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A Relation between the Topological Invariance
of the Godbillon-Vey Invariant and the
Differentiability of Anosov Foliations

Yoshihiko Mitsumatsu

§ 1. Introduction and the statement of the result

In this paper, we study the Anosov’s unstable foliations of the
geodesic flows of negatively curved surfaces to show some relation between
the topological invariance of the Godbillon-Vey invariant of codimension
one C*foliations and the differentiability of such foliations. From the
definition, the Godbillon-Vey invariant is invariant under foliation preserv-
ing C*diffeomorphisms. Moreover Raby proved in his recent preprint
[13] that it is in fact C'-invariant, i.e., foliation preserving C*-diffeomor-
phisms between codimension one C?foliations preserve their Godbillon-
Vey invariants. On the other hand, due to one of the recent theorems of
Tsuboi [14] (which asserts H,(BDiff! R'; Z)=0), we have little possibility
that the Godbillon-Vey invariant could be defined for C!-foliations.
Therefore the problem of the topological invariance arises naturally.
For example, Duminy’s vanishing theorem [5] shows that a certain topol-
ogical condition is sufficient for the vanishing of the Godbillon-Vey
invariant. It seems that this increases the importance of our problem.

In this paper we treat foliations only on closed oriented 3-manifolds,
so that we study the Godbillon-Vey number which is the value of the
Godbillon-Vey invariant on the fundamental class of the manifold.

The first example which has a non-trivial Godbillon-Vey number is
the Anosov’s unstable foliation of the geodesic flow on the unit tangent
circle bundle of a closed surface with a hyperbolic structure. The
Godbillon-Vey number of this foliation is equal to 8z*(1 —g)=4r"X where
g is the genus of the surface and X is the euler characteristic. We can
regard the above foliation as a foliated S'-bundle over the surface, so that
the number can be calculated by using Thurston’s formula ([3], [4]) which
represents the Godbillon-Vey invariant as a 2-cocycle of the group Diff%5?
of all orientation preserving C*-diffeomorphisms. We can also calculate
this from the definition of unstable foliations by using the structural

Received October 12, 1983.



160 Y. Mitsumatsu

equation of the Riemannian connection associated with the Riemannian
metric of the surface. We try to deform this foliation and to vary the
Godbillon-Vey number, though Heitsch’s theory on the deformation of
smooth foliations [7] and on the variation of the exotic classes [8] suggests
that it is not so easy. To do that, we deform the Riemannian metric of
the surface keeping its curvature negative. By classical theorem of
Cartan, E.-Hadamard and Anosov (see [1]), if the curvature is negative,
the geodesic flow is an Anosov flow so that there exists the unstable folia-
tion. On the other hand, from the well-known existence theorem of
isothermal coordinates, we can see that the space of smooth Riemannian
metrics with negative curvature is connected. Therefore if we combine
this fact with Anosov’s structural stability theorem of Anosov flows, it
turns out that every such foliations are mutually C°-conjugate, i.e., there
exists a leaf-preserving homeomorphism between any two of them. These
homomorphisms are smooth if they are restricted to a single leaf. So we
want to use these mutually C°-conjugate foliations for the study of the
topological invariance of the Godbillon-Vey invariant. However, C’-
section theorem [10] of Hirsch-Pugh guarantees nothing but these folia-
tions to be of class C'. (Of course they are smooth along the leaves and
in the case of negative constant curvature they are obviously real analytic.)
It is not known whether there exist C*-unstable foliations associated with
the metrics of non-constant curvature. Our main task in this paper is to
compute the Godbillon-Vey numbers of these foliations assuming that
they are of class C? and for that purpose, we look into the theorem of
Cartan-Hadamard more explicitly in this case. As a result, we obtain the
following main result of this paper.

Theorem. Either of the following two statements occurs.

1) The Godbillon-Vey invariant does not have the property of topo-
logical invariance.

2) The only unstable foliations of the geodesic flows of negatively
curved surfaces which are of class C* are those of hyperbolic surfaces.

The author has no idea which one actually occurs and in fact it may
happen that both are true.

For the definition of the Godbillon-Vey invariant, see [6]. [2] and [9]
are good references for the generality of foliations and their characteristic
classes. Anosov flows and Anosov foliations are investigated in detail in
[1] and [10] deals with C7-section theorem as well as other related pro-
blems.

The author would like to state his hearty gratitude to Professor
S. Morita for his continuous encouragement.



Anosov Foliations 161

§2. Proof of Theorem

In this section we describe the unstable foliations of the geodesic
flows of negatively curved surfaces in such a way that we can see the
theorem of Cartan-Hadamard in an explicit way, and calculate their
Godbillon-Vey numbers assuming that the foliations are of class C*.

