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Abstract

The aim of this report is to determine the fundamental group of an
arbitrary irreducible semisimple symmetric space G/H when G is a
connected semisimple Lie group with trivial center. The fundamental
group 71(G/H) is well-known if G/H is Riemannian. Therefore, we re-
strict our attention to the case where G/H is non-Riemannian so both G
and H are not compact. The result is summarized in Table 4.

§ 1. Preliminaries

Let g be a semisimple Lie algebra and let ¢ be its involution. Then
we obtain a direct sum decomposition g=Y)+¢q for ¢. The pair (g, §) is
called a (semisimple) symmetric pair. Let § be a Cartan involution of g
commuting with ¢ and let g=%f-+p be the corresponding Cartan decom-
position. Since fo is also an involution of g, we obtain a direct sum
decomposition g=§*+q* for fo. The pair (g, H*) is the associated
symmetric pair of (g, §) (cf. [B, p. 102]). Let G be the adjoint group Int g.
Then ¢ is lifted to G. We denote its lifting by the same letter. Let
K be the maximal compact subgroup of G corresponding to f. Put
G'={geG;0(g)=g} and G*“={g e G; o(g)=g}. Then G/G° and G/G’*
are (semisimple) symmetric spaces. By definition, ) and §* are the Lie
algebra of G° and that of G’¢, respectively.

The aim of this report is to answer the following problem.

Problem. Determine the fundamental group of G/G”.

A symmetric pair (g, §) is irreducible if the representation of §) on q
via the adjoint representation is irreducible. Moreover, a symmetric
space G/H is irreducible if the corresponding symmetric pair is irreducible.
Then it is sufficient to treat irreducible symmetric spaces to answer
Problem. At this stage, we recall the following lemma (cf. [B, Prop.
53.2)).
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Lemma 1. The symmetric space G|/G° is a vector bundle over K/K°
with fibres isomorphic to P q.

Coroliary. 7,(G/G°)~r(G/G*")==,(K/K").

Proof. By Lemma 1, we have n(G/G°)~=(K/K*). On the other
hand, K°=K"?. This implies that =,(G/G’*)~ = (K/K*).

We note some remarks on this subject.

(i) If G/G’ is an irreducible compact symmetric space, 7,(G/G") is
determined by E. Cartan. (For the sake of completeness, we contain this
result in Tables 1, 2).

(ii) If G/G° is a Riemannian symmetric space of non-compact
type, then #,(G/G°)=1. This follows from the Cartan decomposition
G=Kexp (p).

(iii) Consider the case where g is a complex simple Lie algebra and
9 is its real form. Then { is a compact real form of g. So we know
7(G/G°)~r(K/K°) from Corollary and (i).

(iv) Let (g, h) be a symmetric pair considered in (iii). In this case,
§* is a complexification of fNH=ENYH%. So z(G/G’)=r(G/G°) is also
determined. Note that there is a real form g, of g such that N} is its
maximal compact subalgebra. So G/G°° is regarded as a “complexifica-
tion of a Riemannian symmetric space”.

(v) Consider the case where G/G° is a group space. In this case,
there is a simple Lie algebra g, such that g=g,X g, and o(x, y)=(», x)
for any x, y e g,. Let G, be the adjoint group of g,. Then G=G,XG,
and the map of G to G, defined by (g, A)—>gh~! induces an isomorphism
of G/G° to G,. Then 7,(G/G")=r,(G)) is determined by E. Cartan. (For
the sake of completeness, we also summarize the fundamental groups of
connected non-compact real simple Lie groups with trivial center in
Table 3.)

According to (i)—(v), it is sufficient to restrict our attention to the
case where g is a non-compact real form of a complex simple Lie algebra
and Y is not a maximal compact subalgebra of g. In the sequel, we
always assume this condition.

In general, K is not the adjoint group of f. But, if the Cartan
involution § of g is an outer automorphism, then f is semisimple and X is
its adjoint group. So the determination of z,(K/K°) is reduced to the
compact case (i). Next consider the case where § is an inner automor-
phism. In this case, since K is not necessarily the adjoint group of f, in
order to determine 7,(K/K*°), we need its concrete form (cf. Table 3). Let
f, be the semisimple part of £. If f={,, that is, f is semisimple but not
abelian, then 7,(K/K°) is a finite group. On the other hand, if f=£¥,, that
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is, f is reductive but not semisimple, then =,(K/K°) is not necessarily a
finite group. In fact, the center of K is a one dimensional torus. In
this case, we need some computation to determine the torsion part of
7,(K/K°). For the reasons stated above, it is better to decompose into
the following cases:

Case (I) The Cartan involution § is an outer automorphism of g.

