein-Kahler Metrics on Minimal Varieties
of General Type and an Inequality
between Chern Numbers

Ken-ichi Sugiyama

In this paper, we shall give a complete proof of the results which
were announced in Part I in this volume. For earlier results on Einstein-
Kéhler metrics and tangent sheaves of minimal varieties, see the intro-
duction of [Sg].

The contents of this paper are as follows. In Section 1 through
4, solving a degenerate Monge-Ampere equation, we shall construct a
family of Einstein-Kahler metrics on the smooth part of minimal vari-
eties of general type. In Section 5, we shall show a subsequence of this
family of Einstein-K&hler metrics converges to an Einstein-Ké&hler met-
ric, whose cohomology class corresponds properly to a negative constant
multiple of the first Chern class of the variety. In Section 6, an inequal-
ity between Chern numbers for minimal varieties, so called Bogomolov-
Gieseker type inequality, will be proved. In Sections 7 and 8, using the
metric constructed in Section 5, we shall obtain a sufficient condition for
the tangent sheave of certain varieties to be stable.

After the completion of this work, we were informed that S. Bando
and R. Kobayashi obtained, simultaniously with ours, the same result as
Theorem 5.6 by a heat equation method which is different from ours. We
added Theorem 5.8 according to their suggestions via correspondences.
I wish to express my hearty gratitude to them.

§1. A degenerate Monge-Ampere equation

Let M be an n dimensional compact projective algebraic manifold
and
E = {Ei}i)\il

effective divisors on M. Assume that the following condition is satisfied.
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Condition 1.1. There exist positive numbers a; (1 < i < N) so
that Ky — Zf;la,’Ei is ample.

Let h; be a Hermitian fibre metric of the line bundle [E,] Then,
from the condition 1.1, a C* d-closed real (1.1)-form wgr € 2mc;(Knr)
exists on M such that

N

wr — Z a;v/—108log h;

=1

is positive definite everywhere on M. From [Y-2], there exists a Kéhler
metric G on M such that +/—188log det G = wr and therefore

wa 1= v/—190log det G — Zfil a;y/—186log det h;

is positive definite everywhere on M. Let s; be the non-zero holomorphic
section of [E;] whose the divisor is just E;. Now we consider the equation:

N
(1.2) det(G(a); +ui5) = [] | s: 3 e det G

=1

where wa = v=1),; G(a);;dz: A dz; and where u,;; := 3;9;u. Let ¢
be a C* solution of (1.2) on M \ U;E;. Then it is easy to see that
@a = wa + v/—100¢ is an Einstein-Kihler metric on M \ U;E;. In
order to solve the equation (1.2), we consider the following perturbed
equation:

N
(1.3) det(G(a);5 +u.i5) = [J (Il si 15, +6)*e* det G

=1

It is known by Yau (for instance, see [Y-2] Theorem 4) that the equation
(1.3) always has the unique C* solution ¢ for any positive number 4.
In the following sections, we shall show that a subsequence of {@s}s>0
converges to a C™ function on M \ U;E; with respect to certain norm
as § goes to 0.

§2. A uniform bound for ¢;

All results are same as [Sg], but for the sake of completeness, we
shall prove them again. Firstly, we shall obtain a lower bound for ¢5. In
what follows, C; always denotes a positive number which depends only
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on {a;}. Let fix a positive number § and zo a point of M such that
#s(zo) = infards. From the definition of ¢s,

det(G(a);;)(z0) < det(G(a);; + #5.:5)(20)
N
=TTl s: I3, +8)% (zo)e?s=) det G(zo).

i=1

Therefore, we see

N
¢s(z0) 2 log{J J(Il 5: IIf; +6)7(z0) det(G(a))(z0)/ det G(z0)

=1

> —-Ch.
Hence we have the following lemma.
Lemma 2.1. For any 0 < § < 1, we have infps ¢p5 > —C.
Next we shall obtain an upper bound for ¢s. We set
N
(2.2) s = s+ »_aslog || s [}, -
i=1

Then 15 is a C* function on M \ U;E; which is bounded above, and
Vs | U;E; = —00. Since, on M \ U; E;,

G(a)i3 + ¢6:i; = 3,‘5]' ].Og det G + ¢6:i31

we obtain
N
det(8:0;log det G + v5.3) = H(|| si |3, +6)% || s II;',Z“" e¥s det G.
i=1

Now fix 0 < § < 1, and choose yo so that ¥s(yo) = supatPs. Since
V/—188%5(yo) < 0, we obtain

det(8;8; log det G)(yo)
> det(8;0;log det G + ¥5.:5)(vo)

N
= TTC si IR, +6)% I 83 112% (y0)e¥* @) det G(3o)-
i=1

Hence supasrfs < Cs for a certain positive number C;. Now, from (2.2),
we have
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Lemma 2.3. ¢5 <C; — Efil a;log || s; [}, for any 0 < & < 1.

