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Cohomology of Classifying Spaces

Hiroshi Toda

Introduction

The concept of the classifying space and characteristic classes are
great tools in both geometry and topology.

Originally, the classifying space BG appeared as Grassmannian man-
ifolds in discussing the equivalence of the fibre bundles of a fixed structure
group G operating effectively on the fibre. And, the equivalence classes
of such bundles on a CW-complex X are in one-to-one correspondence
naturally with the homotopy classes of maps f: X —BG [39].

The classifying space BG of a topological group G is characterized as
the base space of a universal G-bundle G—EG— BG of co-connected total
space EG. So, up to homotopy type, we may consider that the loop
space 2BG of BG is G, and BG is the de-looping of G.

For every associative H-space G, a classifying space BG is also con-
structed geometrically, and the construction is applied to give Eilenberg-
Moore spectral sequences.

Lately, classifying space appeared in the theory of generalized coho-
mology. For each Brown functor F, i.e. a functor F satisfying wedge
axiom and Mayer-Vietoris axiom, on the category of pointed finite CW-
complexes. Under suitable condition, there exists a classifying space ¥
of F such that the functor Fis naturally equivalent to the functor [—, Y],
of pointed homotopy classes. Then the original classifying space BG is
that for the functor taking principal G-bundles over given base space [42].

The characteristic classes of fibre bundles are considered as a natural
functor of fibre bundles to a cohomology class of the base spaces. For
classical groups there are specially named characteristic classes, the Chern
classes ¢, € H* for unitary groups and complex general linear groups, the
Stiefel-Whitney classes w, € H*( ; Z/2) for orthogonal groups and real
general linear groups, the Pontrjagin classes p, € H*" for special orthogonal
groups and real special linear groups, and others. By general theory of
universal bundles, each characteristic class corresponds to an element of
the cohomology H*(BG; —). The structure of the cohomology ring
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H*(BG; —) of suitable but essential coefficients are determined by
A. Borel [7], [8], and the ring H*(BG; —) is a polynomial algebra on the
above named characteristic classes.

For not classical Lie group G, the cohomology ring H*(BG; Z/p) is
usually not a polynomial algebra if it has p-torsion, and the ring structure
is very complicated. For such a case, one can apply Eilenberg-Moore
spectral sequence

E,=Cotor""%#/"(Z|p, Z|p)=—=>H*(BG; Z|p)

by the knowledge of the Hopf algebra structure of H*(G; Z/p).

The collapsing of the above spectral sequence is proved for ex-
ceptional groups in [21], [27], [28] and for projective classical groups
PG(4m+2) (where G="U, Sp, SO), p=2 in [20], [22], but the ring structure
of H*(BG; Z|p) is not yet well-determined.

Here, we recall the case that G is a quotient G’/I” of a classical group
G’ by a central subgroup I'. The Hopf algebra structure of H*(G; Z/p)
for such G was determined by Baum-Browder [6]. In general, the com-
putations of E,-term of the above spectral sequence seem difficult and
complicated.

So, we propose to use an alternative spectral sequence

E,=Cotor""*"s2/(Z|p, H¥(BG'; Z|p))==H*(BG; Z|p)

in place of the usual Filenberg-Moore spectral sequence. The former one

will serve a good information of the ring structure through the connec-
tion with the homomorphism Bp*: H*(BG; Z/p)—H*(BG’; Z|p), where
the image of Bp* is contained in the subalgebra PH*(BG’; Z/p) of
the primitive elements with respect to the action of H*(BI'; Z/p) on
H*(BG’; Z|p). In particular, Im Bp*=PH*(BG’; Z/p) if the spectral
sequence collapses.

The present paper is an expositive note on classifying spaces and
characteristic classes. The first two chapters are historical notes and the
last two chapters are discussions on the above type of actions and appli-
cations to recovering fine structure of H*(BPG(4n+2); Z/2) [20] [22].

1. Classifying Spaces

1.1. Classifying spaces for fibre bundles

Let G be a topological group and consider principal G-bundles.
A principal G-bundle
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G—>E-?5B

is called n-universal if the total space E, is (n—1)-connected. The name
“n-universal” is derived from the following “classifying theorem”.

Theorem 1.1 (Steenrod [39]). Let K be a CW-complex of dim K <n.
The operation of assigning to each map f: K— B, its induced bundle sets up
a 1-1 correspondence between homotopy classes of maps of K into B, and
equivalence classes of principal G-bundles over K.

An oo-universal bundle is called simply “universal bundle”:
i b4
G-—>EG—>BG

and the base space BG is called a “classifying space’ of G.

If we consider the case that every BG are CW-complexes, then the
above theorem shows that the classifying space BG is unique up to homo-
topy equivalence.

The equivalence classes of fibre bundles with fibre F, on which the
structure group operates effectively, are in 1-1 correspondence with the
equivalent classes of associated principal G-bundles. So, the classifying
space BG also “classifies” the fibre bundles with such fibre F.

In his book [39], Steenrod constructed an zn-universal bundle for each
Lie group G. Using a faithful representation of G, G is considered as a
subgroup of O(N)C O(N--n).

Theorem 1.2. G- E,=O(N-}-n)/O(n) — B, = O(N+n)/(G X O(n)) is
an n-universal G-bundle.

In [25], Milnor constructed an n-universal bundle for arbitrary
topological group G. Let

G- xG={tgot - +1,8. (0, - -+, 1) € 47, 8, € G}
be the join of (n-+1)-copies of G and give an action of G by
(1080t - - - +1.8,)8=1:8g+ - - - +1.8:8-
Theorem 1.3 (Milnor). G—E,—B,=E,/G is an n-universal G-bundle.

In both cases, the classifying space BG is a suitable limit of n-
universal spaces B,.
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1.2. Classifying spaces of associative H-spaces

The natural inclusion of topological group G into the loop space
0BG of the classifying space BG is a weak homotopy equivalence. So,
we may consider that the classifying space functor B is the inverse of the
loop space functor £, in the category of topological spaces homotopy
equivalent to CW-complexes. The loop space £2X is a homotopy associ-
ative H-space. Moreover, if we consider Moore type loop space it is a
strictly associative H-space homotopy equivalent to the usual loop space.

Conversely, Dold-Lashof [14] and Rothenberg-Steenrod [32] con-
structed a classifying space BG for each associative H-space G. Their
construction is done by giving a sequence of G-spaces, called a “G-resolu-
tion™:

E,=GCEC...CECE,,,C---, E=\JE,

such that E, is contractible to a pointin E,,, and the G-action gives a
relative homeomorphism (D, X G, E,_, X G)—(E,, E,_,) for a suitable
subset D, with E,_,CD,CE,. The quotient map p: E—E/G is a quasi-
fibration, Eis co-connected, and B=E/G becomes a classifying space of
G. The G-resolution is parallel to the algebraic bar construction, and the
spectral sequence associated to the filtration {E,} is so-called “Eilenberg-
Moore spectral sequence”:

E,= Cotor™"“2/"(Z|p, Z|p)—>H*(BG; Z|p).

Rothenberg-Steenrod [32] [33] proved that this is a multiplicative
spectral sequence and showed its usefulness. For example, Borel’s trans-
gression theorem [7] is an easy consequence of this, and the cohomology
of Eilenberg-MacLane space can be computed without difficulties.

The Eilenberg-MacLane space K(I', n) is an important example of
classifying space. K(I', n) is homotopy equivalent to 2K(I", n-1), or, we
can say K(I',n+1)=BK(I",n). We refer the mod 2 cohomology of
K(I', n) for the convenience of latter use.

When ["'=Z, infinite cyclic group, we may identify K(Z, 1)=S* and
K(Z,2)=CP~>. So, by indicating x,, an element of H*( ; Z/2),

H*K(Z, 1); ZI))=A(x,) and H*(K(Z,2); Z2)=Z[2[x,).
Let x,.,, be a transgression image of x¥, then we have
(L.D) H*(K(Z, 3); Z|2)=2Z]2[Xs, X5, =+ *» Xppars * * *]-
When ["=Z/r the cyclic group of order r, K(Z/r, 1) has an infinite
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dimensional lens space as an example, and

H*(K(Z]r, 1); Z]2)=Z/2]x,] if r=2 (mod 4),
H*(K(Z[r, 1); Z[2)=A(x)RZ/2[x] if r=0 (mod 4).

