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Characteristic Classes for Families of Foliations

Toru Tsujishita*

Introduction

In recent studies of foliations, the Gelfand-Fuks cohomology H*(a,)
(a,: the Lie algebra of formal vector fields of g-variables) plays an im-
portant role as characteristic classes (cf. [3, 5] for example). For one
parameter families of foliations, Gelfand, Feigin and Fuks ([8]) show that
the derivatives of these classes, with respect to the parameter, are induced
from a universal homomorphism var: H*(a,)—H*(a,; a;) (H*(a,; a}):
the continuous cohomology of a, associated to the adjoint action on aj
the dual space of a,) by interpreting H*(a,; a;) as the characteristic
classes of the first jets of the variations of foliations. From another point
of view, an element of H*(a,; a;) can be considered also as a characteristic
class of families of foliations on a manifold M with values in the
H*(M, R)-valued one form on the parameter spaces.

In this paper, we embed the homomorphism var into a complex
{H*(a,; S*a}), var} which is related to the H*(M, R)-valued de Rham
complex on the parameter spaces of families of foliations on M via a
characteristic homomorphism. This complex appears as the E;-term of
the spectral sequence E(a,) associated with the Weil algebra W*(a,) with
a natural filtration. The Weil algebras of infinite dimensional Lie algebras
are treated in [11]. The E,-term then gives us potential tools to investigate
the homotopy structure of the space of foliations on a manifold, although
it is a difficult problem to check whether these actually work or not.

The basic concepts we use in the construction of the characteristic
homomorphisms are the variation bicomplex and the Vinogradov’s spectral
sequence associated to the differential equation of integrability condition
for plane fields (cf. [14, 15]). We note that generally the E,-term of the
Vinogradov’s spectral sequence of a differential equation on M is related to
the H*(M, R)-valued “de Rham complex” on the solution space (cf. [14]).

In Section 1, we recall some basic facts about Weil algebra of a,. In
Section 2, we construct the bundle F7(M)—M of infinite jets of local
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foliations of codimension ¢ on M and show that its de Rham complex
has a natural bicomplex structure, which is the variation bicomplex
mentioned above. One of the two standard filtrations then induces the
Vinogradov’s spectral sequence. We give its interpretation in Section 2.5.
In Section 3, we construct the characteristic homomorphisms and obtain
the main Theorems (3.5.3), (3.5.6) and (3.7.3). We give some remarks in
Section 4. '

§1. The Weil algebra of a,

In this section, we recall basic facts about the Weil algebra of the
topological Lie algebra a, of all the formal vector fields of g-variables.
For more details, see [11].

1.1. Leta, be the topological Lie algebra of all the formal vector
fields of g variables endowed with the weakest topology for which all the
maps, assigning each vector fields the partial derivatives of its coefficients,
are continuous.

Let a; be the dual space of a,. This is an a,-module by the action
Xf(Y)=—f(X, YD) (fea,, X, Yea,). This induces a,-modules S*aj,
the k-th symmetric product of aj.

Let C*(a,)=C"(a,; R) be the space of all the continuous k-multi-
linear anti-symmetric maps from a, X - - - X a, (k-times) to the field of real
numbers R for positive k£ and C°a,)=R. Put C*a,;S’'a))=C*a,)®
Sta} (k, t =0). v

Regard an element f of C*(a,; S’a,) as a multilinear anti-symmetric
map from a, X - - - Xa, (k times) to S*a; and define

df(Xla R} Xk+1)=Z (_1)i+1Xi'f(Xla »' ) X'i’ ) ch+1)
+Z ('—l)i+j.f-([Xi’ Xj]’ Sty ji, M) fj, . ‘)

(X; e a,) for positive k and by df(X)=X.f for fe C'=S’a, (X e ap).
Then it is easy to see df e C**'(a,; S’a;). Thus we obtain a complex
{C*(a,; S*a}), d} for each t =0.

On the other hand we can also regard in the obvious way an element
fof C¥(a,; S*a}) as a multilinear map from a, X - - - Xa, (k41 times) to
R, anti-symmetric in the first & arguments and symmetric in the last ¢
arguments. Then for positive £ we can define var(f) e C*~'(a,; S**'a})
by

(var(f Xy, -+, X3 ¥y - -+, Yyy)
t+1 .
=§f(Yi’ Xy ooy X"'l; Y, -, Yi’ MY Yt+1)
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for X;, Y; e a,. Obviously varovar=0. Moreover it is easy to show var
commutes with d.