Let 2, be a closed oriented smooth Riemannian 2-manifold with
negative curvature and S*%, be its unit tangent circle bundle. Naturally
S§'%Y, is identified with the principal SO(2; R)-bundle associated with the
tangent bundle 73, of X',. Thus $'Y, carries the Riemannian connection
1-form o (w is originally an so(2)-valued 1-form but of course we can
naturally consider it as an R-valued 1-form) and R%*valued canonical

1-form 0:(3:) As is well-known, {w, 6,, ,) is a global ortho-normal

oriented framing of A'(S*Y,). We take the dual basis {(w, &, &) to
{®, 0, 6,>. Then, wis tangent along the fibers of z: $'3 -2, & and &,
span the horizontal space with respect to the connection and &, generates
the geodesic flow. The structure equations are as follows.

0 0, —ow ]
21 1G)=-( ~OMNG)
@1 g, , 0 A d,
2.2 do= —konf, NG,

where k is the sectional curvature.
Let 7: R—2X, be a geodesic of unit velocity and 7: R—S'3, its
tautological lift so that ¥ is an orbit of the geodesic flow and satisfies

f(t)z—jTT(t).

We take the velocity vector field V(¢)=(d/dt)r(¢) and the normal vector
field v(¢) along 7 such that (¥ (2), v»(¢)) is an ortho-normal oriented basis of
T,,2,, in other words, <&, &, is the horizontal lift of {¥V(¢), v(t)}, ).
Recall that ¥ and v are parallel along 7, i.e., V', V=0and F/,v=0. Then a
vector field J(¢) along 7(¢) is a Jacobi field iff J(#) satisfies the following
Jacobi equation; '

2.3) V.V, J+R(J, V)V =0,

where R is the curvature tensor and V is the covariant derivative. For
the precise definition and properties of them, see [11] and {12]. Using
V() and u(¢) we express J(¢) as J(£)=F(t)V(¢)+G(t)v(), where F(z) and
G(t) are smooth functions along 7 and the Jacobi equation (2.3) is
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expressed in terms of F(¢) and G(¢) as

d*F(t) _ d°G(t) _
(2.4) e =0, e +k(1(2))G(2)=0.

Since the equation on F(¢) is concerning only with re-parametrization
of geodesics, we may assume F(¢)=0, and the equation on G(?) is essential.
As the leaves of the unstable foliations are filled up with parallel lifts of
geodesics, we want to solve the above equation on S'2, along every orbit
of the geodesic flow and to find a special solution which determines the
unstable direction. On S$'2', the equation is expressed as

2.5) £2G+(k o 1)G=0.

Proposition. For any smooth function K(t) on R such that there exist
negative constants c and B satisfying

a<K(t)<p<O0,
the second order linear ordinary differential equation

d*G(t)

LA K(0G1)=0

has two families S, and S_ in its 2-dimensional solution space S as is shown
below.
(1) S,={G@®); Gt) e S, G(t)>0, G'(t)>0 for any t ¢ R}
S_={G(t); G@t) € S, G(t)>0, G'(t)<0 for any t ¢ R}
(2) S, and S_ are open half-lines with their end points at the origin in
S and are linearly independent, so that S, and S_ span the whole solution
space S.

Remark. We apply this proposition taking k(¥(¢)) for K(¢). In the
case of negative constant curvature k(7(¢))= — 1, we have special solutions
G.(t)=exp (¢) and G_(¢)=exp (¢) which belong to S, and S_ respectively,
so that the proposition is trivially true in this case.

Proof. It is enough to show the following three statements.

(3) S.#8, S #0.

(4) S, and S. are closed under the multiplications by positive real
constants.

(5) Any two elements of S, are linearly dependent and the same is
true for S_.

Since the conditions we have to consider are invariant under the
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multiplications by positive reals and we do not take care of the trivial
solution, (4) is trivial and we may projectify the deleted solution space
S — {0} with respect to multiplications by positive reals and make it into a
circle S*. In short we want to show that each of S, and S_ which are
the projectified images of S, and S_ in S consists of a single point in
the projectified solution space S'. We set

P=1{G(r) € §; G(1)2£0, G(t)=0 for any € R},
P={the class of G(t) in S*; G(¢) e P},

and for any s € R,

P(s)={G(t) € P; G'(t)=0 for any t =5},
P(s)={the class of G() in S*; G(t) € P(s)},

then P is a closed convex cone from which the vertex has been removed
and P is a closed interval in S' and in particular they are not vacuous.
It is easy to see that P(s) is also a closed interval in P and P(s)C P(s.)
for any 5,<s,. Therefore we can conclude that
S.= ) P(s)=lim P(s)
seR §mr — 00

is not vacuous from the compactness of each P(s) and the finite intersec-
tion property of the family {P(s); s € R} and the similar statement is true
for S.. We have shown (3) and (4), and (5) follows also from an easy
elementary argument using the constants « and 8. Q.E.D.