Then, for transgression image x, of x, and x,.,, of x¥ (x,=x?if r=2
(mod 4)) and for even r, we have

(1'2) H*(K(Z/r’ 2); Z/Z):Z/Z[XZ, X3y Xgy =0y Xokyyy © ° ]

1.3. Classifying space for generalized cohomology theory

For a generalized cohomology theory 4*={A"} on a category of
pointed CW-complexes, 4" is a Brown functor, Each Brown functor has a
classifying space E provided the countability [13] or group structures [1]
of the values. Then /#* has a spectrum {E,} as a sequence of classifying
spaces and structure maps YE,—E,,;. G. Segal [34] gave a geometrical
construction of classifying spaces on categories. Milnor’s classifying
space is an example of Segal’s one. Moreover, categories with some
composition laws (I'-categories) give spectra [35].

2. Characteristic Classes

2.1. Characteristic classes for classical groups

By the classification theorem for the fibre bundles with a structure
group G, each characteristic class corresponds to an element of the coho-
mology of the classifying space BG. So, we shall consider the cohomology
ring

H*(BG; R)

with suitable coefficient ring R.

Let K be a maximal compact subgroup of a connected Lie group G,
then it is well known that G is homeomorphic to the product of K and an
euclidean space, and we have isomorphisms

H*(G; )= H*(K; R)
and
H*(BG; Ry= H*(BK; R).

So we shall discuss only for the case that G is compact.

For the classical groups G, the ring structure of H*(BG; R) are
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determined by A. Borel [7] [8] whose results are stated with a connection
to a maximal torus T of G, [ =rank G.

The classifying space BT* of the torus T is equivalent to the product
of I copies of BT or CP*=K(Z;2) for T=S'=K(Z, 1), and

2.D H*(BT'; R)y=Rt;, t,, - - -, 1,), t, e H.

The Weyl group @(G)=N4(T")/T* acts on BT*® and the invariant
subalgebra H*(BT*; R)*‘® contains the image of the homomorphism

Bi*: H*(BG; R)—>H*(BT"*; R)

indcued by the natural map Bi: BT'—BG. The followings are the results
due to A. Borel [7].

Theorem 2.1. In the following cases, Bi* are isomorphisms of
H*(BG; R) onto H*(BT"; R)*®,
(i) G=U(m),l=nand R is arbitrary:
Bi*: H*(BU(n); )= H*(BT"; R)*" ™ =Rl,, 01, - - -, 0,]

for the j-th elementary symmetric function o; of the variables t,, - - -, t,.
(ii) G=SU(m), I=n—1 and R is arbitrary:

Bi*: H*(BSU(n); R)y= H*(BT"; R)*SV™ =Rg,, - - -, 3,]
by identifying H*(BT"; R) with H*(BT"; R)/(a)).
(iii) G=Sp(n), [=n and R is arbitrary:
Bi*: H*(BSp(n); R)= H*(BT™"; R)*“?™ =R[G,, Gy, * - -, 5]

Jor the j-th elementary symmetric function G, of the variables t3, - - -, t2.
(iv) G=S80@2n+1), I=n and R is a field of characteristic #2:

Bi*: H*(BSOQ2n+-1); R)= H*(BT™; R)*SO®* W = R[5, G,, - - -, &,].
(V) G=S0Qn), l=n and R is a field of characteristic +2:
Bi*: H*(BSO(@2n); R)y= H*(BT"; R)*S°¢™ =R, - - -, 7,_,, ,]-

By virtue of the theorem, the k-th Chern class ¢, € H* (BU(n); R),
H*(BSU(n); R) and the k-th symplectic Pontrjagin class g, ¢ H*(BSp(n); R)
are defined by the following equations.

(2.2) Bi*<i:0 ck) =¢]j1 (1+12), =1,
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B3 a) =l a+m,  a=1

Then we have

H*(BU(H), R)——:R[cl, Co = v ") cn]a
(2'3) H*(BSU(H); R) =R[c29 vt cn]s 41 =0’
H*(BSp(n); R)=RIg,, g3, - - *» 4,].

The k-th Pontrjagin class p, € H*(BSO(m); R) is defined by
)] P =(—1)"Bj*(cz)

for the homomorphism Bj*: H* (BU(m); R)—H*(BSO(m); R) induced
by the complexification Bj: BSO(m)—BU(m). Then we have

@9 () B*(3p)=11a+m p=l
for Bi: BT*™—>BSO(m) and m=2n+1 or m=2n.
(ii) For a coefficient field R of characteristic 2,

H*(BSOQ2n-+1); R)y=R[p,, P, - - *» Pa),
H*(BSO(ZH)7 R)zR[pla AR P X],

where Bi*(X)=oq,, X is the Euler class and X*=p,,.

The equation (2.5), (i) follows from the correspondence between
maximal tori 7*=S0m)" T™ of SO(m) and T™ of U(m).
By similar methods, we have

26) (1) B*@)=ssol—1**erc, for Bj: BU)—BSp(n).
(ii)  Bj*(cy_1)=0 and Bj*(c,,)=(—1)q, for: BSp(n)—BSU(2n).
i) B*(p) =k so(— Dicics, B*()=c, for Bj: BU(n)—BSO(m),
m=2n or m=2n-1 and for a coefficient field of characteristic +2.

There is a mod 2 version of the above results. The diagonal matrices
of O(n) form a subgroup I isomorphic to (Z/2)", BI'™ is equivalent to
the product of n-copies of RP~=K(Z/2, 1) and

(2'1), H*(Brn; Z/2):Z/2[uh Ugy + =y un]a U; € H'.
The group @(OM) =N, (I"™)/I™ acts on H*(BI™;Z[2) as the

permutation of u,’s. Let ¢ be the j-th elementary symmetric function of
the variables u,, - - -, u,. Then we have
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Theorem 2.2. The natural map Bi: BI'"—BO(n) induces an isomor-
phism
Bi*: H*(BO(n); Z]2)=H*(B['"; Z[2)? °™ =Z[2[¢{, 6}, - - -, a%].

Let I'"'=I""N SO(n). By identifying H*(BI'"~*; Z|2) with H*(BI'™";

Z|2)/(a?)), Bi: BI'""'—BSO(n) induces an isomorphism
Bi*: H¥*(BSO(n); Z/2)=H*(BI'"™*; Z|2)* =Z/2[s}, - - -, a}],

where @' = Ngo(my(I™ )/ "= @'(O(n)).

The Stiefel-Whitney class w, e H¥(BO(n); Z/2) (or H*(BSO(n); Z/2))
is defined by
@2y Bi*(ﬁ wk>= M A+u),  w=1

k=0 t=1

Then
H*(BO(?’I), Z/2)=Z/2[Wls Wy =0y Wn]a

2.3y
H*(BSO(n)5 Z/2)=Z/2[W2, ] wn], W1:0'

Relations between Chern and Stiefel-Whitney classes are the follow-
ings.

2.6y (i) Bj*(c,)=w; for Bj: BO(n)—BU(n).
(i) Bj*(Wy..)=0 and Bj*(w,,)=c, for Bj: BU(n)—BSO(2n).

The squaring operations on characteristic classes are treated by use
of the isomorphisms Bi* in the above theorems, and we have the follow-
ing Wu’s formulae:

Sqiw,=3" (kjj Jfl>wm_,wj 0<i<k) in H*(BO(); ZJ2),
PN

@1 sate=3 (F77 7 e, 0<i<h in B BUG:; 2,
FE AN

Sqiig,=>" (kjf}‘l)qm_jqj O0<i<k) in H*BSp(n); Z/2).
FEC AN

For reduced power operations, see [10].

2.2, Characteristic classes for simple Lie groups

In general, if a compact connected Lie group G has no p-torsion, the
cohomology ring H*(G; Z/p) is an exterior algebra generated by odd
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dimensional elements. Then the cohomology ring H*(BG; Z/p) of the
classifying space BG is determined by the following theorem.