1.2. Put W' (a)=C'*(a,;S*a}) for t=s and =(0) for t<s.
Then var and d induce homomorphisms § and @ of degrees (1, 0) and (0, 1)
respectively of the bigraded module W**(a,)=@®W*(a,). Moreover
&#*=0*=0, 0=09. Thus we obtain a bicomplex {W**(a,),d,0d}. Its
total complex is denoted by {W*(a,), d}, which is the Weil algebra of
a,. We regard this as a filtered differential graded algebra by the filtration
FiW*a)=@ ;= W?"*@a,). The associated spectral sequence will be
denoted by E(a,)={Ey"(a,), 4.}

Remark (1.2.1). A differential graded algebra (d.g.a. for short) is an
anti-commutative graded algebra A=@),;,,4* with 1 endowed with an
endomorphism d of degree one such that d*=0, d(ab)=(da)b+(—1)*adb
(k=deg a). A filtered d.g.a. is a d.g.a. A4 with a decreasing filtration
{F*} with F°=A and Ft. FiC F’*J. For afiltered d.g.a. (4, F), we denote
by E(A, F)={E>%(A, F), d,} the associated spectral sequence, which is
obviously multiplicative and convergent.

Just as in the finite-dimensional case, we have

Theorem (1.2.2) ([11]). The d.g.a. W*(a,) is acyclic, i.e., H(W*(a,))
=R (i=0), (0) (i=0).

By definition we have
Proposition (1.2.3). E{i(a)=H' (a,; S°a)) (t=s).

Remark (1.2.4). Note that our bidegree (and hence the filtration of
W*(a,)) is different from the usual one (cf. [10] for example), which gives
W=t the bidegree (2s, t—s).

1.3. Let (4, F) be a filtered d.g.a. Suppose there is a graded algebra
map g: C*(a,)—A such that the composition g, of g and the natural projec-
tion C*(a,)—A[F'A is a d.g.a. map. We call such g an algebraic a -~con-
nection. Since C*(a,) is multiplicatively generated by C'(a,), we can prove
just as in the finite-dimensional case the following

Proposition (1.3.1). An algebraic a,-connection on A induces a filtered
dg.a. map g: (W*(a,), F)—(A4, F) uniquely determined by the condition
gl Wh*(a,)=g.

Moreover the homotopy class of g is uniquely determined by g,.
More precisely
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Lemma (1.3.2). Suppose two algebraic a,-connections g’ and g”’ on A
induce the same gi=g{/: C*(a,)—A|F'A. Then g’ and g" are homotopic
as filtered d.g.a. maps.

Remark (1.3.3). We call two filtered d.g.a. maps f, and f; from
(4, F) to (B, F) homotopic if there is a filtered d.g.a. map f: A—B’ such
that i;0f=f; (=0, 1), where (B’,F) is a filtered d.g.a. and i;: B’—B
(j=0, 1) filtered d.g.a. maps such that i, and i, induce the same spectral
sequence map E.(B’, F)»E,B, F) forr=1. If f, and f; are homotopic,
then obviously they induce the same spectral sequence map from E,(4, F)
to E.(B, F) (r=1).

1.4. We say that a Lie algebra b acts on a d.g.a. 4 or 4 is a b-d.g.a.,
if, for each X e b, there are two operators Ly and i, of degrees 0 and —1
respectively such that Ly=i,d+diy, iz, y7=[Ly, iy] and Lix y1=[Ly, Ly]
forall X, Yeb.

For example, W*(a,) is an a,-d.g.a. in a canonical way (cf. [11]).
Hence each subalgebra of a,, e.g. the subalgebra gi(g, R) of linear vector
fields, acts on W*(a,).

Suppose b is the Lie algebra of a Lie group B. A d.g.a. 4is called a
B-d.g.a.if Ais a b-d.g.a., B acts smoothly on 4 as d.g.a. automorphisms
and its differentiated action is given by X+— L, (X € b).

For example, W*(a,) is a GL(n, R)-d.g.a. in a natural way, when
gl(g, R) acts on W*(a,) as above. Hence W*(a,) is also an O(n)-d.g.a.

For a B-d.g.a. 4, we denote by A the d.g. subalgebra consisting of
B-basic elements, i.e., of such elements f e 4 as iy f=0(VX e b) and g f=
S(Vg & B).

