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Introduction

Let (a, b, c; h) be a system of four positive integers, called the
weights, such that h>max(a, b, c). We call (a, b, c; h) regular, if the
following rational function in T becomes a polynomial function. ((1.2)
Definition)

(Th . Ta.)(Th . Tb)(Th — Tc)
(Te—1)(T—1)(Tc—1)

(Notably, then the function becomes a polynomial with positive integral
coefficients. ((1.3) Theorems 1 and 1%))

The purpose of the present paper is the study of such regular systems
of weights in certain good cases, since it gives a systematic viewpoint for
certain class of discontinuous groups and associated surface singularities,
which are studied by several authors such as Arnold, Brieskorn, Dolgachev,
Looijenga, Milnor, Orlik, Pinkham, Saito, Sherbak, Slodowy, Wagreich
aud Wabhl in connection with C*-action. .

Namely we put e:=a-+b+c—h and classify regular systems of
weights for e=1 (>0), e=0 and e= —1 ((2.1) Theorem 2 and Tables 1, 2
and 3). Then each regular system for these three cases corresponds to a
certain discrete subgroup of the groups of the motions of P*(C), C, and
H (the upper half plane) respectively (cf. (3.4) Note). The correspondence
is established through surface singularities. Namely let (a, b, ¢; h) be a
regular system of weights. Then the hypersurface X;:={(x,y, z) e C*:
Sf(x, y, 2)=0} defined by a weighted homogeneous polynomial f(x, y, z)=
> ag, x'yiz8 (here the sum is over indexes (i, j, k) with ai+bj+ck=h
with generic coefficients), has singularity only at the origin. ((3.2)
Theorem 3). For the cases e=1,0 or —1, the 2-manifold X;,—{0} is a
quotient variety by the free action of the corresponding discrete group on
the canonical, trivial or anti-canonical C'*-bundle over P, C or H respec-
tively. (Some of such description is very old, going back to Schwarz’s
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triangle groups. [57])

Precisely, for the case e=1 (resp. 0), our list of regular systems of
weights corresponds to that of binary polyhedral groups (resp. certain
Heisenberg groups). The corresponding X, are rational double points
(resp. simple elliptic singularities). (These cases are classical. Cf. for
instance [8] [47]).

For the case e=—1, our list corresponds one to one to the table of
some Fuchsian groups of the first kind, which are listed by Wagreich and
Dolgachev, as the rings of automorphic forms with three generators. ([64,
Table 1]). We shall prove the correspondence intrinsically without using
the table of classifications (cf. (3.5) Theorems 4, 5, (5.5) and (5.6) Theorem
7). This also reproves the result of Wagreich ([64, Theorems (3.1),
(4.6)]). Our proof uses the solution of Fenchel’s conjecture [11] [18] [44].

Finally, we give a formula for the volume of the fundamental domain
F of the discrete groups in terms of weights (cf. (5.6.3)):

vol (F)/x=h/abc.

The proof of the formula uses the self intersection number of the Weil
divisor at infinity in a compactification of the Milnor fiber of the singular
surface X, (§ 6). The minimal model of the compactification is a K3
surface for e=—1. (The idea of the compactification is due to H.
Pinkham [42]. For the case e=1, see [54].)

Each paragraph of the paper has its own introduction. For conven-
ience of the reader and for completeness, sometimes we recalled well
known facts with references. The readers are suggested to skip the proofs
(1.5)—(1.11) of Theorems 1 and 1* in Section 1, the proofs (2.3)~(2.5) of
the classification Theorem 2 in Section 2, the proof of (3.2) Theorem 1)
and 2) Section 3 and (4.3)-(4.5) at first reading to avoid getting into
details.

As explained in Section 4, we aim to study the period mapping for
the singularities, which appear in this paper. Thus the present paper is
the first attempt to the aim. For the purpose we want to describe the set
of vanishing cycles for X, in terms of root systems. For ¢>0, it is done
by classical root systems A4,, D, or E, [5]. For ¢=0, it is done by
extended affine root systems E{™V [53]. The root systems for the case
e=—1 with y,=0 will be studied in a forthcoming note [55].

It might be worthwhile to mention a classification work of critical
points by V.I. Arnold [3], since most of the singular points which appear
in the present paper have appeared already in the tables of V.I. Arnold
[loc. cit.]. He took the viewpoint of modality, whereas we took the
viewpoints of the regular systems of weights as above, which is much
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more special. The reason for this restriction comes from the fact that we
wanted to single out the singularities in connection with group theoretic
veiwpoint.

The author expresses his gratitude to H. Maeda and K-I. Watanabe,
who pointed out to the author the works of Dolgachev [15] and Wagreich
[64] [65], which the author missed while preparing the first version of the
paper.
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§ 1. Regular system of weights and its exponents

This paragraph is devoted to a purely arithmetic study of regular
systems of weights (see Definition (1.2)). The main result is the positivity
of coefficients a, of the characteristic function X(T) (see (1.3) Theorem 1,
Theorem 1%), which enables us to introduce exponents (see (1.4) Defini-
tion) for every regular system of weights.

(1.1) Let us start with a numerical datum,

(1.1.D (a,b,c; ) e N°XN
such that
(1.1.2) h>max (a, b, ¢).

We shall call such (a, b, c; h) a system of weights. It will be called
primitive®, if it satisfies

(1.1.3) ged (a, b, ¢, h)=1.

(1.2) To a system of weights, we associate a rational function X(T')
in a variable T,

A (I =TYT"—=T"NT"—T°)

(1.2.1) K= e 1y =)

k4

®  In a forthcoming paper “On the existence of exponents prime to the Coxeter

number, RIMS 529, 1985”, we have changed our terminology “primitive” to “re-
duced”.
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which we shall call the characteristic function for the system of weights
(cf. (3.2) Lemma 2).
By definition X(7") satisfies the relation,

(1.2.2) WT Y= T-"1(T).

(1.2) Definition. A system of weights (a, b, c; h) is regular, if its
characteristic function X(T) is regular on C—{0}. (i.e. X(T') does not have
any pole on |T|=1).

(1.3) Our interest in this paper is the study of regular systems of
weights. The first result in the direction is the following.

Theorem 1. Let (a, b, c; h) be a regular system of weights. Put
pres (h—a)(h—b)(h—c)

(1.3.1) e
Then y is a positive integer. There exist y integers my, - - -, m, s.t.
(1.3.2) HD)=3, T,
(1.3.3) m=e<m=<---<m, <m,=h—e,
(1.3.4) my+m, ., =h for i=1, ---, p.
Here we define the index ¢ by,
(1.3.5) ei=a+b+c—h.

The above Theorem 1 is an obvious reformulation of the following
Theorem 1*.

Theorem 1*. Let (a, b, c; h) be a regular system of weights. Let p
be defined as (1.3.1).
The characteristic function X(T) has the following additive expression:

(1.3.5) x(T)=§iame,

where a,, (m e Z) aré nonnegative integers, s.t.

(1.3.6) ’;; an=p,

(1.3.7) =0y, _n, for m=¢, e+1, -+, h—e¢,

(1.3.8) a,=a,_,=1.
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The relationship among m,, - - -, m,and a., - - -, a, _, is
(1.3.9) a,=4{it 1<i<p, my=m},
h—e¢
(1.3.10) {my, -~ my=J {m, -, m}.
T ZE N e’

am copies

(1.4) Definition. Let (a, b, c; h) be a regular system of weights.

1. We shall call p of (1.3.1) the rank of (a, b, c; h).

2. We shall call the integers my, - - -, m, of (1.3.2) the exponents of
(a, b, c; h).

3. We shall call the integer a,, of (1.3.5), the multiplicity of an ex-
ponent m of (a, b, c; h).

The remaining (1.5)-(1.11) of this paragraph is devoted to the proof
of the above Theorem 1%*.
(1.5) First let us introduce a notation.

Definition. For a set of positive integers c,, - - -, ¢, and for k € Z, put

(1.5.1) N(k; ¢y -+-5¢,)
= The coefficient of T* in the Taylor expansion of 1 ﬁ (1=T¢)
i=1

—#{( -2 € @ S pici—k},

where Z,:={p e Z; p>0}.

By definition N(0; ¢, - -+, ¢,)=1and N(k; ¢;, - - -, ¢,)=0 for k<0.

In Section 1-Section 3, we shall always assume that r=3 and ¢,=a,
¢,=b and ¢,=c for some system of weights. Therefore if the weights in
reference is clear from context, we shall simply denote N(k) instead of
N(k; a, b, ¢).

(1.6) The following Assertions are basic.

Assertion. Let (a, b, c; h) be a regular system of weights.

1. The weight a divides h—a, h—b, or h—c.

2. There exists a positive integer u s.t. either h=u-+1)a, h=ua-+b
or h=ua-c.

Statements similar to 1 and 2 obtained by permutations of a, b and ¢
hold.

3. N(h—a)>0, N(h—b)>0, and N(h—c)>0,

4. gcd(a, b)|h, ged (b, ¢) |k and ged (c, a) | h.

Proof. 1. The denominator of (1.2.1) is divisible by ¢, (=: the
irreducible cyclotomic polynomial primitive a-th roots of unity). Hence
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the numerator (7*-¢—1) (T*-*—1) (T*~<—1) is also divisible by ¢, so
that either a|(h—a), a|(h—b) or a](h—c) holds.

2. Due to the above 1, either (h—a)/a, (h—b)/a or (h—c)/a is an
integer, say u. If u were not positive, A=max (a, b, ¢). This is a contra-
diction to the definition of the weights (cf. (1.1.2)).

3. Due to 2, h—a is equal to either ua, (u—1)a+b or (u—)a-+c.
This implies N(h—a)>0.

4. Suppose g:=gcd (a, b))>1. Then the denominator of X(T) in
(1.2.1) is divisible by ¢;. Therefore at least two of h—a, h—b, h—cis
divisible by g. This implies either g|(h—a) or g|(h—b). Therefore g|h.

q.e.d.

Note. The above 1-4 together give enough conditions for a system
of weights to be regular.

Corollary. If (a, b, c; h) is a primitive regular system of weights, then
we have,

(1.6.1) ged (a, b, ¢)=1.
Proof. Due to Assertion 4, ged (a, b, ¢) | A. g.e.d.

(1.7) The characteristic function X(7") has an expression,

(171) Ts(l_Th—a)(l__Th—b)(l_Th—c) Zw: Trat+abrre

Prq.T=0

on the unit disc | T'|< 1, so that X has a power series development at T=0,

(1.7.2) >Sia,T* (ayeZforkeZ),
keZ

such that a,=0 for k<¢ and a,=1.
In general the series (1.7.2) converges only on 0<|T"|<1.

(1.8) If the weights (a, b, c; h) for the characteristic function X(T) is
regular, then the series (1.7.2) is a finite sum,

(1.8.1) W)=Y a,T*,

with the duality,

(1.8.2) a,=a,_y for ke Z.
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Proof. Since %(T) is a regular function on C—{0}, the series (1.7.2)
converges on 0<{[T|<{co. Thus one may apply the relation (1.2.2) to the
series. Comparing the coefficients, one obtains the duality (1.8.2). q.e.d.

(1.9) In the following, we want to show the positivity a, =0 (k e Z)
of the coefficients of (1.8.1). For the purpose, let us give an expression
for them.

