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SOME SHARP MARTINGALE INEQUALITIES
RELATED TO DOOB’S INEQUALITY

By David C. Cox
Battelle Memorial Institute

Let p > 1. The best constant C = C, , in the inequality E(max, <;<x |Y{|}’ < CE|Y,},
where Yy, ... , Y, is a martingale, is determined. For each n and p, the method allows one
to construct a martingale attaining equality. As n - o, Kpnm(q"’ —Cnp) > 1, where K,
is aknown constant. As an application, the classical inequality of Doob is sharp. It is shown
that equality cannot be attained by a non-zero martingale.

1. Introduction. LetY,,Y,, ... be a martingale with difference sequence X; =Y,,
X, =Y, -Y_,,i=2,3, .. Thus, EX|X,, ... ,X;.;))=0,i=2,3,.... Letp > 1 and
define ¢ = p/(p — 1). The principal purpose of this paper is to determine the best constant
C = C, ,inthe inequality
(1.1 E(max, <;<, |Y{) < CE|Y,P.

Although C,, , is found in implicit form, it can be easily approximated. For each n and p,
the method allows one to construct a martingale attaining equality in (1.1), with C = C,, ,..
Once the distribution of Y is fixed, such a martingale is uniquely determined.

Furthermore, as n - », C, , - ¢° at a rate proportional to n~%3. Specifically, K,n
(¢°-C,p) - 1, where K, is a known constant. As an application, this provides a new proof
that Doob’s inequality (1953, p. 317)

(1.2) E(sup;=1|Yi|)’ < ¢” sup;= E|Y/]

is sharp. An example to that effect was given previously by Dubins and Gilat (1978). In-
equality (1.2) is strengthened to
(1.3) E(sup;=,|Yi|)’ < ¢° sup;=,E|Y P —q E|Y,[P.
It follows from (1.3) that equality cannot be attained in (1.2) by a non-zero martingale.
The sharpness of Doob’s inequality for p = 1 (1953, p. 317)

E(sup;=1|Y|) <[e/(e- 1)1 + E(sup;=1|Y| log™* sup;=|Yi)],
is still an open question.

The method of this paper is based on results from the theory of moments (Kemperman
(1968)), together with induction and the device of conditioning. Where applicable, it al-
ways leads to a sharp inequality and provides an example of a martingale attaining equality
or nearly so. In principle, the method can be applied to many other martingale inequalities.
For example, the author used it (Cox (1982)) to find the best constant in Burkholder’s weak-
L' inequality (Burkholder (1979)) for the martingale square function. The method does
have the drawback of computational complexity, which sometimes makes it difficult or
impossible to push the calculations through.

Section 2 contains statements of the results, together with comments and some proofs.

In section 3, some needed analytic lemmas are established. Section 4 contains the main
proofs, and an example for the case p =2, n = 3 of (1.1).
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2. Results. Throughout the paper, p is fixed. Dependence on p will often be suppres-
sed in the notation. Let s, ¢ be real numbers with || < |s|. For0 <A< 1landn=1,2,
3, ... ,define

bn(s, 1, A) = infE[|t + 27 X —Amax([s]”, [t + X, [P, ..., [t+ 27, X)),
where the infimum is taken over all martingale difference sequences X, ... , X,, with EX,
= 0. The idea here is that C,,,‘,,1 can be defined as the largest A for which &,,_,(¢, ¢, A) =
0 for all ¢. Thus, to determine the best constant in (1.1), only the case s = ¢ of ¢, is needed.
However, the inductive step (2.2) below requires knowing the value of &, for |s| > [¢] also.
Note that ¢,(s, t, A) = [t &,(s/t, 1, A), for t # 0. This reduction does not, however,
simplify the calculations made in the paper.

One has
2.1 &1 (s, t, A) = inf{E[|t + X|P — A max([s[?, |t + X|P)]: EX = O},
and by induction, conditioningon X, = X,
2.2) &t 1(s, t, A) = inf{Ed,(max(|s|, [t + X|), t + X, A): EX = 0},
forn=1,2, ... . Both (2.1) and (2.2) involve evaluating inf EAX) over all random vari-

ables X with EX = 0, where fis a given function. This is a standard problem of the theory
of moments (Kemperman (1978), Cox (1982)) and can be solved graphically as shown in
the proof of Theorem 1 given in Section 4.