We denote by W*(a,, 0(q))=W™*(a,)o,, Which is a filtered d.g.a. by
the induced filtration. The associated spectral sequence will be denoted
by E(a,, O(q)). Note that by definition we have

Proposition (1.4.1). E}‘(a,, O(g)) = H'~*(a,, 0(q); S*a)) (t = s),
where H*(a,, O(q); S°ay) is the cohomology of C*(a,; S*a)o(,)-
It is easy to show the following

Proposition (1.4.2). Suppose (A, F) is a filtered O(q)-d.g.a. Let g be
an O(q)-equivariant algebraic a,-connection on A. Then the induced filtered
d.g.a. map g is also O(q)-equivariant. In particular, g induces a filtered
d.g.a. map (W*(a,, 0(q)), F)—(4o(y), F)-

§ 2. The Vinogradov’s spectral sequence of foliations

We construct for a manifold M, the infinite jet bundle F(M) of
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local foliations of codimension g, and the Vinogradov’s spectral sequence
E(M, q) for the integrability condition of plane fields of codimension g.

2.1. First we recall some results of [1].

Let M be a C~ manifold of dimension n. Let S*(M)—M be the
infinite frame bundle of M, i.e., the space of all the infinite jets at 0 of
local diffeomorphisms from (R",0) to M. S=(M) being the projective
limit of finite-dimensional manifolds, we can use on S*(M) the usual
terminologies about manifolds.

S*(M)—M is a principal G,-bundle, where G, is the group of the
infinite jets at 0 of local diffeomorphisms from (R™, 0) to (R", 0). Moreover
the group Diff(M) of diffeomorphisms acts naturally on S~(M), com-
muting with the action of G,.

One of the basic facts about S=(M) is the existence of a natural
global frame of the tangent bundle T.S“(M): Let {2*(S*(M)), d} be the
de Rham d.g.a. of S*(M) and LS~(M) the Lie algebra of C*~ vector fields
on S*(M). Then

Theorem (2.1.1) ([1]). There is an a,-valued differentiable one form w
on S*(M) such that

(1) w,: T, S°(M)—a, is an isomorphism for all x ¢ S*(M),

(i) daw+(1/2)[w, wl=0, where [w, w] is an a,-valued two form defined
by [w, wl (X, Y)=2[w(X), w(Y)] (X, Y e LS>(M)),

(i) R¥w=Ad(g " )w(VgeG,), where R, (x)=xg (x e S*(M), geG,)
and Ad denotes the “adjoint action” of G, on a,,

(iv) f*w=w (¥f e Diff (M), where f is the diffeomorphism of S=(M)
induced by f.

This w is in fact constructed from a Lie algebra homomorphism
p: a,—~>LS>(M) by w(p(X))=X(X e a,). pla,)is then a global frame of
the tangent bundle 7.S=(M).

2.2. Fix positive integers p and ¢ satisfying p+g=n. Fix a linear
coordinate (x, y)=(x!, --.,x%, 3", ---,¥9) on R*. Let G, , be the sub-
group of G, consisting of the elements represented by f: (R", 0)—(R", 0)
such that

o ) N=" N0,y (1=ZiZ9),

i.e., f preserves the foliation F, , defined by y*=c* (1 £i <q) for constants
(c?). Define

Fo(M)=S=(M)/G,,,.



200 T. Tsujishita

We can regard z: Fy(M)—M as the infinite jet bundle of local folia-
tions. In fact, let F be a C* foliation of codimension g defined on an
open subset V. For x € V, choose a local chart (U, h: U—R"™) such that
h(x)=0, UcVand F|Uis h™'(F,,,). Define then

jeF=[h". G, , € F2(M).
Then j2 F is independent of the choice of the local charts. Thus we have

Proposition (2.2.1). For an open subset V of M, there is a natural
map jo:Fol (V)—I'(F;(V)). Here Fol (V) denotes the space of C<
foliations of codimension q, and I'(F3 (V")) denotes the space of C* cross-
sections of F7(V)—V.

2.3. We construct now a flat connection on #: F;(M)—M which
makes j=F’s flat sections.

Let a,,, be the subalgebra of a, consisting of those vector fields pre-
serving the foliation F, ., i.e., '

a,,o=1{22f(x, Y)ojox'+ 3 g,(»)8/0y’; f, € Rllx, ¥1l, g; e RIY]}-

Let H= be the subbundle of T'S*(M) spanned by p(a,, ).