Since log || s; |13, € L' (M, G(a)), and from (2.1) and (2.3), we have

/ | 65 | dVa(a) < C
M

for a certain positive number C3. On the other hand, since wg(q) +

v/—188¢5 is a Kihler form on M, we have Ags +n > 0, where A is
the normalized Laplacian of G(a). Let G(z,y) be the Green’s kernel
function of A under the Neumann’s condition, and set

- 1
¢5 := @5 — Volaw (1) /M ?5dVG (a)-

Choose a positive number Cy so that G(z,y)+Cs > 0 on M x M. Then
ds(z) = — /M G(z,y)Ads(y)dVe(a)
=- /M{G(m,y) + Ca}Ads(y)dVa(a)

<n / {G(z,y) + Ci}dVe(a).
M

Hence we obtain the following lemma.

Lemma 2.4. There exists a positive number Cy such that

sup @5 < Cs
M
forany0 <§ <1.

§3. The second order estimate of ¢;

In this section, following Yau’s argument [Y-2], we shall obtain the
second order estimate of ¢s. For simplicity, we use the following nota-
tions.

Notations 3.1.
g:;; := G(a);;,
855 = G(a);5 + 9.7
F :=log{det G,;/ det G(a);;},
A : the normalized Laplacian with respect to the metric g,

A’ : the normalized Laplacian with respect to the metric g'.
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Using (3.1), the equation (1.3) can be written by

N

(3.2) det(gi; + u.3) = H(|| si ||, +6)* et F det g;.
i=1

Mimicking the computation of [Y-2 p.346-p.351], we have the following
lemma.

Lemma 3.3. Let firz € M, and (21, -+, 2,) a complez normal
coordinate at & with respect to the Kdhler metric g. R,;.; denotes the
curvature tensor of g at x in terms of the coordinate (21,:--,2,). Choose
a positive number C so that C +inf; 4 Rz7 > 1 on M. Then, at z, we
have

A'(exp{—~C¢s}(n + Ags))
> exp{—C¢s}[n + Ads]

b +9))]

N
+ exp{~CYsHA(F + Y a

=1
- exp{ CQS&}[’II +n mf Rull

—exp{—C¢s}[Cn(n + A¢5)]

+exp{—Ces}[n + Agg) 't 7 H(II si [, +8)=+

X exp{—(¢6+F)}

Now set 75 := exp{—C¢s}(n + A¢ps). From (3.3), we have
A'ns > (1 - Cn)ns
+ exp{~Cs}A(F + Z a;log([ i [I5, +9))]

=1

— exp{—Cé¢s}[n +n’ ll;g Rl

N —aj ~F 14215
L5 TI0 o B, +0) 7 exp {2 =

i=1

+exp{
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Now, since there exists a positive number Cg such that

N
> a:Alog(]f s [If, +6) > —Ce

i=1

for any 0 < é§ < 1, using (2.1) and (2.4), we have

4215
(3.4) A’ng > (1 - Cn)T]g - Cy + 08776 ”

where C; is a positive number independent of §. Choose zg € M so that
ns(20) = supy, ns. Then, from (3.4), there exists a positive number Cy
such that

supns < Co
M

for any 0 < § < 1. Then, from (2.4), we have n + A¢s < Cjq. Since
n + Ags > 0, we obtain the following lemma.

Lemma 3.6. —n < infpr A¢s < supy Ads < Cip for any 0 <
6 < 1.

In what follows, we fix £ € M and choose a complex normal coordi-
nate (21, - -, 2,) with respect to g so that

Bs:45 (z) = 8ij¢s.::(z)-

Since gi:(z) > 0, 1 4 ¢5.;3(z) > 0 for any 4. On the other hand, since

¢5:i2 = A¢5 - Z ¢6:j;_,'7
i

we have ¢;.;;(z) < C11. In particular,
g5 =8 < Ci2g

for any 0 < § < 1. Next we shall obtain a lower bound for g;. From
(1.3) and (2.1), we have

[1+ ¢aa(@)] ™" = [][1 + d5.55]/ det g5(z)
J#

N
< Cus [T I se llg2e,
k=1
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and therefore

N
1+ @5z > Cua ] Il s lI52%
k=1

Now, combining the Schauder estimates, we obtain the following propo-
sition.

Proposition 3.7. There exists a positive number C15 depending
only on {a;} such that || @5 ||c2(m)< Ci1s and that

N
Ci [T 1 s i & < g5 < Cuse-
=1

Now use [G-T, Theorem 17.14] and regularity theorem for elliptic
operators, we finally obtain the following theorem.

Theorem 3.8. There ezxists a unique
$ € C®(M \ U;E;) N C*~*(M)
such that, on M\ U;E;, wa++/—1088¢ is a Kihler form and that satisfies
N
det(G(a); + b.i3) = [ [ || s: I3 e? det G.
i=1
Moreover {¢.;;} are bounded.

Proof. It is enough to show only uniqueness. Let 3 be another
solution of the equation satisfying the conditions above. Then, by the
similar argument of [Y-2, Theorem 6], one can show ¢ = ¢ + C where
C is a constant. Since

N

H Il s l|i" e? det G
=1

= det(G(a);; + ¥.i7)

N
= det(G(a);; + ¢.5) [] || s: 3 e? det G,

=1

we obtain e¢ = 1. Therefore C = 0. Q.E.D.
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Corollary 3.9. There ezists a d-closed real positive current of type

(1.1)

N
¥ €c(Ku - ZaiEi)
=1
such that ¥ |(a\ug:) 15 @ C* Einstein-Kihler metric and that det 4(z)
goes to 0 when x — U E;.

