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Introduction

Let G’ be a semi-simple algebraic group, p’: G'—GL(V) its finite-
dimensional rational representation, all defined over C. Then, we have
O=pD-Pp, V=V,D- - - @V, where p,: G’—>GL(V,) is an irreducible
representation for i=1, ---, k. Put G=GL(1)* X G’ and let p be the
composition of p’ and the scalar multiplications GL(1)* on each irreducible
components. In [7], the classification of such triplets (G, p, V) which
admit only a finite number of orbits has been discussed. To complete this
classification, one must give the orbital decomposition of some spaces,
which will be done in this paper. We give the orbital decomposition of
the following spaces. We use the same notations as in [7] (See Definition
1.10 in [7]).

(1 G 4 20 2yl 4 Spin() A& 2 (1.3) Spin(7) 4 2
(1.4) Spin(7) 4 3 (1.5) 1 4 Spin(8) 4" 3

(1.6) 14 Spin(8) A" 2 anl A Spin(10) 4" 3

(1.8) Spm_SOB), (1.9 1 4 Sp@ 4, 2,

ens 4 2 @6 4 2 enl 4 2

eol 742 @5l S4L2 @62 h5 2
en4 L n @=34, @3l s4n1 @=3 4,

oy ld 7 2

Gnl_n4l @Gzl 641 @331
GaHl_ S 4, 1 (35 1 4 Spin(i0) 4" 1,
(3.6) 1 4 Spin(12) 4’1,
where A (resp. A’) denotes the (half-)spin (resp. vector) represeatation of
Spin (n),
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One can check that | 44, 3 1 and 1 44, 4 2 havealsoonlya

O~—0 o0—-0 Oo—~—0 O —

finite number of orbits by calculation using (2.8) (See [3]). Thus, we have
complete the classification of such spaces. Now let G be any reductive
algebraic group and p: G—GL(V) its finite-dimensional rational represen-
tation all defined over C. If ¥ decomposes into a finite union of G-orbits,
then the restriction of p to the semi-simple part [G, G] of G should appear
in our classification. In this sense, modulo scalar multiplications, we have
decided the representation of reductive algebraic groups with finitely many
orbits. Since it is too long, we give the proof only to some of the cases.

§1.
First we consider the triplet ((Gy) X GL(2), 4,®4,, V(1)QV(2)). The
Lie algebra (g,) of (G,) is given by (1.8), p. 20 in [8], i.e.,

[ 012722y A Ay A 0 —c b
y X Z |, X=|4y 4 x|, Y=|c¢c 0 -—al,
I —’XJ de A A ~b a 0

[0 f —e
Z=|—f 0 d|,
e —d O

ty=(a, b, ¢), ‘z=(d, e, f), 4+ A+ 2,=0, which gives 4,. The representa-
tion space is identified with V=V(7)® V(7).

Propesition 1.1.  The triplet ((G)) X GL(2), 4,Q4,, V(T)QV(2)) has
the following eight orbits.

Representative Points Codimension
(1) (e €) 0
(2) (e e5tep) 1
(3) (e e) 3
(4) (e, &) 3
(5) (e €) 5
(6) (e, 0) 6
(7) (e 0) 7
(8) (0,0 14

Proof. Let X=(x, y) be a representative of one of the orbits of V=
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V(1Y®V(7). The triplet (GL(1) X(G,), 4,, V(7)) has three orbits repre-
sented by e, e,, 0 (See [1]). Therefore we may assume that x=0, e,, e,.
For example, the action of (a(1)) means the action of exp 14 in (G,) where
A is an element of (g,) such that all its components are zero except for a
and a=1. If x==0, then we have also y=e,, e, 0, i.e., (6), (7), (8). Let
y:ﬁ(yl, 2R y7)

The case for x=¢,. Assume that y,5=0. Then by the action of ¢, f,
a, A5, A3 and GL(2), we have y=e,, i.e., (1). Assume that y,=0. We may
assume that y,=0 by the action of GL(2). If y,+0 or 3,70, then we may
assume that y,=1, y,=0 by the action of 2,,, 4,, and GL(2). By the action
of e and a, we have y,=y,=0. If y,=0, then we have (3), and if y,=~0,
then we have y,=1 by the action of 4, and GL(2), and hence we have (2).
If y,=y,=0, then we may assume that y,=0 by the action of 2, 4,,. If
¥,=0, then we have (5), and if y,+0, then we have y,=0 by the action of e,
and hence y=e,, i.e., (e, ¢,). By the action of e, b and GL(2), (e,, ¢,) ~(3).

The case for x—=¢,, We may assume that y,=0 by the action of
GL(2). Assume that one of y,, y; and y, is not zero. Then we may assume
that y,5~0 by the action of 4, and 4,;,. By the action of 2,,, 4;; and 1,, we
have y;,=y,=0 and y,=1. If y,5£0, then we have y,=y,=0 and y,=1 by
the action of A,,, 4,5, 4, and GL(2), and hence we have y=e,t ¢, i.e.,
(e, €,+¢;). By the action of a(1), GL(2), d(—(1/2)) and GL(2), we have
(e, e;+e) ~(1). If y,=0, then we may assume that y,=0 by the action
of Ay, 4. If y,=0, then we have (e, ¢,), and if y,=0, then we have
y,=1 by the action of 4, and GL(2), and hence we have (¢, e,+¢;). By
the action of 4, and GL(2), e(1), b(—(1/2)), A(—2), 2,5(1/2) and GL(2),
we have (2) ~ (e, e,+-¢;). Assume that y,=y,=y,=0. We may assume
that one of y, (i=5, 6, 7) is not zero. Also we may assume that y,=0 by
the action of 4, and 4,,. Then we have y,=y,=0, y,=1 by the action of

Aizs A5 and 4,, and hence we have y=e¢;, i.c., (4). Q.E.D.
-2, 010

Remark. Put K={ 0 | 0 | I, |. Then,for Xe M(7,2)=V(7)
0L |0

@V (7), rank ‘XKX is invariant. Since its value of (3) (resp. (4)) is O
(resp. 1), (3) and (4) are different from each other (See [4]).

Next we consider the triplet (GL (1)* X Spin (7) X SL (2), spin rep. ®1
+vector rep. ®4,, V(8)+V(1)®V(2)). The representation space is iden-
tified with V=V (8)®M (7, 2) where V(8) is spanned by 1, e;e,(1<i<j<4),
e.e.e.e, (See p. 110-112 in [8]). The action p=p,®1+ p,®4, is given by
p(&)x=(ap,(g)X, Bo(g) Y'g) for g=(a, B, &, &) € GL (1)* X Spin (7) X
SL(2), £=(X, Y) e V=V(@)PM(7, 2) where p, (resp. p,) denotes the spin
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{resp. vector) representation of Spin (7) on V(8) (resp. ¥ (7)) (See (5.31),
p. 115 in [8]).

Proposition 1.2,  The triplet (GL(1)* X Spin (7) X SL(2), spin rep. ®1
~+vector rep. @A;, V(8)+ V(NRV(2)) has the following thirty orbits.

Representative Points Codimension

(1) (I4eeee,, (e, e))
(2) (+teeese, (e e5+e))
(3) (I+eemee, (e, e))
(4) (I4eeee, (e, &)
(5) (I+eemese, (e )
(6) (I+eemee, (e, 0)
(7) (I+eeee, (e, 0)
(8) (I+eeee, (0,0)

(9) (1, (ex+ey e5+65))

(10) (1, (e;+e55 )

1) (, (e e1+¢y))

12y (1, (ex+e; €))

13) (4, (e &)

14) (1, (e &)

15 (1, (e €)

16) (1, (ex+es €))

a7 (4, (e, e))

18) (1, (e, €))

19) (4, (e+es5 0)

(20) (1, (e, O))

1) (1, (e )

(22) (4, (e, 0))

(23) (1,(e,0)

@4 (1,0,0)

25) (0, (e &)

26) (0, (e1, &)

@7) (0, (e, €5)) 11
28) (0, (e, 0) 14
(29) (0, (&5, 0) 15
30) (0, (0,0) 22

<

—

O 01 N bbb WWN= DN O W W e

P
O 0 L = O

Proof. The triplet (GL(1) X Spin(7), spin rep., V(8)) has three orbits
represented by 1 +e;e,2:¢,, 1, 0 (See [2]). The case for (1+e,e,e,2,, Y). The
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isotropy subalgebra at 1 4e,e.e.¢, is (g,). Hence we obtain (1) ~(8) from
Proposition 1.1. The case for (1, ¥). The isotropy subalgebra at 1 is

. 1234567
given as follows by transform ( 45671 23).

—'4 26| C Cus
0,0 =5 b=la] ‘c=-c
0 04 Cu

t 12
In this case, ¥—= <5), Y,= ("5 Xe X xl), Y,= (xz Xy "4). Then SL (3)X
Y, Vs Ve Vi Ve Vs Mu
GL (2) acts on Y, by 4,®4,, and hence Y, ~E,,+ E,,, E;;, 0. Assume that
Y,=E,+ E,,. Then we may assume that x,=x,=y,=y,=0. By the action

x . . .
of ¢,,, we may assume that Y{:(xsi 5) is a symmetric matrix, and hence
6.8,

GL(2) acts on Y] by 24,. Hence we have Y| ~E,+E,, E,, 0, ie., (9),
(10), (13). Assume that Y,=—FE,;,. Then by the action of ¢,,, ¢;; and ¢,,,
X, =x,=x,=0. If 3,70, then y,—y,=0and x,=0, and hence we have (11),
(14). If ;=0 and y, 0, then, by the action of 2¢,, and 2¢,,, y,=y,=0,
and hence we have (12), (15). If y,=y,=0, then GL(2) acts on y=(y,, ¥1)
by 4,, and hence y~(1, 0) or (0,0). Hence we have (16), (17) and (19),
(20). Assume that Y,=0. Then we have (18), (21), (22), (23), (24).
Finally the case for (0, Y). Then we have (25) ~(30), because the triplet
(SO(7) x GL(2), 4,®4,, V(T)QV(2)) has six orbits (See [9]). Q.E.D.

Remark. There is a possibility that (11) and (12) belong to the same
orbits.

Next we consider the triplet (Spin (7) X GL(2), spin rep. ®4,, V(8)&®
V(2)). The representation space V(8)QV(2) is identified with V=V (8)D
V(8) where V(8) is spanned by 1, e;e; (1=i<<j<4), ejee,e, (See p. 110-112
in [8]). The action p=p,®4, is given by p(g)x=(p,(g)X, p.(g)Y)'g, for
g=(g, &) € Spin () X GL(2), x=(X, Y) € V=V (8)DV(8) where p, denotes
the spin representation of Spin (7) on V(8). If 2e C*, for any index i
satisfying 1<i<3, we put S;()=2"4+(@—2e,f;. Then S,(2) is an
element of Spin (7). For any two distinct indices 7, j satisfying 1 <i, j<7,
i, j#4, i j+4, j=i+4, we put S, (D) =1+ 2e,e;=exp (4e,e,) where e, =
fu-sfor 5<k<7. For any index i satisfying 1 <i<7, i+4, we put S,,(4)
=14 2e,(e,+e), S; (D=1 Ae,+¢e,)e; where e, =f,_, for 5k <7. Then
S.; (i#£j+4, j#i+4) is an element of Spin (7) satisfying S, ,(D)S;,()=1
(See [8]). The triplet (GL(1)x Spin(7), spin rep., ¥(8)) has three orbits
represented by 1+e,e.e5e,, 1, 0 (See [2]).



442 T. Kimura and S. Kasai

Proposition 1.3. The triplet (Spin (7) X GL (2), spin rep. @4,, V(8)
QV(2)) has the following seven orbits.

Representative Points Codimension
(1) (1, eegeqe,) 0
(2) (1, ee,+eqey) 1
(3) (1, eey) 3
(4) (1, ee) 5
(5) (I4ee.ese,0) 7
(6) (1,O) 8
(7) ©,0 16

Proof. Let £=(x, y),be a representative of one of the orbits of V=
V(8@ V(8). Then we may assume that x=0, 1, or 1+ee,e,e,. If x=0,
then we have also y=1+-e¢,e,e.¢,, 1,0, and by the action of GL(2), we have
(5), (6), (7). The case for x=1. We may put y=y,- 14> i<cicj<sVis€:€;
+ Q-1 yiestyieee)e,+0. We may assume that y,=y,; =y, =»,=0 by
the action of GL(2), Sy, S, and so on. If 3,740, then by the action of
S, GL(2), Ses, Sss and GL(2), we have (1). Assume that y,=0. If y,=0
and y,,7%0, then by the action of S,; and GL(2), we have (3). If y,=y,,
=0, then we have (4). If y,#0, then we may assume that y,=0, y,=1 by
the action of S;; and GL(2). If y,,70, then by the action of S,(2) and 2/,
with 2*y,=1, we have (2). If y,,=0, then we have (4) by the action of
S(1) and Si(—1). Finally the case for x=1-+-¢,e,6,¢,, We may assume
that y;;=y,,=y,=»,=0 as above, i.e., y=pnee;+ (1€ +yse;s+ yieeees.
Assume that y,==0. Then we may assume that y,=0 by the action of S,,.
By the action of S,;(2), S,(4) with == —(y,/2y,) and GL(2), we may also
assume that y,=0, and by the action of GL(2), we may assume that y=
vpeie,+ee,. By the action of Si,(v/¥ia), Su(v/yis) and GL (2), y=e,e,+
2/ yeeee,. I y,£0, then by the action of S;(1/24/15), Si(1/24/ Y1)
and GL(2), we have (1). Ify,,=0,ie., y=e,e, then by the action of
S(1), Si(1), Sr(1), Sis(1), GL(2) and so on, we have (2). Assume that
¥;=0. If y,=0, then by the action of S,(2), S;,(2) with 1y,=y,, and Sy(),
Su(p) with gy, =y, and GL(2), we have (1). If y,=0 and x,,70, then by
the action of S,(11/¥12), Sis(— (¥:/¥:2)) and GL(2), we have y=e.e,. By the
action of S;;(—1), Si(—1), GL(2) and so on, we have 2). If y,=y,,=0,
then by Si;(1/yy), Si(—y), we have y=e,e,, i.e., (2). Q.E.D.