For any solution of (2.3), we set

G'(1)
G@t)’

H(r)=

which is more essential in this problem than G(z). The Jacobi equation
(2.4) and (2.5) are written in terms of H as

a
dt
Q.7 gH+H*t+kor=0.

(2.6) H(t)+ H(1)"+k(1(1)) =0,

Then we can naturally identify the projectified solution space S of (2.3)
with the double covering of the solution space of (2.6). Weset H, =
G./G,, where H, and H_ correspond to S, and S_ respectively through
the above identification. The very important point here is that although
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there exist no global solutions to (2.4) on S'3, (of course, we have
2-dimensional solution space along each geodesic), we have two solutions
H, and H_ which are the only global solutions to (2.7) on S'X,. Remark
that in the hyperbolic case H, = +-1.

Let J, be the Jacobi field along a geodesics 7 corresponding to G..
The deformation of 7 by geodesics along J, defines the unstable direction
in the normal to the flow which together with the flow direction spans the
tangent space of the unstable foliation 4#*. At any point 7(0) € $*X, in
the first order approximation, we may take G.(7(0)) to be the distance
between 7(0) and another geodesic deformed along J, and may take
G’.(7(0)) to be the difference of the direction of the two geodesics. Thus
the tangent space T, “ to the unstable foliation at v=7"(0) e §'2, is
spanned by & and G, (x)w+G.(x)&, where x=7(0). Normalizing the
second by G, (x), we have

Tx9u=<e1’ H+W+$2>,

so that a 1-form w,=w— H,0, defines F* We can only guarantee that
H, is of class C! (see [10]), but from now on we assume that it is of class
C*? and calculate the Godbillon-Vey number of &#*. The following dual
expression of the structure equations (2.1) and (2.2) is useful to compute
the exterior differentials of forms,

(2.8) £, &El=kw, [, wl=¢&, [w,&]=6..
From (2.1)-(2.8) we have

dw,=w,/\ v,

w,=H,0,—(wH.)d,

do,=2wH o /N\0,+(H,—wH Yo /\0,—(&,H, +&wH )0, /\6,,
o Ndo={—H’ +H.(WH,)—2wWH,)}o /\6,/\6,,

and integrating the last form, we get the Godbillon-Vey number

G.V(F")= I L a\do,
g

We set
I,=—H,0\0,;/\b,,

L={H ,(WH,)—2wWH,)}o \6,\b,,
I1+12=a’1/\dw1a
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and we can see easily that the 3-form I, is congruent to the 3-form
(k o o N0, NG, modulo exact forms. As §,/\d, is just the pullback of
the volume form of %,

j L:j kozwAO, N6,
Slz'g Slzg

=2z | k-the volume form of % .
Ig

By the classical Gauss-Bonnet formula, we have
I L=42U(Z ) =8%(1 —g).
S15g
Remark. In the hyperbolic case H, =1, so that /,=0 and we obtain

G.V.(P) =871 —g).

The variation of the Godbillon-Vey number with respect to the perturba-
tion of the metric appears as the integral of I,.
Now we compute the integration of 7,, From (2.1),

d(‘91 A 02) - 0:
and
wi(H%)=w{2H ,(wH )}=2{H (W"H )+ (wH )}.

Thus we obtain

H,(wH.,)o N6, \0,
= —w(H)wAG, /\02+% W(H )W A6, N6,
= —WHDO NGO, dO(H)O NG,
so that
f Izzf —3WH, Yo N0, N6,
s1zrg s1zg
and finally

(2.9) G.V.(&”):Sn‘(l——g)-djsu WH, Yo N6, N6,
g
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Lemma. If H, is constant along the fibres, i.e., wH, =0, then the
metric on Y, has a constant negative curvature.

Proof. For any geodesic 7(¢), let —7(¢) be the geodesic 7(—t) namely
the reverse of 7. Then clearly the solution H, along —7 is nothing but
— H_ along 7, so that, combined with the condition of this lemma,

(2.10) H,=—H_ on S,
and we get the following by putting (2.10) into (2.7).
2.11) &H,=§H.

On the other hand, from (2.10) trivially we have
(2.12) §H,=—&H_

Therefore we have & H, =0, i.e., H, is constant along the fibres and also
along the orbits of the geodesic flow. Since any two points in S'Y, can
be joined by a path consisting of three arcs such that one of them is on a
single orbit of the geodesic flow and each of the other two is on a single
fibre, H, is constant on S$'%,. Thus again from (2.7), kox turns out to
be constant. Q.E.D.

From this lemma and (2.9), Theorem follows.
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