THEOREM 1. Forn = 1,2, ..., there exists A, € (g7, 1], together with a function
8,:(0,A,]- [0, 1) for which
bals, 1, A) = |dP-AlslP  if|f] < g.(A)ls],
=p gAY s —[A + (- 1)ga(AF]IsPP  if gu(A)ls| <ld <]s],
forO<A<A,, while d,(s, t, A) = -0 ifA>A,.
The constant A, and the function g,, are defined inductively as follows. Let

2.3) dO,x) =/ (p- DIy - (p—1)y?—x)' -1D}"?
forO<x, y=<1landO0=<+vy(y,x) =py*"' — (p— 1)y’ —x < 1. Define go(x) = 1, g,+,(x)
= ¢(g,(x), x), n =0, 1, ... . Then, forn = 1, 2, ..., there is aunique g7 < A, <1

with g,(A,) = 0; the domain of g, is precisely (0, A,]. One has A, > A,,, > g and
lim,_A, = g”. More precisely,

THEOREM 2.  lim, . n*3(A,—q?) = (22 q'~37)!3.

For 0 < x = g7, the sequence {g,(x)} is strictly decreasing with limit g(x) = y, the
larger of the two roots of the equation

o, x)=@P-D-y»")+x=0.
In particular, g(g”) = q"'.
COROLLARY 1. Letn=2and0<A <A, ,. Suppose that Y, ... ,Y, is a martingale.
The following inequality is sharp
E|Y,[P = AE(max, <<, |Y])® + v(g,_1(A), A)E|Y,P.
Proof: LetX;=Y, ,-Y,i=1, .., n-1. Then, conditional on Yi=tX,, ..X,,

is a martingale difference sequence with EX; = 0. Now apply Theorem 1 with s = ¢, and
then integrate with respect to the distribution of ¥;. m]

COROLLARY 2. The best constant C = Cnpin(1.1)isC,,=A;'

n -
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Proof. One has y(g,_,(A), A) = 0 for 0 < A < A, with equality iff g,(A) = 0, i.e.,
iff A = A,. Now apply Corollary 1. o

The proof of Theorem 1, presented in Section 4, shows how a martingale attaining equal-
ity in (1.1), with C = A;!, may be constructed. Moreover, once the distribution of Y, is
fixed, such a martingale is uniquely determined. An example is given after the proof of
Theorem 1.

From Theorem 2, the asymptotic behavior of C,, , can be characterized.

COROLLARY 3. lim,n*3(¢”-C, ;) = 2m’g**")'"3.

Letting n—» in Corollary 1, one obtains

COROLLARY 4. LetY,,Y,, ... beamartingale, and0 < A < q?. The following inequality
is sharp

sup;=E|Y;{ = A E(sup;= |V’ + g(AY'EY, P
In particular, letting A = g, one obtains (1.3).
Proof.  Just note that y(g(A), A) = g(Ay”"!, see Theorem 2. o

COROLLARY 5. Doob’s inequality (1.2) is sharp. However, equality cannot be attained
by a non-zero martingale.

Proof.  Sharpness follows from C,, , - ¢°. Equality in (1.2) forces Y; = 0, from (1.3).
Applying the same argument to the martingale Y,, Y3, ... , one finds Y, = 0, etc. O

3. Analytic Preliminaries. The object of this section is to establish some needed re-
sults concerning the functions g,,.

LEMMA 1. Thefunction &, defined by (2.3), has the following properties.

3.1 &(y, x) < y withequality iff 6(y, x) = 0

3.2) 3dp/8y >0, for 0<x,y<1,0<vy(y,x)<1.

3.3) 8/dx <0, forally, if g7 <x<1.
Proof. Firstconsider (3.1). One has ¢(y, x) < yiff

(3.4 @-Dy[yy, ) 7-1]-x=0.