Next we consider the triplet (Spin (7) X GL (3), spin rep. ®4,, V(8)Q
V(3)). The representation space V(8)®¥V(3) is identified with V=V (8)®
V(8)@¥V(8) where V(8) is spanned by 1, e;e; (1=Zi<{j<4), ejeeqe,.
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Proposition 1.4.  The triplet (Spin (7) X GL (3), spin rep. @4,, V()R
V(3)) has the following fourteen orbits.

Representative Points Codimension

(1) (1, eenzse,, e, +e5e,) 0
(2) (1, eesesey, €1e:+e1e,) 1
(3) (1, el e0) 3
(4) (1, ees e165+e2¢,) 3
(5) (1, ey, eeytesey) 5
(6) (1, ee, ee) 6
(7) (1, eenese,, 0) 6
(8) (1, ee, ere)) 7
(9) (1, ez +ese, 0) 7
(10) (1, ee5, 0) 9
11y (1, ee,, 0) 11
(12) (1+eeee,,0,0) 14
(13) (1,0,0) 15

24

(149) (0,0,0)

Proof. Let =(x, y, z) be a representative of one of the orbits of
V=V@®)DV()PDV(8). Then we may assume that (x, y)=[1] (0, 0), [2]
(1,0) [3] (1+eesze,, 0), [4] (1, ee), [5] (1, eer), [6] (1, erest-esey), [71
(1, eje,e5e,).  In the first three cases, repeating the same argument, we
obtain (7), (9), (10), (11), (12), (13), (14). First we consider the case [4].
By the action of GL(3), we may put z=>7 ;s Zi;€:8,+ (O 10 2.0, +
z,e.e,6.0¢,7#0. The case for z,,=2z,—=0. Assume that z,7#0 and z,%0. By
the action of Sy —(z1,/2:,)), We may assume that z=z,e,e,-+z,6,6, - z;e.€,.
If z;=~0, then by S,;, S, and GL(3), we have ¢,e,-+e.e,, ie., (5). If z;=0,
then by S (—(z)/z:2) and GL(3), we have ee,, i.c., (8). Assume that
Zp#0 and z,=0. By S,(—(2,/z,,) and S,,(—(z,;/z,,)), we may assume
that z=z,e,e,+zZje,e,.  If z,#0, then we have (5). If z;==0, then we have
(8). Assume that z,,=0 and z,%0. By S,.(—(z,/z,)), we may assume that
Z=2z.e.8;,-+Z,e.6,-+Z,e.e,.  If 21,50, then by Sy, S, and GL(3), we have
(5). If zj,=0 and z,;40, then by S, S,, and S,,, we have (8). If z{,=
z,,=0, then we have e,e,. By the action of S,;(1), Ss(1), Sy(—1) and S,
(1), 8) ~(1+e,e,, ee, e,e) and hence (1, ee,, e;6) ~(8). Assume that z,
=z,=0. If z,#0 and z,£0, then we have (5) by S,(1/z,,), Si(—2,),
Si(—215), S; and GL(3). If z,,£0 and z,=0, we have (8) by S,(1/z;;) and
Si. If z,,=0 and 2,0, then we have e,e, ~(8), by S;; and S,,. The case
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for z,,=0 and z,#0. By the action of Sy(—(2,/2.), Sse(2/2.), Si(215/2),
S.(—(215/z,)) and GL(3), we have e,e,e;e,.  The case for z,,720 and z,=0.
BY S11(212/229), S16(— (215/225))> Sir(Za/ 225)> Sue( — (2:/220)) and GL(3), we have ese;.
The case for z,,#0 and z,#0. By S,/(215/2:), Sie(—(21/22)), Ss:(—(2:/2,)),
S.o(25/2.), Sis(25/z.) and GL (3), we have e,e,e,e,. By the action of S,(1),

110
( 1 ) e GL (3), S,(1) and GL(3), (1, e;e,, e,e,) ~(1, ese,, ee.e52,). Next
1

we consider the case [5]. By the action of GL(3), we may put z= ;_,z;:¢,€;
+(Ci 2,0, + 2400606, 0. The case for z,5=0. By the action of Se(z,/z.),
S.(—(z,/2), Si(z,/z) and GL(3), we may assume that z=z,,e,e,+ z,e.e;
+zee.6e, If 2,70 or z,,70, then we may assume that z,,520 and z,,=0
by the action of S;; and S,;. By the action of S,(—(z,,/2.), S; and GL(3),
we have (1, e,e,, z,,e.8,+z,,e.0,6) ~(2). If z,,=2z,,=0, then we have e,e,e.e,.
By the action of Sy,(1), Si(1)) and GL(3), we have (3) ~(1, e,e,, €,e,e52,).
The case for z,=0. Assume that z,,%0 or z,=%0. By the action of S,
S,., we may assume that z,,5=0 and z,,=0. Then, by S,,(z,/z,,) and GL(3),
we may assume that z,=0. If z,-£0, then, by the action of S,(—(2,/z,)),
GL(@3), S, and GL(3), we have e, +ee,. By the action of S,(1),

1 0-1
( 1 ) e GL(3), Si(1), Sa(1), Sys(1), Syr(—1), Sie(1) and GL(3), we
1

have (1, e,e,, e,e,+e,e) ~(2). If z,=0 and z,50, then we have (4) by the
action of S, and GL(3). If z,—z,=0, then we have (6). Assume that
Zp=2,=0. If z,£0, then by the action of S;,(—(z,/z,)), Su(—(2,/z,)) and
GL(3), we have (3). If z,=0, then we may assume that z,-~0 and z,=0
by the action of S;; and S,;, and hence we have (8). Next we consider the
case [6] By the action of GL(3), we may put z=> ., ;< Z;,€:€;+
G2z, +z.000.)e,70. The case for z,5=0. By the action of S;(— (2,5/2,))
100 .
o Sis(25/2), ( 1 f) e GL(3) with 2= —(2,2,5/2,), Si—(2:s/2.)) ° Sie

(—(z/z)) and GL(3), we may assume that z,=z,=0. Then, by the
action of S,;, S, Sy, and GL(3), we have eee,e, ie., (1). The case for
z,=0. Assume that z,,5=0 or z,,-+0. By the action ot S, and S,;,, we
may assume that z,,20 and z,,—0. Then, by the action of S,(z,/z,;), we
may assume that z=z,e.e,+z,e.e,+ 2,6, If z,7#0 and 2,0, then, by

1
the action of < 1 ) e GL(3), Sy(x)°Sy(ar) with a’(z,5/z,) =1, Sy(B)°Si(B)
Z1g
with f%z,/z,;)=1 and GL(3), we have (1, e,e,+e.e,, 2) ~(1, ;6,4 e;2,, €€,

+e,e,+e,e,) and the codimension of this point is one. Hence this point is
equivalent to (2) (See Prop. 12, p. 64 in [8]). If z,,40 and z,=0, then, by
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1
the action of Sy(l), (~1 1 )eGL(3), Su(1), Si(zs/z) and

—Zp

00—1/z,

10 0 € GL(3), we have (1, e,e, +e,e,, 2) ~ (1, €,6,, €005, — (215/210)15)
01-—-1/z,

and hence we can reduce to the case [5]. If z,,=0 and z,70, then we have

1
e.e;+e.e, by S; and GL(3). By the action of S, (1), ( 1 ) e GL(3),
-1 1

1 1
Sis(1), ( 1 1) ¢ GL(3), SZ,(—%)( 11 /2) ¢ GL(3), S, and GL(3), we
—1 1

have (1, e,e, +ese,, e,e,+e) ~(1, e, e,e,-+e,e,) and we have (2) from the
case [5]. If z,,=2z,=0, then we have e,e,. By the action of S;;(1), Sy,(—1),
Sy(1), S; and GL(3), we have (1, e,e,+e,e,, e,6,) ~(4). Assume that z,=—
Z,;==0. If 2,20 or 2,20, then we may assume that z,=0 and z,=0 by

1
the action of S};, S,;. If z,,7=0, then by the action of ( 01 /zm) e GL(3),
1 0

1
S.(z./210), ( 1 ) e GL(3) and S,,(z,/z,,), we have (3). If z,,=0, then
-1 1

we have e, i.e., (5). If z,=2,=0, then we have e, i.e., (3). Finally
we consider the case [7]. By the action of GL(3), we may put z=
D isicigs Zos€ie;+ 0 oy z:e,6,70.  The case for z,,#0 or z,;70 or z,,£0.
By the action of Sy, S, S, and S;;, we may assume that z,,540 and z,=
z,,=0. Assume that z,#0 or z,70 or z=0. By the action of S, S;; and
S.1, we may assume that z;0 and z,=0. If 2,0, then we have (1) by
the action of Syu(—(z/z)), Si—(2i/2)), Sus(2Zes)> Sir(—(21/72)), S, and
GL(3). If z,=0, we have (2) by the action of S, and GL(3), S;,(1), Ssi(—1),
S, and GL(3). Assume that z,=2z,=2z,=0. Then we have e,e,. The case
for z,=z,=2z,=0. Then we may assume that z,-+0 and z,=z,=0.
Hence we have ee,. From the case [4], (1, e;e,ese,, €,e,) ~(1, ee,, ,e,),
1 0-—-1 1
and by the action of S,(1), ( 1 ) e GL(3), S..(1), ( 1 )e GL(3),
1 101

(1, eie,, e,e,) ~(1, ee.e.e,, €,¢;). By the action of S;,(—1), Si(1) and GL(3),
(1, e,e,eqe,, €,e) ~(1, eje,, ee,2,¢,), and from the case [5], (1, e,e,, €,e,2,¢,) ~
(3). Q.E.D.

Remark The isotropy subgroup at (3) (resp. (4)) is locally isomorphic
to (GL(1) X SL(2) X SO(2))-U(4) (resp. (GL(1)x SL(2))-U(5)) and hence
(3) and (4) are not equivalent.
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Next we consider the triplets (GL(1)*X Spin(8) X SL(), half-spin
rep. ®1-+4vector rep. @4,, V,(8)+ Vo(8)QV(m)) (m=3,2). The represen-
tation space is identified with V= V,(8)®M (8, m) where V,(8) is spanned
by 1, ese;, eeeze, (1 Zi<j=4) (See p. 110-112 in [8]). The action p=p,®
14 0,®4, is given by p(g)X=(xp,(g)X, Pog)Y"g,) for g=(, B; &1, 82) €
GL(1)*x Spin(8) X SL(m), £=(X, Y) ¢ V=V,(8)DM(8, m) where p, (resp.
p.) denotes the half-spin (resp. vector) representation of Spin (8) on V(8)
(resp. V,(8)) (See (5.30), p. 114 in [8]). The Lie algebra of GL (1)*X Spin
(8) X SL () is given by

{(«, ﬁ)@(%} - A)@(D>; ‘B=—B, 'C=—C, D=(d,) ¢ §r<m)}

(m=3,2).

Proposition 1.5. The triplet (GL(1)* X Spin(8) X SL(3), half-spin rep.
R1+4-vector rep. ®A;, V(8)+V(®)RV(3)) has the following forty-eight
orbits.