§4. Certain examples

In this section, we shall give certain examples which satifies the
condition (1.1). These examples are also given in [Sg], but for the sake
of completeness, we shall give them again.

Example 4.1. Let X be a compact normal projective variety. We
say X has only canonical singularities if X is Q-Gorenstein and if there
exists a resolution of singularities g : Y — X such that

Ky =p*Kx + ZaiEi

where a; are nonnegative rational numbers and E; vary all the excep-
tional prime divisor for g. It is well-known that the definition above
does not depend on a choice of desingularization of X. Let assume Kr
is ample. We take Hironaka’s resolution as p. Then there exist positive
rational numbers {c;} such that

pwKx — Z ¢ E;

is ample. Then, by (3.9), we have a C*° Einstein-Kahler metric on X,.,.

Example 4.2. Let X be a compact nonsingular projective variety
whose Kx is nef and big. Then, by [K-M-M, Corollary 3.5], there exists
an effective divisor Ey such that Kx — aE, is ample for any sufficiently
small positive rational number a. Therefore, by (3.9) again, we obtain
a C* Einstein-Kéhler metric on X \ Fj.

In what follows, we shall investigate the examples in more detail.

Lemma 4.3. In the example (4.1), there exists Hermitian fibre
metric h; of [E;] and there ezists a Kdhler metric g on'Y such that

v/—1001ogdet g — 3 (a; + 6¢;)/—181og h;
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is positive definite everywhere for any 0 < § < 1.

Proof. Since Kx is ample, there exists a C> d-closed real (1.1)-
form w € ¢;(u*Kx) on Y with positive semidefinite everywhere. Since
wKx — Y., c;E; is ample, we choose Hermitian fibre metrics h; of [E;]
such that w — >, c;v/—1881logh; is positive definite everywhere. Note
that Ky = p*Kx + ), a;E;, and there exists a Kahler metric g on ¥
with

v—188logdetg = w + Y, a;1/—183 log h;.

On the other hand, since w is positive semidefinite,

w— 62 c;v/—1881logh; = §(w — 3, c;v/~1881og h;) + (1 — §)w > 0,

for any 0 < § < 1. Hence
V/—180logdetg — 3 ;(a; + 6¢;)v/—180logh; > 0
onY. Q.E.D.

Let X be a compact nonsingular projective variety whose canonical
divisor Kx is nef and big. Then, due to Kawamata’s Base Points Free
Theorem [K-M-M, Theorem 3-1-1], there exists a C*>° d-closed real (1.1)-
form Q € ¢;(Kx) which is positive semidefinite everywhere. Therefore
the following lemma can be proved in the same way as (4.3).

Lemma 4.4. In the ezample (4.2), we have a Kdhler metric G on
X and a Hermitian fibre metric hy of [Ey] which satisfies

v/—18d1logdet G — a4/—1881loghg > 0
on X for a sufficiently small positive number a.

Example (4.1) (resp. (4.2)) says that, for any 0 < § < 1 (resp. for
any sufficiently small a > 0), there exists a C* Einstein-K&hler metric
on Xz (resp. X\ Ep). In the next section, we shall show a subsequence
of these Einstein-Kihler metrics also converges to an Einstein-Kéahler
metric as § (resp. a) goes to 0.

§5. Convergence of Einstein-Kéahler metrics

Let M be a nonsingular projective variety and { E;} effective divisors
on M. In this section, we always assume the following condition.
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Condition 5.1. For each i, there exists a Hermitian fibre metric
h; of [E;] and also there exists a Kdhler metric G on M such that, for
certain nonnegative number a; and for sufficiently small positive number
50)
v/—1001logdet G — 3. (a; + b¢;)v/—1080logh;

is a Kdhler form for any 0 < § < 8y, where ¢; is a positive number.

Note that the examples (4.1) and (4.2) satisfy (5.1) by (4.3) and
(4.4) respectively. Now we set a; := a; + 592—6—'&. Then, by (5.1),

V/~108log det G — 3 (a; + b¢;)v/—188log h;
is a Kahler form for any “—25@ << %‘l. ‘We denote
wq 1= 4/~1001log det G — 3, a;+/—188 log h;
and
Warte := v/—1801logdet G — 3. (a; + €c;)v/—1881ogh,.

For any 0 < € < §g, we consider the equation:

(5:2)  det(G(a+e)g+uz) =[] s 5 e det G,

where ware = V=12, G(a + €);3dz; A dz; and s; is a holomorphic
section of [E;] whose divisor is E;. From (3.8), (5.2) has the unique
solution ¢, € C=°(M \ U;E;)NC*~7(M). In what follows, we shall show
that a subsequence of {¢.} converges to a C°function on M \ U;F; as ¢
goes to 0. C; always denotes a positive number depending only on {a;}.