Case (IIa) The Cartan involution 4 is an inner automorphism of g
and K is simple but not abelian.

Case (Ilb) The Cartan involution 4 is an inner automorphism of g
and K is semisimple but not simple.

Case (IIla) f,=f and {, is simple.

Case (IIIb)  f,=~t and ¥, is semisimple but not simple.

We are going to explain how z,(G/G°) is computed shortly. As
explained before, the determination of 7,(G/G°) for Case (I) is easy. For
the other cases, we compute 7;(G/G°) by case by case discussion using the
concrete form of K. In almost all cases, it is sufficient to investigate the
compact symmetric space K/K° instead of G/G° and it is not difficult to
compute 7,(K/K°). But in the case where g is one of the exceptional Lie
algebras e;_s,, €5, We cannot determine x,(G/G°) if we only consider
K/K°. The reason is as follows. Consider the semispinor group Ss(4n)
(n>2). Then there are two involutions z, ¢/ with the following property:
Put X =Ss@4n)/Ss(4n)°, X' =Ss(4n)/Ss(4n)”. Then X is isomorphic to
SO(4n)/U(2n) and therefore is simply connected and X — X’ is a double
covering. On the other hand, if g is one of e, _;, €y, the maximal
compact subgroup K is related with semispinor groups. In fact, K=
(Ss(12) X SU(2))/ Z, if g=e,_5, and K=Ss(16) if g=e,s (cf. Table 3).
These two cases are discussed in [S].

A classification of simple Lie groups are accomplished by Goto-
Kobayashi [GK]. Their classification is based on the detailed study on
the fundamental groups of adjoint groups. For a similar reason, it is
possible to classify the global irreducible semisimple symmetric spaces by
using the results in Table 4.

§ 2. The case of universal linear groups

If G is a real form of a simply connected complex simple Lie group,
the fundamental group of G/G° is computed in a simple way for any
involution ¢ of G. In this section, we shall discuss this subject.

Retain the notation of § 1. Let g be a real semisimple Lie algebra
and let g, be its complexification. Let G, be a simply connected Lie
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group with the Lie algebra g,. Then the real analytic subgroup of G,
corresponding to g is called a universal linear group corresponding to g
and is denoted by G,,. By definition, for a given Lie algebra, its universal
linear group is unique up to isomorphism. Let K,; be a maximal com-
pact subgroup of G,,. Since K, is semisimple or reductive, put L=
[K,.» K.l and T =the center of K,;. By definition,K,;=LT.

Proposition 2. Assume that g, is simple.

(i) If K., is semisimple, then G=G,, or G is a double covering of
G, where G is the universal cover of G.

(i) If K is not semisimple, then L is simply connected.

This result is well-known but the author does not find its proof in a
literature. (One of its proofs is to check all the cases by using Table 3.)

Let ¢ be an involution of g and let (g, §) be the corresponding sym-
metric pair. Constant use of the notation of § 1. Then { is a maximal
compact subalgebra of g such that ¢(f)=tf. By definition, ¢ can be
lifted to G,; and G. So we denote the liftings by the same letter. We
may take K, such that { is its Lie algebra.

Proposition 3. Assume that g, is simple. Let ¢ be an involution of g
such that o(f)=1.

(1) If t is semisimple, then G, /(G,); is simply connected and
2(GL)° (G ))<2. Here (G, is the identity component of (G,);.

(ii) If tis not semisimple and o(t)=t for all t e T, then G, /(G,,)°
is simply connected.

(iiiy  If t is not semisimple and a(t)=1"" for all t € T, then ©,(G/(G,,)3)
=7,

Proof. First note that G/G° is simply connected (cf. [L, Chap. IV,
Th. 3.5]). In particular G° is connected.

(i) If G is linear, we have nothing to prove. So assume that G
is not linear. Then according to Proposition 2, (i), there is a central
element z ¢ G such that G‘/{l, z}=G,,;. Since ¢ induces involutions on
both G and G,,, we find that ¢(z)=z. Put H={ge G: g"'a(g) ¢ {1, z}}.
By definition, G/H ~G,,/(G,,)’. Now suppose that there is an element
g, € G such that ¢(g,)=2zg,. Then H=G"Ug,G". So we conclude that
(G,))’ has at most two connected components. Moreover, since G,,/(G,,);
~G/G", we find that G,,/(G,,) is simply connected. Next consider the
case where o(g)=zg forall g e G. Then H=G" and therefore G, /(GL)
is simply connected.