Representative Points Codimension

(1) (14eemee, (e, e, e,—e;))
(2) (14eeeqe,, (6, e e,-ey)
(3) (I+4eeeqe,, (e, e, €)
(4) (14eeee, (e, ey e5+€))
(5) (+eeese, (e, e, e;—ep)
(6) (14eeeqe, (e, e, e,)
(7) (I+eeeqe, (e, e, 0)

(8) (I+eeee,, (e, e, )
(9) (I+eeee, (6, e;,—e, 0))
10) (+-eeese, (e, e, 0)

A1) (I+eeese, (e, €, 0)

(12) (1+eemeqe, (6,465, 0,0)
(13) (1+eeneqe,, (e, 0, 0)

(14)  (1+esepese, (0,0, 0)

15) (1, (e;+e;, e,4-e, es+¢7))
16) (1, (e;+e;, e,+¢, €5)
(A7) (1, (e, e 655 €)

18) (1, (e1+es, € €5)

19) (4, (e, &, &)

20) (1, (e, +e;, e,+eg, €7)

(=]
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21) (1, (ei+e; e €) 6
22) (1, (e, e €)) 7
(23) (1, (e+es, €46, 0) 7
249 (0, (e, 6, 6) 7
(25 (A, (es+e;, e, 0) 8
26) (1, (ey, e, €)) 8
@7 (4, (e +es, €, €7) 9
28 (1, (e, e, 0) 10
(29) (1, (e, €5, 0)) 10
B0 (1, (e, &5 &) 10
(B (@, (e1+es e 0)) 11
(B32) (1, (e;, &5, 0)) 12
(33) (13 (659 €, e7)) 13
(34) (1, (e, +ey, 0,0)) 15
(35) (1, (es, €5, 0)) 15
(36) (1, (e, 0,0)) 16
37 (1, (e, 0,0) 19
38) (1,(0,0,0) 25
(39 (O, (e, &5, e,+¢5)) 8
(40) (0, (es, €5, €5)) 9
@1) (O, (e, ex+-e5, ¢)) 11
42) (0, (e, €5, &) 14
43) (O, (e, e, 0) 14
44) (0, (e, e,+¢,, 0) 15
45) (0, (e;, e, 0)) 17
(46) (0, (e;+e;,0,0)) 22
@7) (0, (e, 0,0y 23
48) (0, (0,0, 0)) 32

Proof. Let X=(x, (y,, ¥» ¥,)) be a representative of one of the orbits
of V=V,(8)®M(8, 3). Then we may assume that x=1-e¢,e,e:¢,, 1, 0.

The case for x=14-e,e,e,e,. The isotropy subalgebra at 14e,e,e,e,
is the spin representation of 0(7), and hence, by Proposition 1.4., (¥, ¥, ¥5)
~(e1, €5, e,—ep), (€, 5, ex+ey), (€1, e &), (615 €, es+er), (e, &, e —ey),
(€1, €3, €5), (e, €5, 0), (e, ey, €5), (&1, &,— €5, 0), (€4, €, 0), (e, €5, 0), (e, +¢;,0,0),
(e;, 0,0), (0,0,0), ic., (1)~(14). The case for x=1. The isotropy sub-
algebra at 1 is given by

_é_._ 0 -A r4 tC_._ C.
{[C[—tA]’ “oi: ‘_}
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Put (3, ¥, ¥o)=1Y,/ Y] € M(8,3),Y,, Y, e M(4,3). Then SL(4) X GL(3) acts
on Y, by 4,®4, and bence Y, ~ E,,+ E,,+ Ey;, Ei,+ Eyy, Ey;, 0. Assume that
Y,=E, +E,+E,. Bytheactionof —c, — ¢y, — ¢y, Y1 =[Y/0], Y € M(3).
We may assume that Y is a symmetric matrix by the action of ¢,y ¢, .
Then GL(3) acts on Y by 24, and hence Y~E,,+E,,+ E;;, E,,+E,,, E,;,
0. Hence we have (e,+e¢,, e,+¢;, e;+¢€,), (e;+e;, e;-+e, e5), (6,1 e, ey,6,),
(e, 5, €y), i.e., (15), (16), (18), (22). Assume that Y,=FE, +E,. By the

Yy
H Yll € M(2), )flm YZZ €
0 | Yy

M(2,1). Then GL(2) acts on Y, by 4, and hence Y;,~ (1, 0), *(0, 0). If
Y,='{,0), then Y,,=0 by a,,, @, and Y,,=[0/Y], Y e M(1, 2), by d,,, d;s.
Then (§ %) acts on ‘Y by 4, and hence Y~ (0, 1), (1, 0), (0, 0). Hence we
have (e;, e,+ ¢, &), (e, + e, €, &), (e,, €5, &;). By the action of ¢,,(1), dp(—1),
we have (e, + ¢, e,, e,)~(e;, e,, e;). Hence we have (e, e,-+-¢;, &), (e, €, &),
ie., (17), (19). If Y,,=*(0, 0), then we may assume that Y}, is a symmetric
matrix by the action of ¢;,, Then GL(2) acts on Y;; by 24, and GL(2)
acts on Y,, by 4,, and hence Y, ~E,;+ E,,, E,;, 0, and Y,,~ (1, 0), (0, 0).
Hence we have (e, + e, e, + ¢, €7), (e, +e;, €, €7), (e, €, €;), (e, + €5, e;+¢; 0),
(e, +e., 5, 0), (e, €5, 0) L., (20), (21), (26), (23), (25), (28). Assume that ¥,=

Yu Ya] e M(1,2), Ype
0 Yzz 2 12 H ] 22

M(3,2). Then GL(2) acts on 'Y;, by 4, and hence Y;,~(1, 0), (0,0). If
Y.,=(1, 0), then Y;;=0 by d,, and Y,,=[0 Y], Y e M(3, 1), by the action
of —a,,, —ay, —a,. Then GL(3) acts on Y by 4, and hence Y~ (1, 0, 0),
(0, 0, 0). Hence we have (e,, ¢, ¢), (e, €, 0), i.e., (24), (29). If Y;,=(0, 0),
then SL(3) X GL(2) acts on Y,, by 4,&®4, and GL(1) acts on Y, by 4,, and
hence Y,,~ E 4+ E,, E;;, 0 and Y, ~1,0. Hence we have (e, +e¢;, ¢, ¢,),
(e:+es, €5, 0), (e1+e5, 0, 0), (1, €5 €1), (&5 €, 0), (e, 0,0), ie., (27), (31),
(34), (30), (32), (36). Assume that Y,=0. Then SL(4) X GL(3) acts on Y,
by 4,®4, and hence Y, ~ E,,+ E,,+E,, E,+E,, E,, 0. Hence we have
(es, €5, €7), (€5, €5, 0), (5, 0, 0), (0, 0, 0), i.e., (33), (35), (37), (38). The case
for x=0. The isotropy subalgebra at 0 is 0 (8), and the triplet (SO(8) X
GL3), 4,84, V(®XRV(3)) has the following ten orbits; (e, ¢, e;,-}-¢,),
(ela €2 85), (6‘1, € +e69 83), (eb €2 63)> (81, €55 0)’ (61, €2+€6, 0): (61, €35 0),
(e;+e;, 0,0), (¢, 0,0), (0,0,0). Hence we have (39) ~ (48). Q.E.D.

Corollary 1.6. The triplet (GL(1)*X Spin(8)XSL(2), half-spin rep.
Q1+vector rep. @4, V(&) +V(®RV(2) has the following twenty-four
orbits.

YIZ

action of —c¢;5, —Cpyy — Cray — Cous Y1=l

E,,. Bytheaction of —cp, — ¢, — €y, ¥1=

Representative Points Codimension
(1) (A+eeee, (e, e)) 0
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(2) (I4eeeqe, (6, e,— e))
(3) (+eeee, (e, &)
(4) (+eeese, (e, )
(5) (I-+eemepe, (e, 465, 0))
(6) (I+eemeqe, (e,0)

(7) (+eeee, (0,0)

(8) (1, (e, +e, e4e,)

(9) (4, (er+e; €))

10) (1, (&1, )

(1D ({4, (e e0)

(12) (1, (e +es €0))

(13) (1, (e )

(14) (1, (e, +e; 0))

5) (1, (e, e))

(16) (1, (e1, 0))

a7 @, (e, 0

(18) (1,(0,0)

(19) (O, (er, &)

(20) (O, (e;, e;+¢5) 9
21 (O, (e, e) 11
(22) (0, (es+e5, 0)) 15
23) (0, (e, 0) 16
24) (0, (0,0)) 24

Next we consider the triplet (GL (1)*X Spin (10) X SL (3), half-spin
rep. @1 4vector rep. @4, V(16)+ V(10)QV(3)). The representation space
is identified with V=V (16)@DM (10, 3) where V' (16) is spanned by 1,
e;e; (1Zi<jL5), eejere, 1Zi<j<kZS5) (See p.110-112 in [8]). The
action p=p,®1+ p,®4, is given by p(g)x=(xp.(g)X, Bog)Y'g,) for g=
(a, B; &1, 82) € GL (1)* X Spin (10) X SL(3), ¥ =(X, ¥) e V=V (16)PM(10,3)
where p, (resp. p,) denotes the half-spin (resp. vector) representation of
Spin(10) on ¥ (16) (resp. ¥ (10)) (See (5.38), p. 120 in [8]). The triplet
(GL(1) X Spin(10), half-spin rep., V(16)) has three orbits represented by
1+4-e.e.e.e, 1,0 (See [2]).

[e—

NN O OO B RN YN0 N W

—
o]

Proposition 1.7. The triplet (GL(1)* X Spin(10) X SL(3), Aalf-spin rep.
®1 +-vector rep. R4, V(16)+ V(AOYR V(3)) has the following seventy-seven
orbits.

Representative Points Codimension
(1) (+eeee, (e+e, e, ) 0
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(2)
(3)
(4)
(3)
(6)
(7)
(8)
(9)
(10)
an
(12
(13)
14
{5
(16)
{17
(18)
(19)
(20)
(e29)
22)
23)
@4
29)
(26)
@7
(28)
(29)
(30)
€2))
(32
(33)
G4
35)
(36)
(€0
(62
(39
40)

T. Kimura and S. Kasai

(I +eeeqe,, (e, e, €)
(I+eepeze,, (e, €.+ ey, e,4-e,))
(1+eenese,, (e54-ey, €, €3+25)
(1 +-eiezee,, (65, €, 6,4 e,1e45))
(1 +eeese, (e, e, e;+e,)
(1+eemesey, (65, e+ ey, €,))
(I+eese5e,, (e, e, e,+e;))
(I+eeeses, (e, e, €;16,))
(14-eieeze,, (€5+ ey, €1,€5))
(1+eeese,, (&, e,+ey, €))
(1+eeese,, (e, €, €;))
(1+eemese,, (e, e, €7)
(1+eeeqe,, (e, e, e;4-¢,))
(1+-eemeses, (e,+ ey, €4, €5))
(1+eesee, (e, e,+ e, ey))
(1+eemese,, (e, e, €,))

(1 +eseneqe,, (e, e, €4y)
(1+eemese, (e, e, e;,+e))
(1+eeeqe,, (654 ey, €+ €5, 0))
(1+eemeqe, (e, e, ey))
(1+eeee, (e, e, e;))
(1+eeee,, (e, 6,46, 0)
(1+esemeze,, (e, e,+ ey, 0))
(1+eezee,, (e, e, €,)
(1+eeese,, (e, e,4-¢;, €10))
(1+eeese, (e;+e, €, 0)
(1+ee.ee,, (e, €, 0)
(1+ese.eqe,, (e, e, 0)
(1+eesee,, (e, e,+€;, 0))
(14-eeze0e,, (e, e, €)
(1+eseneqe,, (e, €, 0)
(1+eeneqe,, (e, €5, 1))
(14-esezeqe,, (e, €, 0))
(1+e,e.e58,, (€5, €49, 0))
(1+eepeqe,, (e, + e, 4, 0)

(1 +eee5e,, (e, ey, 0))
(1+eiezese,, (6544, 0, 0))

(1 +eepe0e,, (€5, 0, 0)
(1+eeeze,, (6,46, 0, 0))
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@1)
@)
“3)
(44)
@3)
(45)
@1)
(48)
“9)
(50)
6
(52)
(53)
(54)
(5)
(56)
7
(58)
(59)
(60)
Q)
©)
63)
(64
©5)
(66)
©7)
(68)
(69)
(10)
()
)
3)
(74)
as)
(76)
an

Prehomogeneous Vector Spaces

(1+-eee5e,, (e, 0, 0))
(1+eseese,, (€4, 0, 0))
(1+-e.ee5e, (0,0, 0)

(1, (e1+e5, x4, e5+€5))
{, (el+esa e, e, €5)

(1! (el+e63 629 ea))
(13 (eb €2+e7, eﬁ))
1, (e, &5, €))

(1, (e, + ey et 61, €5)

(1, (e, +e5 €3, €))
{1, (e, &5, €5))
1, (e, €2, €5)
(1, (e, €5 7))

(1, (e, +e5, €5+ €4, 0)

(1, (e;+eg €2, 0))
(1, (e;+e5, €1, €5)
1, (e, e, )

(1, (e, €, 0))

(1, (e, €, 0))

(1, (e, e, €, 0)

(1, (e1, €1, 0))

(1, (e, €7, €))

(1, (es, €7, 0))

(1, (e;+e., 0,0))

(1, (e, 0,0))

(1, (e, 0, 0))

(1, (0,0, 0)

(0, (ey, e, e;-+61)
(0, (&5, €2, €)

(0, (e, e;+6:, €3))
(0, (e, €2 €5)

(0, (&1, €5, 0))

(©, (e, e;+¢4, 0))
(0, (&1, €5, 0))

(0, (e:+€5, 0, 0)

©, (e, 0,0))

(0, (0, 0,0))

451
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Remark. There is a possibility that (4) and (5) belong to the same
orbits.