Formula.
(19.1) a.=N(k—e)—N(k—b—c)—N(k—c—a)—N(k—a—D>)
Jor k<<h+inf(a, b, ¢)

Proof. Put d:=inf(a, b, ¢). Noting the following inequalties,
e+(h—a)+(h—by=h+c=h+d
e+ (h—b)+(h—c)=h+a=h+d
et(h—c)+(h—a)=h+b=h+d
et+(h—a)+(h—b)+(h—c)=2h=h+d,

and the equalities,
et+h—a=b+c, et+h—b=ct+a, et+h—c=a+b,
one obtains the following congruence relation,
T (=T Y1 —-T* )1 —-T*)y=T—T*c—T°**—T*""mod T"*°.
Therefore,

X(T)E(TS_Tb+c_Tc+a_Ta+b) i Trat+gb+re ;mad TH+ 9,

Prq,r=0

This implies the formula (1.9.1). g.e.d.
(1.10) The following is the main step for the proof of Theorem
(1.3).

Assertion. For a regular system of weights, the coefficients of the
additive expression (1.8.1) of the characteristic function are non-negative,
ie.

a, =0 for ke Z.

Proof. Due to the duality (1.8.2), it is enough to show the assertion
only for k<h/2.
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Let us define elements A4, B and C of Z° by,

A:=ceither (i, 0, 0), (u, 1, 0) or (u, 0, 1) according as
either h—a=ua, h—a=ua-+b or h—a=ua-tc.

B:=c¢ither (0, v, 0), (0, v, 1) or (1, v, 0) according as
either A—b=vb, h—b=vb-+c or h—b vb+a.

C: =either (0, 0, w), (1, 0, w) or (0, 1, w) according as
either h—c=we, h—c=wc-+a or h—c=wc-+b.

These A, B and C are well defined due to (1.6) Assertion 2.
Let us define subsets M,, M, and M, of Z* by,

M,:={A+(p,q,1r): (p,q,r) € Z° s.t. pat+gb+rc=k—b—c},
Mp:={B+(p,q.r): (P, q,r) € Z s.t. pa+qb+rc=k—c—a},
My:={C+(p,q,r): (p,q,r) e Z° st. pa+gb+rc=k—a—b}.

Here in the definition, the symbol -+ for two elements of Z% means the
addition as elements of Z°.
By definition, we have obviously,

M, =N(k—b—c), #Mz=N(k—c—a) and M ,=N(k—a-—b).
On the other hand, M,, M, and M are subsets of

M:={(p, q,r) & Z%: pa+qb+rc=k—e}.
(" (h—a)+(k—b—c)=k-+h—a—b—c=k—e, etc.)

Therefore if we have shown that M,, M, and M, are disjoint in M, then
the™inequality 0 < ¥M —4¢M,—4My;—4$M;= N(k—e)— N(k—b—c)—
N(k— c—a)— N(k—a—b) implies the positivity a,=0 due to (1.9.1).

In the following i)-iv), we shall show that if M,, M and M, are not
disjoint, then after a suitable change of 4, B, Cto A/, B’, C’ the newly
defined M ,,, My and M., become disjoint.

i)y If A is of the form (u, 0, 0), then M, is disjoint from M, and from
M.

Proof. Suppose I(p, q, r)e M,N Mz On one hand, (p,q,7)e
M, implies p>u=(h—a)/a. On the other hand, (p, g, r) € M, implies
pZ1l4-(k—c—a)/a. Therefore (h—a)ja<14(k—c—a)la and hence
h—a+cZk. Combining this with k<h/2, one gets h/2<a—c. Then
k—a—c<h/2—a—c<—2c<0 so that N(k—a—c)=0 and My=¢.
This is a contradiction to M,NMy+#¢. The same argument shows
M,NM #¢. qg.e.d.
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iy If 4 is of the form (u, 0, 1), then M, N Mz=4¢.

Proof. Suppose ¥(p,q,r)e M,N My Then (p,q,r)e M, implies
p=u=(h—a—c)la and (p, q, r) € M implies p<1+(k—c—a)/a. There-
fore (h—a—c)/a<14-(k—c—a)/a and hence h<<k+4a. Noting k<h/2,
one computes k—a—c < h2—a—c<h—k—a—c<X —c<0. Thus
N(k—a—c)=0and My=¢. This contradicts M,N My+#¢. g.e.d.

iiiy Let A=(u, 1,0) and B=(1,v,0). Then one of the following
three cases occurs

a) M N Mp= ¢,

b) u=1, a=vb and h=_Qu-+1)b,

¢) v=1, b=wua and h=Qu+1)a.

Proof. The assumption on 4 and B implies,
h=ua4-a+b=vb+a-+b.

Therefore ua=vb and hence u=0 iff v=0. If u=v=0, then hA=a+b.
Without loss of generality let us assume a=>b. Then

b—a <0

k—c—agﬁ——c—az
2

so that N(k—c—a)=0 and My=¢. Thus M,NMy=4¢.
Assume u>1 and v=1. Suppose M ,NMz=¢$. Take (py, q:, 1)
and (p,, q,, r,) or Z% such that

*) A+(py, g1, 1) =B+ (py @ 1)) € M,N M.

Written componentwise, this means,
%) pitu=p,+1, ¢+ 1=v4¢q, ri=r,

First let us show p,=¢,=0.
Since (h—a—b)la=u=p,+1—p,=(k—c—a—q,b—ryc)la+1—p,
one gets

Kokok) h—k=—(1+r)c+(1—pla+(1—g)b<(1—pa+(1—q,)b.

Therefore if p;>1 then A—k<b and if ¢g,=1 then h—k<a. Since
k< hj2, this implies k<b or k<a, so that in the first case M,=¢ and in
the second case Mz=¢. In any case M, N Mz=4¢.

Now using p,=¢,=0, one computes easily, k—b—c=p,at+qb-+r.c
=(v—1)b-+r,c so that one gets
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k=vb+(r,4e.
Then recalling A=vb-+a+b and vb=ua, one gets

—/21——k= vb+2a+i—vb—(ri+1)c

=L(v+ u—uv)(r;+1c.
2u

Since #/2— k=0 and ¢ >0, one obtains the inequality,
v+ u—uv>0,

where u,ve Z and u=1, v=1. Hence either u=1 or v=1. In both
cases one sees directly the equalities of iii). q.e.d.

iv) Suppose that M,, M and M, are not disjoint. By a permutation
of the role of a, b and ¢, suppose M, Mz==¢. Then i) and ii) imply
A=(u, 1,0) and B=(1,v,0). Then applying ii) again M,NM,=¢ and
M;NM,=¢. Applying iii) either a|h or b|h occurs. Then we replace
A=(u, 1,0) by 4’=(2u,0,0) or B=(1,v,0) by B’=(0, 2v,0). In any case,
using i) and ii) one may check easily that M ,,, My and M, are disjoint.

These complete the proof of (1.10) Assertion. q.e.d.

(1.11) Since all the coefficients a, (k € Z) are non-negative, and
only finite number of them are positive, let us define,

(1.11.1) pi= 2 a.
keZ
Then g is counted from the weights as follows.

(1.11.2) #z(h—a)(h—b)(h—c)
abc

By the additive expression (1.8.1) for X, we have p=2(1). On the
other hand the rational expression (1.2.1) for X implies,

2= (T e (TP (TR D)
(T oo+ )T e DT - D) T=1
= (h—a)(h—b)(h—0) ‘
- abc '

Thus (1.5)—(1.11) altogether prove (1.3) Theorem 1%*.
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§ 2. Classification of regular systems of weights for e =0, +1

In the present paragraph, we classify primitive regular systems of
weights for >0, e=0 and e= —1 (cf. (2.2) Tables 1, 2 and 3).

(2.1) Theorem 2. For >0, there are two infinite sequences A,
(=1, and D, (I>4) of primitive regular systems of weights and three
exceptional cases E,, E, and E, (see (2.2) Table 1).

For ¢=0, there are three exceptional cases E,, E, and E, of primitive
regular systems of weights (see (2,2) Table 2).

For e= —1, there are 14+8-6+3 cases of exceptional primitive
regular systems of weights (see (2.2) Table 3).

The proofs of the classification are given in (2.3), (2.4) and (2.5).

Note 1. For each regular system of weights above, we associate a
notation for later use as follows.

For any regular system of weights, we associate some surface singular
point in (3.2), (3.3). Therefore if the singular point has already a
“standard” notation, we use it also for the regular system.

For some other regular systems (a, b, ¢; #) in the case e=—1, we
use tentatively R,,. as the notation for the system of weights.

Note 2.  We identify two systems of weights, when they differ only
by a permutation of the first three weights a, b and ¢. Thus in Tables 1,
2 and 3, we have assumed a<<b<c except in the case of type 4,.

(2.2) Primitive regular systems of weights
Table 1 (Case ¢>0)

Notation 4 a b ¢ h exponents hjabc
A, (I>1) I a b c h le, 2¢, 3¢, - -+, Ic (+1D/ab
Here h:=a~+bs.t. c|h and I:=h/c—1. (cf. Note 1)

D,(I>4 1 21-21-12(-1 1,3,5 ---,1—1,---,21-3 1/(I-2)
(I—1 twice for [ even)

E, 63 4 6 12 1,3,578,11 1/6

E, 74 6 9 18 1,5,7,9,11,13,17 1/12

E, 86 10 15 30 1,7,11,13,17,19,23,29  1/30

Table 2 (Case ¢e=0)

Notation yx a b ¢ h exponents hlabc
E g8 1 1 1 3 01,1,1,2,22,3 3
E, 9 1 1 2 4 0,1,1,2,2,2,3,3,4 2
E 10 1 2 3 6 01,2273,3,4,4,56 1
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Table 3 (Case e=—1)
Notation px a b ¢ A exponents hlabc
E, 12 6 14 21 42 —1,511,13,17,19,23,25,29, 1/42
31, 37, 43
E, 13 4 10 15 30 —1,3,7,9,11,13,15,17,19,21, 1/20
23,27, 31
E, 14 3 8 12 24 —1,2,57,8,10,11,13,14,16, 1/12
17,19, 22, 25
M 11 6 8 15 30 —1,57,11,13,15, 17,19, 23, 1/24
25, 31 '
Z, 12 4 6 11 22 —1,3,57,9,11,11,13,15,19, 1/12
23
Z, 13 3 5 9 18 —1,2,4,57,8,9,10,11, 13, 14, 2/15
16, 19
Wi 12 4 5 10 20 —1,3,4,7,8,9,11,12,13, 16,17, 1/10
21
Wi 13 3 4 8 16 —1,2,3,56,7,8,9,10,11,13, 1/6
14, 17
O 100 6 8 9 24 -—-1,57,8,11,13,16,17,19,25 1/18
o, 11 4 6 7 18 -—1,3,56,7,9,11,12,13,15,19 3/28
0Oy, 12 3 5 6 15 —1,2,4,5/57,8,10,10, 11,13, 1/6
16
Su 11 4 5 6 16 —1,3,4,57,8,9,11,12,13,17 2/15
AYS 12 3 4 5 13 —1,2,3,4,5,6,7,8,9,10 11, 14 13/60
U 12 3 4 4 12 -—-1,2,3,3,5,6,6,7,9,9,10,13 1/4
Ry(lso) 16 2 6 9 18 —1,1,3,5,5,7,7,9,9,11,11,13, 1/6
13, 15,17, 19
Ry,(Z, 15 2 4 7 14 —-1,1,3,3,55,7,7,7,9,9,11, 1/4
11, 13,15
—R245(Q2,0) 14 2 4 5 12 - 1: 1’ 3) 35 45 53 57 77 7: 8a 97 9> 3/10
11,13
R (W) 15 2 3 6 12 —1,1,2,3,4,5,5,6,7,7,8,9, 1/3
10, 11, 13
R, (S, 14 2 3 4 10 —1,1,2,3,3,4,556,7,7,8,9, 5/12
11
Ry(Uyp) 14 2 3 3 9 —1,1,2,2,3,4,4,5,56,7,7,8, 1/2
10
RV 15 2 2 3 8 —1,1,1,2,3,3,3,4,55,56,7, 2/3