(ii) From the assumption, we find that (TL)"=TL°. Then
K, /(K,))’~ L/L°. Tt follows from Proposition 2, (ii) and a theorem of
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E. Cartan on compact symmetric spaces that L/L’ is simply connected.
Hence K,;/(K,,)" and therefore G,,;/(G,,) is simply connected.

(iii) By definition, L’ is a maximal compact subgroup of (G,,);.
Hence n,(G,,/(G,.);)=m(TL/L"). By the assumption, T is a one dimen-
sional torus. Therefore we identify 7 with {ze C;|z|=1}. Define a
map ¢ of T'X L/L° to TL/L’ by ¢(t, mLy=tmL. This is a finite covering.
Take an element x,=L° of L/L°. Then there is an integer n>>0 such
that ¢~ '(x))={y,=(tf, x,L°); 0<k<n}, where t,=exp (2zi/n). Now
take a path c(0)=(c,(6), cx(6)) (0<0<1) on T X L/L? such that ¢(j)=y,
(=0, 1). We may take c¢,(§)=exp (2zif/n). Then ¢ o ¢ defines a homotopy
class [poc] of =, (TL/L?, x,). In virtue that ,(L/L)=1, z(T)=Z, we
find that [¢oc]is a generator of = (TL/L’, x,) and furthermore, Z[go ]
=Z. q.e.d.

Remark. The statement of Proposition 3, (i) is useful in the defini-
tion of principal series for semisimple symmetric space (cf. [O]).

§ 3. Tables

We use the notation of Helgason’s book [H] without any comment.

(0) As for the results of Tables 1-3, the readers consult [C], [GK],
[SS], [TM] and their references.

(1) Table I. In this table, g means a compact simple Lie algebra
and G=Int g.

(2) Table 2. The meaning of g and G is the same as in the case (1).
Take an involutive automorphism ¢ of G and put K={g e G; o(g)=g}.

(3) Table 3. 1In this table, g means a real simple Lie algebra, G=
Intg and K means a maximal compact subgroup of G. By the Cartan
decomposition, z,(G)=r,(K). We refer to [TM] for the determination of
K in the case where g is one of e;_, y)-

(4) Table 4. 1In this table, (g, )) means an irreducible symmetric
pair. (A classification of irreducible symmetric pairs was accomplished
by M. Berger [B].)

Remark. In Tables 1 and 3, the notation E;, E,, E,, F,, G, mean
simply connected compact Lie groups with Lie algebras e, e, €5, s G
respectively.

In Table 3, the notation (K, X K;)/Z, is used. For example, (SO(2p)
X SOQg9) Z,, (SU(6) X SU(2))/Z,, etc. Now explain its meaning. Take
central elements z, e K; (i=1,2) of order 2. Put Z={(1, 1), (z,, z)}.
Then (K, X Ky)/Z is written as (K, X K;)/Z,. The meaning of (E;X SO(2))
| Z, is similar.

Full proofs will be published elsewhere.
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Table 1. The fundamental group of a compact simple group

8 G m(G)

3u(n) SUn)/Z, Zy

8o(2n+1) SOQ2n+1) Z,

8p(n) Sp(n)/ Zs Z,

g0(2n) (n>2) SOQ@2ny/ Z, Z; (n: odd)

ZyXZ, (n: even)

eg E¢/Zy Zs

er E./Z, Z

eg Eg 1

Ts Fy 1

o7 G, 1

Table 2. Fundamental groups of irreducible compact symmetric spaces

(33} m(G/K)
(Bu(n), Bo(n)) Zy
(Bu(2n), 8p(n)) Z,
(Bu(p+q), u(p)-+3u(g)+20(2)) Z; (d=(p, )
(Bo(p+q), 3o(p)+30(q)) Z; (p+a)
Z, (p=g: odd)
Z:XZ; (p=gq: even)
(@p(n), u(n)) Zy
Gp(p+9q), 8p(p)+3n(q) 1 (p+#q)
Z, (p=q)
(80(2n), u(n)) 1 (n: odd)
Z; (n: even)
(26, 3p(4)) Zs3
(eg, B11(6)+3u(2)) 1
(e6, 30(10)+30(2)) 1
(eq fa) Zs
(e7, 3u(8)) z,
(er, 80(12)+3u(2)) 1
(e7, eg+30(2)) Zy

(es, 80(16))

(es, e7+3u(2))

(4> 3p(3)+58u(2))

(4> 30(9))

[UIPR [T (I BEIG U

(82, 80(4))
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Table 3. Concrete forms of maximal compact subgroups and fundamental
groups of non-compact real simple Lie groups
g K m(G)

8l2n, R) (n>1) SOQ2n)/ Z, Z, (n: odd)
ZyXZ, (n: even)