Lemma 5.3. There ezxists a positive number Cig such that

1)
¢e > —Chg + _29 Zcil‘)g H Si fl.‘

5
for any 0 < e < 3.

Proof. We set 9, := ¢ — 22 3", cilog || s; ||Z,. Then 9. is bounded
below and ¥, | U;E; = +00. Note that, on M \ U E;,

G(a + 6),‘; + ¢s:i3' = G(a‘ + E)i; + ¢13
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Now choose z; € M so that ¢(z;) = infar 9. Since, forany 0 < € < %‘l,
Wa+e is a Kahler form, we have

det G(a + €);5(21)
S det(G(a + e)i; + ¢e:i;)($1)
= T 1 85 I1E(%F<) (@y)e¥e(=2) det G (zy).

Therefore

Ye(@n) 2 1og{J[ 1l ¢ 5/ (21) det G(a + €) 5/ det G(z1)}

> —Cuir
forany 0 < e < %‘1. Q.E.D.

Lemma 5.4. There ezxists a positive number C1s such that

sup ¢, < Ci1s  for any 0<e<6—0.
M 2

Proof. Let ¢ s be the C*solution of the equation

det(G(a +¢€);; + u,3) = H(H 8; ||§., +6)xitecie det G

and set 7,5 := @5 + 2. (i + €c;)log || 8; ||3,. Then, by the same argu-
ment in Section 2, we have a positive number Cy9 such that sup,; 7.5 <
Cyg for any 0 < e < %‘1 and 0 < § < 1. On the other hand, one can see
that {@.s} have a uniform lower bound so that

1]
Pes = —Cao + -22 Zci log | s: I -

Therefore there exists a positive number C,; such that fM | Pes |
dVg(e) < C21. Now we use the Grees’s kernel of the metric G(a) and
let § — 0 to obtain the required estimate by the same argument as in
Section 2. Q.E.D.

Lemma 5.5. There exists a positive numbers Cay and Ca3 such
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that for any 0 < e K %Q,

— : )+ C23é
Coa [ Il s Il tee+Csbo oy,

1

< Wate t+ V _165¢e
< Ch H II s ||1:.C”60 Wate

on M \ UiE,'.
Proof. As in (5.3), we set

]
Vo= g =5 D cilogl si [, -

Then, by (5.3), ¥, is bounded below, and satisfies

det(G(a + €);5 + Vei3) = H Il s: ||i£“‘+5°‘) e¥tFedet G(a + €);

on M\ U;E;, where F, := log[det G/ det G(a + €)]. Let A, be the
normalized Laplacian with respect to the metric G(a + €) and R,; 4(z)
be the curvature tensor of G(a) in terms of a complex normal coordinate
with respect to G(a) at z. We choose a positive number C > 1 so that
C +inf;x; Rz;;(z) > 1 for any . Since

Wate + vV —100%, = Ware + v/—108¢,

is positive definite everywhere on M \ U; E;, taking trace with respect to
G(a +¢€), we have n + Ap. > 0 on M \ U;E;. On the other hand, note
that

exp{—c,‘pé}(n + Ae¢e)
= I Il s: 157 exp{—Cpc}(n + A.4.

8o -
+ 5‘ Z 'I‘IG(Q+6)(C,'\/ —-190 lOg h,‘).

Therefore, by (3.8), we have

exp{—Cv%:}(n + Actpe) > 0
on M\ U;E;, and

exp{—Cv¢.}(n+ Ac) =0
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on U;E;. Using a complex normal coordinate at x with respect to
G(a + €), by the same computation as (3.3), for 0 < ¢ < £ we ob-
tain

Al(exp{—Cye}(n + Acte))

> exp{—Cte}{n + Actpe]

+exp{—CY}[A(Fe+ ) (ai + eci) log || s; |

ho)]
— exp{—C¥c}[n + n® I,I;g R(€) ;i)

— exp{—C9¥}Cn(n + Ap.)]
+exp{~Cy}(n+ Ape) =T [ |1 s

—72g(aite)
h;

x exp{——n—i—Iwe +Fe)}

at z. Here R(€),;.q is the curvature tensor of G(a + ¢) and Al is the
normalized Laplacian with respect to the metric wq4. + \/—1851/;6. We
set

Ne = eXP{“Cf/)e}(n + Aewe)'
Then, by (5.3), we have
, 4+t
Agﬂe > (1 - C")Tle — Caq + Cos7e .

We choose 23 € M \ U;E; to be 5.(z1) = supp; .. Then, using the
maximum principle, we obtain 7.(z;1) < Cas, and, by (5.4), it holds

n+ A < Coy H “ 8; “l—“c&aci .
i

Now, fix a point z of M \ U;F; and choose a complex normal coordinate
(21, - -, 2n) at = with respect to the metric G(a + €) so that

Vei;(2) = 8i5%ei(2),

the required estimate follows by the same argument as Section 3.
Q.E.D.