7,9
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Ru(Nw 16 2 2 5 10 —1,1,1,3,3,3,5,55,5,3,3,3, 1/2

9,9,11
Ry 2 1 4 6 12 —1,0,1,2,3,3,4,4,5,5,6,6,7, 12
7,8,8,9,9,10, 11, 12, 13
Ry 21 1.3 5 10 -1,0,1,2,2,3,3,4,4,5,5,5,6, 2/3
6,7,7,8,8,9, 10, 11
Ry, 201 3 4 9 —1,0,1,2,2,3,3,3,4,4,5,5,6, 3/4
,6,7,7,8,9,1
R,,, 211 2 4 8 -—1,0,1,1,2,2,3,3,3,4,4,4,5, 1
: : ,5,6,6,7,7,8,9
Ry, 20 1 2 3 7 —-1,0,1,1,2,2,3,3,3,4,4,4,5, 7/6
,5,6,6,7,8
Ry 20 1 2 2 6 -—1,0,1,1,1,2,2,2,3,3,3,3,4, 32
,4,5,5,5,6,7
Ry, 25 11 3 6 -—1,0,0,1,1,1,2,2,2,2,3,3,3, 2
3,3,4,4,4,4,5,5,5,6,6,7
Ry, 24 1 1 2 5 -1,0,0,1,1,1,1,2,2,2,2,2,3, 5/2
3,3,3,3,4,4,4,4,5,5,6
Ry 27 1 1 1 4 -1,0,0,0,1,1,1,1,1,1,2,2,2, 4
2,2,2,2,3,3,3,3,3,3,4,4,4,5

Note 1. The case A, need special treatment, since / alone does not
determine the weights (a, b, ¢; h) uniquely. In this case we understand
c¢=1 as the condition for the system to be primitive.

Under this convention we have always the equality,

e=1
for any primitive regular system of weights with ¢>0.

Note 2. For the case D, [ even, the exponent /—1 is counted twice.
(i.e. a,_,=2 (l:even), =1 (I: odd).)

Note 5. The division of Table 3 into 1448463 types are done
according to the following rule.

The first group of 14 types:=Regular systems of weights

with g,=a,=0.
The second group of 8 types:=Regular systems of weights

with a,=0, a,>0.

The third group of 6 types:=Regular systems of weights

with ay,=1, ¢,>0
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The fourth group of 3 types:=Regular systems of weights
with a,>2, a,>0

Note 6. We notice that Table 3 of (a, b, c; k) for e= —1 coincides
with the table obtained by P. Wagreich [64, Table 1] for the systems of
degrees (¢, 1> 9.; d) of three generators and a relation polynomial for
certain ring of automorphic forms. This fact will be proven in (3.4)
Theorems 3 and 4 and in (5.5). (Compare [loc. cit, Theorem 3.1, Theorem
4.6].)

Proof of (2.1) Theorem 2. 'Without loss of generality, we assume
a>b>ec.

(2.3) Case >0

Due to (1.6) Assertion 2, either i) A=ua-+b, ii) h=wua-+c or iii) h=
(u-+1a for an integer #>>0. On the other hand, the assumption e=a+
b4-c—h>0 implies A< 3a, h<2a-+b and h<2a-+c. Therefore,

iy h=a+b and c=e Hence L= T(T**—1)/(T°—1) so that
cl(h—c)and X=T°(T* 24+ T* *4 ... 41). Thisis the case of type 4,
for I=(a+b)/c—1.

i) h=a-+c and b=e. This is also the case of type A4, for /=
(a+c)/b—1.

i) h=2a and a=b-+c—e. Hence X=T(T*'—1)T* °—1)/
(T*—1)(T*—1) so that either iii), b|(h—c) or iii), b|(h—b).

iil), Since h—c¢=2a—c=2b+4c—2¢<3b, we have h—c=vb for
v=1or2. Ifuv=1, then 2a=h=>b-+4c so that a==b=c. This is the case
of type A,.

Assume v=2 so that h=c+2b and ¢c=2e. Then

1=T*

(TP+2—1)(T*+1) T2 1
= Te+o(TP L 1)1 T¢ .
Ty (T'+D+ T

so that 2¢|2b. This implies 2¢ divides ¢+2b=h=2a and hence
ged(a, b, ¢; h)==.

Thus if the system of weights is primitive, then e=1 and ¢=2, b=
1—2, a=1—1 for some />4 and

1=T(T' — YT DT — )= T(T? 4+ T#~°4 . . . - 1 T

This is the case of type D,.
iil), Since h=2b-+2c—2:<4b, we have h=vb for v=2 or 3. If
v=2, then 2a=~h==2b so that a=b and A=a-+b. This case reduces to i).
Assume v=3, so that A7=23b and b=2¢c—2c. Then
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2¢~2¢ Sc—-6s___ 2e 6e ___

(Here Z[T], means the localization of Z[T] by T.) Therefore either
ili),,; ¢|4e or iii),, ¢|6e. -On the other hand by the assumption b>c, we
have b—c=2c—2¢e—c=c—2>0, that is,
x)  c>2e.
iii),; Put c=pe/q where p|4 and g|e.
%) implies pe/q >2e so that 4>p>2g and hence g=1 or g=2.
Then, either
¢=2¢, b=2¢, a=3¢, h=06¢ and X=T*(T**+1)’, or
c=4¢e, b==6¢, a=9¢, h=18¢ and
A=T(TH— T4 1Y T . 4 1),
iii),, Put c=pe/q where p|6 and q]|e.
x) implies pe/q >2¢ so that 6>p>2g and hence g=1, 2 or 3.
Then, either

¢=3¢, b=4e, a=06¢, h=12¢ and X=T(T*+ 1)(T*+T*+1), or
c=6¢, b=10¢, a=15¢, h=30¢ and %= T*(T" + 1)(T"* & T 4 T* 4 1).

This completes the proof for Table 1.

(2.4) Case e=0
Since h=a+b+c, due to (1.6) Assertion either a|(b+c¢), a|b or a|c.
Therefore a>b>>c>1 implies either i) a=5b or ii) a=b-+c.
i) a=b. Then X=(T""*— 1T+ 1)/(T°—1)(T°—1) so that b|c.
Therefore a=b=c and X=(T°+41)% ‘
i) a=b+c. Then X=(T***—1)(T***—1)/(T*—1)(T°—1) so that
b|2c or b|c. Therefore b>c implies either b=c or b=2c. Thus either
a=2c, b=cand X=(T**4+T°+1), or
a=3c,b=2c and X=(T*+ 1)(T*+ T+ T*+T°+1).

This completes the proof for Table 2.

(2.5) Case e=-—1 _

Since h=a-+b+c+1, due to (1.6) Assertion either a|(b-+c-+1),
a|(b+1) or a|(c+1). Therefore a>b>c implies either i) a=b+c+1,
i) a=((b+c+1)/2, iii) a=b+1, iv) a=c+1 or v) a=b=c=1.

i) a=b+c+1. Then X(T)=T YT **+*—1)(T2*+*—1)[(T°—1)
X (T¢—1) so that either b|(2c+2) or b|(c+2). Thus b>c implies either
i), b=2c+2,1), b=c+1,1); b=c+2 or i), b=c=2.

i), b=2c+2. Then X(T)=T"'(T***+1)(T°***—1)/(T°—1) so that
either ¢|4 or ¢|6. Thus we have one of the following:
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c=1,b=4, a=6, 1=T (T*+1)(T°+T+---+1);
c=2,b=6, a=9, X=T T*+1)(TH*+T"+ ... +1);
c=3,b=8, a=12, 1=T XT°+ 1) (T°+T5-..4+1);
c=4,b=10, a=15, 1=T (T*—T°4 - - - L 1)(T*+T2+ - - . +1);
=5, b=14, a=21, 1= T‘(T“+1)(T3°+T“+ 1)

i), b=c+1. Then XT)=T " T***+T*'+1)(T**"*—1)/(Tc—1)
so that ¢|3 or ¢|4. Thus we have one of the following:
c=1,b=2,a=4, (=T (T'+T*+D)(T°+T°+---+1);
c=2,b=3,a=6, X=T (T +T+1)(T*+T°+.--+1);
c=3,b=4,a=8, I=T'(T"—T+T—T+1)(T*+T"+---+1);
c=4,b=5,a=10, 1=T Y (T°+T°+1)(T*+T*+T*+1).
i)y b=c+2. Then X(T)=T X (T***—1)(T**"*+T**+1)/(T°—1)
so that either c|4 or ¢|6. Thus we have one of the following:
c=1,b=3,a=5, (=T (T°+T°+---+1)(T°+T°+1);
c=2,b=4,a="7 A=T'(T°+T°+- - - +D(T+T*+1);

I

c=3, b=5, a=9,

X=T (T4 T"+ ...+ 1(T*—T'+T°—T"+T°—T+1);
c=4,b=6, a=11, A=T (T2 + T+ T*+1)(T>+ T°+1);
¢=6,b=8, a=15X=T"Y(T*+T%4..-1)

X(T“ y I T10+ T T+ T — T4+ T°— T+ 1.

), ¢=2,b=2,a=5A=T""(T°+T*+T*+1)"

ii) a=(b+c+1)/2. Then the inequality a>b>c implies that a=
b=c+1 and hence X(T)=T"YT° '+ 1) (T***—1)[(T°—1). Therefore
¢|2 or ¢|3. Thus we have one of the following:

c=1,b=2,a=2, X =T (T*+ DYT*+ T+ ---+1);
c=2,b=3,a=3, x=T ' (T°+ 1)(T*—T+I)(T°+T°+---+1);
c=3,b=4, a=4, =T (T*+ )T+ T°+1).

i) a=b+1. Then A(T)= T} (T°**'— 1)(T**** — I)(T°** — 1)/
(T°—1)(T°—1). Thus b>c implies either iii), b=c-+2, iii), b=c-+ 1, iii),
b=2 or iii), b=c=1.

iii), b=c+2. Then Y(T)=T Y T***— 1T *+ 1T+ D)(T°—1)
so that either ¢|4 or ¢|6. Thus we have one of the following:

c=1, ¢c=3, a=4, X=T(T*+ T+ - - - + )T+ 1)(T*+1);
c=2,c=4,a=>5,

1=T(T°+T+ - -+ )T+ 1T =T+ T°—T+1);
c=3,c¢=5,a=6, =T (T°+T°+ )(T°+ 1)(T°+1);
c=4, c=6, a=T, 1=T T+ T+ - + 1T —T*+1)

X(T =T - - - +1);
c=6, c=8, a=9, 1=T  (T?+ T+ - - - + )T+ 1)(T*— T*+1).
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i), b=c+1. Then X(T)=T (T '+ I(T***— )T 2+ DT —1)
so that either ¢|3 or ¢|4. Thus we have the following:

c=1,b=2, a=3, =T (T*+ )T+ IN(T*+T°+ - - -+ 1);

c=2,b=3, a=4, 1=T(T*+ T+ )T+ T°+ - - - + 1)(T*+1);
c=3, b=4, a=5, X=T T+ 1)(T°+ 1)(T°+T°+1);
c=4,b=5,a=61=T (T~ T+ . .+ YT+ T+ - .. +1)

(I*—T1T*+ D).
iii)y b=2. Then XUT)=T-(T*+4 YT+ — I)(T**— DI(T*— 1)
X (T°—1) so that either ¢|3, ¢|4 or ¢|6 and ¢<<b=2. Thus either
c=Lb=2,a=3, and XA=T"Y(T°+ 1)(T*'4T°+ - - - +1)(T?4+1), or
c=2,b=2,a=3, and
X=T T T (T T2+ 1T 4 T+ - - - 1),
iii), c=1, b=1, a=2 and X=T " (*+ T+ INT*+T*++T+1)
X(T*+1).
iv) a=c+1. Since a>b>c, then either iv), a=b=c+1 or iv),
a=>b+1, b==c. Thus iv), is reduced to ii) and iv), is reduced to iii).
V) a=b=c=1and X=T"(T*+T41)%.
This completes the proof for Table 3.
(2.6) Before closing this paragraph, let us give a numerical equality,

which will explain a dimensional relation among certain moduli spaces
(cf. (3.6) Assertion).