8l2n+1, R) SO(2n+1) Z

& 2n) (n>2) Sp(n)/ Zs Z,

su(p, 1) U}/ Zp.1 z

sulp, ) (0, 4>1) SWPYXU(G)/ Zp+q ZXZs (d=(p, q)

%(2p, 1) (p>1) SO@2p) Z,

30(2, 2g—1) (g>1) SO@2)xS02g—1) ZX Z,

80(2p, 2g—1) (p, g>1) SOQR2p)xS02q—1) ZyX Z,

8p(n, R) (n>2) Un)/Z, VA (n: odd)
ZXZ, (n:even)

ap(p, @) (2, ¢>0) (Sp(P)X SP(q))/ Z, Z,

3o02p—1,1) (p>2) SOR2p—1) Z,

802p—1,2q—1) (p, g>1) SOQRQp—1H)XSO0Rq—1) ZyXZ;

%0(2p, 2) (p>1) (SOQRp)XSOQR))/ Z, ZX Z,

%0(2p, 29) (P, g>1) (SORpyxS02q)/ Z; Z:X Z, (p or g: odd)
ZyX ZyX Zy (D, q: even)

80*(2n) (n>3) Un)/ Z. VA (n: odd)
ZXZ; (n: even)

€6(6) Sp4)/ Z, Z;

26(2) (SU6)/ Z3 X SU2))/ Z, Zg

ea(-14) (Spin(10yX SO(2))/ Z, z

26(~26) Fy 1

€7(n) SU®)/Z, Z,

€75 (Ss(12)X SUQ2))/ Z, ZyX Zs

e7(-35) (EsXSO2))/ Zs z

€8(8) Ss(16) Z;

eg(~24) (ExxXSUQ2))/ Z, Z;

faw SpBYXSUQ))/ Ze Z,

fa-c2m Spin(9) 1

G2 SO Z,
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Table 4. Fundamental groups of semisimple symmetric spaces
Case (D)
@l(n, R), 3, R)+8l(n—i, R)+R) Z Qi <n)
®Bl(n, R), 80(i, n—1)) 0<i<n/2,2<n) Zy 2n=n, i: odd)
ZyX Zy (2Qi=n,i: even)
(8l(2n, R), 8p(n, R)) 1 (n: odd)
BI(2n, R), 8l(n, C)+80(2)) (n>1) Zy (n: even)
(Bu*(2n), Bu*(2i)+8u*(2n—2i) - R) 1 Qi<n)
(Bu*(2n), 8p(i, n—i)) (0<i<n/2,2<n) Z; (2i=n)
(Bu*(2n), 80*(2n)) Z;
(Bu*(2n), 8l(n, C)+30(2)) (2<n)
(Bo(2p—1, 2q—1), 8o(k)+802p—k—1, 2g—1)) Zs
(0<k<2p—1,0<q)
®BQRp—1, 2g—1), 8ok, h)+80Q2p—k—1,2q—h—1) ZyXZ,
(0<k<2p—1, 0<h<2g—1)
(3oQn-+1, 2n+1), 8IQ2n+1, R)+R) Zs
(BoQn+1, 2n+1), 8Q2n+1, C)) (n>0)
(eoer> Taw)  (eser» BuH{(6)+3u(2)) 1
(escer» 80(5, 5)+R)  (eae> 302, 2)) Z
(escer> 80(4, R))  (escer» B1(6, R)+8L(2, R)) Z,
(esc-260, BU%(6) +-3u(2))  (esc-200> Bp(3; 1)) 1
(e6c-26), 80(9, )+ R)  (es(-265 Fac-209) 1
Case (IIa)
®o(1, 2n), 8o(1, h)+30(2n—h)) (2<n, 0<h<2n) Z,
(ercn» B0¥(12)+3u(2))  (erem, eaczy +80(2)) 1
(ercn>» 80(6, 6)-+-8L(2, R)) (ercnr, Bu(4, 4)) Zy
(erey» BU(8, R)) A
(erm> B0(8))  (ermys ey +R) Z,
(escsy» ere-5 +3u(2)) 1
(escsy, 80(8, 8)) Z;
(escer> 80%(16))  (esear, ereny +81(2, R)) Z,
(Fac-209, 80(1, 8)) 1
(Fac-20, 80(2, 1) +581(2)) 1
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Case (IIb)
(3o(2p, 2g—1), 2o(k)+802p—Fk, 2g—1)) Z,
(1<p, q, 0<k<2p)
(80(2p, 2g—1), 8o(k, h)+20(2p—k, 2q—h—1)) Z, (k=0 or 2p)
(1<p, g, 0<k<2p, 0<h<29—1) ZyXZ, (0<k<2p)
@p(p, q), sp(k, h)+3p(p—k, g—h)) 1 (k#p or 2h+q)
0<p, g, 0<k<p, 0<h<q) Z, (2k=p and 2h=q)
®p(n, n), Bu*2n)+R) @p(n, n), 3p(n, C)) Z,
@@, q), 8u(p, 9)+20(2)) (0<p, q) Z,
(80(2p, 29), Bo(k, h)+80(2p—k, 2q—h)) z, (k=0, 2p or h=0, 29)
(1<p, q) ZoX Zs <2;<bl;<o%1;1,;(&)q<h<2q>
7 (ot oad)
axzixz (b=t )
(02p; 29), 8u(p, 9)+80(2)) (1<p, ) 1 (p: odd or ¢: odd)
Z; (p, q even)
(Bo(2n, 2n), 81(2n, R)+R) (n>1) Zy (n: odd)
(30(2n, 2n), 30(2n, C) ZyXZy (n: even)
(es(2)> 30%(10)+30(2)) 1
(esc, 80(4, 6)+80(2)) (escrr, Bu(2, 4)+3u(2)) 1
(esc» 8u(3, 3)+81(2, R)) Z,
(s> 303, 1)) (esc2» facw) Zs
(es(2>, 8p(4, R)) Zs
(er¢-3)» €5(-10) +30(2)) Z,
(e7c-5), 30(4, 8)+8u(2)) 1
(erc-5y, 3u(4, 4)) ZyX Zy
(er-575 312, 6))  (er(-5), s(2) +-30(2)) Z,
(e7(-5), 30%(12)+81(2, R)) Z,
(es(-20), 30%(16)) Z
(es(-200, 30(4, 12)  (es(-20)5 er(-5 +3u(2)) 1
(es(-2475 €7(-25 +8I(2, R)) Z,
(facwr» 803, R)+81(2, R)) Z,
(facer> B0(4, 5))  (Tacwy> 30(1, 2)+3u(2)) 1