Now let us consider the triplet (GL(1) X Sp(n) X SO(3), A,®4,, V(2n)
®V(3)). We identify V(2n)QV(3) with V=V(2n)@V(2n)®V(2n), and
then the action 4,®4, is given by (x, y, 2)—(Ag.x, 22,y, 28:2)'g, for g=
(2, 81,2, € G=GL(1) X Sp(n) X SO(3) and X=(x, y, z) € V. The Lie algebra
g of GL(1) X Sp(n) X SO(3) is given by

4 B 0 a b
s={@e(, _, )o[-¢ ; of; A=(a,)egltm,
—a —c

B=(b,)='Be M(n), C=(c,)='Ce M(n)}.

For any i, j with i#j, we put s;,(2) (resp. t,,(2), r;;(2))=exp A4 where
I— (A B

—\C -4
ing parts zero. These s,,(2), t;;(2), r,,(2) are elements of the symplectic
group Sp(n). Also define an element s,(2) of Sp(n) by

) with a,,=1 (resp. b,,=b;;=1, ¢;;=c,;;=1), all remain-

s(D=diag (L, -, 2, -, 2% -, 1)
and #,(2) (resp. r;(2)) by exp 24 with b,;=1 (resp. ¢;,=1), all remaining
parts zero. Now define elements S,(2), Sy(2), S;(2) of SO(3) by
(., 2)'S(D=(x+y, y, —2x—3y+2)
(xa Y, Z)tS2('2)=(x+ZZ: -—Zx—g-y—%lzz, Z)
(x, 7, 2)'S(D=(x, 2y, 27'2) (A=0).
We identify V' (2n) with C*" by a base {u,, - - -, Uy, }.

Proposition 1.8.  The triplet (GL(1) X Sp(n) X SO(3), 4,&@4,, V(2n)Q
V(3)) (n=3) has the following ten orbits.

Representative Points Codimension
(1) (u, uy ty) 0
(2)  (uyuyuy.y) 1
(3)  (us, up, 115) 3
(4) (05 Uy, un+1) 2n—2
(5) (u,1y.4,0) 2n—1
(6) O, u,u,) 2n—1

(7) (u,u,0) 2n
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(8) (u,0,0) 4n—2
( 9) (0’ 09 ul) 4}’[—— 1
(10) (0: Oa 0) 6n

Proof. Let (x, y, z) be an element of V=VQ2n)®V(2n)DV(2n).
Then we may assume that x=0 or u, by the action of Sp(n).

The case for x=0. Similarly we have y=0 or u, and if y=0,
then we have z=0 or u, i.e., (10), (9). Now assume that y=u,. Since
Sp(n—1) acts on Uy, -« +, Uy, Upyy, * - =, Uy, ), We may assume that z=z,u,
+Zy 2, Uy re Iz, 70, then we have z,=2,=0, z,,,=1 by 1, t;;,, S,
and GL(1), i.e., (4). If z,,,=0 and 2,70, then, by s, S; and GL(1), we
have z,=0 and z,=1,1i.e.,(6). Ifz,,,—z,=0 and z,70, then we have
z,=1by S, and GL(1), i.e., (0, u;, u;). It is equivalent to (8) by Sy(v/ 2),
S,(1/4/2) and GL(1). If z=0, then we have (0, u,, 0) which is equivalent
to (9) by S.(v —2) and S,(—+/—2). Now consider the case for x=1u,. By
the same argument as above, we may assume that y=0, u,, u,, or u,,,. If
=0, then we may assume that z=2z,+ 24, +Z,41lp4,. If 270, then it
is reduced to the case y£0 by S; and S,. If z=0, then we have (8). If
y=u,, then we can reduce to the case for x=0 by the action of S,(—1).
Assume that y=u,. Since Sp(r—2) acts on {uy, * -+, Uy, Uyiz * * 5 Upy s
we may assume that z=zu,+zu, + 2+ Zp Up i1+ Znsolnse. I 2,70
or z,.,%0, then we have z,=z,=0by t,, ¢, and ¢,. Hence, we may assume
that (A) z=zu +zu,+2zu,, or (B) z=zu,+ 2, Uy 1+ 2, 0, ., First
consider the case (A). If z;#0, then we may assume that z,=2z,=0, i.e.,
(3). If z,=0, then we have (uy, Uy, z,4, + Z,Up) ~ (s, Uy, (2,— 22Du,) by Si(z)
and S, (—z). If z,—1z}=0, then we have (7). If #=z,—1z}£0, then
we have (u, Uy, u,) by Sy(4) and s5,(1/2). We shall see that (u, u,, 1,) ~
O, uy, uy), ie., (6). By Si(2) and s,,(4%2), (0, uy, u,) is transformed to
Quy, uy, u,). By Sy(1/2) and s,,(—(1/2%), we have (Au;, —(1/28%u,, u,). By
5,(1/2) and taking 2 satisfying 24°= —1, we have (uy, u,, 4,). Now consider
the case (B). If z,40, then by ¢, or ?,, we have (3). If z,=0 and z,,, 0,
then by s,,, we have z,,,=0. By changing y and z, it is reduced to the
case y=u,,,. If z,=z,,,=0, then we may assume that z,,,70. Bys,
GL(1) and s,, we have (1). Finally assume that y=u,,,. In this case, we
may assume that z=zu,+zu,+2,.,,4,.,. By the action of S(z,) and r,,
we have (uy, U, .1, €ty + U, 7). By 5y, 55, Sy and GL(1), we have (uy, u,, ,,, 2)
with z=u,, u,,,, U,+u,,, or 0. By the similar argument as above,
(uy, Uy 41, Uyyy) 18 equivalent to (4). Since (uy, Uy, U +Uu,.,) belongs to
the orbit of codimension zero, it is equivalent to (1). Hence we have (2),

@, (), 3. QED.

Remark. The isotropy subgroup at (5) (resp. (6)) is locally isomorphic
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to (GL()XSp(n—1))-U(1) (resp. (GL(1)*XSp(n—2))-U(4n—35)) and
hence, (5) and (6) are not G-equivalent, where G=GL(1) X Sp(n) X SO (3).

Next we consider the triplet (GL(1)*X Sp(2) X SL(2), 4,4, + 4,®1,
V(O)RV(2)+V(4). Let V' (4) be the vector space spanned by u,, u,, s, U,.
Then the representation space of 4, for SL(4) is given by V(6)=
> uzicizs Cuy Auy. I we restrict this representation to a subgroup Sp(2),
then V(6) decomposes into V' (5)® V(1) where V(5) is spanned by o, =u, /\
Uy— Uy N\ Uy W= N\ Uy, 0=, N\, 0, =1,/ \u, and w;=u,A\u,, and V(1)=
Cu, Nu,+u,A\u,). Now we identify V(5)QV(2)+ V(4) with (VW (5)@V(5))
@V (4). Then the action p= 4,4, + 4,1 is given by p(g)X=((xp.g)x,,
ap(8)%.)'g,, Boig)y) for g =(a, B; g1, g2) € GL(1)*XSp(2) X SL(2) and
E=((x1, X2), ) € V=(V(5)DV(5)DV(4).

Proposition 1.9. The triplet (GL(1)? X Sp(2) X SL(2), 4,4, 4+ A,R1,
V(5)RV(2)-+ V(4)) has the following twenty-one orbits.

Representative Points Codimension
( 1) (o, o,), u,+u;) 0
(2) (0 0, u;+u,) 1
(3) (v, ®), uy) 2
(4) (0 ©),0) 4
(5) (o, o), u;4-uy) 1
(6) (01, @), uy) 2
(7)) (@5, @), uy+uy) 3
(8) (@, wy), uy) 4
(9) (@, ©),0) 5
10) (@ @), uy) 3
1) (@, @), uy) 4
(12) (2 wy), uy) 6
(13) (0 @y), 0) 7
(14 (@, 0), vy +1) 4
(15) (@1, 0), uwy) 6
(16) (v, 0),0) 8
7 (@, 0), uy) 5
(13) (e, 0), ) 7
(19 (@ 0),0) 9
(20) (0, 0), uy) 10
21D ((0,0),0) 14

Proof. Let £=((x,, x,), ¥) be an element of V=(V(5)DV (5)DV(4).
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Then we may assume that (x,, x,) is one of the following six points by the
action of (Sp(2) X GL(2), 4,®4,)=(SO(5) X GL(2), 4,®4,); [d] (@,, »,), [b]
(@1, @), [c] (02, ), [d] (0, 0), [e] (s, 0), [£] (0, 0).

The case for [a]. The isotropy subalgebra at [4] is given by

—i 0 ® —trd 0 . [
{< 0 J—‘A) ( 0 trA)’ eg()}'

Then GL(1) X GL(2) acts on y by 4,&(4,+ 4¥), and hence we have y~

0

u,+u,, u,+u, u, u,, 0. By the action of (—I——
v —1
0 +/—1

H~@).
The case for [p]. The isotropy subalgebra at [6] is given by

A | B 0 —2b, a 0) b, b,
| B s A= , B= .
0 |—4 0 —trd 0 a, b, b,
If y*=(y,, )0, then, by the action of B, y;=y,=0 and hence y ~u;-+u,,

J
Uy, u,. If y=0, then y ~u,+u,, u,, u,, 0. By the action of J2=<——

0
o)
e Sp(2) with J:(_(l) (1)) and GL(2), we have ([B], u)~ ([b], ) and (3],

u) ~([b], u,). Hence we have (5)~(9).
The case for [c]. The isotropy subalgebra at [¢] is given by

( A B ) <—a1——a2, —C >
— @ ;
C |—4 —b, —a,-+a,
A:(al alz)’ B=<b1 bm)’ O 0 0) .
0 a, blZ bz 0 C

Hence we have y ~u,, u,, uy, 0, i.e., (10) (13).
The case for [d]. The isotropy subalgebra at [d] is given by

A [ B 07 a 0 b, 0 ¢ 0
Ny @ 5 A: s B: s C: .
C|—t4)7\0 « 0 a 0 b, 0 ¢
Then SL(2)XSL(2) acts on *(Ji, ¥s; Ve, Vo) by A ®1+1R4,. Then we

have y ~u, -+ u,, u,, u,, 0. By the action of J, € Sp(2) and GL(2), we have
([d], u)) ~(d], u,). Hence we have (14) ~(16).

I
T) ¢ Sp(2) with I=

> and GL(2), we have ([a], ;) ~([a], u,). Hence we have
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The case for [e]. The isotropy subalgebra at [e] is given by

Al )@ —trd 7)-/1 (Q) ‘B—B}
{<0—‘A <0 A

Hence we have y~u,, u,, 0. i.e., (17) ~(19).
The case for [ f]. Then Sp(2) acts on y by 4, and hence we have y ~
uy, 0, i.e., (20), 21). Q.E.D.

§2.

Let V(n) be the n-dimensional vector space spanned by u, - - -, u,.
Then SL(n) acts on V(n) by p,(g) (uy, + - -, )= (uy, - - -, u,)g for g e SL(n).
Let V,=V(3n(n—1)) be the vector space spanned by skew-tensors u, A\ u,
(1=<i<j<n). Then the action p,=4, of SL(n) on V, is given by p,(g)
(N uy)=p:(8)us N\ p(g)uy.

First we consider the triplets (SL(n) X GL(2), 4,4,, V(in(n—1)))
(n=35,6,7). The representation space is identified with V'="V{En(n—1))
@V(3n(n—1)) and the action p=A,®/4, on V is given by p(g)%=
(080X, 0:(8)X2)'g, for g=(g;, &) € SLM X GL(2), X= (X, Xp)e V=
V(n(n—1)®V Gn(r—1), (1=5, 6, 7.

Propesition 2.1.  The triplet (SL(5) X GL(2), 4,4,, V(10)RV(2)) has
the following eight orbits.

Representative Points Codimension
(1) @A uFu Ny, uy Ny +u, A\ ug) 0
(2) (Nuy, uAug4-u, Auy) 2
(3) (@ A\uy, u Auy) 4
(4) (@ Auy, wy Augt-u,A\uy) 5
(3) (wN\uy, uN\uy) 8
(6) (uAu,+uAu,, 0) 9
(7)) (@ Auy,0) 12
(8) (0,0 20

Proposition 2.2.  The triplet (SL(6) X GL(2), 4,4,, V(15)RV(2)) has
Jfollowing fifteen orbits.

Representative Points Codimension
(1) (@ Nuy4us Ny, uy Ay 4-us N ug) 0
(2) W NA\wFus Ay, uy Nug+u; Aig) 1

(3) (@ Nuydug Ny, u Nty -1, N\ s+ u, N\ tg) 2



(4)
(5)
(6)
(7)
(8)
(9)
(10)
(1D
(12)
(13)
(14)
(15)

Prehomogeneous Vector Spaces

(v ANt Ny, 1y ANt +-u, /\ thg)
(e A\ gy ug N\ tay -5 N\ thg)

(s N1y N\t vy Nty 1, /\ i)
(@ ANy, vy Nty -1, N\ ttg -+u, A\ 1)
(s Ay, ug ANty +uy A y)

(VAN VAN'A)

(v, N utgy g N1, A\ 1ay)

(s AN tp+ug Ny ~-us A\, 0)
(s N wtzy 1wy i)

(, Nz +uz Auy, 0)

(u, A\ uy, 0)

0,0

has the following twenty orbits.