Theorem 2.3 (Borel’s transgression theorem [7]). If H*(G; Z/p)=
A(xy, « - -, x,) the exterior algebra generated by elements x;’s of odd dimen-
sionals, then we can choose x;’s to be transgressive and for the transgression
images y,=17(x,) we have

H*(BG; ZIp)=Z[ply,, - -+, V)

Now consider the case that G is simply connected and compact.
Such G is isomorphic to the direct sum of simple Lie groups. The com-
pact simply connected simple Lie groups are SU(n), Sp(n), Spin(n) and ex-
ceptional groups G,, F,, E,, E;, E,. The first two are torsion free and the
remaining ones have 2-torsions. F,, E;, E, and E; have 3-torsions and E,
has 5-torsion.

The mod 2 cohomology H*(B Spin(n); Z/2) of the classifying space
of the spinor group Spin(n) is computed by use of the Serre spectral
sequence

E2=Z/2[W29 Wsy * 0y Wn]®Z/2[t]:$H*(B Spin(n); Z/2)

associated with the fibering B(Z/2)— BSO(n)— B Spin(n), where the trans-
gression  is given by z(¢) =w,, and by use of Wu formula,

(@) =Sq'w,=w,, (tH)=Sq*w,=w;, (t)=Sq'W;=w,,

(1) =SPwe= Wi+ WieW, + W W+ wiow, - -

Then, for n<9, H*(B Spin(n); Z/2) is a polynomial algebra generated
by w,, w,, wy, w, of dim<<n. But if n>>10 and n—1 is not a power of 2,
then H*(B Spin(n); Z/2) is no more a polynomial algebra. For example
H*(BSpin(10); Z/2)~ Z|2[w,, W, Wi, We, Wiol/(Wiow;). The general results
on H*(BSpin(n); Z/2) are given in [31] applying the theory of quadratic
forms.

Next consider the exceptional groups with p-torsions.
There are two examples of polynomial algebras [8]:
H*(BG,; Z|2)=Z|2[x,, Xy, Xi],
H*(BF,; Z|2)= Z|2[x,, X5, X1, X1g5 Xud]-
For the other cases of the exceptional groups G with p-torsions,

H*(BG; Z/p) is not a polynomial algebra which is a consequence of that
the Hopf algebra H*(G; Z/p) is not primitively generated.
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H*(BF,; Z/3) is generated by generators of dimensions 4, 8, 9, 20,
21, 23, 25, 26, 36, 48 with 15 relations [43].

For remaining cases, the ring structure of H*(BG; Z/p) is not yet
strictly fixed. They are investigated by use of Eilenberg-Moore spectral
sequence

E,=Cotor""%4/"(Z|p; Z|p)=—=H*(BG; Z|p)

from the knowledge of the Hopf algebra structure of H*(G; Z/p) [29].
As the results, the above spectral sequences are collapses for all cases [44]
[21] [27] [28].

Finally, we consider non-simply connected cases.

The classical groups U(n), SU(n), Sp(n), SO(2m) have the centers
isomorphic to Z, Z/n, Z|2 and Z/2, respectively. The quotion groups of
the classical groups by the centers or central subgroups are called the
projective groups and denoted by the forms PG(rn) or P'G(n).

The Hopf algebra structure of H*(PG(n); Z/p) is determined by
Baum-Browder [6], and by use of Eilenberg-Moore spectral sequence,
H*(BPG(4m+2); Z/2) are computed as the collapsing of the spectral
sequence [20] [22]. But, in the statement of the ring structure of the E,-
term, there are some ambiguities which will be clarified in the subsequent
chapters.

Note that there are results on H*(BG; Z/p) for G=Ad E,=E,/(Z)2),
p=2and G=PU(3), p=3 [24].

3. Action of BI” on BG

3.1. Comparison of actions

Consider a compact Lie group, a central subgroup I” and the quotient
group G=G/I". We always assume that I” is isomorphic to S or discrete
cyclic. Then we have

BI'=K(Z,2), BBI'=K(Z,3) if '=S'=K(Z,1),
and

BI'=K(I',1), BBI'=K(l,2) if I" is cyclic.

From the exact sequence I JANCEN: =G/I’, it induces a fibration

Bi B, —
BI'—>BG—2>BG. Furthermore we have the following homotopy
commutative diagram:
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Br 2,86 2,86

e | ],

Q(BBI')—> F —>BG——>BBI.

Here, the lower sequence is a fibre sequence induced by a map f
which represents the transgression image of the fundamental class of BI".
The vertical maps are weak homotopy equivalences.

Then we consider the action of BI" on BG replacing by the action

u: Q(BBINYX F—>F
of the loop 2(BBI") on the homotopy fiber F. So, we have
(3.2) The action induces a ring homomorphism of cohomology rings
p=p*: H¥(BG)——>H*(B[QH*(BG)= H*(BI X BG),
with suitable coefficients, satisfying

($@Dp=(18¢)¢

and
#(x) =1@x+ higher term,
that is, H*(BG) is a comodule algebra over the Hopf algebra H*(BI').

We shall use the following lemma to determine the actions for clas-
sical groups G.

Lemma 3.1. Let G and I" be as above, and let G’ be a closed sub-
group of G and I'" a subgroup of G’ I'. Then the natural maps Bi: BG’
—BG and Bj: BI'—BI" are compatible with the actions. Thus the follow-
ing diagram commutes.

H*(BG)—2> H*(BI")® H*(BG)
Bi* Bi*®Bi*
H*(BG')—> H*(BI\QH*(BG')

3.2. The action on BU(n)
We start from the case
G =PU(n), thatis, G=U(n), I'=(the center of U(n))=S".

As is seen in the previous section
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H*(BU(n);Z)zz[cl’ Cyy * - "Cn] and H*(BF;Z)zz[t]
for the k-th Chern class ¢, € H* and the Euler class ¢ ¢ H>

Proposition 3.2. The action

d=p*: H¥*(BU(n); Z)——>H*(BI"; Z)YQH*(BU(n); Z)
is determined by the following formula:
dle)= > <n7j>ti®cj.
iti=k

Proof. Let T™ be the maximal torus of U(n) which consists of

diagonal matrices. Since [ is a subgroup of 7", it follows from Lemma
3.1 the following commutative diagram:

H*(BU(n); Z)—>>H*(BI"; Z)QH*(BU(n); Z)
Bi* 1®Bi*
H*BT"; Z) —>>H*(BT'; Z)QH*(BI"; Z)

Here, H*(BT"; Z)=Z|t,, t,, -

-, t,] for canonical generators 7, ¢ H% Bi*
is injective and

Bi*(i‘ c,;): ﬁ (142).

=0 i=1

Since I" acts diagonal-wise on T, ¢(t,)=1®t,+t@1. Then
(1 BiMg( 3 )= gBi%( 3 ) =4 [T (1+1)

=1 I®1+:®1+1®1)

I s

iMs

1+~ '®Bi*c,

7

So, the proposition follows from the injectivity of Bi*.
The natural map Bi: BSU(n)—BU(n) induces a projection
Bi*: H*(BU(n); Z)—>H*(BSU(n), Z)=Zlc,, -

Ty cn]
by giving the relation ¢,=0.
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Next consider the case that [” is a central subgroup of G=SU(n) or
U(n) which is cyclic of order »’. Since the center of SU(n) is cyelic of
order n, n’ divides n when I"C SU(n).

Let p be a prime which divides #’, then we have

H*(BI'; Z|p)= Au)QRZ/p[t], ue H', t e H?
where =1 if p=2 and n’=2 (mod 4) and *=0 otherwise.
Applying Lemma 3.1 we have the following commutative diagram
HYBU(n); Z[p)—"> H*(BS'; ZIp)D H*(BU(r); Zlp)

Bi* Bj*®Bi*
H*(BG: Zlp) —'>H*BI'; ZIp)QH*(BG; Z|p)

for the natural maps Bi: BG— BU(n), Bj: BI'—BS'. Here, Bj*(t)=t
(=u*if p=2 and »’=2 (mod 4)). Then we have

Corollary 3.3. Let I be a central cyclic group of order n’ in G=SU(n)
or U(n) and p be a prime dividing '. Then the action ¢ of H(BI; Z/p) on
H*(BG; Z|p) is determined by the following formula

dle)= 2] (”7j)tf®cj, (c,;=0 if G=SU(n))

i+j=k

where t =1’ if p=2 and =2 (mod 4).