(8220, 8l(2, R)+8((2, R)) Z;
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Case (111a)

(812, R), 2o(1, 1)) zZ
(&u(1, n), 8u(l, h)+8u(n—h)+80(2)) (O<h<n) 1
(80(2, 2n—1), 8o(k, h)+80(2—k, 2n—h-1)) z, (k=0, 2)
(I<n, 0<h<2n—1) ZXZy (k=1)
(8p(n, R), 8p(i, R)+8p(n—i, R)) 1 Qi<n)
®p(n, B), 8u(i, n—i)+20(2)) (0<i<n/2,2<n) Z, (Qi=n)
®&p(n, R), 8l(n, R)+R) (n>2) zZ (n: odd)
ZXZ; (n:even)
(8p(2n, R), #p(n, C)) (n>1) z (n: 0dd)
ZXZ; (n: even)
(30(2, 2n), 8o(k, h)+302—k, 2n—h)) Z, (k=0, 2)
(I<n, 0<h<2n) ZXZ; (k=1)
(80(2, 2n), 8u(l, n)+30(2)) (2<n) 1
(80%(2n), 30*(20)+E0*(2n—2i)) 1 Qi<n
(80*(2n), Bu(i, n—i)+20(2)) (3<n) Z, Qi=n)
(80*(2n), 8o(n, C)) (3<n) zZ (n: odd)
ZXZs (n: even)
(80*(4n), Bw*(2n)+R) (2<n) z (n: odd)

ZXZ, (n: even)

(6c-10> Fac-20y)

z

(esc-147, 30(2, 8)+30(2))

(s(-100, BU(2, 4)+3u(2))

(esc-147, 302, 2))

(esc-149, Bu(l, 5)431(2, R)) (eg(-14), 30%(10)+80(2))

(er(-25y, 3u*(8))

(erc-25), 80(2, 10)+81(2, R)) (er(-as, eac—1n +30(2))

(erc-2m), B2, 6))  (erc_am, B0*(12)+5u(2))

(er¢-25), €6(-26)+R)

Case (IIIb)

(Bu(p; q), Bu(k, h)+-3u(p—k, g—h)+30(2))
, a>1)

1  ks#por2h#q)
Zy (2k=p and 2h=gq)

®@u(p, q), 8o(p, @)

ZxXZ; (d=(p, @)

(3u(2p, 29), 3p(p, q))

ZXZy (d=(p, q))

Bu(n, ny, 30*2n)) Bu(n, n), 8p(n, R)) (U<n)

z,

®Bu(n, n), 8l(n, C)+R)

ZXZy
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