Define H=ngp.H> CTF (M), wgy: S*(M)—F7(M) being the natu-
ral projection. Note that the tangent bundle V(rgy) of the fibers of zgr
is spanned by p(d}, ,), where a} ,=a, ,Naj (a): the subalgebra of a, con-
sisting of those vector fields whose coefficients have zero constant terms).
Hence the rank of H*/V(zgy) is n. Thus we have

Lemma (2.3.1). H is a C~ subbundle of TF7(M) of rank n.

Since a,,, is a subalgebra of a,, we have [['H>, 'H*]JCI'H".
Moreover V(zsz)C H™ implies H*=(wgz.) 'H. These imply obviously
[’H, 'HlCI'H.

Let F be a C* foliation of codimension g on an open subset V' C M.
Then obviously

T((=F)V)CH.
Thus we have

Proposition (2.3.2). There is a flat connection on w: Fy(M)—M in
the following sense. There is a C* subbundle H of TF3(M) of rank n such
that

(1) forall x e F3(M), (ny),: H,—T, )M is an isomorphism,

(ii) ['H,'H]cTl'H.



Families of Foliations 201

Moreover the infinite jet extensions of local foliations of codimension q are
flat with respect to this connection, i.e., their graphs are tangent to H.

24. Let V=V(x), the tangent bundle of the fibers of z. Then
TF;(M)=V@®H. This induces the splitting of cotangent bundle

T'Fy(M)=V'®H,
and the isomorphism
‘Qqu(M)E®s+l=k‘Qs’t(M9 q):

where 2%4(M, ¢)=I'(\*V'Q \'H’).
Since H is flat, the exterior differentiation decomposes as

d=6+(—1)d

on 2%%(M, q), where § and 9 have bidegrees (1, 0) and (0, 1) respectively.
d*=0 implies then §°=9°=0 and §0=0a5. Thus we obtain a bicomplex

Q%*(M, q)={®2"'(M, q), 3, 3},

which we call the variation bicomplex associated to the integrability condi-
tion of plane fields of codimension q on M.

The underlying bicomplex structure makes the de Rham d.g.a. a
filtered d.g.a. by the filtration

™ FQFo(M)= @, 2*(M, q).

We denote the induced spectral sequence by E(M, q)={E>(M, q), d,}.
Note that Diff(M) acts on Fy3(M) preserving H, and hence on
(2*(F7(M)), F) and on E(M, g).

Remark (2.4.1). The other filtration "F'=@),..,2** induces the
usual Serre spectral sequence for the fibration .

Remark (2.4.2). Note that generally an integrable subbundle H of
the tangent bundle 7X of a C* manifold X gives a filtered d.g.a. structure
on the de Rham d.g.a. 2*(X) by the filtration F!=I"(/\*(HY')), 2*(X),
where HL=(TX/HY CT’X. The filtration introduced by (*) coincides
with this one associated with the integrable subbundle H of TF;(M).
Note further that EY *(Q2*(X), F)y=I'(/\*H’) and hence I'(/\ *H’) becomes
a d.g.a., which we denote by {Q*(H), dy}.

2.5. The spectral sequence E(M, g) gives us a “de Rham theory”
on Fol (M) in the following sense.
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Let X be a C~ manifold and ¢: X—Fol (M) be a map. o is called
C~ if its evaluation map : X X M—F;(M) defined by a(x, m)=jn(co(x))
xeX,meM)is C~.

When ¢ is C=, it is easy to see that

oF QFF7(M)——>2%(X X M)
preserves the underlying bicomplex structures, i.e.,
a2 (M, ) 27 (X X M),

where Q9'(XXM)=I(ziN\'T'XQ®zE N\'T'M), =y and =z, being the
natural projections from X X M to X and M respectively (cf. [14]).

Let F be the filtration on 2*(X X M) defined by Fi=@@,,, 2%
(XX M). Then (Q¥(Xx M), F) is a filtered d.g.a. map. Thus ¢ induces
a spectral sequence map

o*={0%}: E(M, q)—>E(Q*(X X M), F).

Since {Ef!, d}={Q*(X)QH' (M, R), d,®id} as cochain complexes and
Eyt=H (X, RYQH'(M, R) as vector spaces, we have cochain complex
maps

o {EF (M, q), d}—> {0 X)QH (M, R), d,Rid}
and linear maps
oy i ESH (M, q)—>H(X, RQH'(M, R).

Thus Ef (M, q) can be considered as the H*(M, R)-valued de Rham com-
plex on Fol (M).

The assignment ¢+—>¢* is functorial: For a C* map f: Y—X, we have
(gof) =f*o0*, where f*: E(Q*(XX M), F)-»EQ*(YX M), F) is in-
duced naturally from f.