Assertion. Let (a, b, c; h) be a regular system of weights which is not
of type A,. Then we have,

(2.6.1) a_.=a,,,=N(h)—N(@)— N(b)—N(c)

where a_, is the multiplicity of exponents equal to —e and N(k) are defined
in (1.5).

Proof. Due to the duality (1.3.7), we have only to show,
@, =N(h)~N(a)—N(b)—N(c).

Due to the classification Table 1, an inequality i-4-e<<A-+inf (a, b, ¢)
holds except in the case of type 4;,. Then the formula (1.9.1) obviously
implies the Assertion. q.e.d.

Notation. We shall denote the number a_,=a,,. by m, (cf. (3.6)
Assertion 1 and (4.1.2))
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§ 3. Quotient singularities

For any regular system of weights (a, b, c; ), there exists weighted
homogeneous polynomials f(x, y, z) of degree 4 with deg x=a, degy=>5b
and deg z=c such that the hypersurface X,:={(x, y, z) € C*: f(x, y, z)=0}
has singular points only at the origin. ((3.2) Theorem)

According as e=1,0 or —1, the 2-manifold X,—{0} is a quotient
variety by the free action of the discrete subgroups of the motion groups
of PN(C), C or H:={z e C: Im(z)>>0} on their canonical, trivial or anti-
canonical C*-bundles. ((3.4) Note.)

(3.1) Let (a, b, c; h) be a system of weights. The polynomial ring

R:=C[x, y, z] in three variables x, y and z has a natural graded ring
structure,

G.1.1) R=® R,
n=0

by weights deg x=a, deg y=>5 and degz=c. Here R, is spanned by the
monomials x?y?z" s.t. pa+gb+rc=n, whose rank is equal to m(n) (recall

(1.5)).
We shall denote by,
(3.1.2) R,:=@ R,
n>0

the maximal ideal of R generated by x, y and z.

(3.2) Theorem 3. For a system of weights (a, b, c; h) the following
three statements are equivalent.

i} The system of weights is regular.

ii) There exists a polynomial f(x,y,z)e R, of degree h, with the
following property:

(3.2.1) The partial derivatives df]ox, af]dy, and 3f|oz form a regular
sequence in the ring R.

iy The set U:={fe R,: f satisfies (3.2.1)} is a non-void Zariski open
subset of R,,.

Note [34]. For a polynomial f satisfying (3.2.1), put

(.2.2) A;i=R / (_aa.ii g_, %)R.

Then A; is a graded module of finite rank 11 over C, whose Poincaré
polynomial (cf. [5, Ch. v, § 5)) is T~=x(T).
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Proof. The equivalence of ii) and iii) is an immediate consequence
of a more general assertion: the condition for three homogeneous ele-
ments f;, f, and f; of degrees v,v and w in R, to become a regular
sequence is an open condition in R, X R, X R,, for u, v, we N.

Let us show that i) implies ii).

Due to (1.6) Assertion 2, the space R, contains a monomial of the
form x**', x*y or x*z for some u € N. (Also R, contains y**!, y’z or y*x
for some v e N and z¥*!, z¥x or z¥y for some w & N.)

A direct calculation shows that some linear combinations of these
monomials such as x¥*!14-yv+ipzw+l xu+lp porl fawy xu+ly poxt z9y,
x¥H 14 yex 4 z¥y, x*z4+y°x+z*y and linear combinations which are ob-
tained from the above by a permutation of the role of x, y and z, satisfy
already the condition (3.2.1) so that there is nothing to prove.

On the other hand, the other types of linear combinations such as
X%z Yoz 4-2%*t x¥z4 Yz 2"y or x¥z+ y*z+z*x does not satisfy (3.2.1),
since they are divisible by z.

This happens, when

%) al(h—c) and b|(h—c).

Since ged (@, b) | ((1.6) Assertion 4), the above *) implies ged (4, )] ¢ so
that ged (a, b)=gcd (a, b, ¢, h). Since we may reduce the problem to
the primitive system of weights, we shall assume from now on that
gcd (a, b)=1. Then *) implies that 3d e N s.t.

h=c-dab.
Furthermore ged (@, b)=1 implies that 3p, g € Z s.t.
h=pa-+qb.

By modifying A=(p—kb)a+(q+ka)b for k e Z, if necessary we may
assume that p>0, >0 (" " A>dab>ab.). Thus R, contains a monomial
xPye,

Due to (1.6) Assertion 2, we consider the following three cases.

Case 1. h=Ww+41Dc. Put f=(x+y )z xPp?42z"*+"

A direct calculation shows that gf/ox, df/dy and gf/9z is not a regular
sequence of R, iff

) c*(dab)*** =(—1)"(pa)y**(qb)*".

Since c+dab=h=pa+qb and since the function o(t):=t'(h—1)""* (t e
(0, b)) is convex, the equality **) implies that z=even and either c=pa
or c=qb. This implies either a divides c+dab=# or b divides c+dab=h.
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Then by replacing the monomial x“z or y¥z by the new monomial x*/* or
y"® in f, we obtain a new polynomial satisfying (3.2.1).

Case 2. h=a+wc. Putf=(x"+y*“)z+x"y?42z"x.

One may assume w>>1, since otherwise db=1 and we may replace
the monomial y*z by y* in f.

A direct calculation shows that (9f]ox, af/ay, 3f/oz) is not a regular
sequence of R, iff

%) (1) (d(w— 1)

((W— 1)q>((w—l)q)/a< wp_p+ 1) >(wp—p+l)/b
N\ e b

Since

d+dw—1D=dw= (w—1)q + wp—p+l
a b
and since the function @(?):=t*-(dw—1)?""* (t e (0, dw)) is convex, the
equality ***) implies that dw=even and either d(w— 1)=((w— 1)q)/a or
dw—D=wp—p-+1D/b. If dw—1)=((w—1)g)/a, then ad=g so that a
divides pa+gb=~h. Then by adding new monomial x*/* instead of x*z
to f, we obtain a polynomial satisfying (3.2.1).

If dw—1D)=(wp—p+1)/b, then (bd—p)w—1)=1, so that w=2
and bd=p-+1. Using these relations c=h—a—(w—Dc=(—c)—a=
abd—a=ap. Therefore a divides c¢4abd=h. Then by replacing the
monomial x“z by x"*/* in f, we obtain a polynomial satisfying (3.2.1).

Case 3. h=b-+wc.

We can reduce this case to Case 2 by changing the role of x and y.

This completes the proof of the implication i)=>ii).

To show that ii) (or iii)) implies i), it is enough to show the Note.
(.7 If T-x(T) is a polynomial, %(7T) can have poles only at T=0.)

Proof of Note. Obviously the Poincaré series for R is 1/(1—T7)
(1—T%(1—T¢). Since the ideal (affox, df/dy, 0f]oz) is generated by a
regular sequence which are homogeneous of degrees A—a, h—b and h—c,
a generality on Poincaré series (cf. [5]) implies that the Poincaré polyno-
mial for 4, is (I* *—D)(T*°—1)(T* *—DIT*—I(T*— 1T —1)=
T-=T). q.e.d.

Note 1. Geometrically, the property (3.2.1) is equivalent to the fact
that the affine variety,

(3.2.4) Xy ={(x, y,2) e C*: f(x, y, z)=0}
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has an isolated singular point at the origin 0, where p is the so called
Milnor number. ([32] [34])

The exponents for a hypersurface singular point are introduced in
[51, (5.3)] (cf.[44, §1]). Then the exponents a,, - - -, a, for the singular
point X, and the exponents m,, - - -, m, for the regular system (a, b, c; h)
defined in this paper are related by

ai_1=mi/h (l‘:l’"'vﬂ)

(cf. [44, (3.7.1))).
The eigenvalues of the Milnor monodromy [32] of the singular point
is given by exp Qzv/ — 1m,/h) (i=1, - - -, p).

Note 2. Put
Q= Q%) df N\ Do,

where C*:=Spec R. Then £, is a graded vector space of rank g whose
Poincaré polynomial is T*x(T).
There is a nondegenerate residue pairing, (cf. [69, IIT § 9])

e(X)r(x)dx
J: 2, X2,—C, (p(x)dx, y(x)dx)—>Res| 57 af  of |-
ox’ ay oz

(3.3) In the following Table 4, we give a weighted homogeneous
polynomial f(x, y, z, ) of degree 4 in three variable x, y and z of degrees
a, b and c respectively with parameters 2=(2,, - - -, 4,,) satisfying the
condition (3.2.1) of (3.2) Theorem 2, for each regular system of weights
(a, b, c; h) with e=1, 0, —1 (which are classified in Tables 1, 2 and 3 in

§2).
The meaning of the parameter 2 will be explained in (3.6). The data
m,+my+m_ and p, + p,+ p_ will be explained in (4.1.2) and (4.5.3).

Table 4.

1. Case e=1

Notation Polynomial m,+my+m_ RS TR
A, x4 yz I+040 04041
D, x4 x)yP 28 [4+040 0+0+41
E, xt4 )P4 27 64+040 04+046
E, xXy4yi4-z? 74+0+0 04047
E, X4 y* 422 8+0+40 0+04+8
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2. Casee=0

Notation Polynomial mo+my-+m_ g ptp
E 2y —x(x—z)(x—2z) A1+0,1 T+1+0 0+2+46
E, xy(x—P(x—)+2¢2 10,1 8+1+40 04247
E, yy—x(y—xH+z22 A#0,1  9+140 04248
3. Casee=—1

Notation Polynomial m,+my+m_ ;;+ + o+ pe
E, X+ 4-2° 114041 240410
E, x4y 2R 124-0+1 240411
E, xRzt 134+0-+1 240412
E, X xy 4zt 104-0+41 24049
Z, yxt4-xyt 28 114041 240410
Z, xt L xytd-20 124-041 240411
W, Xyt 2t 114041 2-+0-10
W yxt 4yt 22 124+0+1 240411
O x4y 4 xz? 94+0+1 24048
Ou xX’y+y 4 xz* 104041 24049
Oy, Xy xz? 114041 240410
S xtyz 4 2% 104+0-1 24049
Sie xty4-y'z4z8x 114041 24+0410
U, xt 4y 428 114041 24+0-+10

Riss(Js,0) y(y—xHy—Aax)+z" 270, 1 144+141 240414
RulZ:)) xy(y—xH(y—axH+z" 1#0,1 134141 240413
R245(Q2,0) Y(y—x*Wy— x4z 40,1 124141 240412
Rus(W1o) (P—x)(p*—Ax")+2° A#£0,1 13+4+14+1 240413
Ry(S1)  x(y—x)(y—2ax)+yz  A#0,1 124141 24-0+412
R233(U1,0) xX’y+z(z—y)z—2y) A0, 1 124141 240412
Ryps(Vie) y(y— X)(y— 22Xy — Ax) + x2°

2,40, 1, 4,54, 124241 240413
Ryy(Nyy)  xy(x— )y —2X)(y—2,%)+2°

2,70, 1, 2, #4, 134-2+1 24+0+14

R Y(y—xNy—2ax)+2° 4#0,1  19+1+42 242418
Ry, xp(y— xHy— Ax%) 4 2* A0, 1 184142 242417
Ry, Wy—xNWy—2xH+xz2  2#0,1 174142 242416
Ry Yy =23y — 22X y—Ax") +2°

4,0, 1, 4,2, 174242 242417
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Rz V24 xz2' - xp(xE— 2, 0) (X2 — 2, ) 164242 242416
Ry yz2(y—2z)+x'y 154+3+2 24-24-16
Ry xp(x—y)ox— 4, p)(x — 2.p)(x — A3 p) + 2°

2,#0,1, 2,%4; 194343 244419
Z2x+zy' + Y(x— 2 V) (x — LYNx — 2, ) (x — 2,3)
A2, 174443 244118
Zx+y(x— 2, 9)(x — L, (x—2,»)
2,740, 2,52 174+4+3 244418
Ry filx, y, 2, 2) 174644 246419
where f, is a homogeneous polynomial of degree 4 in (x, y, z) with 6-

dimensional parameter (1), which defines a 6-dimensional family of
smooth quartic curves.