The derivative of the LHS of (3.4) with respect to x is given by y*y(y, x)™? — 1. Since
Y¥(y, x) + 6(y, x) = y*~', it follows that the minimum value of the LHS of (3.4) is 0, taken
when 6(y, x) = 0. Since 6(y, x) > 0 for all y > 0 when x > ¢”, one has ¢(y, x) < y for
all yin this case. Next, a straightforward calculation gives

(3.5 3/8y = [(g— Dxy” 21—/ [¢7 'y (' -1)7]

where ¢ = &(y, x), ¥y = ¥(y, x), which establishes (3.2). Finally,

(3.6) d3/dx = [y — y7—(g-Dx]/ [p(r-1) "' y(y' - 1)7]

The numerator in (3.6) is (1 — ¢)8(y?~!, x), which yields (3.3). o
LEMMA 2. There is a unique g7 < A, < 1 withg,(A,) =0,n=1,2, ... ; the domain

of 8, is (0, A,]. One has 6(g,(x), x) > 0for 0 < x< A, . For0<x<gq7?,8x | gk
as n—>x,

Proof.  First consider 0 < x < ¢”. I claim that 1 = g,(x) > g(x) foralln = 0, 1,
2, ... . Since this is trivial for n = 0, assume that it holds for some n = 0. Then,

1> y(ga(x), x) > y(g(x), x) = gxy' >0,
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sothat g, ;(x) is defined. Next,
(- Dg)[¥(g(x), 07— 11 < (p— Dg(xyly(gx), ' 7—1] = x.

It follows that g,,+,(x) > g(x). From Lemma 1, g,,+ ;(x) < g,(x), so that g,(x)| g(x) as n—>c0,
since y = lim,,.g,(x) must satisfy ¢&(y,x) = y. Suppose next that, for some
n = 1, it has been established that the domain of g, is (0, A,] with g,(4,) = 0, where g7
< A, < 1. I claim that g, (x) < O for g < x < A,,. This is clear from (3.3) forn = 1,
since g'1(x) = 3/3x. Since g';11(x) = 8/dy g/ (x) + d/dx, forj =1, 2, ... , the claim
follows by induction from (3.2) and (3.3). By the same argument, g, () is strictly de-
creasing on its domain, for x > g™. Since g, ;(x) < g,(x) where both are defined, and
8n+1(g*) > g(g?) > 0, the existence and uniqueness of A,., < A, follow. Finally,
0(g,(x), x) > 0 for 0 < x < A,, follows from Lemma 1. O

4. Main Proofs.

Proof of Theorem 1.  The properties of g, and A, a relevant to this proof have been estab-
lished in Section 3. If one defines dq(s, ¢, A) = |/’ — A|s[?, then the theorem holds for n
= 0. Moreover, see (2.1) and (2.2), the inductive relation between ¢,, and ¢, remains
valid for n = 0. Assume by induction, therefore, that the theorem is true for some
n=0.Let0 <A =< A, (where Ao = 1), and, without loss of generality, t = 0. From (2.2)
one finds

&t 1(s, 1, A) = inf{ER(X):EX =1},

where h(x) is given by

blP—-Alsfif x| < g(A)]s]

P &aAY sl Ix| —[A + (p- D)g (APl if g, (A)ls] < x| <Is]

V(gn(A), AP if x| > [s].
It is well-known (Kemperman (1968), Cox (1982)) that the required infimum is given by
the height, at location x = ¢, of the lower boundary of the convex hull of the graph of h.
ForA,. <A <A, v(g.(A), A) < 0 so the infimum is —. Now suppose 0 < A < A, ;.
Clearly, h'(x) is continuous at x = = g,(A)|s| so that h(x) is convex for |x| < |s|, and also
for x| > |s|. Moreover, h',(|s|) = y(g.(A), A) p |s]P! < p g.(AY" |s]P! = h'_ (|s]), since
0(g.(A), A) > 0. It follows that the convex hull of the graph of A(x) for x = 0 is formed
by drawing a common tangent from the part for 0 < x < g,(A)|s| to the part for x > |s|.
The tangent to y = |x|P — A|s|P at x = x, > 0 has equation

4.1 y=x(1-p)-AlsP’ + px§'x.