By this fact, E,(M, q) provides us potential tools to investigate the
homotopy structure of Fol (). For example, suppose there is a nonzero
element A of E$*(M, g). Then & induces a map from the C* homotopy
class of C* maps S*—Fol (M ) to H*(M, R), hence, & might measure
“my(Fol (M))”.

2.6. In order to treat the foliations with trivial normal bundles, we
introduce the frame bundle BF; (M) of the universal normal bundle.
" Let G, , be the subgroup of G, , consisting of those represented by f
such that (37 o f/637(0)),<4, <, is the identity matrix. Define then BF (M)
=S~(M)/G,, ,. Since G, /G, ,=GL(g, R), the natural projection mpy:
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BF7(M)—Fz(M) is a principal GL(g, R)-bundle.

Define a subbundle of TBF7(M) by Hz=(nzz) "H, which is obvi-
ously integrable. Hence by Remark (2.4.2), we obtain a filtration in the
d.g.a. Q¥(BFy(M)) and a d.g.a. Q%(Hz;)=F°/F'. Note that these are
GL(g, R)-d.g.a.’s.

Denote E(M, g)=E(Q2*(BF;(M)), F). This has similar meaning for
the foliations with trivial normal bundles as E(M, q) does for foliations
(cf. §2.4): Suppose ¢: X—Fol (M) is a C~ map such that the normal
bundle of a(x) is given a trivialization which depends smoothly on x e X.
Then 7: XX M—F7(M) has a lifting to a C* map ¢: XX M—BF7 (M)
such that 7,0 G=a. Itis easy to see that ¢ induces a filtered d.g.a. map
¥ (Q*(BF3(M)), F)—(2*(X X M), F), which is uniquely determined up
to homotopies.

Hence we obtain canonical homomorphisms:

ot {E(M, q), di}——>{Q*(X)QH (M, R), dy},
o3': By (M, )—>H'(X, RQH"(M, R).

Finally note that Diff(M) acts on BF}(M) preserving Hj, and hence
on (Q*(BFy(M)), F) and E(M, q).

§ 3. Characteristic homomorphism

We construct filtered d.g.a. maps

A (W*(a,), F)—>(2*(BF (M), F),
12 (WH(a,, 0(q)), F)—>(2%(F7(M)), F),

canonically defined up to homotopies. Thus we obtain canonical charac-
teristic homomorphisms 2,: E,(a,)—E.(M,q) and X,:E/(a,, O(q))—
E(M, q) forr=1.

3.1. First we introduce the bundle P7(M)—M of the infinite jets of
local submersions of rank q.

Let H,,, be the subgroup of G, , consisting of those represented by
f with y*ef=y* (1<i<gq). Define then P3(M)=S~(M)/H, ,. Then
just as in Section 2.2, Py(M)—>M can be considered as the bundle of the
infinite jets of local submersions on M of rank g.

The action of Diff(M) on S~(M) induces that on PJ(M).

Since H, ,CG,,,, we have a natural projection 7,5 Py(M)—F7(M).
This is a principal G -bundle, since there is an isomorphism G, ,/H, ,=
G,, induced by the homomorphism u:G, ,—G, defined by u([f)=

[()—=(y )0, »)].
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3.2. Define a subbundle of TP;(M) by Hy=(zprs) 'H. Then Hp
is integrable and we obtain a filtered d.g.a. (2*(P3(M)), F) and a d.g.a.
{Q*(H}), dp}=F°/F* (cf. Remark (2.4.2)).

Note that 2*(H,) is an a2-d.g.a. and G,-d.g.a., since the action of G,
on Py(M) preserves H, and the filtration, and 4 can be naturally con-
sidered as the Lie algebra of G,. Thus 2*(H,) is also a GL(g, R)-d.g.a.
by virtue of the natural homomorphism GL(g, R)CG,.

Proposition (3.2.1). . There is an y € Q' (Hp)Qa, such that

(i) forall x e Py(M), n,: (Hp),—a, is surjective,

(i) drp+(1/2) [y, 71=0,

(i) Rip—Ad(g~) (Vg € G,),

(iv) f*p=y for all e Diff(M), where f is the diffeomorphism of
P2(M) induced by f.