R112

(3.4) Note. It is remarkable that many of the polynomials in
Table 4 above are already known as the relation polynomials among
invariant functions for certain discrete groups as follows.

Case. e=1

The polynomials for the types E,, E, and E, first appeared in H.A.
Schwarz [57] and then the cases 4, and D, were completed by F. Klein
[26] [19].

Namely the polynomial appeared as a relation among three homoge-
neous generators x, y and z of the ring of invariant polynomials in two
variables (u, v) of C?, on which a finite subgroup I" of SL(2, C) is acting.
Here I" is the binary icosahedral group for E,, the binary octahedral
group for E,, the binary tetrahedral group for E;, a binary dihedral group
for D, and a cyclic group for 4.

As is well known, these notations 4,, D, E,, E,, E; are exactly those
for the Dynkin diagrams for finite root systems having no multiple bonds

(cf. [5] [8D.

Case. ¢=0

The polynomials appeared as equations for simple elliptic singu-
larities in {47].

Namely they appeared as a relation among three homogeneous
generators x, y and z of the ring of regular functions on a negative line
bundle over an elliptic curve defined in the Legendre normal form. Here
the Chern class of the line bundle is equal to —3, —2 and —1 for E‘B, E,
and E,, respectively. In other words, the polynomials may be regarded
as relations among three homogeneous generators of the ring of invariant
holomorphic function on C*? under the action of the Heisenberg groups
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corresponding to —1, —2, —3 e Ext(Z% Z)=~Z. If the Chern class is
less or equal than —4, then the invariant ring has more than 4 generators
so that we disclude the case from our consideration.

These three cases correspond to the three Dynkin diagrams of types
E{&Y, ESY and ESY in [53], which are exactly the diagrams for extended
affine root systems without multiple bonds and of codimension one.

Case. e=—1

The first 14 and the following 6 polynomials appeared as weighted
homogeneous equations for 14 exceptional unimodal singularities and
some of the bimodal singularities by V.I. Arnold [2] [3]. Then LV.
Dolgachev has shown that the singularities are canonical triangle or
quadrangle singularties [13] [14].

Namely the polynomials are the relations among three homogeneous
generators x, » and z of the invariant subring under the action of a finite
group I'/I"” on the ring of regular function on the anticanonical bundle
over a compact smooth curve H/I"”, where I" is a Fuchsian group, having
a triangle or a quadrangle as a half of the fundamental domain, acting on
the upper half plane H, and where /" is a finite index normal subgroup
of I" without fixed points on H.

Particularly in the case E,, of (a/h, bjh, c/h)=(1/2, 1/3, 1/T), H/I" is
the curve of F. Klein of genus 3 s.t. I'/I"=Aut(H/I")~PSL (2, F,) is
the simple group of order 168: the maximal possible order for a genus 3
curve. This case was studied by F. Klein [26].

Including these 146 cases, the following theorem holds.

(3.5) Theorem 4. Let f(x, y, z) be a weighted homogeneous polyno-
mial in R, satisfying (3.2.1), for a regular system of weights with e= —1.
Then there exists a Fuchsian group I' CSL (2, R)/{+1} of the first kind,
which is related to f in the following way.

The binary extension I’ CSL(2, R) of I acts on the space H :={(u, v)
¢ C?: Im(u/v) >0} properly discontinuously in the natural manner,

g(u, v):=(au-+bv, cu+dv) for g:(‘cz Z) el

s.t. there exist three homogeneous generators x, y and z for the ring of
invariant holomorphic functions on H under the action of I', whose relations
are generated by

fCx, y, 2)=0.

(Here a function x(u,v) on H is homogeneous of degree a iff
(ud/ou-+vojdv)x=ax.)
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Theorem 5. Conversely, if a polynomial f(x, y, z) is obtained as in
Theorem 4 for a suitable Fuchsian group of the first kind, then by putting
a:=degx, b:=degy, c:=degz and h:=degf, the (a, b, c; h) is a regular
system of weights, whose index ¢ is equal to —1.

The proofs of these theorems will be given in (5.5).

P. Wagreich has classified the index of the Fuchsian group G of the
first kind, whose ring 4, of automorphic forms is generated by 3 elements,
and gave the table of the degrees of the generators and the relation poly-
nomial [64, Theorem (3.1), (4.6), Table 1].

Therefore the above theorems assert that the table for regular systems
of weights with e= — 1 coincides with the table given by Wagreich. Note
that furthermore the above theorems reprove the theorem of Wagreich,
since in our formulation any polynomials f of R, satisfying (3.2.1) cor-
responds to a Fuchsian group of the first kind.

(3.6) Parameters 4;, « - -, Ay,

(3.6.1) Let G::{(P, Q,R)eRaxR,,ch:detﬂ”&@—qao}
a(x, y, 2)

be the group of automorphisms of the graded ring R (3.1.1), whose Lie
algebra and the dimension is given by

(3.6.2) @::{Pi+Qi+Ri: PecR,QcR, Re Rc}.
ox ay 0z

(3.63)  dimyG=dim;®=N(a)+N®)+N(c).

Let (a, b, ¢; h) be regular and let U be the domain in R, of all poly-
nomials fe R, which define isolated singular points at 0, as in (3.2)
Lemma 1. The group G acts on R, and hence on U in an obvious
manner.

Assertion 1. Except in the case of type A,,

i) the isotropy subgroup of G at any point of U is finite.

i) U/G is an analytic variety of dimension equal to my:=a_, (cf. (2.6)).

2. The parameters 2, - - -, Ay, in the polynomials in Table 4 describe
an my-dimensional section of U—UJG.

Proof. 1. i) Since the group and its action are algebraic, we have
only to show that any isotropy group has dimension O.

If the isotropy subgroup at f had a positive dimension, then there
exists §=P(9/ox)+ Q(3/ay)+ R(6/9z) ¢ & s.t. §f=0, i.e.
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of of of
P .+ R~ =0.
0x +0 oy + 0z

Since df/ox, df]dy, 6f]dz is a regular sequence, there eixst 4, B, C e R (or
in the localization of R by the maximal ideal), s.t.

p=c¥ g
ay 0z
of of

* =472 —C L,
) 1@ 0z 0x

R=B Y _ 40

ox oy

By comparing homogeneous parts of the relation, one may assume that
A, B and C are homogeneous with deg A=b+c—h=¢—a, degB=c+a
—h=¢e—b, and degC=a+b—h=¢—c.

If one of these degrees, say e—c, is non-negative, then ¢>c>0.
According to the classification in Table 4, this is possible only when
(a, b, c; h) is of type A4,.

ii) The same argument as.in i) shows that the orbits of G in U are
closed so that the action of G on U is proper. Due to a theorem of
Holmann [20], U/G has the structure of an analytic space, whose dimen-
sion is

dim U/G=dim U—dim G
= m(k)—m(@)—m(B)—m(c)
=a_..=.m,
(cf. (2.6) Assertion).

2. This is a consequence of rather cumbersome case-by-case calcula-

tions, which we omit in this paper. g.e.d.

§4. Universal unfoldings and Hamiltonian systems

In this paragraph, we recall and fix the notions for universal unfold-
ings and related subjects to explain our main motivation (4.3) of the
present paper. Some hurrying readers may skip this paragraph and come
back if it is necessary as a reference.

(4.1) Universal unfoldings. Let us introduce a polynomial F(x, y, z,
¢ 4, v) for every regular system of weights (classified in Section 2), which
is called the universal unfolding of the singularity f by R. Thom [61].

(4'1'1) F(».).Ca E: '_2’ 2):=f(-.)_ca i)+2ﬂjGJ(-X; l)+7§;1 VjHj(-Z,Z):
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Here

i) f(x, 2) is a polynomial in Table 4.

i) Gy, ---,G,, (tesp. H,, ---, H, ) are homogeneous polynomials
in RQC[2], representing certain homogeneous C[2], free basis of

of degrees <h (resp. degrees >#4). Here g=g(4) is a polynomial in 2,
whose zero locus describes the exceptional values of 1 given in the Table 4
and C[1], is the localization by g.

Recall (3.2) Lemma 2 and (1.4) Definition, so that

wew/(Z. %, 1)

is a graded C[4],-free module of rank # and it splits into a direct sum of
submodules M_,, M, and M.,, where M_, (resp. M., resp. M.,) con-
sists of elements of degree < A (resp. =#h, resp. >%) whose rank is equal
to m, (resp. m,, resp. m_) given by,

m, = a= 2. a,
J<h+e Jj>-c
4.1.2) Mmy:=a,,.=d._,,
m_i= 3, a;= ay,
i>h+e ji<~¢
such that
4.1.3) pE=m, - M+m_.
We shall assume
(4.1.9) G,=1.

By definition F(x, g, 4, v) is a weighted homogeneous polynomial of
degree A with respect to the weights
deg p;:=h—deg G; >0 for j=1,---,m,,
4.1.5) deg2,:=0 for j=1,.--,my,
degy;;=h—deg H;<<0 for j=1,---,m._.

Note 1. Here we modified slightly the original definition of the

universal unfolding by R. Thom [61].
Namely we added the base G;=1 in (4.1.1), so that the number of
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parameters in F is equal to x4 instead of y— 1, which is called the codimen-

sion by R. Thom.
This modification is necessary to introduce a Hamiltonian system,

which leads us to the flat structure on the space of the parameters (g, 2, v)

(cf. (4.3)).

Note 2. The equation F(x,y,z0,2,y)=0 defines a family of
hypersurfaces with an isolated singular point at the origin, whose Milnor
number (cf. [32]) is constantly p. The dimension m,+m_ of the para-
meters is called the inner modality by V.I. Arnold [2].

(4.2) The flat family ¢: X—S.
Using the universal unfolding (4.1.1), let us define a flat family of
affine algebraic surfaces,

“.2.1) PHD G
(the superscript denoting the dimension of the variety),

where
1) S*is a smooth affine variety, given by

(4.2.2) S#:=C™ X Spox C™-

where C™+ and C™- are the spaces of the coordinates (yy, -« -, pt,,) and
(s - -+, v, ) Fespectively, and

(4.2.3) {So:={(2) e C™: g(2)=0}.
i) X#** is a smooth affine hypersurface in Z:=C?*X S, defined by

(4.2.9) X:={(x, p- 2, v) e C*XS: F(x, g1, 2, »)=0}.

iiiy The map ¢: X—S is induced from the projection,
(4.2.5) p: Z#=C*X S*—>S*.