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
Oy
(12)
(13)
14
(15)
(16)
an
(18)
(19)
0

Representative Points

(v Nty uy N vty -1 Nty vy N\t 1, N\ ths +us /\ thy)
(U N\ttt Aty 1y N\ ttg -1, Nty 15 A\ 1t7)

(VAN SN T TVAN TR S T AN 74

(s Nty 1 Ny, 1y Nt 41, N\ g -+u, /\ )

(1 Nty -1 Ay, 1ty Nty 105 /\ 1)
VAN VAN T AV S TANA |

(g Nty 1 Nty 1ty N\t 410, N\ 1t 1, /\ 1)

(ot Nty 1y Nty s Nty U /\tt7)
(i ANty Fug Aty 1y N\ 41, N\ )
(ot N vty 1 N\t g N\ )
UNAE S VA TVANAS VAN’
(A ttg, uy Nty 411, Nty -1, A\ tty)
(UNAN N TVANT 7 WANA)

(g Ny, us N\ uty)

(AN VAN T VAVA)
(Nt 1t N\ 1ty -1 N\ thg, 0)

(u, Ny +uy Ay, 0)

(st N\ ttg, 1y N tt5)

(n, A\us, 0)

©,0)

NN b

10
11
14
15
15
20
30

Codimension

457

Proposition 2.3. The triplet (SL(7)XGL(2), 44, V(21)XV(2)
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Next we consider the triplet (GL(1)* X SL(7) X SL(2), 4,4, 4,&1,
VRDHQV Q)+ V(D). Let V(7) be the 7-dimensional vector space spanned
by uy, Uy, + -+, 4, and let ¥(21) be the vector space spanned by 2-forms
u, A\u; (1Zi<j<7). Then the representation space is identified with V'=
FRHDV(21)®V(T) and the action p=4,04,4+ 4,@1 on Vis given by
p(8)%=(a(pg) X1, p8)X2)'8 Bor(8)Y) for g=(, B; £1,82) € GL(1)* X
SL(7) XSL(2), £=((X,, X,), Y) e V=(V2H@V2L)D V(7).

Propoesition 2.4. The triplet (GL(1)* X SL(7) X SL(2), 4, 4,4+ 4,®1,
VRHKQV(2)+ V(7)) has the following 104 orbits. Here ij stands for u, Au;.

Representative Points Codimension

(1) (1243456, 234-45+67), us+us)
(2) ((12+34+56, 23+45+67), us)
(3) ((124-34+56, 23+-45+67), uy)
(4) (12434456, 23--45-1-67), u,)
(5) (12434156, 23+45+67), u;)
(6) ((124+34+56, 23+-45--67), 0)
(7) (12434, 23--46-+57), u,+uy)
(8) ((12+434, 234+46+57), uy)

(9) ((12--34, 23-+-46-+57), uy+ug)
(10) (1234, 23+46+57), u, +us)
(11) (12434, 23+46+57), uy)

(12) (12434, 23 -+46-+57), uy+u5)
(13) (12434, 23+46+57), u,)

(14) ((12--34, 23+46+57), uy)

(15) (12434, 23446+ 57), uy)

(16) ((124-34, 23+46+57), u,)

(17) (12434, 23446+57),0)

(18) ((12+34, 15+67), u;+u)

(19) (12424, 15+67), u,+uy)

(0) ((12--34, 15467), u,-+1u)

Q1) (12434, 15+67), uy)

(22) (12434, 15467), u)

(3) (12434, 15+67), u)

Q4) ((12--34, 15--67), 0)

(25) ((12--34, 15446 +27), u;)
(26) (12434, 15446 +27), u,+us)
Q7) (12434, 15+46+27), uy)
Q8) (12434, 15+46+27), uy)

(=)

—
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(29)
(30)
€29)
(32)
(33)
(34)
(33)
(36)
37
(39)
(39)
(40)
QY
(42)
(43)
(44)
(45)
(46)
(47)
(48)
(49)
(30)
(5D
(52)
(53)
(54)
(55)
(56)
(7
(58)
(59)
(60)
(61)
(62)
(63)
(64)
(65)
(66)
(67)

Prehomogeneous Vector Spaces

((12+34, 15+46+-27), u)
(12434, 154+464+27), u)
((124-34, 154-464-27),0)
((124-34, 124-56), u,)
(12434, 124 56), u,+-u,+u;)
((124-34, 12+ 56), u,+us,)
((12--34, 12+ 56), u,)
((124-34, 124 56), 0)
(12434, 134-56), u,)
(12434, 13+ 56), u,+u)
((124-34, 134 56), u,)
((12-+34, 13456), u,+u;)
((124-34, 134+ 56), u)
(12434, 134+56), u,)
((124-34, 134-56), 0)
((124-34, 234+ 154-46), u;)
((124-34, 23-+-154-46), u,)
((124-34, 234+ 154-46), u,)
((124-34, 23+ 154-46), u,)
((124-34, 234-15-4-46), 0)
(12434456, 67), u,)
(1243456, 67), u,+u,)
((124-344-56, 67), u,)
((12--34+4-56, 67), u;)
(12434456, 67), u,)
((124-344-56, 67), 0)
(12134, 154-46), uy)
((12-+34, 15+-46), u,+u,)
((12-+34, 154-46), u,)
((124-34, 154-46), u;)
(12434, 15+-46), 0)

(12, 344-56), uy)

((12, 34+56), uy+us)

((12, 344-56), uy)

(12, 34+ 56), u,)

((12, 344-56), 0)

((124-34, 23-+-45), uy)
((124-34, 234-45), u;)
(12434, 23+-45), u;)

459
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(68)
(69)
(70)
(7
(72)
(73)
(74)
(75)
(76)
{an
(73
(19)
(80)
81
(82)
(83)
(84
(85)
(86)
@7
(88)
(89)
(90)
D
92)
93)
94)
5
96)
Q)
99)
99)
(100)
(101)
(102)
(103)
(104)

T. Kimura and S. Kasai

(12434, 234-45), u,)
(12434, 23 1-45), 0)
((12, 13426 1+45), u,)
((12, 134-26+-45), u,)
(12, 134-26+45), u)
(12, 134-26+-45), u,)
(12, 134-261-45), 0)

((12, 34+-15), uy)
(12, 34+15), uy)

((12, 344-15), u,+u,)

(12, 344+ 15), u,)
(12, 34+ 15), u;)
(12, 344-15), u)
((12, 34+15), 0)
(12, 34), u;)

(A2, 34), u,+us)
(12, 34), u)

(12, 34), 0)

(12, 134-24), u;)
(12, 134-24), uy)
(12, 134-24), u,)
((12, 134-24), 0)

((12+34+ 569 0), u’l)
((12+-34+56, 0), uy)
((124-344-56, 0), 0)

((12-+34, 0), uy)
(12434, 0), u,)
(12434, 0), 0)
(12, 13), u)
((12, 13), u;)
(12, 13), uy)
(12, 13),0)
((12, 0), uy)
(12, 0), uy)
((12,0),0)

(0, 0), uy)

(0, 0),0)

17
19
12
13
15
17
19
14
16
17
18
19
20
21
18
21
23
25
19
22
24
26
20
21
27
23
24
30
24
28
30
31
30
35
37
42
49
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Next we consider the triplet (GL(1)* X SL(5) X SL(2)," 4,4, + 4,®1,
V(10O)QV(2)+ V(5)). Let V(5) be the 5-dimensional vector spacespanned
by uy, u,, + - -, u; and let (10) be the vector space spanned by 2-forms u, Au,
(1<Zi<j£5). Then the representation space is identified with V= (V(10)
@®V(10)HDV(5) and the action p=4D4,+ 4,®1 on V is given by p(g)f=

(a(p,(g) X, Pz(gl)Xz) 8 PBoi(8)Y) for g=(a, B; 81, &) € GL (I)ZXSL (5)x
SL(2), ¥=((X,, X), ¥) e V=(V(10)DV (10)DV(5).

Proposition 2.5. The triplet (GL(1)* X SL(5) X SL(2), 4,®4,+ A,®1,
V(0)YRQV(2)+ V(5)) has the following thirty orbits. Here ij stands for
u; N\,

Representative Points Codimension
(1) (12434, 23+45), uy)
(2) ((12+34,23+45), u,)
(3) ((12,34415), u;)
(4) ((124-34, 23+45), u,)
(5) (12, 34415), uy+uy)
(6) (12, 344-15), uy)
(7) (12, 34), u)
(8) ((12+34,23445),0)
(9) ((12,34+15), u,)
(10) ((12, 34), u;+uy)
(1Y (12, 13+24), uy)
(12) (12, 34+15), u)
(13) (12, 13+24), u,)
(14) ((12,34+15),0)
15y (12, 34), uy)
(16) ((12, 13+24), u)
a7n (12, 13),u)
(18) ((12, 34), 0)
(19) (12434, 0), uy)
(20) ((12,13+424),0)
QL (12, 13) u,)
22) ((12+34,0), u)
(23) (12, 13), u)
24) ((12,0), uy)
25 ((12,13),0)

O O 00 I 1 AN AN WU Lt i A bW W = O

e e e
w NN O OO
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(26) ((12+34,0),0) 14
@7 (2,0, u) 15
28) ((12,0),0) 17
29) ((0,0), u) 20
(30) ((0,0),0 25

Next we consider the triplet (GL(1)* X SL(2) X SL(5) X SL(2), 4,4,
®14+-1R4,4,, V)RV (10)+ V(5)QV(2)). Let V(5) be the vector space
spanned by u,, - - -, u;, and let V' (10) be the vector space spanned by 2-form
w,N\u; (1Zi<j<5). Then the representation space is identified with
V=V10)@V(10))DV(S)PV(5))) and the action p=4,4,1+1R4,
®4, is given by

0(8)X=((pAgy) (aX+cY), apg)(bX+dY)), (Boi(g)Z, Boi(g) W)’ gs)
for g= (oz, 8; (‘c’ f;) 2 gs) € GL(1)* X SL(2) X SL(5) X SL(2),
j=(()(a If): (Za W)) eV.

Proposition 2.6. The triplet (GL(1)* X SL(2) X SL(5) X SL(2), 4,4,
RN1+1R4,4,, V)RV (10)+ V(5)YRV(2)) has the following seventy-three
73 orbits. Here ij stands for u; \u;.

Representative Points Codimension

(1) ((12434,23+45), (u;, uy))
(2) ((12+34,234-45), (u,+us, uy))
(3) (12434, 23+45), (us, uy))
(4) ((12+434,23+45), (u, u,+uy))
(5) ((124-34, 23+45), (45, uy))
(6) ((12+434,23+45), (u;, u,)
(7) ((12+34,234-45), (us, uy))

( 8 ) ((12+34, 23+45), (uza u4))
(9) ((12+34,23445), (u,, 0)

10) ((124 34, 23-+45), (u;, 0)

11) ((12+4 34, 234-45), (u,, 0)

(12) ((12434, 23+-45), (0, 0))

13) (12, 344-15), (us, u,+us))

14) (12, 34+15), (us, u;+u3))
(15) (12, 34+-15), (us, us))

(16)  ((12, 34+15), (us, uy))

A7) (12, 344-15), (up+us, uy))

(=)

AR ARLWNSTUDODREWWDN -



18
19
(20)
@D
(22)
(23)
29
25
(26)
27
(28)
29)
(30)
@D
(32)
(33)
(34)
(35
(36)
(37
(38)
(39
(40)
@n
42
43
“9
45)
(46)
47
G
“49)
(50)
(1)
(52)

Prehomogeneous Vector Spaces

((12, 34+ 15), (u5, w))
((12, 344-15), (us, u5))
(A2, 34+ 15), (uy, uy)
((12, 34+-15), (uy+us, uy))
((12, 34+15), (us, wy))
((129 34+ 15)3 (uza ul))
((12, 34+ 15), (us, 0))
(A2, 344-15), (u,+us, 0))
(12, 344-15), (u,, 0))
(12, 34+ 15), (u,, 0))
((12, 34+15), (u;, 0))
((12, 344+ 15), (0, 0)
(12, 34), (us, uy+u5))
((12> 34)a (uS’ ul))
((A2, 34), (u+uy, uy+uy))
(12, 34), (uy +us, w))
(12, 34, (us, )
(12, 34), (s, uy))
(12, 34), (us, 0))

(12, 34), (u,+u,, 0))
(12, 34), (u;, 0)

(12, 34), (0, 0)

(12, 134-24), (us, uy))
(A2, 13+4-24), (us, u,))
((12, 13+-24), (us, u))
(12, 13+-24), (us, uy))
(12, 13+-24), (1, u3))
(12, 13+4-24), (u;, u,))
(12, 13+24), (us, 0))
(12, 134-24), (u,, 0))
(12, 134-24), (u,, 0))
(12, 13+4-24), (0, 0))
(12, 13), (uy, uy))
((12, 13), (uy, us))
(12, 13), (s, wy))

(53) 2.((12, 13), (uz, uy))
(54) ¢ (12, 13), (3, w))

(59)

((12: ]3)5 (u4a O))

—

—
O = 0 0~ WU h = OO0 O ~TITANDDOWVWOWOORN0IAADNWUM W

—

—

10
12
15

11
12
13
12

463
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(56) (12, 13), (us, 0)) 14
(57) (12, 13), (1, 0)) 16
(58) (12, 13), (0, 0)) 18
(59) (12434, 0), (s, ) 9
(60) ((12+34, 0), (u,, u,)) 11
(61) ((12+34,0), (u,, u)) 12
(62) ((12-+34,0), (s, 0)) 13
(63) ((12+34,0), (u,, 0)) 14
(64) ((12+34, 0), (0, 0)) 19
(65) (12, 0), (us, ) 12
(66) (12, 0), (s, 1)) 14
(©67) (12, 0), (u;, uy)) 18
(68) (12, 0), (us, 0)) 16
(69) ((12, 0), (u;, 0)) 19
(70) (12, 0), (0, 0)) 22
(71 (0, 0), (u;, w)) 20
(7 (0, 0), (u, 0) 24
(73)  ((0,0), (0, 0)) 30

Next we consider the triplets (SL(4) X GL(m), 4, 4,, V(6)QV (m))
(m=3,4). Let V(6) be the vector space spanned by 2-forms u, Au;
(1<5i<j<4). Then the representation space is identified with V'=V(6)

(—B’-Ji(—BV(é) and the action p=/4,®4, on V is given by p(g)f=
(Pz(g1)X1, t Pz(&)Xm)tgz forg:(gla gz) € SL(4)>< GL(m)> f:(Afl’ ct Xm)
eV, (m=3,4).