The slope of h(x) for x > |s| is p y(gn(A), A)x"~ !, which coincides with the slope of (4.1)
iff xo = y(g,(A), A)? ' x. It follows that the required common tangent has a point of tangency
atxo = $(g.(A), A)|s| = gn+1(A)|s| with the graph of h(x) for 0 < x < g,(A)|s|. Using (4.1)
one immediately obtains the required formula for ¢,,+(s, ¢, A). This completes the induc-
tive step and proves Theorem 1. o

Remark 1. It is clear from the above proof that ¢, (s, ¢, A) = inf {ER(X): EX = t}
is attained by a unique random variable X, for each s and 7. Specifically, X = ¢ if |f] <
gns1(A)]s], while X takes the two values g,+1(A)|s| sgn 1, Y(ga(A), A)'™ gn+1(A)ls| sgn ¢,
if g,+1(A)|s| < || < |s|. By working backwards, then, the unique martingale attaining the
value ¢,,(s, t, A) can always be constructed, see Example 1 below. Further, once the distri-
bution of Y, is fixed, a unique martingale attaining equality in (1.1) with C = C,, , is deter-
mined.
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Example 1. Letp = 2,sothat $(y, x) = [x(x + (1-y)®)~' —x)]"2. A calculation shows
that A3 = 16/25. Hence, if X;, X, X3 is a martingale difference sequence, the following
inequality is sharp.

4.2) Emax[X?, (X, + X2)%, (X; + X, + X3)2] < (25/16) E(X; + X, + X3)>.

The following martingale difference sequence attains equality. Let

X,=1,P[X,=1]=3/8, P[X, =-3/5]=5/8. Then

P[X5=4/3|X, = 1] = 3/8, P[X3 = —4/5|X, = 1] = 5/8,

P[Xs= 0|X, = - 3/5] = 1. ]

Note that equality can be attained in (4.2) with an arbitrary distribution for X;. Namely,

multiply the difference sequence given above by any variable X independent of (X;, X»,
X3). However, once the distribution of X, is fixed, a unique martingale attaining equality
in (4.2) is defined.

Proof of Theorem 2.  From results of Section 2, it is clear that A, - g7. After all,
lim,_. A,, = q” exists. Moreover, lim,_. A, > ¢ is impossible because the equation
&(y,x) = y has no solution if x > g

It follows from (3.5) that 8¢/x is continuous at the point (¢g~', g7), where it takes the
value 1. Let 0 < € < 1/4 be otherwise arbitrary and choose 8 > 0 such that |y — ™|
<3, |x—qP| <8 = |9d/dy — 1| < €. Choose ng so that n = ny = A, — g < 3. Then,
forn=ng,j=0, ... ,n, onehas g{(A,) < g(q™?). Also, g(A,) = g(A,), forj=0, ...,
n,. Since g(q7) ! g as j— x, the above two inequalities taken together imply that there
exists n,, independent of n, such that [g{A,) —¢~'| <8, j =0, ..., n, with the possible
exception of n; values of j, i.e., all but finitely many members of the sequence g{A,), j
=0, ..., n, lie within 8 of ¢”' independently of n. Now fix n = ny and let y; = g{(A,).
Thus,

0=y ) (DO, A =yi) = L,j=1, ... n.
Now
%, dy(d0, A)=y) = 1+p;j=1, .. n-l.
(where j = n is excluded since the corresponding integral is not finite). One has |p] <
1/2 M1 — M), provided M; = sup {|3d/8y — 1|:y; < y < y;,} < 1. Hence, all but n,
of the |p;| are smaller than €. Since € is arbitrary it follows that

limn_,gg 1/n flg,,_](A,,) dy/(y—¢(y, An)) =1

As n>x, g, 1(A,)~ U, where U < ¢! is the solution of the equation y(U, ¢®) = 0. There-
fore,
(4.3) lim, . Un [y dyl(y-d(y, A,) = 1,
Next, examine the asymptotic behavior of the integral I(x) = I, dyly — ¢y, x), as x |
q”. Clearly, I(x})—>asx | g7”.Itis well-known that its asymptotic behavior is determined
by the behavior of y — &(y, x) near its minimum (as a function of y). For x close to g7,
this minimum is attained at a value of y close to ¢~ Recalling the definition of § =
8(», x), one has, for (y, x) close to (¢!, g?),

0-00, ) =2¢"(g-1)" 62+ 0(672)

=8/(qp’ly-g") + 2x—g")(p- 1) 2P

onexpanding 6 in a Taylor series about (¢!, g ). It follows that
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“.4) lim,,» (272)2 (¢ (x— g ) 1) = 1.
The conclusion of Theorem 2 follows from (4.3) and (4.4). u]
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