By definition,
1) o isflat.

i) The fiber X,:=¢~'(t) over a point t=(u, 2, v) & S is an affine
hypersurface in C* defined by the equation F(x, y, z, ¢, , v)=0.

iii) The spaces S, Z and X admit the action of ¢ € C* defined as the
multiplication of the power of ¢ for each coordinate x, pt, 2 and v according
as the degree, so that the map ¢ is equivariant with respect to the C*-action.
(Compare [45, 2.3].)
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(4.3) The above defined family ¢: X—S has a structure called a
Hamiltonian system ([50], [51]) or a gauge structure ([41]), which leads us
to a study of a period mapping by a use of a primitive form ([51], § 3]).

As explained in the introduction the present paper is motivated for a
study of the inverse map of the period mapping. Let us briefly formulate
the problem and explain the current stage of the answer to the problem.

The primitive form induces the following two mappings.

i) A fiat embedding ([51, (3.3), 1)]),

Se—> 04

which is a C*-equivariant locally biregular embedding of S into a domain
in a weighted vector space f2, carrying a non-degenerate bilinear form J
(the residue pairing) (cf. (3.2) Nore 2). (The embedding is defined by an
integrable torsion free connection I with FJ=0, which is the leading
term of the GauB-Manin connection for the family X—S.)

i) A period mapping ({51, (5.7)]),

5# > E#

which is a locally biregular embedding of the “monodromy covering space”
S of S into “the exponent shifted” (co-Yhomology group E with the intersec-
tion from I. (The period mapping is defined by the solutions of ‘“the
exponent shifted” GauB3-Manin connection for the family X—S.)

Problem. Describe the inverse map from the period domain in E to
SSE
2, which makes the diagram | | commutative.
S—£0,

Precisely, the problem asks to construct a homogeneous generater
system of degrees m,+e¢, - - -, m,+e¢ of the ring of monodromy invariant
automorphic functions on the domain of the period in E, which are
identified with a linear coordinate system of £;.

Case e=1. In this case the monodromy groups are the finite Weyl
groups. Including these cases, for all finite Coxeter groups, the map E—
0, is constructed explicitly in [49] case by case and in [48] without using
the classification of the groups (cf. [21] [22] [25] [36] [37] [67D).

Recently P. Orlik found some structure similar to the flat structure
for certain unitary reflexion groups. ([40])

Case e=0. In this case the map EF—; is completely determined
and described in terms of extended affine root system [53], whose flat
invariants will be studied in a forthcoming paper. It has close relationship
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with the representation theory of affine Kac-Moody Lie algebras [23] [24]
[29]. Another explicit description of flat coordinates is given in [37].
There is not yet a systematic study of the flat structure for the case
e=—1 and the present note is a first attempt in this direction.
A partial result on the root lattice is given in [9] [10] [30] [55].

(4.4) Discriminant. As a first step toward the analysis of the
Hamiltonian system, let us recall the notion of the discriminant. Nota-
tions are as in (4.3).

Assertion 1.  Consider two maps,

bi=(PF, O, OF ). 7o oxs,

ax’
(4.4.1) x" oy’ Bz |
(aF aF aF OSD): X,;+2__>C3><Tp-l
ox’ ay’ oz’

where T:=S, X C™+ ' and n: S—T is the natural projection forgetting e
They are flat finite maps of degree y, so that d @z (resp. ® «0x) are
Ocsx s~ (resp. Ocsy s-) free modules of rank p.

Proof. Obvious, since the maps are defined as the perturbations of
the regular sequence 9F/0x(x, 0, 4, v), 0F/oy(x, 0, 4, v), aF/dz(x, 0, , v) and
A vy Amgand vy, -+ -, v, in the lower degree terms parametrized by
s s Py q.e.d.

Define two varieties by
Co:=d-(0OxS)czZ

(4.4.2)
Crt:=0-(0OX T)CX.

Note that C, and C, are exactly the critical loci of the maps (F, p): Z#**
—CX S* and ¢: X***—S* respectively.
As subvarieties in Z#*3, we have the relation,

(4.4.3) C,=C:NX

and therefore a short exact sequence,

F
4449 0—>045,—>05,—>0,,—>0.

Here F means the multiplication by F.

Note that p|Cr=0|Cr=&|d-(0x S) is flat finite of degree x and
Op|C,=¢|C,. By taking the direct image R'p, of (4.4.4), one obtains
an exact sequence,
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oF
(4.4.5) 040,255 p 05—, 0y ,—>0.

Here p,0s,. is a Og-free module of rank p, so that (4.4.5) gives a Og-free
resolution of ¢©,0c,. Then the discriminant A for the Hamiltonian system
is,

(4.4.6) Ay, 3, v):=det (p, F)

where det means the determinant of a Og-matrix presentation of the Og-
homomorphism with respect to some Og-free basis of p,.0s,. ([50, (2.6.4)]).

Assertion 2. 4 is a monic polynomial of degree y in p,, i.e.

(4.4.7) A=+ A"+ 4+ A, yu+A4,
for A; e O, and degree (4,)=p—1i.

3. The zero locus D of A, which is equal to the critical set ¢(C) in S,
has constant multiplicity p along the subspace O X S, X C™.

(4.5) The Milnor fibration. Outside the discriminant locus DCS,
the restriction of the map ¢ in (4.2.1),

4.5.1) | X—o (D) X—¢ '(D)>S—D

is a locally trivial smooth fiber bundle, whose general fiber is homotopic
to a joint of p copies of 2-spheres, which we shall call the Milnor fibra-
tion [32].

Let X, be a general fiber of ¢. Then the ball B,:={(x,y,2) ¢
C*: | x4+ y[f+|zf<r?} intersects X, transversally at its boundary for
r>>|t], so that the fiber X, retracts to Y:=X,(\ B,, where Y is a compact
real 4-manifold with boundary. The Poincaré duality P: H(Y,3Y)~
H*Y) combined with the excision morphism E: H,(Y)—H,(Y, 8Y) defines
a symmetric bilinear form,

(4.5.2) I: H(Y)X H(Y)—Z,  I(u, v):={PEu, v}

which is the so called intersection form on H(Y)~ H,(X) [loc. cit.], whose
radical:={u € Hy(Y): I(u, v)=0 for Yv e H,(Y)} is the image of H,(3Y) in
HL(Y).

("." Recall the exact sequence,

O0ms Hy(3 Y )= H( Y )—=> H(Y, 8Y )= H{@Y)—0.)

Let us denote by (., z4, p-) the singnature of 1. (i.e. p. is the
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maximal rank of subspaces of H,(Y)® R on which 7 is positive or negative
definite and py:=rank (rad I).)

Formula
poi=23 a;=23 a;= 3 a;+ 3,4
<o i>h Jj<o i>h
(4.5.3) ot =2a,=2a,=a,+a,,
poi= 2, a
0j<n

Proof. Let p: £— X, be the minimal good resolution of the singular
point of X,:=¢ Y(t) for e OXS,;X C™~ with the exceptional set E:=
p~'(0) (cf. for instance [39]). Since y,=rank H(3Y)=rank H(E) and E
consists of rational curves and the central curve E; forming a star graph
(cf. [loc. cit.]. or §5(5.3)), we have p,=2 (genus of Ej). It is not hard
to see that the genus of E, is equal to a, (cf [loc. cit.] or § 5 (5.3)).

Using the limit mixed Hodge structure on H*Y), Steenbrink has
shown ([60]), p,+ p. = #{exponents which do not lie in the interval (0, 4)}
=3 <o+ 2150 a; (cf. (3.2) Note 1). q.e.d.

Note. The geometric genus p, of the singular point X, is defined by
pgi=rank Rz (0g),. Then we have the formula,

2pe=pt 1.
due to M. Saito [56, § 1. Theorem 1] and A. Durfee [16, Proposition (3.1)].

§ 5. Resolution of singularities

Resolution of the singularity with a good C* action has been
studied by several authors [39] [13] [44] [38].

In this paragraph, we describe the weighted graphs for the minimal
good resolution (as defined in [39] (2.4)) of the singular point of the
surface X,;:={f(x, 2)=0} defined by the polynomial f given in Table 4.

(5.1) The singularity defined by f(x)=0 for a polynomial with
e=1, is known to be a rational double point, whose exceptional set of the
minimal good resolution consists of smooth rational curves of self inter-
section number — 2, intersecting among themselves transversally in the
form of the Dynkin diagram. ([4] [6] [17] [35])

(5.2) The singularity defined by f(x, )=0 for a polynomial with
¢=0, is known to be a simple elliptic singularity, whose exceptional set of
the minimal good resolution consists of a smooth elliptic curve of self
intersection number —3, —2 or —1 according as the notation for the
singularity is £, E; or E, (cf. [46] [63]).
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(5.3) Case e=—1. The singularities defined by the first 14 poly-
nomials in Table 4 for e==—1 are known to be exceptional unimodular
singularities, whose resolution graphs are stars of types (1,0;p,1; ¢, 1;
r, 1) for some p, g, r € N with 1/p+1/g+1/r<1 (cf. LV. Dolgachev [13]).
Similar description of the resolution graphs for the next 6 singularties is
given in [14]. (Cf. [63] [42])

Using the general method of resolution (for instance [39] [44] [38]) it
is not hard to determine all the resolution graphs for the singularities with
e=—1 as follows.

Theorem 6. Let p: X—X,:={(x, y, 2) € C*: f(x, y, z, )=0} be the
minimal good resolution of the singular point of X, which is defined by a
polynomial in Table 4 for e=—1, 1€ S,.

Then the exceptional set E:= p~*(0) is a union of a smooth curve E, of
genus g:=a,, called the central curve, and smooth rational curves E,, « - -,
E,, intersecting among themselves as follows:

Ej=—(a—a,+1),

E-E;=1 for 1<j<r,
E,-E;=0 Jor 1<i<j<r,
Ei=—p, for 1<i<r,

(5.3.1)

where the set A:={p,, - - -, p,} is given by
3

(5.3.2) A::Q{ck}u U feod(en e - ged (@ )

crth ged(er,e1) >1 m(ck,c1)—1 coples

Here we denote by c,, ¢, ¢, the weights a, b, ¢ and m(c,, ¢,) =

mh: ¢, ¢;) (¢f. (1.5.1)).

There is a relation,
(5.3.3) 224+ Ei4+r=0 and r=3(1—ay)+ta,.

The resolution graph

—(a—as+1)
[aq]
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The following Table 5 gives the explicit list of the values g, E3, p,,
-+ -, p, and the value 2g—2-+>7_ (1—1/p). ~

Table 5.