3.3. The action on BSp(n) and BSO(2m)

The symplectic group Sp(n) is a subgroup of SU(2n), and the center
I' of Sp(n) is of order 2 and a central subgroup of SU(2n). The coho-
mology ring of BSp(n) is

H*BSp(n); Z)=ZI4:, ¢, * - *» 9]
and the natural map Bi: BSp(n)—>BSU(2n) carries
Bj*(c,)=¢q, and Bj*(cy,-,)=0.
Then it follows from Lemma 3.1
Proposition 3.4. The action
¢=p*: H¥(BSp(n); Z|2)—>H*(BI"; Z]YQH*(BSp(n); Z[2)

is determined by the formula
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sa0= 3 ("7 e,

for the generator u ¢ H' of H¥(BI'; Z|2)=Z[2[u].

The center I" of SO(2m), m>2, is isomorphic to Z/2 and its action
on the subgroup ™" of SO(2m) is diagonal-wise. So, ¢(u,) =1RQu,+u®1
for the generators u,, - - -, u,, of H*(BI'; Z/2). Then the proof of the
following proposition is similar to that of Proposition 3.2.

Proposition 3.5. The action
é=p*: H¥(BSO(2m); Z|2)—>H*(BI"; Z|]2)QH*(BSO(2m); Z|2)

is determined by the formula

sow)= 3 ("7 Ywow,  w=o.

i+j=k

3.4. Comodule action of the polynomial algebra

The essntial part of the previous actions are that of the polynomial
part. So, we consider a comodule algebra A4 over the primitively generated
algebra k[x], where k is a field of the characteristic p. Let

¢: A—>k[x]®A4
be the comodule action. Define linear maps
d;: A—>A4 for i=0,1,2, --.
by putting #(a) =§) x*Qd,(a).

Then the properties of ¢ described in (3.2) are rewritten in the words
of d;. From the multiplicativity of ¢, we have

3.3 daby= 3, dfa@db)  for a,be A.

Since ¢(x")= _ Z (?)x’@x", it follows from the relation (1Q¢)p=
(¢ D)g
(3.4) didj(a):_—(i + )di,,j(a), ae A

We have also
(3.5) dy,=1.
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In the case A=H*(BU(n); Z/p)=Z/plc,, - - -, ¢,], we have seen
dle)="---+1'®1, thatis, d,(c,)=1

if g is the p-primary factor of n. So, we consider the following case.

(3.6) A and k[x] are positively graded and there exists a homogeneous
element a, € A4 such that d (a,)=1 for some power g = p* of p.

Lemma 3.6. Assume (3.6) and put
B={ae A|d(a)=0 for i >q},

then the product gives a bijection kla,JQB=A.
Thus B=A/(a,).

Proof. Consider a relation >;_,aib,=0 for homogeneous elements
b, of B. 1If there is a maximal number k such that d,(b,)-#0, then

0=d.y,.( 35 aib.) =do(@)d(5) = di(b)

which is a contradiction. So, k[a,J®B injects to A.
For arbitrary homogeneous element a==0 of 4, let k be the maximal
number such that d,(a)=0. Put k=k'4-¢qj for 0<k’<gq. By (3.4), (ii),

dsdqj(a)z(qj js>ds+”(a). Thus d,d, (@) =0 for s>k, that is d,,(d) ¢ B,

and d,.d, (a)=d(a).
Put b=d, (a) € B and @’ =a—ab, then

At =da)— 33 d._(aDd®).

Fori>k,i—s>gjand d,_(a))=0. So, d(a)=d,(a)=0 for i>k. For
i=k, d(a")=d(a)—d, (a})d (b)=d(a)—(d(a))’d(a)=0. Thus we have
@ =a—ajb with b € B and d,(¢')=0 for i >k 1.

Repeating this we have a=>_7_,aib, for some b, ¢ B. O

We shall apply this lemma to 4=H*(BG; Z/p) for classical groups
G, where p is a prime factor of n for G=U(n), SU(n) and p=2 for Sp(n)
and SO(n) of even n.

We write down A4 in the form

A=Z[pla,, a,, - - -, a,] for G=U(n) and Sp(n)
A=Z[pla,, - - -, a,] for G=SU(n) and SO(n) (a,=0)
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using a, in place of ¢,, g, or w,. Also the generator x of Z/p[x] stands for
t(G=U(n), SU®m)), u* (G=Sp(n)) or u (G=SO0(n)).
By Propositions 3.2, 3.4, 3.5 and Corollary 3.3, we have

G.7) da)= 3 (”71 >xf®aj.
i+j=k
In particular, we choose the element a, of (3.6) as follows
(3.7)'  For the p-primary factor q=p* of n, put a,=a,, then

g
¢(aq) ::7;] x1®aq -
Note that ¢ is the least integer such that d,(a,)=0.

The bijection Bz A/(a,) of Lemma 3.6 induces a ring structure in B
by giving new multiplication = defined by the condition

(3.9) bxb' e B and bxb'=bb (mod a,) for b, b’ & B.
Applying Lemma 3.6 and (3.4) we have directly the following

Proposition 3.7. There exists uniquely a system {a,} of generators of
A=H*(BG; Z|p)=Z|pl(a,,) @, - - -, a,] satisfying

(i) a,=a,for k<g,

(ii) a;,=a;, (mod a,) for j >1 and d(a,;,)=0 for i >q,

(i) a,,_,=d(a,,) for 0<i<q.

Then @, € B if k+q and

B=Z/p[ Tty ak—b Tyirs ** >

S
3
[

as a ring with the multiplication x. We have
~ k—1\.
di(ak)z( i l)ak-i'

Note that the Cartan type formula (3.3) does not hold with respect to
the multiplication x.

3.5. Primitive elements

We call an element a of 4 is primitive if ¢(a)=1Qa, and we denote
by PA the subalgebra of 4 which consists of the primitive elements.
Obviously, PAC B for the submodule B of Lemma 3.6.

From the homotopy commutativity of the diagram
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BI'X BG—>BG

proj. pr
B¢ 258G,

we have easily

Proposition 3.8. Each image of the induced homomorphism Bp*:
H*(BG; Z/p)—H*(BG; Z|p) is primitive, that is,

Im Bp*C PH*(BG; Z/p).

We shall discuss PH*(BG; Z/2) for some classical groups G.
The case G=_Sp(2m 1) is trivial since PA=RB.

Proposition 3.9. Let g,=a, be the elements of Proposition 3.7, then
PH*(BSp(2m+1); Z|2)=Z/2[Gs, s> * * *» Gomarl-

Explicitly 7,’s are:
TI.=q0+mq}, §:=¢+4q9, F=4q,+m—1Dgqi+ <?>Q§a
gy =4s+ 4+ (m— g3, qe=qe+mq4q?+('g)qzq‘%-%(?)q?, TEe

Next consider the cases, G=U(dm+2), Sp(dm+2), SO(4m-+2) and

g=p=2. a,stands for ¢,, q, or w,.
For the generators a, of H*(BG; Z/2)=Z/2[a,] in Proposition 3.7,

(3.9) $(@) =10, +xQa,+x'Q1  (@=a, ,=a),

- ¢(a2k)= 1®ay, +xQa,;, _, (1 <k<2m+ 1),

and the elements a,,_,=d,(a@,,) (1< k<2m-1) are primitive.
Explicitly, a,’s are:

ay=a,+md;, a,=a,+m(a,+a)a,,
a;=a;+aa,+am+ad, a=a,+(a,+aa)a,

8= ot (n— Ve, +adi+ aa + ('3 ) @+ ai+aa
a1y = o+ Ay, + A0, -+ (m - 1)(‘76‘12 +aa+aa)as, - - ..

We use the following notations:
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b+ c=bc+d(b)d(c)a, for b,ce A,
and
D(B)=bxb+bd(b)a,  for be A.