Let ¢ — 0, and we obtain the following theorem.
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Theorem 5.6. Under the condition (5.1), there exists a
¢ € C°(M \ U;E;) which is bounded above and satisfies the equation

det(G(a); + 4.55) = H Il 8 23 e?det G

on M\ U;E;. Moreover there exists a d-closed positive (1.1) current
Q € ci(Km — X; o E;) such that Q |(a\u,p,)= wa + vV—1809, and in
particular Q is an Finstein-Kdhler metric on M \ U;E;.

Proof. By (3.9), for any e > 0, there exists a d-closed real positive
(1.1)-current Q. € c1(Kp — > ;(ai + €ci)E;) such that, on M \ U;E;,
Q. is a C*™ Einstein-Kahler metric woy + v/ —100¢, where ¢, is the
solution of (5.2). Let w4 be a Kéhler form associated with an ample
divisor A on M. We denote the mass norm with respect to w4 by M4.
Since Q. is positive,

Ma(Qe) =< Qe,w} ! >={Kp — ) (i + €)E;} - A",
where - denotes the intersection product. Then, by compactness theo-

rem of positive currents, there exists a d-closed real positive (1.1)-current
Q such that, if necessary taking a subsequence,

<o >= lix%<Qe,<p>

for any C* (n—1.n—1)-form ¢ on M. Therefore, in particular, for any
d-closed real (n — 1.n — 1)-form 1, we have

<09 >=lim < Q9 >= [Ky — ZaiEi] - [#],

where [¢] represents the cohomology class defined by 1. Hence Q €
ci(Km—Y; a;E;). Let ¢ be a C* real (n—1.n—1)-form with suppp CC
M\ U;E;. Then, if necessary taking a subsequence again, by Lebesgue’s
convergence theorem, we have

<Q,p>= 1in(1) < Qo >=< We +/—1080¢,p > .

Therefore
Q2 I(M\U.'E.')z (wa + v ~laa¢) ’(M\U.‘Ei) .
Q.E.D.
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Bando-Kobayashi [B-K] pointed out that one can strengthen Theo-
rem (5.6) in the following form. The proof of Theorem (5.7) is due to
them.

Theorem 5.7. Let wy be a C* Kdhler form on M. Assume that
a sequence of C* Kihler forms

{wk = wp + —165(,ak}k

converges a singular Kdhler form w which is C* on M\ U;E;. Moreover
assume that {px} satify the estimate

§) log |l s [, —Cs <px < C

for an arbitrary small positive number §, where Cs is a positive number
which depends only on § and where C is a positive number independent
8. Then w ts cohomologous to wy as a current.

Proof. 1t is only sufficient to show that, for any € > 0, there exists
an open neighborhood U of U; E; such that

/wk/\w{,‘_1 <e€
U

0:=— Z v/—1881ogh;

for any k. We set

and
Ph,b = Pk — 252108 Il i I3, -

Let Q be an open neighborhood of U; E; with a smooth boundary. Then,
by Poincare-Lelong’s formula and Stokes’ theorem, we get

/kaw3‘1=/w3+26/0Aw6‘_1
Q Q Q

_ i}
+47r62/ wy™? +/an %(‘Pk,a),

where 3% is the outer normal of 9} with respect to the metric wy. On
the other hand, by the assumption, we have

—6> log || si |3, ~Cs < s <C—26 log |l s: |13, -
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Therefore we can choose a sequence of positive numbers {Ax} with Ay T
00 as k T oo such that the boundary of the set

Q= {z € M | pis(z) > Ar}

is smooth and that, for an arbitrary neighborhood U of U;E;, it holds
Qk CC U for k > 1. Moreover we can assume that 2@ s < 0 on 9.
Then, by (5.9), we have

/wk/\wa‘_lgf w(’)‘+26/ 0/\w0_1+47r52/ wy L
Qp Qp Qp i E;

Taking a positive number § sufficiently small, the proof is completed.
Q.E.D.

§6. An inequality between Chern numbers

Let M be an n dimensional compact Q-Gorenstein projective variety
and g : N — M a birational morphism from an n dimensional non-
singular compact projective variety. Let E be a holomorphic vector
bundle of rank r on N, and H an ample divisor on M. Assume that F is
u* H-semistable, namely, for any coherent subsheaf S of E with positive
rank, the inequality

;E;S—){Q(S) . (u*H)"”t} < %{CI(E) (p H)™ Y}

holds. In this section, we shall prove the following theorem.

Theorem 6.1. We have an inequality between Chern numbers of
E;
{(r = 1)e1(E)? = 2rca(E)} - (u*H)" % < 0.

Fact 6.2 ([E| Theorem 1.1). Let X be an n dimensional compact
minimal Kdhler space and f :' Y — X a birational morphism from
a compact Kdhler manifold Y. Then the tangent bundle Ty of Y is
f*K x -semistable, where K x is the canonical divisor of X. Moreover if
f*Kx is cohomologous to zero, Ty is f*®x-semistable with respect to
any Kdhler form &x on X.

Combining (6.1), (6.2) and [K-M-M, Corollary 3-3-2|, we obtain a
generalization of Bogomolov’s inequality.
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Corollary 6.3. Let M be an n dimensional compact minimal va-
riety of general type, and p: N — M an arbitrary resolution. Then
we have

{(n — Dex(Tw)? - 2nea(Tw)} - (6" Kar)™ 2 < 0.