Proposition 2.7.
(1) The triplet (SL(4)X GL(@3), 4,®4,, V(6)RV(3)) has the following
eleven orbits.

Representative Points Codimension

(1) (@ Auyu, Ny, uy Ny, uy/\uy) 0
(2) (A, uy Ny, 1y N\ 11y)

(3)  uAutu N, vy Ny, uy \uy)
(4) (@ ANuy,uN\uy, 0)

(5) (@ NAuy+uyN\uy, u; A\uy, 0)
(6) (N, uy Ntig, uy \uy)

(7) (N, uy N, 1y N\ ty)

(o) e S T S S
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(8) (uAuy, u; Ay, 0) 7 v
(9) W Nu,+u,Au,,0,0) 10
(10) (@ Au,, 0,0) 11
an (,0,0 18

(ID) The triplet (SL(4)X GL(4), 4,®4,, V(6)QV(4)) has the following
Sfourteen orbits.

Representative Points Codimension
(1) /Ny, s Ny, —uy Ny, u, A\ tty)
(2) (@ Nug—uy Ay, uy Nty 1y Ny, 1y N 1ty)
(3)  (@uA\ug, uy Ny, 1ty Nty uy N\ tg)
(4) (@ AugHu, Ay, 1 Nutg, 1, /\ 11y, 0)
(5)  (Auy, uy Ny, 1y Auy, 0)
(6)  (u/Nu—uy N\, uy Nty 1y /Nty 0)
(7) (@ Auy, us Ay, 0,0)
(8) (i Auy, uy A, uy Ay, 0)
(9) (/A uy Nty 1y /\ iy, 0)
10) (@ Aus+u, Auy, uy Az, 0, 0)
(A1) @ Auz u; Ay, 0, 0)
(12) (@ Au,+u;Au,, 0,0,0)
(13) (4, A\u,,0,0,0)
(14) (0,0,0,0)

Next we consider the triplets (GL(1)* X SL(4) X SL(m), 4, 4,+ A4,&1,
V(6O)QV(m)+V(4)) (m=3,4). Let V(4) be the 4-dimensional vector space:
spanned by u,, u,, u,, u,. Then the representation space is identified

(=)

= O O OV 0 & A W W

N = e
S~ o »n

with V=(V(6)@’~d-‘?@ V(6))®V(4) and the action p=4,04,+4,@1 on V
is given by P(g)g':((“.oz(gx)Xv T, apz(gl)Xm)tgz; ,Bpx(gl)y) for g=(e, B;
g1, &) € GL(1)’ X SL(4) X SL(m), =((X}, - -+, X,,), Y) e V, (m=3, 4).

Proposition 2.8.
(1) The triplet (GL(1)>XSL(#4)XSL@3), 4,4,+ 4,31, V(6)®V(3)+
V(4)) has the following thirty-five orbits. Here ij stands for u, \u,.

Representative Points Codimension
(1) (13424, 12, 34), u,+u;) 0
(2) ((13+24,12,34), u) 1

(3) ((3,24,12), us+u,) 1
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(4) ((13,24,12), u,)

(5) (13,24, 12), u,+u,)
(6) ((144-23,12,13),u,)
(7) ((13+424,12,34),0)
(8) ((13,24,12), u,)

(9) ((14+23,12,13), u,)
10y ((12, 34, 0), u; +u,)
11y ((13,24,12),0)

(12) (13424, 12,0), u,)
(13) ((14+23,12,13), u)
(14 (12, 13,23), u)

15 (12,34, 0), u,)

16y ((12,13,14), u,)

{17 ((14+23,12,13),0)
(18) ((12,13,23), u)

(19) ((13+424,12,0),u,)
20) (12, 13,0), u,)

(21 ((12,34,0),0)

(22) ((12,13,0), u,)

(23) ((13-+24,12,0),0
24) (12,13, 14)), u)
(25) ((12,13,14),0) - 10
(26) ((12,13,23),0) 10
27) (12, 13, 0), u) 10
(28)  ((12+434,0,0), u,) 10
29) ((12,13,0),0) 11
(30) ((12,0,0), uy) 11
(31 ((12,0,0), u,) 13
(32) ((12+34,0,0),0) 14
(33) ((12,0,0),0) 15
34 ((0,0,0), u) 18
(35 ((0,0,0),0) 22
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(1) The triplet (GL(1)* X SL(4) X SL(4), 4,Q4,+ 4,®1, V(O)QV () + V(4)
has the following forty-five orbits. Here ij stands for u, \u;.

Representative Points Codimension

(1) ((13,14, —24,23), u,+u,) 0
(2) (13,14, —24,23), u) : 2



(3)
(4)
(5)
(6)
(7)
(3)
(9)
(10)
11
(12)
(13)
(14)
(15)
(16)
a7
(18)
(19)
(20)
e2y)
22
23)
24)
25)
(26)
o))
28
29)
(30)
E2Y)
(32)
(33)
(G4
(33
(36)
@GN
(3%)
39)
(40)

Prehomogeneous Vector Spaces

((13, 14, —24, 23), 0)
((13—24, 14, 23, 12), u,)
((13—24, 14, 23, 12), u,)
((13—24, 14, 23, 12), 0)
(23, 14, 12, 13), u,)
(23, 14, 12, 13), u,)
(23,14, 12, 13), u,)
(23, 14, 12, 13), 0)
(13424, 12, 34, 0), u, +-u,)
(13424, 12, 34, 0), u,)
(13424, 12, 34, 0), 0)
((13, 24, 12, 0), u,+u,)
(13, 24, 12, 0), uy)

(13, 24, 12, 0), u, 1)
((13, 24, 12, 0), u;)

((13, 24, 12, 0), 0)
((144-23, 12, 13, 0), uy)
(14423, 12, 13, 0), uy)
((144-23, 12, 13, 0), u;)
((144-23, 12, 13, 0), 0)
(12, 34,0, 0), u, +u;)

—
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(12, 34,0, 0), u) 10
((12, 34, 0, 0), 0) 12
(12, 13, 14, 0), u,) 9
((12, 13, 14, 0), u,) 12
(12, 13, 14, 0), 0) 13
(12, 13, 23, 0), u,) 9
(12, 13, 23, 0), u;) 10
((12, 13, 23, 0), 0) 13
(13424, 12, 0, 0), uy) 9
(13424, 12,0, 0), u,) 11
(13424, 12,0, 0), 0) 13
(12, 13, 0, 0), u,) 11
(12, 13, 0, 0), u,) 12
(12, 13, 0, 0), u) 14
(12, 13,0, 0), 0) 15
(12434, 0, 0, 0), u,) 15

19

((12+34,0,0,0), 0)

467



468 T. Kimura and S. Kasai

(1) ((12,0,0,0), uy) 16
(42) ((12,0,0,0), u) 18
43) ((12,0,0,0),0) 20
@4 ((0,0,0,0), u,) 24
435 ((0,0,0,0),0) 28

Next we consider the triplet (GL(1)* X SL(7) X SL(2), 4,1+ 4,®4,,
V(35 + V(NH®V(2)). Let V(7) be the 7-dimensional vector space spanned
by u,, - - -, u, and let V(35) be the vector space spanned by skew-tensors
u ANu; A, (1Zi<j<k<7T). Then the action p,=4, of SL(7) on V(35)
is given by py(g) (u: Au; Aui)=pg)u: N\ p(8)u; N\ p(gus. The represen-
tation space V(35)- V(7)®V(2) is identified with V' (35)B(V ()@ V(7)) and
the action p=/A,Q1+4,®4, is given by p(g)¥=(ap(g)X, (Boi(g)Y:
Boi(81)Y2)'g:) for g=(a, B; g1, &) € GL(1)* X SL(7) X SL(2), £=(¥X, (Y}, 1>))
e V=V@E5e(MaV®).

Proposition 2,9. The triplet (GL(1)*XSL(7) X SL(2), 4,01+ 4,84,
V(3S)+V(NRV(2)) has the following 102 orbits. Here ijk stands for
u ANy Ny,

Representative Points Codimension
(1) (234+567+1(254+364-47), (u,, u;)) 0
(2) (234+5674+125+36+47), (uy, u,+u,))
(3) (23445674 1(25+36+47), (uys uy)
(4) (234+567+1(25+36+47), (uy, us))
(5) (234+567+1(254364+47), (uy, uy))
(6) (2344-567+1(25+36+47), (u,, 0)
(7) (23445674 1(25+36447), (i, 0))
(8) (234-+5674+1(25+36-+47), (0, 0)
(9) (2354-346+1(27—45), (ug, uy)
(10) (23543464 1(27—45), (us5, u,+u))
(11) (235+4-346+-1(27—495), (us, u,+u,))
(12) (23543464 1(27—45), (u;, uy))
(13)  (235+346+1(27—45), (us, u,+uy))
(14) (2354-346-+1(27—45), (ug, u;+u,)
(15) (2354-346-+1(27—45), (u,, uy))
(16) (235-+346+1(27—45), (1, uy))
(17) (2354-346+1(27—45), (us, u))
(18) (2354-346-+1(27—45), (u,, u,))
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(19)
(20)
@n
(22)
(23)
24
25
(26)
@7
(28)
(29)
(30)
3D
(32)
(33)
(34)
(3%)
(36)
37
(38)
(39)
(40)
(4D
(42)
(43)
(44)
45)
(46)
@7
(48)
49)
(50)
(1)
(52)
(53)
6
(35)
(56)

Prehomogeneous Vector Spaces

(23543464 1(27—45), (us, 0))
(2354346 -+ 1(27—45), (4, +u,, u,))
(23543464 1(27—45), (us, 0))
(2354346 +1(27—45), (u, u,))
(2354 346+ 127 —45), (u,, u))
(235 346+ 1(27—45), (u,+u,, 0)
(2354346 +1(27—45), (u;, 0))
(2354346 +1(27—45), (0, 0))
(1344256 +127, (;, 4+ 1))
(13442564127, (s, 1y +11,))
(13442564127, (u,+ 15, 1, +145))
(13442564127, (u;, u5))
(13442564127, (u,+u;, u,))
(1344256 + 127, (ur, u, +1,))
(13442564127, (us, us))
(1344256 +127, (u,, 1))
(1342574127, (uy+ 15, 1, + 1))
(1344-256 4127, (uy +us, uy))
(1344256 + 127, (us, uy))
(1344256 +127, (u, 0))
(1344256127, (us, 1, +u,))
(1344256 4127, (1, + us, 0))
(1344256127, (us, u,))
(1344256 +127, (uy, up))
(1344256 +127, (us, 0))
(1344256 +127, (u,+us))
(13442564127, (u,+u,, 0))
(1344256 +127, (u;, 0))
(1344256 +127, (0, 0))

(234 +1(25+-36+47), (us, us))
(2344 1(254-364-47), (us, u2))
(2344 125+ 36 +47), (us5, us))
(234 4+1(25+36+47), (us, u,))
(2344-1(25+4-36+47), (s, u5))
(2344-1(254-36+47), (us, 0))
(23441(254-36+47), (u,, u))
(234 +1(25436+47), (u,, 0)
(2344 1(254 36 +47), (us, 0))
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&Y
(38)
(59
(60)
(61)
(62)
(63)
(64)
(65)
(66)
(67)
(68)
(69)
(70)
(71)
(72)
(73)
(74)
(73)
(76)
(77
(78
(79
(80)
8D
(82)
(83)
(84)
(85)
(86)
@87
(88)
(89)
90
©n
2)
©3)
4)
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(234+125+36+47), (0, 0))
(1234456, (v, uy+uy))
(1234456, (uy v, uy+-u5))
(123 4-456, (1, uy))

(123 +456, (u,+u,, u,))
(1234456, (1, uy))
(123456, (u;, 0))
(1234456, (4, +u,, 0))
(123 +456, (u,, u,))
(1234456, (u,, 0))

(123 +456, (0, 0))

(126 — 1354234, (u;, u,))
(126 —1354-234, (u,, u,))
(126 —135+4-234, (u;, w,))
(126 — 1354234, (u,, u,))
(126 — 1354234, (u,, u,))
(126 —135-4-234, (u,, 0))
(126 — 1354234, (u,, 0))
(126 —1354-234, (u,, u,))
(126 — 1354234, (u, 0))
(126 — 1354234, (0, 0))
(125+4-36+47), (us, u5))
(1(25+36+47), (uy, uy))
(1(25+4-36+47), (1, uy))
(125436 +47), (u,, 0)
(1(254-36+47), (u;, 0))
(1(25+36-+47), (0, 0))
(1(24+-35), (s, u2))
(1(244-35), (ug, u,))
(1(24+35), (uz, uy))
(1(24+-35), (us, u1))
(1(24+35), (uy, us))
(1(24+35), (us, 0))
(1(24-+35), (1)
(1(24+35), (4, 0))
(1(24+35), (u, 0))
(1(24+35), (0, 0))

(123, (uy, 1))

21

11
12
13
15
15
16
17
19
23
10
12
13
14
16
16
17
18
20
24
14
15
19
20
26
28
15
16
19
20
20
21
22
23
27
29
22
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95) (123, (u,, u)) 25
96) (123, (u,, 0) 28
©O7) (123, (uy, u,)) 30
©98) (123, (i, 0)) 32
(99) (123, (0, 0)) 36
(100) (0, (uy, uz)) 35
(101) (0, (u;, 0)) 41
(102) (0, (0,0) 49
§3.