This multiplication = restricted on B={b € 4|d,(b)=0, i >1} coincides
with that of (3.8), and we have easily

(3.10) (i) = is a commutative and associative multiplication.
(ii) b e Bimplies d,(b) € PA and D(b) € PA.
(iii) b,ce Bimplybxce B, and bxc=bc if b or c € PA.
(iv) dy(b % )=b = d,(c)+d\(b) x c+d,(b)d\(c)a,.
(v)  di(bx ©)d(d)+d\(c x d)dy(b)+dy(d * b)d,(c) =d\(b)d\(c)d\(d)a;.

For each set I={i,, - - -, i,} of integers 1<{4, - -, ,<<2m+1, put
dh=i+---+i, I(D=r,

=0y, % -+ %0y, € B, a;=1
and
b,=D(ay,) € PA, 1<k<2m+1.
Lemma 3.10. (i) As a module over Z|2[a, G, ay, -+ -, Gypyy> by

by, « -+, by, 1] (CPA), B has the following bases:
{1, a,=a,, % - - %8y, for 1<i,;<---<i,<2m+1, I[(l)=r>1}.
(li) H(B’ dl)zKer dl/Im d1=Z/2[a13 bzs b39 ) b2m+1]‘

Proof. (i) follows from that a,=a,,,- - -a,, (mod a,) and b,=a;,
(mod a,, a,) and from Proposition 3.7, Lemma 3.6. Then B is isomorphic
to A/(a,)=2Z[2[a,, @, a,, - - -, Gyn.,] as modules. Let E=E(A/(a,)) be the
algebra associated to the filtration given by (¢,). Then d, is derivative in
E and H(E,d)=2Z/2[a, &, @&, - - -, a,.,] as usual. Since a,, b, € Ker d,
= P4, (ii) follows. O

By, (3.10), (ii), we have a primitive element d,(a;) denoted by
Ve=Y(, -+, 1) =d(8y, % - -+ % 8y,) € PA.
Note that Yy = YK) =0y, _;.

If I contains a pair of the same integer, say I =1k, k,j,, - - -, j,}, then
it follows from b, = D(a,,) = @y, * 8y, + a3y, Y(k)a,

(311) y(k: k:jb te 'JQ—‘—J’(]]» o ':j:)bk'l'y(k’jl’ te "js)y(k)al'
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Also it follows from (3.10), (v)
y(ila Y ir)y(.jls . ’9js)=y(i1= Tty ir—bjla o '>js)y(ir)
+y(i1, ] ir—l)(y(injln o 'sjs)+ y(j17 ° '7js)y(ar)a1)
for s>1, r>2. By induction on r, we have

1(K)-1

(3.12) YYo= Z.' Ya-musVia
$£LECT

where yi=y(k,)- - - y(k,) for K={k,, - - -, k.}.

As the special case s=1, we have the following relation

(3.13) YN= 23 Ya-mupVEdO
9+=KcI
We see also
(3.11y W, J)2= ()b, + y(j)°bs+ y(i, /) YD) y(f)a,

(3.14) modulo (@), the following relations hold:
y(il, ] ir)y(irﬂa o 'ajs)EkZle(ila Y fk, St ls)y(lk):

y(ka k:.jl, v ”js)Ey(jlz vt 'aﬂis)bka

in particular,
y(ilﬂ ct s ir)ZEkZ_]ly(ik)2bi1' ° 'l;ik' : 'bir'

Now we are ready to determine PA.

Proposition 3.11. The subalgebra PA of the primitive elements of
A=2Z[2a,, a,, a,, a,, - - -, Gy .o is multiplicatively generated by the elements

a;, bk (1<kS2m+1)a yI:y(ila "'air) (1<i1< . <Zr£2m+1)

and the relations are given by (3.12) and (3.11).

As a moduld over C=2Z[2[a,, 8y, @y, + + +, gy 1> D3y by + =+ by i), PA is
spanned by the y,’s of I(I)>2 with the relation (3.13).

For the case a,=0, we may use the relation (3.14).

Proof. By Lemma 3.10, PA=Ker d, is spanned by y;=d,(a;) and
Z/2[a, b,]. (3.12) and (3.11) show that the product of y,’s can be written
in terms of a,, y(k)=a,,_,, b, and y,’s of distinct integers J with I(J)>2.
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So, it remains to prove that the relations among the y;’s of I(J)>2, as
module over C, are given by (3.13).

Consider a relation 3 f;¥,=0 for f; e C. Since 4,(f;)=0 it follows
> fia; e Kerd,. By Lemma 3.10, 3 fia,=d,(3 g,a,)+z for some z e
Z[2[a, b,]. So, the relations are given by dj(a,) rewritten in a form
> hgag. The results is the same as (3.13). |

Recalling the definitions of @, and y,, we have
(3.15) By =y, A;=0qp;, %+~ % Ay, =0y, * *  dy, Mod (a,)

and
9 r
Gy 1 =0y, b.=dj, yIEkzlazﬁ' c o lygoqt Oy, mod (a,, a,).

In the remaining part of this section, we shall consider the case n=
q=4: A=Z|2a,, a,, a,, a]. The action ¢ is given by

#a)=1Ra,, ¢(a,)=1Ra,+xQa,,
$(a;)=1Qa;+x"®a,

and
#(a) =1®a,+xQa,+ x*Qa, + x*®a, + x*®1.

We have the following primitive elements.
(3.16) a, b,=di+aa® and b,=dai+aaa taa, are primitive.

Then B={a e A|d(a)=0 for i>4} has a basis {1, a,, a,, a,a;} as a
module over Z/2[a,, b,, b,]. ‘
Put C=Z/2[4,, 6] and define d: C®B—C®B by

d(6®b) = 06,Rd(b)+66,d,b).

Then dd=0 since did,=0, dyd,=d,=d,d, and dzdz=(g>d4=0 by (3.4).

Direct computations show

Lemma 3.12. (i) PA=2Z/2[a, b,, b,].
(ii) H(C@B, d)= 1®PA +Z/2[01: 02]®Z/2[b2, ba]®A(2)

with the relation a,0,=a,0,=0, where 2 is the class of 6,Qa,+0,Ra,.
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4. Cohomology Rings of Classifying Spaces
for Quotients of Classical Groups
4.1. An Elienberg-Moore spectral sequence

Consider a fibering
(2B—>)F—>E-2>B.

B is a classifying space of 2B, and we may replace B by the base
space B=E’/G of a 2B-resolution E'=\_J7_, E, of Dold-Lashof. Taking
a field k as the coefficients, we have a bar resolution {H,(E,, E,_))=
Q" H (2B)YQH (2B)} of k over H,(QB), and the Eilenberg-Moore
spectral sequence E,= Cotor?*“2(k, k)=>H*(B) is obtained from

H*(-an Bn—l)EH*(Er,u E;L—I)H® k'

*2B)

Give a filtration {E,} of E by E,=p~'(E}), then we have
H(E,y E, ) ZHYE E) © H(F).
Passing to the dual, we get a spectral sequence (¢f. [38]).
E,=Cotor?*@5b(k H*(F; k))=—=>H*(E; k).
We shall apply this to the lower sequence of (3.1):
(4.1) E,=CotorZ*®2/o(Z[p, H*(BG; Z/p))—>H*(B(G/T"); Z/p).

In order to compute the E,-term of (4.1), we use an economical
injective resolution H*(BBI'; Z[p)QH*(BI'; Z/p) of Z[p over H*(BI;
Z|p).

For example, let p=2 and I'=S", then

H*(BBI'; Z|2)=Z|2[zy, z;, - - -, Zyeys, - -1, H¥(BI'; Z|2)=Z]2]x,]

and the differential is given by d=(uR@1)(1RIRS1)(1Q¢), where p is the
multiplication in H*(BBI; Z/2), ¢ is the comultiplication in H*(BI"; Z/2)
and @ is defined by 6(x¥) == zy+1,, and §(x*)=0 for i not a power of 2.

In the case p=2 and I"'=Z/2m, d is defined similarly by adding
0(u)) =z, for H¥(BI"; Z/2)= A(u,)®Z/2[x,] and H*(BBI"; Z|2)=Z|2|z,, z,,

Zyy t vy Zokyry ']‘

Then the E,-terms of these cases are computed by
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E,=H(E,d) for E,.=H*(BBI'; Z|)Q®H*(BG; Z/2)
and  d=(pR)(1R6R(1Q¢)

where ¢ is the action H*(BG; Z|2)—H*(BI"; Z|]2)QH*(BG; Z|2).