Proof. Let wgp: S™(M)—P3(M) be the natural projection. Since
TppoMgp=Tgp, (Tgps) "Hp equals (zgp:) 'H=H> and is generated by
ola,, ). Thus for every x € Py (M), (H;), is spanned by X, =(z ), (0(X),)
X ea,,,), where y e ngi(x) is fixed. Define then n(X,)=X e a,, where
X=>g,(»9/0y! for X=73_, fi(x, )a/oxt+ 3 g,(»)8/dy’. Since V(msp) is
spanned by {3 fi(x, )3/0x*}, 5 is well-defined.

The other assertions are easily proved. q.e.d.

Corollary (3.2.2). There is a GL(g, R)-d.g.a. map 2: C*(a,)—2*(Hp)
such that £* o 2= 2, for all f ¢ Diff (M).

3.3. Since H, , is a subgroup of G}, , there is a natural projection

gt P=(M)—BF=(M).

Lemma (3.3.1). (i) There is a GL(q, R)-equivariant C* section s of

Tppe

(i) If there are two such sections s, and s, then there is a GL(q, R)-

equivariant section S of P7;(M) X [0, 1]—BF7(M) X [0,1] such that
S|BFy(M)x{i}=s, (i=0,1).

Proof. Note that the fibering 7,5 is isomorphic to the one induced
by npr from f: P3(M)/GL(g, R)—F7(M). Since f is a homotopy equi-
valence, there is a section s’ of f, determined uniquely up to homotopies.
Hence there is a GL(g, R)-equivariant section s of 75, determined uniquely
up to GL(g, R)-equivariant homotopies. q.e.d.

Fix now a GL(g, R)-equivariant section 5 of 7,,. Since s5,(X) e H,
(X € Hp), s induces a GL(q, R)-d.g.a. map s*: Q*(Hp)—2*(Hz). Thus we
obtain a GL(q, R)-d.g.a. map
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Ag=8% 0 Ap: C¥(a,)—>2*(H}).

34. Fix a C~ GL(g, R)-connection ¥ on the principal GL(q, R)-
bundle 7. 7 defines a GL(g, R)-equivariant decomposition

TBF:(M)=V(n,:)®H,

where H, =z}, TF:(M). Since TF7(M)=V®H, we obtain a GL(g, R)-
equivariant decomposition

TBF>(M)=V(n;,)®V,®H,

such that V,=z%,V and H,=zjH. By definition Hy=V(nzr)DH,
whence 7 1nduces a GL(g, R)-equivariant projection p,: TBF“(M)—»HB,
which in turn induces a GL(g, R)-equivariant graded algebra map
ks QF(Hp)—Q*(BF 7 (M)).

Define a graded algebra map C*(a,)—Q*(BFy(M)) by A, =pFo 1,
We have (2,),= 25, when F°/F' is naturally identified with 2*(H;). Thus
we obtain a GL(g, R)-equivariant algebraic a,-connection on 2*(BF;(M)).
By Proposition (1.4.2), 2, induces a filtered GL(g, R)-d.g.a. map A=
2,2 (W*(a,), F)—(2*(BF;(M)), F) (cf. Diagrams 1 and 2).

Sm(M) ’ /9*11{?)

TSB . °°(M) C*(aq, "Q*(HB)
i k—/ \
BF:(M)  /zps W*(aq)—————»Q*(BF“’(M))
Fz(M) W*(a,, O(q)—2—2%BF;(M)/0(q))
T X ¥
M QXFZ (M)
Diagram 1. Diagram 2.

3.5. By Lemmas (1.3.2) and (3.3.1), we can show without difficulty
the following

Lemma (3.5.1). The homotopy class of 2 is independent of the choices
of sand 7.

Furthermore, Lemmas (1.3.2), (3.3.1) and (3.2.2) imply

Lemma (3.5.2). For all f € Diff (M), f* o 4 is homotopic to A.
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Thus, we have proved

Theorem (3.5.3). Let M be a C~ manifold of dimension n and q a
positive integer less than n. Then there is a filtered d.g.a. map 2: (W*(a,), F)
—(Q*(BF7(M)), F) determined uniquely up to homotopies. ~Moreover, for
all f e Diff (M), f* o 2 is homotopic to 2.