Proof. For a sufficiently large integer m, there exist an n dimen-
sional compact projective variety Z with only canonical singularirties
such that Kz is ample, and a proper birational morphism & : M — Z
defined by the linear system | mKps |, which satisfies Ky = ®*(Kz).
We consider the following commutative diagram.

identity
——

oLl
3
M — Z
By definition of minimal projective variety, we have
Kn=pKyp+ ZaiEi

for non-negative rational numbers a;, where E; is exceptional for u.
Therefore
Ky=¥Ky+ Y ok,

and by (6.2), Ty is ¥*(Kz)-semistable. Hence, by (6.1), we obtain
{(n - 1)er(Tn)? = 2nca(Tw)} - (T*Kz)" % < 0.
Note that ¥*(Kz) = p*(Ka), and we finish the proof. Q.E.D.
(6.3) and [Mi-2, Theorem 6.6] imply the following results.

Y

Corollary 6.4. Let M be an n dimensional compact minimal vari-
ety smooth in codimension 2. Then we have the same inequality between
chern numbers of N as in (6.3).

Proof. Let
v(u"K ) := max{e | (u"Km)° # 0},

where = denotes numerical equivalence. If v(p*Kp) < n — 2, the re-
quired inequality obviously holds. If ¥(u*K ) = n, we have proved in
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(6.3). So we investigate when v(u*Kp) = n — 2 or n — 1. Since it is
known by [Mi-2, Theorem 6.6]

ea(Tw) - (W EKm)"™* 2 0,
it is sufficient to show
ca(Tn)? - (W Kp)" 2 =0.
By definition,
e1(In)? - (" Km)" 2
= (W EKu)" + 200 aE) - (6 Kum)" 7 + (D aiEi)? - (u Km)" 7,

and the first two terms vanish from the assumption and by the projection
formula. Since M is smooth in codimension 2, (}; a; E;)?-(u*H)""? =0
for any ample Q-divisor H, and in tern, (3, a;E;)? - (u*Kum)™ 2 = 0.
Therefore we have ¢;(Ty)? - (u*Kp)" 2 = 0. Q.E.D.

Corollary 6.5. Let M be an n dimensional compact minimal va-
riety and pp: N — M a resolution. Assume that p*(K ) is cohomolo-
gous to zero. Then we have

{(n —1)er(Tn)? = 2ne2(Tv)} - (W H)"* <0,
for any ample divisor H on M.
In the rest of this section, we shall prove (6.1).
Lemma 6.6. The torsion free sheaf pE is H-semistable.

Proof. Let § C p.E be a coherent subsheaf of positive rank. We
consider the diagram

prs —— pr'pE

g !

identity
_—

We set T := p(pu*8). Since 7 is a coherent subsheaf of F with positive
rank, by the assumption, we obtain

ﬁ{c].(q,) . (N*H)"‘l} < %{Cl(E) . (,U:*H)"—l}_
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Since p is a proper birational morphism between normal varieties, there
exists a analytic subset M; of M with codim M; > 2 such that p is
an isomorphism on N \ p~!(M;). Now, for sufficiently large integers
My, **+,Mn_1, choose a general complete intersection curve C of | m; H |’s
so that C C M \ M;. Then

a(8) - C = a(T)- (170)

and
c1(pE) - C = cr(E) - (710).

Therefore, from the inequality above, we have finished the proof.
Q.E.D.

Combining (6.6) and [Mi-2, Theorem 2.5 and Corollary 3.6 (see also
Remark 2.6)], we obtain the following proposition.

Proposition 6.7 (see also [Mi-2,Lemma 4.1]). Let C be a compact

smooth curve as in the proof of (6.6) and set C := p~'C(~ C). Then,
for any divisor with deg D > 0, we have

H°(C,Sym™ E(—tc,(E) — D))
= H°(C,Sym™ E*(—tc;(E*) — D)) =0

for every positive integer t, where Sym denotes symmetric tensorial
power.

For sufficiently large integers ma,- - -, m,_1, choose a general com-
plete intersection surface X of | m;H |’s so that X N M; is a set of finite
points and that S := p~?X is a compact smooth surface.

Lemma 6.8. For any non-zero effective divisor D,
H°(S,Sym™ E(—tc:(E) — D))
= H°(S,Sym™ E x (—tc;(Ex) — D)) =0
for every positive integer t.

Proof. Choose an integer m; large enough, and we take a general
complete intersection curve C of | m;H |’s as in (6.7). Then, from (6.7),

H(C,Sym™ E(—tci(E) — D))
= H%(C,Sym™ E*(—tc,(E*) — D)) = 0.
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Since C is general, and since
Sym™ E(~tc;(E) — D)

and
Sym™ E*(—tc,(E*) — D)

is a vector bundle, we complete the proof. Q.E.D.

The following lemma can be proved completely same way as [Mi-2,
Corollary 4.2].