(4.2)

Note that the following holds in the spectral sequence (4.1).
4.3 E}#'=PH*(BG; Z|p)D E*°=Im Bp*

for the induced homomorphism Bp*: H*(B(G/I'); Z|p)— H*(BG; Z|p)
and E%* corresponds to the image of H*(BBI; Z/p)y—H*(B(G/T"); Z/p)
modulo decomposable terms.

According to the section 3.3, we write

A=H*(BG; Z/2)=Z/2[als Ay, aaa Tty an]=B®Z/2[aq]
for B={ae A|d(a)=0 for i >q},
where a,=c;,, g, resp. w, for G=U(n) (or SU(n)), Sp(n) resp. SO(n), a,=0

if G=SU(n) or SO(n), and g=2" is the 2-primary factor of n.
Since ¢(a)=1Qa,+ - - - +x'®1, ¢(@})="--+x"'®1 and

d(1Ra%) =6(x")®1 +lower terms in E,.

Here, 0(x*%)=2Zyi14415 Zor+sgs1 TESP. Zyrgy; fOr G=U(n) (or SU(n)), Sp(n)
resp. SO(n). This shows that in computing the E,-term H(E, d) of
(4.2), Z/2[a,] is cancelled with the part Z/2[0(a,), 0(a,), - - -1 of H*(BBI;
Z]2), provided that the remaining part together with B is closed under
the differential 4. Then we have

Theorem 4.1. . The Eterm of the spectral sequence (4.2) is isomorphic
to H(C®B, d) for the subalgebra C of H*(BBI; Z|2) given as follows:
C=2Z2z,z;, -+, 2,1 Jor G=U(m), I'=S",
C=Z|2z,, 24, 25, + + +, Z,41] for G=U(m), SUMm), I'=Z2m,
C=2Z[2[z,, 2;, Z;, + * *, Zogui] for G=Sp(n),
C=2Z/2z, z,, Z;, -+, Zyp241] Jor G=S0(n).

4.2. Tensor products

We shall apply tensor products to show the collapsing of (4.1).
The tensor products define homomorphisms

(4.4) t: G(m) X H(n)—>G(mn), t(4, B)=ARB,
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for classical groups, where G stands for U, SU, Sp when H="U, and for
SO, U, SU, Sp when H=0. The correspondence of the characteristic
classes in the induced homomorphism

Bt*: H*(BG(mn); Z|2)—> H*(BG(m); Z|2)QH*(BH(n); Z/2)

is given in terms of maximal tori or maximal 2-groups as in the section 2.
For example, when G=H= U, by identifying >7_, ¢, with []7_, (1+1¢),

i=1j=1

Bt*(ﬁl(l-l-tk))_—_ﬂ fl (1®1+1,1+181).

In particular,

(4.5) if mis a power of 2, we have for the restriction t,: H(n)—G(mn) of t
on the second factor,

Bt¥(cu)=cy (G=U), Bti(g..)=ci"(G=Sp) for H=U;
Btf(wn)=wg (G=S0), Btf(c,)=wi"(G=U),
Bt¥gn,)=wi" (G=Sp) for H=0,

and Bt¥ is trivial on ¢;, q;, w; if i £0 (mod m).

Let I" be a central subgroup of scalar matrices of G(m), then #(I" X 1)
is a central subgroup of G(mn) isomorphic to I", denoted by the same
symbol. Then ¢ induces a homomorphism

4.4y t: Gm)/T" X Hn)——>G(mn)/I".
Next consider the restrictions to the first factors:
t,;: Gm)—>G(mn) and G@m)/[——>G(mn)/I".

The induced homomorphism 1,,.: z,(G(m))—=,(G(mn)) is the n-times of
the natural injection homomorphisms. So, if nz£0 (mod p), ¢, is a mod p
isomorphism up to the connectedness of G(mn)/G(m). Passing to G(m)/T,
B(G(m)/I") and then H*( ; Z/p), we have

(4.6) Ifn=£0(modp), Btf: H*(B(G(mn)/I'); Z|p)= H*(B(G(m)/I"); Z]p)
Jor « <d(m+1), where d=1, 2, 4 for G=S0, U, Sp, respectively.

The map f of (3.1) represents the transgression image
x,=t(w) e H*(B(G/I); I)  (G=G(mn), G(m); I'+S")

of the fundamental class u,. Clearly, Btj*(x,)=x,. On the other hand
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Bt§(x,) =0 since Bt} is factored through H*(B(G(mn)/I); I)—
H*(BG(mn); I'). Thus we have

(4.6 Bt¥(x,) =x,Q1.

4.3. Cohomology ring of BPU (4m+2)

Consider the case G=U(dm--2), G/I'=PU(4m+2), '=S".
It follows from Theorem 4.1, Lemma 3.10 and Proposition 3.11 that

4.7 E,=Cotor™*®''*/A(Z/2, H*(BU(4m+2); Z|2))
) = 1®PH*(BU(4m+2), Z/2)+Z/2[23]®Z/2[cia b23 b37 ) b2m+1]3

where by, =D(Cy)= T+ CoyCos 161+ Coy-1C; € PH™(BU(4m+2); ZJ2), and
PH*(BU(4m+2); Z/[2) is multiplicatively generated by c,, b, (1<k<2m
+1) and y,=d\(c;) for c;==0Cp %+ + - xTy, (1<<i; <+ - <7, <2m4-1).

Since d(1&c;) =z,®d,(c;)=z,RQy, in E,, we have
@7y z,¥,=0 in (4.7).

The result on H*(BPU(4m+2); Z/2) can be stated by use of the
following commutative diagram:

H*(BPU(m+2); Z)2) 2> H*(BPU(2): Z|2)QH*(BUQm+1); ZJ2)
4.3) lBP * B proj.
H*(BU(4m+2); Z2)—> H(BUQm+1); Z/2).
Since PU(2)=SU(2)/(Z/2) =S0O(3), we may write
H*(BPU(2); Z|2)=Z]2[w,, wy].
Propoesition 4.2. H*(BPU(4m-+-2); Z/2) is multiplicatively generated
by

x, e H>, x,e H®, b,e H* for 1<k<2m+-1
and
yl”—“y(ila "'5ir)EH4d(I)_Z fOf' 1<11<<17£2m+1

The above generators are chosen such that

Bp*(xz)——_cls Bp*(b,)=b,, Bp*(y)=y1, X y:=0,
Bt*(x)=w,Q1, Bt*(x,)=w,Q1 and Bt*(y,)=0.
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Then the relations are generated by (3.11), (3.12) and x,y,=0.

Proof. (4.6)" and (4.7) imply the existence of x, and x,=Sq'x,.

By (4.5), Bt¥(cy,_)=0 and Btj(cy,)=ci. Then it follows from
(3.15) that Bt¥(b,)=c: mod (c}). So, by the commutativity of (4.8), Br*
is injective on B,=Z/2[x,, x;, b,, by, - - -, b,], provided the existence of
by, -+, b, e H*(PBU(4m-+2); Z/2). Since the filtration degree in the
spectral sequence (4.1) is given by x,, a possible non-trivial differential
image is in B,. These show, by induction on the degree, that (4.1) col-
lapses. It follows from (4.7)

Im Bp*=PH*(BU(4m+2); Z/2)
and
Ker Bp* =Xy Z/2[x2: X3, bz’ bsa Tt b2m+l]'

We choose b, by the condition Bp*(b,)=b,.

Choose an element y; with Bp*(y)=y,. In E,, x,y; represents z,y,
which is trivial by (3.7Y. So, x;y;=xif for some f. Then by putting
yr=y;—x,f, we have

Bp*(y)=y; and x,y,=0.

Applying Bt* to the relation x,y,=0, we have w,Bt*(y;)=0 which
implies Bt*(y,;)=0 since H*(BPU(2); Z[2)QH*(BU(2m+1); Z/2) is a
polynomial algebra.