Corollary (3.5.4). There is a canonical spectral sequence map
3t Efa,)—>E,(M, )
for r =1, such that Im 2, C E (M, g)PD,
By Proposition (1.2.3), we have
Corollary (3.5.5). There is a canonical map
H'(a,; S*a))—>Ep*+'(M, q)**1",
By the interpretations given in Section 2.6, we obtain

Theorem (3.5.6). Let M be a C> manifold of dimension n and q a
positive integer less than n. Let ¢: X—Fol (M) be a C> map such that the
normal bundles of o(x)’s are trivialized smoothly with respect to x ¢ X.
Then there is a canonical homomorphism

a;k: Er(aq)—HEr(Q*(XX M)’ F)

forr=1. Moreover (foq,)*=c} for all f e Diff (M), where f: Fol (M)—
Fol (M) is the natural map induced by f.
In particular, there exist canonical maps

of: H'(a,; S*a))—> 2 (X)QH'**(M, R)
such that o o var=dy o ¢f and
af: Ey'(a,)—>H'(X, RQH' (M, R).

3.6. Restricting 1 to the O(g)-basic elements, we obtain a filtered
d.g.a. map

vz (W(a,, 0(9), F)—>(Q*(BF;(M)/0(q), F).

Here F is defined by the integrable subbundle (f,)~'H of T(BF;(M)/0(q)),
where f: BFy(M)/O(q)—F(M) is the natural projection.
Since f is a homotopy equivalence, it has a C* section ¢ determined
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uniquely up to homotopies. Obviously 1*: Q*(BF (M )/0(q))—2*(F;(M))
preserves the filtrations. Hence we have constructed a filtered d.g.a. map

K=1%0 X': (W*(a,, O@)), F)—>(2*(F; (M), F).
3.7. Just as in Section 3.5, we have

Lemma (3.7.1). The homotopy class of X is independent of the choices
of 8,7 and t.

Lemma (3.7.2). For all f e Diff (M), f* o % is homotopic to X.
Thus we have proved

Theorem (3.7.3). Let M be a C= manifold of dimension n and q a
Dpositive integer less than n.  Then there is a filtered d.g.a. map

12 (W*a,, 0(9), F)—>(2*(F7(M)), F)

determined uniquely up to homotopies. Moreover, for all fe Diff(M),
f* o X is homotopic to X.

This implies similar results as (3.5.4-6), which we omit.

§4. Remarks
4.1. Some problems naturally arise from our results.
Problem (4.1.1). Calculate E (a,) and E.(a,, O(q)).

EY*(a,)=H*(a,) and EY*(a,, O(q)) were calculated by [7], and
Ey*(a,)=H*"(a; ag) and E}*(a,, O(q))=H*"'(a,, O(9); a;) by [8]. We
tabulate for g=2 these results:

Dimension of E{ ‘(ap):

1 2 3 4 5 6 7 8 9

t
-~
(=

0‘1 2 1 2

Dimension of E3 ‘(as):

1 2 3 4 5 6 7 8 9

t
-~
o
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Here the blanks mean zeros. Note that since by Theorem (1.2.2) E7 =0,
we must have E»"-¢=£0 for some 1<i<3.
For g =1, we can easily calculate E{® (s<2):

Dimension of E$ ¢(ay):

For s =2, the computations of E{*(a,)=H**(a,; S°a;) seem diffi-
cult. However the following isomorphism might make the calculation
easier:

H*(a,; S*a})=H*(LR"; S*LR?),

which can be proved by the Bott’s arguments (cf. [2]). The right hand
side might be calculated by the method of [13].

Problem (4.1.2). For a non-zero element o of Ey*(a,), find an explicit
formula making it possible to evaluate o3 '(w) for o: X—Fol (M).

Problem (4.1.3). For a non-zero element w of E§*(a,), find a C* map
o: X—Fol (M) such that ¢§ (0)70.

This problem seems difficult, since even for s=0, the answer to it is
not known. However there is a program by Fuks to show it (cf. [6]).

4.2. Let G be a finite-dimensional Lie group and g its Lie algebra.
Then E(g, H) has similar meaning as Theorem (3.5.6) for flat G-bundles
on M, where H is an appropriate subgroup of G. This is already remarked
in [10, § 4.50].

4.3. Let N be a C~ manifold of dimension g and LN the topological
Lie algebra of all the C* vector fields on N. Then the spectral sequence
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E(LN) associated to the “continuous” Weil algebra W*(LN) has similar
interpretation as Theorem (3.5.6) for foliated trivialized N-bundles on M.
EY*(LN)=H*(LN) was in principle calculated by [4, 9], although
the actual calculation is quite difficult (cf. [12]).
EY*(LN)=H*-Y(LN; LN’) is in principle calculated in [13]:

H*(LN; LN)= H*(LN, C3(N)®H*(ay, gl(g, R); \'T'QT’),

where C{(N) is the topological LN-algebra of C> functions on N with
compact supports and T=R? is the standard gl/(g, R)-module, regarded
also as an a)-module by the natural Lie algebra homomorphism a)—
gl(g, R). We note that H*(aj, gl(q, R); \'T'QT")=H**%(a,, gl(a, R); a;)
is calculated in [8] and H*(LN, Cy(N)) can be calculated in principle once
we know the homotopy type of the d. g a. C*(LN) (cf. [13]).