Lemma 6.9. Let things be as in (6.7) and L a fized Cartier divi-
sor. Then the dimensions

h%(C,Sym™ E(—tc,(E) + L))

and )
R°(C,Sym™ E*(—tc,(E*) + L))

are bounded by a polynomial of degree r — 1 in t.
Proposition 6.10. The dimensions
h%(S, Sym™ E(—tci(E))

and
h°(S,Sym™ E*(—tci(E*) + Ks))

are bounded by a polynomial of degree r — 1.
Proof. Consider the exact sequence
0 — HY(S,Sym™ E(~tc;(E) — C)) — H’(S,Sym™ E(—tc;(E)))
— H%(C,Sym™ E(—tci(E))).

Then, by (6.8) and (6.9), the first desired statement is completed.

On the other hand, since Ks = p*Kx + Y, a;E; where E; is the
exceptional divisor of u |s: S — X, and since C N (U;E;) = 0 for a
sufficiently general member C of | m;H |’s,

Sym™ E*(—tei(E*) + Ks - C) |5

= Sym" E*(—tc (E*) + p*(Kx —miH)) |g -
Let choose a positive integer m; so that my H — Kx is ample. Then, by
(6.7), and from the argument of (6.8),

H(S,Sym™ E*(~tci(E*) + Ks — C)) = 0.
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Now consider the exact sequence
0 — H°(S,Sym™ E*(~tci(E*) + K5 — C))

— H(S,Sym™ E*(~tc;(E*) + K5))

— H°(C,Sym™ E*(~tci(E*) + Ks)).
Then, by (6.9), the second desired statement is also completed. Q.E.D.

Now (6.1) easily follows from the argument of [Mi-2, Theorem 4.3]

which uses Riemann-Roch theorem.
§7. Local decomposition theorem

Let M be an n dimensional compact projective algebraic variety
with only canonical singularities whose canonical divisor K s is ample,
and 4 : N — M a Hironaka’s resolution of singularities. Then, by
(6.2), the tangent sheaf Ty of N is pu* K-semistable and it is easy to
see that Ty admits the unique filtration of coherent sheaves

0=8C& C---C8=Tn

such that §;/S;_1 is a torsion free sheaf of positive rank, u* Kpr-stable
and

rk(ISi) GICHE (/‘*KM)n_l} = %{Cl(TN) . (u*KM)n—l}

for any ¢. We call such a filtration as p* K pr-stable filtration of 7. In this
section, we shall show the following theorem. Note that we sometimes
consider the regular part M;.; of M as an open subset of N via p.

Theorem 7.1. M., admits a C* Einstein-Kihler metric 4 and
there ezists a holomorphic vector bundle S; on M., such that

and that Ty orthogonally decomposes
INn=519---®S;

on M.z with respect to 4. Moreover, for any point & of Mg, there exists
an open neighborhood U of x such that (U,7) is isometric to the direct
product of Einstein-Kdhler manifolds

(U,%) = (U1, 1) X -+ X (Uky 7%)-
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Here U; is a complex submanifold of U characterized by Ty, = S; |u,
and ¥; = |u, - '

We shall prove (7.1) using a degenerate Monge-Ampeére equation. By
the definition of M, K is written as Ky = p*Kp + ), a; E; for non-
negative rational numbers {a;}. Here {E;} run all exceptional divisor of
p. We denote >, a;E; = aF for certain non-negative rational number
a and a non-zero effective divisor E. Let v € 2mci(u*Kp) be a C
d-closed real (1.1)-form on N which is positive semi-definite everywhere
and positive definite outside the support of E. Let {§;} be sufficiently
small positive rational numbers so that p*Kpy — Y, 6;E; is Q-ample.
We choose a hermitian fibre metric h; of the holomorphic line bundle
[E;] such that a C* d-closed real (1.1)-form

v - Z 8;+/—1881ogh;

is positive. We write Y, 6,E; = §oF for a certain positive rational
number §; and a non-zero effective divisor F. Let h and p be hermitian
fibre metrics of [E| and [F|] induced by {h;} respectively, and s (resp.
o) a section of [E] (resp. [F]) whose the zero set is just E (resp. F).
Now, for positive numbers € and ¢ , we consider a equation

(7.2) (v — tbov/—18810g p + v/—180u)"
' = (Il s 112 +&)(l o |12 +e)Freva"

where ® is a Kahler form on N such that
(7.3) v/—1881og ™ = v + ay/—18log h.

By [Y-2], the equation (7.2) always has the unique solution u . for
any positive € and ¢. The following fact is due to Enoki.

Fact 7.4 ((E,Lemma 3.1]). We set
6(€) : = ay/—1881logh + t6y/—18dlog p
+ /=109 1og[(|| s IIf, +€)*(ll o I3 +€¢)**]

for € > 0. Then there exists a positive C*® function x. on N which is
uniformly bounded and x. — 0 in L' sense as € goes to zero. Moreover
—6(€) < xe® for any positive e.

Now we finish the proof of (7.1). Since the proof is almost same as
[E, Proposition 3.2], we shall only mention changes to be made.
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Proof of (7.1). We set
Ht,e 1=y — t6o/—188log p + /—180u ..

By simple computation, we have
(7.5) RicTo,e = —u,c — 8(6).