In this section, we shall deal with the simple case. Define an element

€; of V(n):C" by eizl(oa M) i/a ) 0) for i=1, .-, n
Now consider the triplet (GL(1)*XSL(n), 24,@4F, V(Gnn+1)d
V(n)*). We have '

VEn(n+1)={Xe M(n); ‘X=X} and (X, x)—>(adX'4, '4-'x)

- for (X, x) e V, and («, 8; A) e GL(1*XSL(n). Hence, r,= rank X, r,=
rank x, r,=rank XXx, r,=rank !xXx are invariants. Put I}—= (é" g) e M(n)
where I, is the identity matrix of degree k.

Proposition 3.1. The triplet (GL(1)* X SL(n), 24P 4¥, V(En(n+1))D
V(n)*) has 4n orbits.

Representatives ry 7y Py ry
(1) Tie) k 1 1 1 (Zk<n)
(2) (€, e,++—1ey) k 1 1 0 2=k<n)
(3) €, e k 1 0 0 0O=k=n—-1)
(4) 1,0 k 0 0 0 0=Zksn)

Proof. The isotropy subalgebra gy, at I} is given by {(%’%), Ae

O(k)}. Consider the action (x1>H<it —OT*) (ic—‘) where x, ¢ C* and x,
X, —*C|—"'B/\x,

e C*-*, If k=0, then x=x,=0 or e,, i.e., (4) (3). If k=1, then x,=0
or 1. If x,=0, then x,=*(0---01) or 0, i.e., 3) 4). If x,=1, then x,=0
by C,ie. (1). If k=n, then x=e,, e,4++/— le,, or 0 from the orbital de-
composition of (GO(n), 4,) (See p. 168 in [9)), i.e., (1) ) 4). If 2Lk
n—1, then x,=0, ¢,++/— le, or e;. If x,=0, then x,=*(0---01) or 0,
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ie., (3) (4). If x,#0, then x,=0 by C, i.e., (2) (1). Q.E.D.
Now consider the triplet (GL(1)* X SL(6), 4,D4,, V(20)@¥V(6)). Let
e, -+, ¢, be a basis of V(6). Then we have X=(x, y) e V(20)®V(6)
with x=37x;;.e;\e;Ne, (1Zi<j<kZ6) and y=>ye,. Put £=
D 3z,(0x[0e,), x NX=2"% ;i [ (X)z,0;, e, AU, =a(=e /- - - Ne,) where z,
are indeterminants. Then we have (o(g)x)=(det g)gy(x)g~* for g ¢ GL
(6), p=4, where P(x)==1,,(x)) is a 6 X6 matrix (See [10]). Therefore,
ri=rank x (as x € M(20, 1)), r,=rank y, r,=rank J«(x) and r,=rank J»(x)y
are invariants. Since x/\y determines an element of the space (SL(6), 4,,
V(15)) = (SL(6), 4¥, V(15)*), there exists a 6 X 6 skew-symmetric matrix
{xA»)* such that (p(g)xAgy)*="'g'(x Ay)*g~" for ge SL(6). Hence
ry=rank (x/\p)* is also an invariant.
Proposition 3.2. The triplet (GL(1)*XSL(6), 4,D4,, V(20)DV(6))
has following fifteen orbits. Here ijk stands for e, \e;/\e;.
Representatives
(1) (1234-456, e, }-¢,)
(2) (123+456,¢)
(3) (1234456, 0)
(4) (123-+145+246, ¢,)
{5) (12341454246, ¢)
(6) (123+1454-246,0)
(7) (1234-145,¢,)
(8) (1234145, ¢,)
(9) (1234-145,¢)
(10) (123-+145,0)
{11) (123, ¢p)
(12) (123, ¢)
13) (123,0)
(14) (0, ¢)
as) 0,0
Proof. 1t is well-known that (GL(6), 4,, V(20)) has five orbits re-
presented by x,=1234-456, x,=123 41454246, x,—123 4145, x,=123
and x,—=0. One can check that
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—2

.0

Plxg) = > P(x)=r(x;) =0.

0
If x=1x,, the isotropy subgroup at x, is given by {(%I%>, <_0_ ig_) ; A, B

13 SL(S)} and hence y~e,+e, ¢, 0,1ie., (1) (2) 3). If x;—=1264234—
135, the isotropy subalgebra at x;j is given by (8.2) in p. 40 in [6], so y~0,

e, €. By the permutation (i i’ ;L), if x=x,, then y~0, e, ¢, i.e., (3)
(5) 4. If x;= 124135, the isotropy subalgebra at x; is given by (8.3)
in p.40in [6]. Hence if y,0 for y=4(p,, - - -, ¥,), We have y,=--- =y,

=0, i.e., (7). If y,=0, then Sp(2) acts on }'=%(y,, - - -, ¥;) and hence »’
=%10---0)or 0. Ify'=%10---.0), then we may assume y,=0, i.e., (8).
If =0, then y,=1 or 0, i.e., (9) (10). By the permutation (3, 4), we
obtain the case when x=ux, If x=x,, then the isotropy subalgebra at x,
is given by (8.4) in p. 41 in [6], we have =00 1) or 0 where y ==
(Vo Vs Yo)-  1If =700 1), then we have y,=y,=y,=0 by C, ie., (11).
If =0, then y~e, or 0, i.e., (12) (13). If x=0, then y~e¢, or 0. Q.E.D.

Next consider the triplet (GL(1)* X SL(7), 4, 4F, V(35D V(7)*). We
have X=(x,y) ¢ V(35)DV(*where x=> x, .6, \e; Ne, 1 Zi<j<kZT)
and y=>17_,y,e,. Put £=3,2(0x/3e;) and xAZAX=2; ; ¥, (X)z,2,0
where w=e,/\ - - - \ e, and z, are indeterminants. Then we have J(p(g)x)
=(det g)g¥(x)'g for ge GL(7) and p=4, (See [10]). Since (x, y)—
(o(8)x, 'g~'y), r=rank y«(x), r;=rank (x)y, r,=rank y, r’=rank ‘y(x)y
and the dimension of the orbits are invariants. Here dim (resp. dim¥*)
denotes the dimension of orbits for A;+ 4, (resp. A,DA¥).

Proposition 3.3. The triplet (GL(1)*XSL(7), AP A¥, V35DV (T)*)
has following thirty-eight orbits.

“Representatives r r y v dim dim*
(1) (2344+567+1(Q254+36+47),¢) 7 1 1 1 42 42
(2) (234+567+1(25+36+47),¢,) 7 1 1 0 41 41
(3) (235+346+1 (27—45), e,) 4 0 1 0 41 37
(4) (235434641 (27—45), ¢;) 4 0 1 0 40 36
(5) (235+346+1(Q27—45),¢,+e) 4 1 1 0 38 41
(6) (13442564127, ¢,) 2 0 1 0 38 32
(7) (2354-346+1(27—45),¢) 4 1 1 0 37 40
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(8) (13442564127, e;+e;) 2 0 1 0 37 36
(9) (2344+567+1(25+36+47,00 7 0 0 0 35 35
(10) (13442564127, e;) 2 0 1 0 35 34
(11) (23441 (25+436+47), e;) 1 0o 1 0 35 31
(12) (235434641 (27—45),0) 4 0 0 0 34 34
(13) (13442564127, e, +e,) 21 1 0 33 38
(14) (1234456, ¢,) o o 1 0 33 27
(15) (13442564127, e,) 2 1 1 0 32 37
(16) (234+1 (25-+36+47), e,) 1 o0 1 0 32 34
(17) (1234456, e,+e,) 0o o 1 0 32 33
(18) (126—135+4234, e,) 60 0 1 0 32 26
(19) (126—135+234, ¢,) 0 o0 1 0 31 29
(20) (134-+256+127,0) 2 0 0 0 31 31
(1) (23441 (25436+47), ¢,) 1 1 1 0 29 35
(22) (1234456, ¢,) 0 o0 1 0 29 30
(23) (234+1 (25436+47), 0) 1 o0 o0 0 28 28
(24) (126—135+234, e,) 0o o0 1 0 28 32
(25) (1(25+36+47),¢,) 1 0 1 0 28 27
(26) (1 (24+435), ¢,) 6o o 1 o0 271 22
(27) (123—456,0) 0O 0 0 0 26 26
(28) (126—135+-234,0) 0 0 0 0 25 25
(29) (1 (24435), e,) 0 0 1 0 25 26
(30) (1 (25+4-36+47), e) 1 1 1 0 2 28
B (1 (25+36-+47),0) 1 0o o0 o0 21 21
(32) (1(24+435), ¢) o o 1 o0 21 27
(33) (1 (24+35),0) 0 0 0 0 20 20
(34) (123,¢) 0o o 1 0 2 17
(35) (123, ¢) 0 0 1 0 16 2
(36) (123, 0) 0 0 0 0 13 13
37 (0,e) o o 1 o 7 7
(38) (0,0 0O 0 0 0 O 0

Proof. By Proposition 1.4 in [7], it is equivalent to classify (GL(1)*

X SL(7), A,BA,, V(35)@®V(7)). The triplet (GL(7), 4,, V(35)) has ten orbits

represented by x, =234+ 5674 1(25+36+47), x,=235+346-+1(27—45),
X, =134 +256+127, x,=234+1(25+436+47), x;=1234456, x,=126—
1354234, x,=1(254+36447), x,=1(24+35), x,=123, and x,,=0. [I]
The case for x=x,. The isotropy subalgebra at x, is g, (See p. 20 in [8])
and (GL(1) X Gy, 4,, V(7)) has thre eorbits. Hence y~e,, ¢,, 0, i.e.,(1)(2)(9).
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[II] The case for x=x, The isotropy subalgebra at x, is given by
(10.2), p. 47 in [6]. Since GO(3) acts on J' = *(y,¥,)-), we have y'* ~(1 0 0),
‘010)or {(000). If y'=£0, we have y,=---=y,=0by 7,’s and y~e,,
e i.e.,(3)(4). If y'=0, then GL(1) X SL(2) X SL(2) acts on 3" =*(p,,- - -, ¥}
and hence )’ ~e,+e, e, 0,1i.e., (5) (7) (12). [III] The case for x=x,.
The isotropy subalgebra at x, is given by (10.3) p. 47 in [6]. If y,#0, then
we have y~e, Assume y,=0. The group GL(2)x GL(2) acts on y' =
Fsxxsxg) by 4, ®01+1R4,, so wehave )’ ~*(1010), %(1000), %(0010),
(0000). If y=£0, we may assume y;=y,=0, and hence y~e, e, ¢, e,.
If y'=0, then (¥, y,)=(011),(10),(0, 1) or (0,0),i.e., y~e,+e, e, e, 0.
However, by the transformation e<>e,, e,<>e,, e,<>e,, e,<>—e,, We have
(x5, ) ~(x,, €,) and (x,, €,) ~(x,, €;), and hence y~e,, e,+-¢,, e, e;-+-¢, &,
0, i.e., (6)(13) (15) (8) (10) (20). [IV] The case for x=x,. The isotropy
subalgebra at x, is given by (10.4), p. 48 in [6]. Hence y'="(y;VsV.) ~
‘100) or 0. Ify 0, then we may assume that y,=-.-=y,=0,ie., ¥
~e,. If =0, then y'=(»,y,y)~%(100) or 0. If y’+0, we may
assume y,=0, i.e., y~e, If y’=0, then y,=10r0, i.e., y~e, or 0. Hence
y~e, e, e, 0,1e., (11) (16) (21) (23). [V] The case for x=x,. The iso-
tropy subalgebra at x; is given by (10.6), p. 49 in [6]. If 3,50, we have
yy=1++-=2,=0by Zand W, ie., y~e, If y,=0, SL(3) XSL(3) acts on
Y=y« ¥) by 41 +1®4,, and y ~e,+e,, e, e,, 0. By the trans-
form 1<>4, 2<>5, 3<>6, we have (x,, e,) ~(x,, ¢,), and hence y ~e,, e,+e,
e, 0, ie., (14) (17) (22) (27). [VI] The case for x=x, The isotropy
subalgebra at x; is given by (10.7), p. 49 in [6]. If y,7£0, then y~e,. If
¥:=0, then Yy =(3,5, 7)) ~(1 00) or 0. If y’-£0, we have y,=y,=y,=0
by B ie., y~e,. If y=0,y"="(y,7)~*(100)or0,ie., y~e, or0.
Hence y ~e,, ¢,, €, 0, 1.e., (18) (19) (24) (28). [VII] The case for x=x,.
The isotropy subalgebra at x, is given by (10.9), p. 50 in {6]. Then we have
V=P « -, ) ~'(10---0)or 0. Ify’=£0, then y,=0by ¥, ie., y~e,.
If =0, then y,=1 or 0, ie., y~¢,;, 0. Thus we obtain (25) (30) (31).
[VIII] The case for x=x,. The isotropy subalgebra at x, is given by
(10.10), p. 50 in [6]. We have ¥’ ="‘(y,, y)~*(1,0) or 0. If y'£0, then,
by U, Z, y=---=y,=0i.e., y~e,. Ify'=0, then y""=(p,, - -+, y5) ~
{1000)or 0. If y’+0, then y,=0 by W, ie., y~e, If /=0, then
y=1or0,ie.,y~e, 0. Hence we have y~e, ¢, ¢,, 0, i.e., (26) (29) (32)
(33). [IX] The case for x=x,. The isotropy subalgebra at x, is given
by (10.12) ,p. 51 in [6]. We have y'=(y,, ---, y)~(1000) or 0. Ify
=0, then y,=y,=y,=0 by Z, i.e., y~e,. If y'=0, then y~e,, 0. Thus
we have (34) (35) (36). [X] The case for x=x;,=0. We have y~e, 0,
i.e., (37) (38). Q.E.D.