The relations corresponding to (3.12) and (3.11) hold modulo Ker Bp*.
Since each term of (3.12) and (3.11) contains some y,, they are annihi-
lated by x,. But Ker Bp* is not annihilated by x,. So the relations
hold without modulo, completing the proof of the proposition. O

Corollary 4.3. Im Bp*=PH*(BU(4m+2); Z/2) and we have an ex-
tension

O——>Z/2[ %0y Xos by « - -5 by s ] H*(BPU(4m+-2); ZJ2)
*
—Bp—>Im Bp*——0,

Remark 4.4. (i) We can use the natural map Bj: BPU(4m+2)—
BPSp(2m+-1) in place of Bt, where H*(BPSp(2m+-1); Z[2)=Z[2[x,, x;,
72, Tt ‘72m+1] bY [19]

(ii) In [20], the result on H*(BPU(4m--2); Z[2) is stated by a
module isomorphism with the ring Cotor#*Fv¢m+:2/(Z[3 Z/2) giving
by generators and relations. But the notations are slightly different with
us. The generators y(I) for I=_(i, - - -, i,) in [20] corresponds to our y,
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for J=(i,+1, - - -, i,+1), x{;,5 to b;,,, @, to x, and a, to x,. The state-
ment of the relation W) y(J)=73" f;»(I,) in [20] has some ambiguity. The
relation holds only for I, J of the length >2, and also the relation of the
type (3.13) have to be added.

Similar remarks valid for the results on H*(BPSO(4m--2); Z/2) in
[20] and on H*(BPSp(4m--2); Z/2) in [22].

4.4. Cohomology rings of BPSO(4m-2) and BPSp(4m-2)

The discussions of the previous section 4.2 can be applied to the case
G=S0(4m-+2), G/I'=PSO(4m-+2), '=Z)2.
In this case,
E,=Cotor®*®1:2/5( 72 H*(BSO(4m-+-2); Z[2))
=1QPH*(BSO(4m+2); Z|2)+ Z|2z,]QZ|2[b,, by, - - -, byl
for b,=D(W,,) =W}, + W3, _,w, € PH*(BSO(4m-2); Z/2).
For the generator y; =d(w;) =d,(Wy; % - - - ¥W,; ) of PH*(BSO(4m+2);

Z/2), the relation z,y,=0 holds in E,.
In the commutative diagram

H*(BPSO(4m+2); Z/2) 25 H*(BP'SO(2); ZI)@H*(BOQm+1); ZJ2)
Bp* B proj.
H*(BSOW@m-+2); Z/2)—2> H*(BO@m-+1); ZJ2),

H*(BP'SO(2); Z|2)=Z/2[t], t € H? where P'SO(2)=S02)/(Z[2)=S".
Then the discussions parallel to the previous section imply

Proposition 4.5. H*(BPSO(dm-2); Z/2) is multiplicatively generated
by

x,€ H, b,e H* for 1<k<2m+4-1
and
ylzy(ila T ir) e H*O-! for 1<11< e <l,§2m+l.

The above generators are chosen such that

Bp*(x,)=0, Bp*(b,)=b,, Bp*(y)=y;, X.y,=0,
Bt*¥(x))=t®1 and Bt*(y,)=0.

Then the relations are generated by

x2y1=0, y(k, kajla o '9js)=y(jla o '9js)bk for SZ]
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and

y(ila ] ir)y(irﬂa ] is)zgty(ii’ ) ﬁk’ t "ys)y(ik) fOl‘ S>r22'

Corollary 4.6. Im Bp*= PH*(BSO(4m-+2); Z/2) and we have an
extension

&
0—sZ/2[x0 by - - - By 1 15 H¥(BPSO(dm+2); Z)2) 22> Tm Bp*—0.
We have
y(iv R} ir)z:iczzl y(ik)zbil' ° 'bik' ¢ bz,

Next consider the case G=Sp(dm—-2), G/I'= PSp(dm+2), I'=Z/2.
In this case,
E,= Cotor#*ElZ25(Z[2, H*(BSp(4m-+2); Z/2))
=Z[2[z,, zJOPH*(BSp(4m—+2); Z/2)
+Z[2[z,, Z5, Zg, by, by, -+ +, Doyl
for b, = D(q.) = @ox + GuiGoic—19: + G -19: € PH*(BSp(2m+-1); Z|2).
As before consider the following two homomorphisms
Bp*: H*(BPSp(4m-2); Z[2)——> H*(BSp(4m-+2); Z/2)
and
Bt*: H*(BPSp(4m-+2); Z/2)
—>H*(BPSp(2); Z]2)QH*(BU(2m+1); Z2).

Since Bp* is not enough to pick up the first factor of E,, we apply

Bt'*: H*(BPSp(4m-+2); Z/2)

——>H*(BSp(l); Z|2))QH*(BU(4m+2); Z/2)

the projection of which to the second factor is Bt;*. Bt;* is equivalent to

Bp* since Bt;* = Bj* o Bp* for the injection Bj* of H*(BSp(4m-2); Z/2)

into H*(BU(4m-2); Z/2).

Since PSp(1)=SO(3) and PSp(2)= SO(5), we may write

H*(BPSp(1); Z|2)=Z|2[w,, wy],
H*(BPSp(z); Z/2)=Z/2[Wz, Wa, Wy, W),

where w;=Sq'w, and w,=Sq*w;+w,w, by (2.7). It follows from (4.6)’
Bt¥(x))=w,®1 (i=2,3,5) and Bt"*(x)=w,R1 (i=2, 3).
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Other generators are chosen such that
Bp*(b)=b, 1<k<2m+1) and Bp*(y)=y;.

Provided the existence of such generators, it follows from (4.5) that
Z2[b,, - - -, by, .,] is mapped injectively by

Bt}: H¥*(BPSp(dm—+2); Z|2)—>H*(BU(2m+1); Z/2),

and then Z/2[x,, x;, X5, by, * - +, Do 4] injectively by Br*.

Similarly, Z/2[w,, w,J®PH *(BSp(4m--2); Z/2) is mapped injectively
by Bt’*. '

By use of these facts, the collapsing of (4.1) is proved.

The relations are fixed mudulo (x,, x,).

Proposition 4.7. H*(BPSp(4m-+2); Z/2) is multiplicatively generated
by
x; e H® for i=2,3,5, b,e H** for 1<k<2m+1
and
Yi=yGp, -+, i) e HO4 for 1<iy<<.. . <i,<2m+1.
These generators are chosen such that
Bt*(x)=w, (i=2, 3, 5), Bt"™*(x)=w; (i=2, 3).
Bp*(by)=by,  Bp*(y)=y; and X;y;=0mod (x;, X,).

Then the relations (3.12) and (3.11) hold modulo (x,, x;).

Corollary 4.8. Im Bp* = PH*(BSp(4m-+2); Z/2) and we have an
extension

0> ZJ20y, Xy Xey Byy <+ 5 b} s H*(BPSp(dm+2); Z[2)

—>Z)2[x,, x,]QPH*(BSp(4m-+2); Z/2)——>0.

4.5. Cohomology rings of BPU(4) and BPSp(4)

We shall consider the classifying spaces for PG(4), G=S0, U, Sp.
Since Spin (4) = Sp(1) X Sp(1), we have PSO(4)=S0O(3) X SO(3), and

4.9) H*(BPSOA); Z|2)=Z]2[w,, wJQZ/2[w,, w,].
In fact, Bp* H*(BPSO(4); Z|2)=PH*(BSO(4); Z|2)=Z/2[w,, wi].

It is known that SU(4) is a double cover of SO(6). So, PU(4)=
PSO(6), and it follows from Proposition 4.3.
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(4100  H*(BPU(4); Z2)= H*(BPSO(6); Z2)
=Z/2[x2, bz’ b‘:\’ y(2), y(3)9 y(25 3)]/R

where x, € H*, b, e H®, b, e H", y(2) € H®, y(3) € H®, y(2,3) ¢ H® and R is
the ideal generated by

x3(2), %¥(3), x¥(2,3) and y(2, 3y +y(2)’by+y(3)'b..
Review this by means of the spectral sequence (4.1):
E,=Cotor#" iz (z[2 H*(BU(4); Z/2))—=>H*(BPU(4); Z/2).
The E,-term is computed by Theorem 4.1 and Lemma 3.12:
(4.11) E,=Z/2[c,, b, b]+ Z/2|z,, z,]0 M(z)RZ/2[b,, b;)
where b,=c3+-c,¢,, by=ci+c,c,c. 4,03 and the relations

¢,z,=0, ¢z,=0, c¢z,=0 and zi=zib,-+zib,
hold.