Let S be a proper coherent subsheaf of 75 with positive rank r and
W{(S) the minimal analytic subset of N such that

S |(m\w(sy)= O(S)

for certain holomorphic vector bundle S. Now, by Gauss-Codazzi’s equa-
tion, and by (7.4) and (7.5), we obtain

[ el < —omn [ () g
N\W(S) N
+ 27rr/ c1(Tw) /\’7{:1 +r/ 8(e) /\’yZe_l
N N
+n [ x@ast,
N k]
where A, . is the second fundamental form of 4; . |s and || A¢. || is its

norm with respect to 4; .. Let ¢ — 0. Then, by (3.7) and (7.4), and
also by Fatou’s lemma, we have

/ | A I 77
NAW(S)

< —[2mnei(S) - {27 (u* Kar) — t60/—18010g p}" ][ N]
+ [2mrey(Tw) - {27 (w* Kag) — t6o+/—1881og p}™~1][N]

+ r/ (av/=1001ogh + t6+/—1881log p)
N
A (7 — t8g/—1881og p)™ 1.
Next let ¢ —» 0. Then, by (5.6) and Fatou’s lemma again, we have

1

2 54n _l c1 ™ n—1
W/N\W(s) I 4o II* 4™ < =={ex(S) - (w"Knm)" '}

+ e (Tv) - (0 Ka)"™)

1 =
— v/—188logh Ay™L.
+ (27r)"n/;va 00logh A7y
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Since

v/—1801logh = —/—18d1log || s ||2
on M.z, and since E is an exceptional divisor for i, by Poincaré-Lelong’s
formula, the last term vanishes. Now the required statement follows
from the last part of the proof of [Ko, Theorem 8.3] and de Rham’s
decomposition theorem. Q.E.D.

§8. Global decomposition theorem

Let (B,w) be an n dimensional complete simply connected Kéhler
manifold with Ricw = —w and we assume that

Isom(B,w) := {all biholomorphic maps which preserve w}

acts B transitively. Let I' be a discrete subgroup of Isom(B,w) and we
assume that I' satisfies the following condition.

Condition 8.1. The quotient variety M := B/T is compact. Let
I :={y€eTl|v(z) ==}
We assume the cardinality of T, is finite for any ¢ € B.
The following lemma is easy to see.
Lemma 8.2. Let
Fr:={z € B|v(z) =z}

for v # identity € T. Then, for any element ¢ of Fr, there exists an
open neighborhood U of © and a nowhere vanishing holomorphic n form
nu on U which is ', -invariant.

From (8.2), it follows codimFr > 2, and M has only canonical sin-
gularities. Moreover M is a V-manifold and Kjs is ample. Let y be
a point of the singularities of M and ¢ € 7~ (y) where 7 : B — M
be the natural projection. We choose an open neighborhood W of z so
small that there exists a I',-invariant holomorphic n form gy on W. We
set V := (W), nv := manw. Let

p:N—0M

be a Hironaka’s resolution of singularities. Since p*ny is square inte-
grable, p*ny can be extended to a holomorphic n form on x~1(V) and
we denote it p*ny again (for instance, see [L]). Since

Ky =p Ky + Z a; E;
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for certain non-negative integers a;, u#*7y vanishies along the exceptional
divisor F; with order a;. Therefore, in particular,

wh=f s} @

on M,.g. Here we denote m,w by w again and f is a C*° function on M,
satisfying C~! < f < C for a positive number C, and h is a hermitian
fibre metric as in Section 7. Let 4 be a metric in (7.1)

Proposition 8.3. We have ¥ = w on M.

Proof. Let {#;} be the metrics in the proof of (7.1). For any posi-
tive number ¢ and ¢, by (3.8), we have

<Ol il o |25 8,

where C; is a positive constant depending only on £, and where p is a
hermitian fibre metric as in Section 7. Therefore we get

0 <Ap/w™ < Cy || o |2

P
for certain positive number C,. We set v; := 47/w™. Since Ric%; = —F;
and since Ricw = —w, by the same computation as [Y-1], we obtain

1 141
—ALv > vt+" — Vg,
2n

where A, is the Laplacian with respect to w. Choose zg € M;¢; so that
v¢(2o) = supy,., v+ By the maximal principle, we have v,(z9) < 1. Now
let t — 0, we have 4™ < w™. Because

/ 5" = (2mu" Kag)" (V]
Mreg
= (2nKy)"[M] = /M ",

we get 4* = w™. Since both 4 and w are Einstein-Kihler metrics, we

finally obtain 4 = w. ’ Q.E.D.
Combining (7.1) and (8.3), we obtain the following result.
Corollary 8.4. If Ty is not u* K ps-stable, we have

(B,w) = (By,w1) X + -+ X (Bg,wy)
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isometrically (t > 2). Therefore, in particular, if (B,w) is irreducible,
T is u* K pr-stable.

Remark 8.5. In the course of proof of (8.3), we have obtained more
general statement as follows. Let (M,w) be an n dimensional compact
Kaihler V-manifold with Ric w = —w. Then 4 = w.
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