Notation g E3} r DPis -y Dy 2g—2+ > (1—1/p)
E, 0 —1 3 2,3,7 1/42
E, 0 —1 3 2,4,5 1/20
E, 0 —1 3 3,3,4 1/12
Z, 0 —1 3 2,3,8 1/24
Z, 0 —1 3 2,4,6 1/12
Z, 0 —1 3 3,3,5 2/15
Wi, 0 —1 3 2,55 1/10.
Wi, 0 —1 3 3,4, 4 1/6
O -0 —1 3 2,3,9 1/18
Qu 0o -1 3 2,4,7 3/28
O 0 —1 3 3,3,6 1/6
S 0 —1 3 2,56 2/15
S 0 —1 3 3,4,5 13/60
U, 0 —1 3 4,4,4 1/4

R269(Js,o) 0 -2 4 2,2,2,3 1/6

R (Z,,0) 0 —2 4 2,2,2,4 1/4

R245<Q2,o) 0 -2 4 2,2,2,5 3/10

Ruso(Wi,0) 0o =2 4 2,2,3,3 1/3

Ry (S10) 0 -2 4 2,2,3,4 5/12

Ris(Us,o) 0o =2 4 2,3,3,3 1/2

Rys(Nye) 0 -3 5 2,2,2,2,2 1/2

Royss(V1,0) 0 -3 5 2,2,2,2,3 2/3

Ry 1 —1 1 2 1/2

Ry 1 —1 1 3 23

Ry, 1 —1 1 4 3/4

Ry, 1 -2 2 2,2 ‘ . 1

Ry, 1 -2 2 2,3 7/6

Ry, 1 -3 3 2,2,2 3/2

Ry 2 -2 0 2

Ry 2 -3 1 2 5/2

Ry, 3 —4 0 4
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Proof. For the sake of completeness, we describe the construction
of resolution explicitly as follows. Let z: C%(a, b, c)—C"® be the weighted
blowing up of C* defined as follows. Let P(a, b, ¢):=(C*—{0})/ ~ be the
weighted projective space, where ~ is defined by (x, y, z) ~(¢°x, t*y, t°z)
for t e C*. Then C¥a, b, c) is the closure of the graph GC C* X P(a, b, )
of the natural map C*—{0}—P(a, b, ¢) and = is induced from the projec-
tion to the first factor. We have an isomorphism z~(0)~ P(a, b, c).

Let us denote by X ,CC*® the strict transform of X,CC®. Then the
exceptional set E,:=X,Nz"'0) is isomorphic to the smooth curve in
P(a, b, ¢) defined by the weighted homogeneous equation f(x, y, z, 2)=0,
whose genus g is equal to a,.

Assertion. X, has at most cyclic quotient singular points at E,N
(,Ul,UL), where 1., 1, and I, are coordinate axises of P(a, b, c) defined
by x=0, y=0 and z=0 respectively.

The set E,N (I,\[,\l,) consists of N(b, c: h)—1 points, which are cyclic
quotient singular points X, of type (p, —e) for p=ged (b, ¢). The point
I, N1, belongs to E, iff m(a: h)=0. Then the point is a cyclic quotient
singular point of X, of type (a, — ).

For a definition of a cyclic quotient singular point of type (p, ¢), see
[44, § 2].

Proof. Let us define a chart % of C* as the image of

1X C*—-—>C%a, b, ¢)
w w

(L, y, z, wy——> (W, wly, wz) X(1: y: z).

The image % is isomorphic to the quotient variety 1 X C*/Z,, where Z,~
the set of a-th roots of unity acts on 1 X C® by (1,y, z, w)—(( %, £y,
£z, ¢w) for { e Z,. Therefore X,Na is isomorphic to the quotient
variety Y/Z,, where Y is the smooth hypersurface in 1 X C?,

Y:={(1, 5,z w)e C°: f(1, y, z)=0}

and Z, action on Y is induced from that on 1 x C®.

If a point x=(1, y, z, w) € Y is fixed by { € Z, for a {51, then w=0.
Furthermore if yz=£0, then {°=1 and {°=1. This is a contradiction to
¢+#1, since ged(a, b, c)=1. Thus fixed points on Y appear along the
coordinate line y=0 or z=0.

The type of the action at a fixed point x € Y is determined as follows.
First let us show that two functions f(1, y, z) and w from a part of a local
coordinate for 1 X C*® at x, since the rank of
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0 0
M_[f, ;}0]
1

oy
o(y, z, w) 0. o,
is equal to two. (' ° Otherwise 3f/dy=0dffoz=f=0 at x and hence
affox(1, y, 2) = hf(1, y, 2)— by(@fjoy)(1, y, z)— cz(df]oz)(1, y, z)=0. This
contradicts the isolatedness of the singular point of X,.)
The Jacobian determinant of the action of £ e Isotropy at xCZ, on
Y at x is calculated by,

A o2 ) )/ CE D) erenes oo
det( oy, z, w) ) af(1, y, z) : : :

Since £ acts on one coordinate w of Y by multiplication, { acts on v
(=the local coordinate of Y at x, s.t.  acts on (w, v) linear diagonally)
by the multiplication of {¢, (i.e. L X (w, V)—(w, {*v)at x e ¥). q.ed.

It is well known by E. Brieskorn [6] that the graph of the minimal
good resolution of a cyclic quotient singular point of type (p, 1) is

and that of type (p, —1) is —@ By resolving

p—1
the singular points of X; minimally, we obtain the description in the theo-
rem, where E, is the strict transform of E,.
The formula (5.3.3) is a consequence of the adjunction relation on
X, as follows.
Let o, be a meromorphic 2-form on X,, which is a lifting of the two

form Rele[ f(zxiy ZZ l)] on X,. Then w, has simple poles along E; for
i=1, --.,rand a double pole along E,, i.e.
(5.3.4) [w]=—2E,— > E,

i=1

(. As above, let (w, v) be local coordinates of Y at a fixed point x of Z,.
The lifting of

Resy,

[d(w“)d(w”y)d(w”z)]:a_dw Res[ dydz ]
Jwe, wy, wez) wie J, y,2)

on Y is locally expressed as u(w, v)dwdv/w'~*¢ for some unit u. Let E,C X,
be the exceptional set of the resolution of x in X, Then at the point
E,N E,, one may choose W:=w? and U:=w/v as local coordinates of X,
st. E,;: W=0and E;;: U=0. Then
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o=pull back of u_dev
w2
__u dwdu
p WU’

This implies (5.3.4)).
The adjunction formula on X, applied to the curve E, implies

2g—2=[w,E,+ Ej.

By substituting [w,] by (5.3.4), we obtain the formula (5.3.3).
This completes the proof of Theorem 6. q.e.d.

Note. Artin’s fundamental cycle (cf. [4]) Z, and Z}, p,(Z,):=1
—(0,,) are easily calculated as follows (cf. [42] [63] [27] [61] [68]).

Resolution graph Z, Z? 2.(Z)
1,0;2,1;3,1;r,1) r>6 6E,+3E,+2E,+E, 6—r 1
(1,0;2,1;4, 151, 1) gr>4  4E+2E+E+E, 8—q—r 1
1,0;p,1;9, 151, 1) p, g, r >3 3E+E+E+E, 9—p—q—r 1
(2,0;2,159,1;r, 155, 1) !

.1, 52 2E0+i=le E, 6—q—r—s 1
(3,0;2,1;2,1;2,1;2,1;r, 1) 5
10 2E(,+i=Z1 E; —t 1

. . - o 1+

(Pog;py 15 ---5p,1) g=>1 ;::;Ez 2r"§opi (po—1)/2

(5.4) The following theorem due to H. Pinkham gives an insight
into the proof below of Theorems 3 and 4 in (3.5).

Theorem. ([44, Theorem 1.1]) Let X, be any normal two dimen-
sional variety |C with a good C*-action fixing an isolated point 0 ¢ X,.
Then there exists a smooth proper curve C, a finite group G of automor-
phisms of C and a G-invariant, ample invertible sheaf ¥ of rank 1 on C
such that :

a) G acts on X(C, P), freely except at the vertex, where X(C, &)
denotes the space obtained by contraction of the zero section of the line
bundle F(C, &) over C associated to the invertible sheaf ¥~ over C.

b) X, is analytically isomorphic to the quotient of X(C, &) by G.

(The proof of the theorem essentially uses the solution of Fenchel’s con-
Jecture due to Bundgard-Nielsen [11] and Fox [18].)

Let us return to our case: the hypersurface X, defined by a polyno-
mial for a regular system of weights (a, b, ¢; h) with e =a+b+c—h,
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which admits a good C*-action 7 X (x, y, z)—(¢°x, t’y, t°z) for t e C*. Let
us keep the notations of the proof of (5.3) Theorem 5.

Due to the universality of the weighted blowing up X,—X,, there
exists a holomorphic map F(C, #)—X,, which makes the following
diagram commutative.

G -
F(C, #)—>%,
C E,
G
X(C, ¥)Y—>X,

Therefore F(C, £)/G=X, and C/G=E,. Then the Hurwitz formula for
the covering C— E, implies,

(5:4.1) 28(C)— 2= (4G)2g(E)+2+ 3 (1= 1py).

Let w be the meromorphic 2-form on F(C, %) which is the pull-back

of Resy [ dxdydz
3| f(x, 5,2, )
line bundle F(C, %) induces,

] on X,. Then the natural action of r e C* on the

(5.4.2) t*o=t'o.

(5.5) Proof of (3.5) Theorem 4.
First let us show:

Lemma. Let F—C be a line bundle over a smooth curve C. Suppose
there exists a nowhere vanishing holomorphic 2-form o on F\C (=the total
space of F minus the zero section) and an integer ¢ € Z, s.t.

t*o="tw for t e C*

where t¥ means the action of t on the space of two forms on F\C induced
from the geometric action of t on F\C by multiplication on fibers.
Then F®* is isomorphic to the canonical bundle of C.

Proof. Let x; (i e I) be local coordinates for a collection of charts
U, (iel)of Cand let y, (i € I) be the fiber coordinate for a trivialization
of Flg,. ’

Let a,,(x) be the holomorphic function on U, N U, which defines the
transition rule y;=a,,(x)y, of the fiber coordinates for 7, j e L

Let ¢,(x;; y;)dx.dy; be the local expression for @ on F|;, in terms of
the coordinates (x;, y;). Then by the assumption on w, t*(p/(x;, y,)dxdy;)
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=@i(x;, ty)dx,dty; is equal to t'o,(x,, y)dx.dy,. Hence o,(x;,ty)=
t*'o,(x;, ;). By substituting y,=1 and t=y,, we obtain,

0i(Xi, ) =yi"0x, 1) for iel

On the other hand, on the intersection F|,, N F|,, two differential forms

oly,= 0i(xs, yi)dx,dy,

d.
= %(xj, a;(X)y;:) dzj dxd(a;:(x)y;)

= (aji(x))ey i ax
dx,

os(x;, Ddxdy;

and
wiui=§0i(xis J’i)dxidyz':yg_lﬁoi(xi, 1)dx;dy;

should coincide with each other.
Therefore one obtains the relation

a;(x)° % oi(X;5 = (X, 1).
4

This means the collection {¢;(x;, 1)};¢; defines a section of the line bundle
F®¢-aK, over C, where K, is the canonical bundle of C. Again by the
assumption on , ¢;(x;, 1) are nowhere vanishing. Thus the collection
{0:(x; D}ie; defines a trivialization of the line bundle F®-9K,. q.e.d.

Applying the lemma to (5.4.2) in our case e=—1, we see that the
line bundle F(C, %) is isomorphic to the anticanonical bundle K;' over

C.
Since & is ample, the Hurwitz formula (5.4.1) implies,

26(C)—2=(46)( 26— 2+ 3 (1= 1/p)) >0,

so that the universal covering of C is the upper half plane H:=
{ze C:Im(2)>>0}. Let n: H—C be the universal covering map and let
H x .K;! be the lifting of the anticanonical bundle from C to H. By a
suitable trivialization of the bundle, the group =,(C)=——>SL(2, R)/+1
acts on H X ,Kg! as follows.

H X .K;'—H X .K;*
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az+ b - )
> , (cz4-d)?y).
(@ y)%——>(cz+b (cz+d)%y
Recall H:={(u, v)e C*: Im (u/v)>0} and define the following double
covering

ﬁ-—)szKgl
W, V)—>(z, ), z:=ufv, y:=v?

so that the action of #,(C)CSL(2, R)/£1 on H X .Kg' can be lifted to
the linear action of the binary extension of z,(C) in SL(2, R) on H.
This completes the proof of the Theorem 3.