Here, the elements z,, z; and z, correspond to 4,, 6, and 2=[z,Rc,+
z,&c,] of Lemma 3.12 respectively, and the relations z,=2, ¢,z,=0 and
z3=2z3b,+z2b, are given as the boundary of the following elements in E,
=2Z/2[z,, 2, 25, - - 1QZ/)2[c,, ¢,, €3, €], TESpECtivEly:

1®c, 1R(cicotcc)) and  z,R(e,+cs0)+z:R¢,c,+ 2, f,
where  f=c,(c;+cye1+ )+ es(ese +ea+epcd).
Obviously the above spectral sequence collapses and

Bp*H*(BPU(4); Z|2)=PH*(BU(#); Z|2)=Z]2[c,, b,, b,].

Next consider the group PSp(4)=Sp(4)/[", I'=Z/2, and the spectral
sequence

E,=Cotor®*®:25( 712, H*(BSp(4); Z/2)——> H*(BPSp(4); Z/2).
The computation of the E,-term is similar to that for BPU(4):
(4.12) E,=2Z|2[z, zJQZ|2q,, by, b+ Z[2z,, z,, z;, 2,]QA(z:)RZ/2[b,, by

where by=q3+q:.q,, bs=q3+q:9.9,+q.q] and the relations
¢.z,=0, ¢.z,=0, ¢z,=0 and z}=2zb,+z3b,
hold.
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Since the elements z; (i=2, 3, 5, 9, 17) correspond to the images of
the generators of H*(BBI'; Z|2) = Z/2|z, Sq'z, S¢*Sq'z, - - -], they are
permanent cycles, and we can choose representatives x, ¢ H{(BPSp(4); Z/2)
of z, such that

X, =8q'X;, X, =8Sq"x+ XX, X, =8q"X;
and
X7 = SG°x + XXX - X3,

Through the inclusion i: SU(4)—Sp(4), the center I of Sp(4) is a
central subgroup of order 2 in SU(4). By identifying SU(4)/I"=S0(6),
we have an inclusion j: SO(6)— PSp(4) which is 2-connected. Then the
induced homomorphism

Bj*: H*(BPSp(4); Z|2)—>H*(BSO(6); Z|2)=Z|2[wy, W, Wy, Wy, W]
is an isomorphism of H® By a routine computation using (2.7) we see
(4.13) (i) Bi*(x)=w, Bi*(x)=w, B*(x)=w;,

Bj*(x0) = wewy + wyw,,
and Bj*(x17) = wg(wy -+ wawy) + (Wew,y -+ ww wyi.
(i)  Bj* maps Z/2[x,, X, X5, x,]R4(x,,) injectively.

As a consequence of this, we see that ¢, is a permanent cycle. Let
x, be a representative of g,. Comparing Bj* with Bi*: H*(BSp(4); Z/2)
—H*(BSU(4); Z/2) through Bp*, we see that Bj*(x,)=0 mod (wj}) since
Bi*(q)=c?=0 and Bp*(w,)=c,. Replacing x, by x,-+x3 if it is necessary,
we have

(4.14) There exists an element x, ¢ HY(BPSp(4); Z/2) such that
Bp*(x)=q, and Bj*(x)=0.

On the other hand, consider the tensor product ¢: PSp(1) X O(4)—
—PSp(4) and the induced homomorphism

Bt*: H¥*(BPSp(4); Z|2)—> H*(BPSp(1); Z|2)QH*(BO(4); Z/2)
= Z[2[wy, w3|QZ[2[w;, wy, Wy, w,.

By (4.6, Bt*(x,)=w,®1, and hence Bt*(x,)= Bt *(Sq'x,) = Sq'(w,®1)
=w,®1. Also we have Bt} (x,)=w;{ by (3.5). Thus

@.15 () Br*(x)=w,&1 Jor i=2,3,
Bt*(x,)=1Qwi -+ (other terms).
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(ii) Bt* maps Z|2[x,, x,, x,] injectively.

(4.13), (ii) and (4.15), (ii) show that the elements of degree 17 in
(4.12) are not bounded in the spectral sequence. So, b, is a permanent
cycle and it is an image of Bp*.

In H*(BSp(4); Z/2), we have by use of (2.7) and Cartan formula,

Sq*(b,) =Sq*(q3+ q:9,) = b+ b.q5.
Then

(4.16) there exist b,e H**(BPSp(4); Z/2) and b,=Sq%b,)+b.qic H*(BPSp
(4); Z/2) such that Bp*(b,)=b, for i=2, 3.

We have proved that all the generators of (4.12) are permanent cycles
and the spectral sequence collapses. Then the following theorem is
established except the relations (4.17).

Theorem 4.9. H*(BPSp(4); Z/2) is multiplicatively generated by
x,e H' fori=2,3,4,59,17, b,e H® and b, e H*
satisfying (4.13) (ii), (4.14) and (4.16). The relations
4.17) xx;=0, xx,=0, xx,=0
and x2,= x2b,+ x2b, modulo higher decomposables hold.

Corollary 4.10.
Bp*H*(BPSp(4); Z|2)=PH*(BSp(4); Z|2)=Z|2]q,, b,, b3]
and '
H*(BPSp(4); Z|2)=A,+ A, for A=Z[2[z, z,, z,, by, b)),

Ay =Z|2[x,, X, Xg, Xop by, b JQA(xy7) and A, N Ay=Z|2[z;, z;, by, bs].

Proof of 4.17. Since Bj*(x,)=0 by (4.14), x,x;, Sq*x, € Ker Bj*.
By (4.13), (ii) and (4.12),

Ker Bj* ={x,, XXy, X4X3, X3y X4X5X55 XeX5, X5, + + + ]
Then, for some a e Z/2,
Sq'x,=0, Sg’x,=a-x,x, and Sg’x,=Sq'Sq’x,=a-x.x,.
Now, assume that x,x,#0, then x,x;, =x,x,x, and

x,(859°Sq'x;) = x,(Sq°x;) = X,(5+ X;x,) =0.
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By (4.15), (ii),
Bt¥(x))=w,@14+1Qf  for some f e H(BO(4); Z/2)
and
Bt*(x,)=1Qwi+(other terms).
In H*(BPSp(l); Z/2)= H*(BSO(3); Z|2)=Z/2[w,, w,], w,=0 and
Sq*Sq'w, = Sq*w, = w,w,.
So, 0= Br*(x,(Sq*Sq'x,)) = Bt *(x,)Sq*Sq' Bt *(x,)
=(1Qwi+ - - )(ww, Q1+ 1QSq’Sq'f).

It follows that wi(Sq’Sq'f)=0, Sq®Sq'f =0 and then w,w,@wi=0
which is a contradiction. We have proved the first relation

x.x,=0.
By use of Adem relations and Cartan formula,

Sq'x; = 8q'Sq%x; 4+ Sq'(x,X,) = Sq°X, + X,(Sq'x;) = X+ x5 =0,
Sq°x; = Sq°Sq°x; -+ Sq*(xx2) = SG°Sq s + (SG X)X, 4 X3] = X%,
Sq°x, = Sq'Sq’x; = Sq'(x5X,) = X5 X,.

Then 0=8q"(x,x;) = xix; + (SE’x)(Sq*x;) + x,(Sq"x;)
= (X, @ X)X+ XXy = X, X,
Next,
Sq*x,=Sq*Sqtx, = Sq"Sq'x; + Sq°SqPx, = SqP(xsx,) = x2x, -+ X, X2,
Sqx, =Sq’Sq'x; = Sq"Sq*x, = Sq"(x,X,) = x2x3,
Sq®x,=Sq*Sq'x, = Sq"Sq®x, = Sq"(x, ;) = X2(3x; + X3 %,) + X3

So, these elements are annihilated by x,, Sq'x,=ax,x; (i =2, 3), and

0=Sq°(x,x,) = x3(Sq*x,)+ (8¢° X )(Sqxe) + (SAPx)(Sq’x,) + x.(Sqx;)

= X4( X0 XoX5 25+ X5X,) = X, X,
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