When N=S", we have

E}*= N(a, B),
E*= N\, 6, )RR ¥,

with |w|=|0|=|v¥|=1, |al=|&|=2, |8|=3 (x|=deg x) and A(x;, x;, - - -)
denotes the free anti-commutative graded algebra generated by x;, x,, - - -
(cf. [13]). Moreover we have do=24, d,f=2w+, whence E3*=R (x=0),
0 (x=£0). However, this follows trivially from the results of S. Morita
(unpublished) which assert that elements of H*(LS") are independent and
varies as characteristic classes of foliated trivialized S*-bundles.

4.4. For the subalgebras of a,, the spectral sequences of their Weil
algebras have similar meaning. For example, let a be the subalgebra of
a,, formed by formal holomorphic vector fields-on C?=R*. Then we
can interprete E(a¢, U(g)) as characteristic classes of families of complex
analytic foliations of codimension g. Elements of P,,,E¥ ‘(aS, U(q))
may give us tools to study the homotopy structure of “moduli spaces” of
complex structures of dimension g.

4.5. The d.g. subalgebra Q*(Fy(M))P js isomorphic to C*(a,,
al,.; B). Thus the spectral sequence associated to this filtered d.g.a. with
the induced filtration can also be interpreted as characteristic classes for
families of foliations of codimension g.

References

[1] I N. Bernstein and B. I. Rosenfeld, Homogeneous spaces of infinite Lie
algebras and characteristic classes of foliations, Uspehi Mat. Nauk, 28
(1973), 103-138.



210 T. Tsujishita

[2]1 R. Bott, On the Gelfand-Fuks cohomology, Proc. of Sym. in Pure Math,,
27 (1975), 357-364.

[31 and A. Haefliger, On characteristic classes of [I'-foliations, Amer.
Math. Soc. Bull., 78 (1972), 1039-1044.
[41] and G. Segal, The cohomology of the vector fields on a manifold,

Topology 16 (1977), 285-298.

[51 D. B. Fuks, Characteristic classes of foliations, Uspehi Mat. Nauk, 28:2
(1973) 3-18.

161 , Non-trivialité des classes caracteristique de g-structures. Application
aux classes caracteristique de feuilletages, C.R. Acad. Sc. Paris, 284 (1977),
1017-1019.

[71 1. M. Gelfand and D. B. Fuks, Cohomology of the Lie algebra of formal
vector fields, Izv. Akad. Nauk SSSR, 34 (1970), 69-87.

181 , B. L. Feigin and D. B. Fuks, Cohomologies of the Lie algebras of
formal vector fields with coefficients in its adjoint space and variations
of characteristic classes of foliations, Funct. Anal. i ego Pril,, 8:2 (1974),
13-29.

191 A. Haefliger, Sur la cohomologie de I’algébre de Lie des champs de vecteurs,
Ann. scient. Ec. Norm. Sup. 4° série, 9 (1976), 503-532,

[10] F. W. Kamber and Ph. Tondeur, Foliated bundles and characteristic classes,
Lecture Notes in Math. No. 493 (1975), Springer-Verlag.

[111 T. Natsume, Certain Weil algebras of Infinite-dimensional Lie algebras,
Kodai Math. J., 1 (1978), 401-410.

[12] K. Shibata, On Haefliger’s model for the Gelfand-Fuks cohomology, Japan.
J. Math., 7 (1981), 379-415.

[13] T. Tsujishita, Continuous cohomology of the Lie algebra of vector fields
associated to nontrivial representations, Memoirs of Amer. Math. Soc., 34
(1981), No. 253.

[14] ——, On variation bicomplexes associated to differential equations, Osaka
J. Math., 19 (1982), 311-363.

{15] A. M. Vinogradov, A spectral sequence associated with a nonlinear dif-
ferential equation, and algebro-geometric foundations of Lagrangian field
theory with contraints, Dokl. Akad. Nauk. SSSR, 238 (1978), 144-148.

Department of Mathematics
Osaka University
Toyonaka, Osaka 560, Japan