Consider the triplet (GL(1)*XSp(3), 4;84,, V(14)BV(6)). If we
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restrict the triplet (GL(6), 4;, ¥ (20)) to Sp(3), then we have V' (20)=V(14)
@V (6) as a representation space of Sp(3), and V(14) is spanned by w,=
123, w,=456, w,=234, 0,=156, w,=135, w,=246, 0,=126, w,=345, v,
=125—136, w,=245—346, @,;=124-+236, 0,,=145-356, w,;=134—
235, and w,,=146—256 where ijk stands for e, Ae; \e,. The triplet (GL(1)
X Sp(3), 4;, ¥(14)) has five orbits represented by x, =123 4456, x,=126
+(134—235), x,=134—235, x,=123, x,=0 (See [2]).

Proposition 3.4. The triplet (GL(1)* X Sp(3)., 4:D4,, V(14)PV(6) has
following nineteen orbits.

Representatives dim
(1) (1234456, ¢,+¢,) 20
(2) (1234456, ¢,4¢,) 19
(3) (126+(134—235), ¢,) 19
(4) (1264+(134—-235), ¢) 18
(5) (123+456,¢,) 17
(6) (126+(134—235), ¢, 16
(7) (134-235),¢,) 16
(8) (126+(134—235),¢) 15
(9) ((134—235), e, -+¢,) 15
(10) (1234456, 0) 14
(11) (1264(134-235),0) 13
(12) ((134—235), ¢) 13
(13) (123, ¢) 13
(14) ((134—235), ¢,) 11
(15 ((134—235),0) 10
(16) (123, ¢) 10
a7 (123,0) 7
a8) (0,e) 6 |
19 (0,0 0

Proof. [I] The case for x=x, with (x, y) ¢ V(14D V(6). The iso-
tropy subalgebra at x, is given by (9.2), p.43 in[6]. Hence y~e;te, e

+e,, e, ,0. However (x,, ,) ~(—123+456, ¢,) by (_—Of {)5’ ) e Sp(3),
1,
and by ¥ —11 e Sp(3), ~(—«—1123—4/—1456,¢)

2 W |
~ (x5, &) by ¥ —1 € GL(1). Hence y~e,+e, ei+e;, €, 0, ie., (1) (2) (5)
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(10). [II] The case for x=x,. The isotropy subalgebra at x, is given by
(9.3), p.43 in [6]. Hence GO(3) acts on y'="‘(y,¥:¥,), and ' ~4(00 1),
010),0. If 0, then y,=y,=y,=0 by b,;; and b,, i.e., y~e, e,. If
y' =0, then GO(3) acts on ¥y’ =*(y,5,¥,) and hence y ~e,, e, 0. Thus we
obtain (3) (4) (6) (8) and (11). [III] The case for x,. The isotropy sub-
algebra at x, is given by (9.4), p. 44 in [6], and hence if y,5~0, then y,=- - -
=¥,=0 by «f7de, i.c., y ~e,. Assume y,=0. Ify =‘(y,5,5,y,)=0, then
y,=1or0,ie., y~e, 0. Ify’+#0, then we may assume y,=0. In this
case, SL(2) X SL(2) acts on y' by A,®1+1K4, s0 y ~41100), (1 000),
{0 100). We have (x,, e,) ~(x,, ¢,) by

01 O

A 70 Sp(3) ith J/=|1 0 O
=\o s eSp wi = .

0 0 —1

Thus we obtain (7) (15) (14) (9) (12). [IV] The case for x=x, The
isotropy subalgebra at x, is given by (9.5), p. 45in [6]. Hence ' =(y,¥sVs)
~4100)or 0. If )0, then y,=y,=y,=0 by B, ie., y~e,. Ify'=0,
then y”"='(3,3,7,) ~(100) or 0, i.e., y~e,,0. Thus y~e, ¢,0, i.c. (13)
(16) (17). [V] The case for x=x,=0. Then we have y~e,, 0, i.e., (18),
(19). Q.E.D.

Consider the triplet (GL(1)* X Spin(10), half-spin rep. @vector rep.,
V(16)® 1V (10)). The triplet (Spin(10), half-spin rep., ¥(16)) has 3 orbits
represented by 1-+eee.e, 1,0 (See[2]). For (x,y) e V16)®V(10), let
g(») be the quadratic invariant on V(10). Then r,=rank x, r,=rank y, r
=rank (g(»)) are invariants.

Proposition 3.5. The triplet (GL(1)* X Spin(10), half-spin rep. Dvector
rep., V(16)®(V(10)) has thirteen orbits.

Representatives r ry 7y dim
(1) (I4eeees, e+ey) 1 1 1 26
(2) (I+4eeee, e +ep) 1 1 1 25
(3) (1+eenee,e) 0 1 1 25
(4) (4eemee,e) 0 1 1 24
(5) (1,e,+e) 1 1 1 21
(6) (1,e) 0 1 1 20
(7) (I+eeee, ey 0 1 1 17
(8) (14eeeqe, 0) 0 1 0 16
(9) (,e) 0 1 1 16
10y (1,0) 0 1 0 11
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(11) (0, e,+¢) 1 0 1 10
(12) (0, e) 0 0 1 9
(13) (©,0)" 0 0 o0 0

Proof. (I) The case for x=1-+e,e,e,¢,. The isotropy subalgebra at
x is given by (5.39), p. 121 in [8]. Hence, if y,+0, then all y,=0 except
i=5, 10 by a;; ~a,; and ¢;;~c¢;. Then y,=1, y,=1o0r0, i.e, (1) (3). If
¥,=0, then Spin (7) acts on }'="*(y;- - -3, - -¥5) by the spin representa-
tion, hence y ~%(10001000), °(10---0), 0. If »+0, then y,,=0 by
<5 Ify'=0, then y,,=1o0r 0. Hence y~e,+e, €, €y, 0, 1.e., (2) (4) (7)

(8). (Il) The case for x=1. The isotropy subalgebra at x is {[%I:O?Z]}’

hence GL(5) acts on »'=(y,---¥,). Thus y~!(10--.0) or 0. Ify =

{10--.0), then y,=---=y,=0 by C and y,=1 or 0. If »’=0, then
V' ="(ys - - Y10) ~ (1 0- - -0) or 0. Thus we have (5) (6) (9) (10). (IIT) If
x=0, then y ~e,+e¢,, e, 0, i.e., (11) (12) (13). Q.E.D.

Finally consider the triplet (GL(1)* x Spin (12), half-spin rep.@vector
rep., V(32)®V(12)). For x=(x, y) e V(32)®V(12), let Q(x) is a relative
invariant of degree 4 on V(32) and ¢(») a quadratic invariant on V(12).
Then R=rank (Q(x)) as 1x1 matrix, r=rank (¢(»)), r,=rank x as an
element of M (32, 1), r,=rank y are invariants.

Proposition 3.6. The triplet (GL(1)* X Spin(12), half-spin rep.®vector
rep., V(32)®V(12)) has following twenty-one orbits.

Representatives R r r r, dim
(1) (I+eeeeee, e +e) 1 1 1 1 44
(2) (+eeeeee, e +e) 1 0 1 1 43
(3) (I+eesee+eese.es, e, +er) 0 1 1 1 43
(4) (+eeee+eeee,e) 0 0 1 1 42
(5) (+eeeeee,e) 1 0 1 1 38
(6) (1+eesese;+eeee, e) 0 0 1 1 37
(7)) (+eeqee, e+er) 0 1 1 1 37
(8) (1+eueseses, e)) 0 0 1 1 36
(9) (+eeqese, e,+e) 0 1 1 1 35
10) (14-eueqeqe,, €,) 0 0 1 1 34
(1D  (14eeeqseeses, 0) 1 0 1 0 32
(12) (1 +e,eqe5e,+ee5ei85, 0) 0 0 1 0 31
13) 4, e+e) 0 1 1 1 28
(14) (1 +eeee, e) 0 0 1 1 27
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(15) (1, e) o o 1 1 27
(16) (1+ee.e.es, 0) o 0o 1 0 25
a7 (1, e) o o0 1 1 2
18) (,0) o 0o 1 0 16
(19) (0, e, +-¢,) o 1 o0 1 12
20) (0, ) 0o 0 o0 1 11
1) (0, 0) 0o 0 0 0 0

Proof. The triplet (GL(1) X Spin(12), half-spin rep., V' (32)) has five
orbits represented by x,=1-eeee.e.6,, X,=1-Feeee+eee.e, X,=
1+epe,6.6, x,=1 and x,=0 (See [2]). (I) The case for x=x,. The iso-

tropy subalgebra at x, is given by {(A zg); Aesl (6)} and hence y~

0 —
e +e;, e +eg, e, e, 0. The isotropy subgroup of Spin(12) at x, has two
connected components ([2]) and, by this, we have (x,, e,) ~(x,, —e,). By
GL(1), (x;, —e)) ~(xy, e)). Thus we obtain (1) (2) (5) (11). (II) The case
for x=1x, The isotropy subalgebra at x, is given by (5.3), p. 28 in [6].
Since Sp(3) acts on ¥ ='(y, VoV ViVsVi2), We have y' ~¥(10---0) or 0. If
Y'=%10---0), then, by @y, @y, Ciz, Cy1» C15, We have Y/ =11 VsV V10V Ve) =
‘(10--.0)or 0, ie., y~e,+e,e,. If =0, then Sp(3) acts on y” and
hence y”=%10-.-0) or 0, ie., y~e;, 0. Thus we have (3) (4) (6) (12).
(III) The case for x=x, The isotropy subalgebra at x, is given by (5.4),
p.- 29 in [6]. GL(2) acts on “(y,y,) and hence *(y,»)~*(1,0) or 0. If
‘31, ¥)="(, 0), we have y,= - - - yy=ys= - - - =;,=0, ;=1 or 0, by a
~0gy, Cpy~Cig, 1.6., Y ~e,-+€,, €. Assume that y,=—y,=0. Then Spin (7)
acts on Y =3,V Vs Vs Yo YuY1) Dy the spin representation with scalar
multiplication, we have »’ ~*(10001000), ¢{(10---0) or 0. If )y’ =0,
then y,=»,,=0 by ¢,;, and ¢,,, i.e., y~e,+ ¢, e,. If =0, then GL(2) acts
on *(3, ¥1,) and hence (¥, ¥;0) ~*(10) or 0, i.e., y ~e;, 0. Thus we obtain
(7 (8) (9) (10) (14) (16). (AV) The case for x=x, The isotropy sub-
algebra at x, is given by (5.5), p. 29in[6]. Hence y'=*(y,- - - y5) ~(10- - -0)
or0. Ify'=°'10---0), theny’ =%y, - -y)~410---0)or 0 by C, i.e.,
y~e +e,e. Ify =0, then y~(10---0)or0,ie., y~e,0. Thus we
obtain (13) (15) (17) (18). (V) The case for x=x,=0. We have y~¢,
+e;, e, 0, Le., (19) (20) (21). Q.E.D.
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