Proof of (3.5) Theorem 5. Let I" be any Fuchsian group of the first
kind. Then due to Fox [18] and Bungaard, Nielsen [11], there exists a
finite index normal subgroup I of I' which does not have a torsion
element. Let us denote by I/ and I" the binary extensions of /7 and I’
in SL(2, R), respectively. Obviously I acts freely on H so that H/I" is
the anti-canonical bundle over a curve H/I” on which the finite group
I’/T" is still acting. Consider the 2-form w on the anti-canonical bundle
H|I" defined by dudv=—%y-dzdy which is invariant under I'/I” and
satisfies

*) t*o=t"'w

for the C*-action on the fibers on H/I". Therefore w descends to the
space I;(/f' satisfying the same rule as *). (Note that any of I'/I" does
not act trivially on H/I".)

Suppose that H/I" is embedded in C* by three automorphic forms x,
y and z of degrees a, b and c, respectively so that the image is a hypersur-
face defined by a weighted homogeneous polynomial f of degree 4. Let
us denote by «’ the differential form on H/I’ which is the lifting of

dxdydz
Res [f(x, % 2)

) tfo'=t°0/  for te C*

]. Then o’ is nowhere vanishing and satisfies

where e: =a+b+4c—h.

Then ¢:=w'/w defines a nowhere vanishing holomorphic function on
H|I'” (=the anti-canonical bundle over H/I") satisfying t*o=1t°"*¢. This
implies that (¢+ 1)-th power of the canonical bundle of H/I"” is the trivial
bundle, which is possible only when e¢+1=0. Thus (a, b, c; %) is a
regular system of weights with e= —1.

This completes the proof of Theorems 4 and 5.
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(5.6) Let us recall that a Fuchsian group of the first kind I" is
determined (as an abstract group) by a data (p,, - - -, p,; g) called the
signature of I', where p,, - - -, p, (called the exponents, which are integers
>2 or o) are the set of ramification indexes of H—H/I" and g (>0) is
the genus of H/I'. (Here H/I is the complete curve by adding cusps if
necessary,) ([19, pp. 182-190].) The group is described as follows.

F:<cl9 ey Gy, t 0ty ag’ bla ° '3bg: cfv=1’

(5.6.1) g
y=1,---r,¢---¢ ] (albza;‘b;1)=1>

=1
The volume of the fundamental domain of the group is given by zu(I'),
where

(5.6.2) pD):=2g— 243 (1—p7).

The following theorem is a supplement to the previous Theorems 4, 5
in (3.5) (cf. [39]).

Theorem 7. i) The signature of the Fuchsian group for a regular
system of weights with e= —1, is exactly (p;, --+,p.; g) given in (5.3)
Theorem 5, which are exhibited in (5.3) Table 5.

ii) The volume u(I") of the Fuchsian group for a regular system of
weights (a, b, c; h) is given by

(5.6.3) (") = hjabc.

Proof. 1) This is an obvious consequence of the construction of
the resolution.

if) This is a direct consequence of a comparison of Tables 3 and 5.
An intrinsic proof without the use of the tables is given in (6.2.4). q.e.d.

(5.7 Note. Let us put

(5.7.1) di=det (E;- E;); joq,.0,r

Using the data (5.3.1), one calculates easily,

(57.2) d=(=1y [ p(Es+3; 1p)).
i= Ji=

Therefore applying (5.3.3) and (5.6.2), one obtains a formula for the
volume.
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(57.3) uD)=(=1r+d /i p.

only in terms of the intersection matrix (E;- E});, j_o.... r

§ 6. Compactification of the Milnor fiber

For a proof of Theorem 7 ii) (5.6.3), we introduce for e=1,0, —1
the compactification of Milnor fibers by adding a divisor at infinity,
which has been studied by several authors. Here in this paper, we follow
the idea of H. Pinkham [42-46], who has explained the strange duality
due to V.1. Arnold [2].

(6.1) Let us recall the compactification of Pinkham below. We
disclude the case of type 4, to avoid some complications.

Let F(x, y, z, p, A, v) be the universal unfolding as defined in (4.1.1)
for a regular system of weights (a, b, c; h).

Define a new polynomial

G(X, J’, z, W, E& Z)::F(x, y: z, (Wdegm)ﬂb MY (wdeg#m+)ﬂm+a l’ O)

which is a weighted homogeneous polynomial of degree 4 in (x, y, z, w)
with degx=a, degy=>b, degz=c and degw=1, with parameters (g, 2) ¢
C™ xS,. For instance,

G(X, Y, Z, W, 1: 09 R} 05 '3)=f(xs Y, Z, Z)'{'Wh'

For each value of the parameter (g, 2) € C™* XS, we define a complete
hypersurface

gl _{(x y z: W)GP(aab C, 1) G(Xaya z, W, ‘Ll, l) 0}

in the weighted projective space P(a, b, ¢, 1):=(C*—{0})/ ~, where ~ is
defined by (x, y, z, w) ~(¢°x, t%y, t°z, tw) for Yt e C*.

The map (x, y, z) e C*—(x:y:z:1) e P(a, b, ¢, 1) is injective so that-
we shall identify the image domain with C® Then the complement
P(a, b, ¢, 1)\C® is naturally isomorphic to P(a, b, ¢). Thus when there is
no confusion, we identify P(a, b, ¢) with the divisor of P(a, b, c, 1) at
“infinity”.

The “open part” X,,N C* of X, 1 18 naturally identified with the Milnor
fiber X, of (4.2.1). The “divisor at infinity” X,,\X,,0=X,,NP(a, b, ¢),
denoted by E,, is isomorphic to the curve in P(a, b, ¢) defined by,

Sx, 3,2z, =0

in an obvious way, which is isomorphic to the central curve E, in the
resolution of X, (cf. Theorem 6).
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Assertion ([44, 4.1]).  The singular points of X,, along E., appears at
most at E.N(I,Ul,Ul), which are cyclic quotient singularities of types
(psse) fori=1,---,r.

Here I, (resp. 1,, resp. 1) is the coordinate axis of P(a, b, ¢) defined by
x=0 (resp. y=0, resp. z=0), and p,’s are the value describe in Theorem 4,
at the corresponding points on E,

Proof. To illustrate the duality with the proof of (5.3) Theorem 6,
we give an elementary proof of this assertion.
Let us define a chart U of P(a, b, ¢, 1) as the image of

1XC*——>P(a, b, c, 1)
w w
(1, p, z, wy——>1:y:z:w).

The image U is isomorphic to the quotient variety 1 X C*/Z,, where Z,~
the set of a-th root of unity acts on 1 X C* by (1, y, z, w)—(Z%, &, Lz, Tw)
for { e Z,. Therefore X,,NU is isomorphic to the quotient variety
Y/Z,, where Y is the smooth hypersurface in 1 X C*,

Yi={(1,,2) e 1 XC*: G(1, y, z, w, g, )=0}

and the Z, -action on Y is induced from that on 1 X C*.

If a point x=(1, y, z, w) ¢ Y is fixed by { ¢ Z, for a {1, then w=0
and yz=0. This implies that the singular points of X,, appear along
E . N({,Ul,UL) as cyclic quotient singularities. Their types are deter-
mined as follows.

First not that the rank of 3(G(1, y, z, w), w)/a(y, z, w) is equal to two
at a fixed point x. Therefore we shall regard G and w as local coordinates
of 1 XC? at x.

The Jacobian determinant of the action of ¢ e Isotropy,CZ, on Y
at x is calculated by

det a(cbys Ccz, CW) aG(Ca’ ch’» CCZ’ CW) zcb+c+1—hzca+l+5=c1+s'
a(ya z, w) aG(la Yz, w)

Since { acts by multiplication of £ on one coordinate w of Y, it acts on
the remaining coordinates by the multiplication of £*. This implies that
the singularity is of type (p,¢), where p is the order of the isotropy
subgroup. ‘

The order p of the isotropy is calculated in the same way in the
proof of Theorem 6. g.e.d.

(6.2) Let us denote by X:=X,, the minimal good resolution of the
complete surface X, at co and denote by E., the strict transform of E..
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1. The case e=1. (cf. [54])
Due to the above description, the divisor X—JX,, at infinity has
rational curves intersecting among themselves in the form

for some integers p, g, r (:=the lengths of the branches for the Dynkin

diagram of the corresponding type.)
The canonical divisor Ky of X is given by

6.2.1) Ky=—QE.+E+E,+E)

and X is a rational surface, whose second Betti number is equal to r+4.
One obtains the formula

6.2.2) 1/p+1/g+1/r—1=hjabc -

where the left hand side is volume of the fundamental domain on the
sphere S? under the action of the corresponding Klein group.

2. The case e=0. (cf. [12] [28] [46])
In this case E., is a smooth elliptic curve and X, is smooth along E...
X is known as a del Pezzo surface whose canonical divisor is given by

(6.2.3) Ky=—E..

3. The case e=—1.
The divisor X— X, at infinity has the form

s w0

" 7

Assertion (compare [42], [15,3.5.3]). X w 15 a K3 surface for (g, 2) e
C™+ X Sy X O\D.
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Proof. Consider the 3-form £ on C*, given by

0 (axdydz+ bydzdx + czdxdy)dw + wdxdydz
weG(x, ¥, z, w, 1, 2)

which induces a 3-form on P(a, b, ¢, 1) denoted by the same letter . For

instance the restriction of £ to the affine chart C®*X1 is equal to

dxdydz/G(x ¥, 2,1, ¢, 3). Thus the residue w:=Resg(f2) defines a 2-form
X, which is holomorphic and nonvanishing except at infinity.

If e= -1, from the expression for {2, one sees easily that at infinity
along E.CX,, o is regular and non-vanishing except at the singular
points of X,,. Since the singular points of X, are rational double points

(of type Apz), the lifting @ of » to X is holomorphlc and nowhere vanish-
ing. X is simply connected since z(X 1)-—>7r1(X ) is surjective and the

Milnor fiber X, is simply connected. qg.e.d.
Formula.
(6.2.4) 2%6—243 (1—1/p;)=hjabe.
t=1

Proof. Consider E, as a divisor in the singular surface X, defined
as the compactification of the Milnor fiber X’ o

The total transform E’, on X for E. in the sense of D. Mumford [32,
11] is easily calculated as,

E;::Em—{—z j ‘f E,

where E;; is the exceptional curve on the i-th branch at the j-th position
from the E
Therefore by definition,

*) Li=El= E2+Z(l—1/pi) 2g— 2+Z(1—1/pl

On the other hand as rational Cartier divisors on X, s WE have numerical
equivalences aE,, ~E,, bE,,~E, and cE_~E,, where E,, E, and E, are
divisors on X, defined by x=0, y=0 and z=0 respectively. If c|4, then
E,-E,=h/c so that

o me(le)(le)=leg=l b b
a b ab ab ¢ abc

Other cases can be calculated similarly.
Comparing *) and **), we complete the proof. g.e.d.
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Supplement

After submitting this paper, the auther was informed from I. V. Dolgachev
the following references.

[D] Dolgachev, I. V., On the link space of a Gorenstein Quasihomogeneous
Surface singularities, Math. Ann., 265 (1983), 529-540.

[S] Sherbak, I. G., Algebras of automorphic forms with three generaters,
Functional Anal. Appl., 12, No. 2 (1977), 156-158.

One key step (1. Proposition 1.) for the proof of the main theorem in [D]
is parallel to a key step ((5.5) Lemma) for the proof of (3.5) Theorems 3, 4 in
the present paper, which treats a special case. Therefore assuming (3.2) Theorem
and [D, 1. Remark 1.], the calculations of the table 3. of weights and table 5. of
signatures are reduced to calculations of weights for certain quasihomogeneous
polynomials defining isolated singular points, which is actually done in the paper
[S] by a help of [14] [39].
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