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1. Introduction

Let X ...,Xn be independent identically distributed random variables

1)

(r.v.'s) and Y ,X . Let

..,Yn be independent r.v.'s., independent of Xl"" .

re

F(x) P(Xi>x), x>0

Gi(y) P(Yi>Y), Yio; 1‘-ilin *
Let

6; = [Xi<Yi], z; = min(X;,¥;), 1<i<n

Here, [A] denotes indicator of event A. The Xi's are true survival times, the
Yi's are censoring times and one observes {(Si,Zi), 15515;&. This is the so-
called random censoring model where often one is interested in making infereuces
about F or about some function of F based on {(éi,zi), 1<i<n}. 1In order to
describe the specific problems to be considered here we need the following

definitions. In all of these definitions F(0) =1.
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DEFINITION 1:
A life distribution 1-F is said to be New Better Than Used (NBU) if and

only if

(1 F(x+y) < F(x) F(y), x,y > 0

DEFINITION 2:
A life distribution 1-F with O<pu<® is said to be Decreasing Mean

Residual Life (DMRL) if and only if

) J(s) F(t) > J(t) F(s), 0<s <t <o,

where

J(s) = J F(t)dt
S

DEFINITION 3:
A life distribution 1-F with mean O0<u<o is said to be New Better Than

Used in Expectation (NBUE) if, and only if

(3) J(t) <uF(), £t >0

It is clear that DMRLCNBUE. An NBU F with 0 < U4 < © is also NBUE. An
equality obtains in (1) if and only if F is an exponential whereas equality is
obtained in (2) and (3) only by an exponential distribution among all continuous

F's with 0 < g < o |
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The probabilistic aspects of the above classes of life distributions have
been extensively studied by Bryson and Siddiqui (1969), Bryson (1974), Marshall
and Proschan (1972), Barlow and Proschan (1975), among others.

It is of interest, as discussed in Hollander and Proschan (H-P) (1972,1975),

Koul (1977,1978a,b) and Koul and Susarla (1980), to test

AX

HO: F(x) = e , x>0, XA > 0 unknown

against the alternatives

le F is NBU, not an exponential

or

HZ: F is DMRL, not an exponential

or

H3: F is NBUE, not an exponential .

The papers of Hollander and Proschan and Koul discuss some tests of HO vs

Hl’HZ and H3 when the observations are not censored. The paper of Koul and

Susarla discusses a test of H0 vs H3 and that of Chen, Hollander and Langberg

(1980) discusses a test of HO vs H2 for randomly censored data.

In this paper we present two tests of HO vs Hl and a new test of HO vs H2
for randomly censored data. Besides these the paper contains a limit theorem
which is useful in deriving the asymptotic distribution, under HO and under
alternatives, of the test statistics for the above problems. The theorem
partly unifies the proofs of the asymptotic normality of these statistics under
random censoring and it also has applications to other problems, such as the
estimation of moments of F.

Section 2 contains the main theorem, the tests of HO vs H1 and H2 based on

{(6i,zi), ]xii:in}, and theorems stating their asymptotic normality along with

some proofs. Section 3 has a discussion about the asymptotic Pitman efficiency
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of some of the tests. Section 4 contains the proof of the main theorem.

NOTATION. The symbols 2 and Il stand, respectively, for the summation and pro-

duct over the indices 1<i<n. For any function g and set A, J g denotes

A
JAg(x)dx. All limits are taken as n>®. G = n_l z Gi' By o(l)(op(l)) is

meant a sequence of numbers (r.v.'s) that converges to 0 (in probability). z,
. -1 .
denotes the tth percentile of N(0,1) distribution. For any function H, H = will

stand for 1/H. The symbol := stands for 'by definition".

2., The Main Theorem and Test Statistics

Let

[6,=0, 2, <t]
1 N(t) 1+N(Zi) i i—

*) PO = 4o 24N(Z.) ’
1

denote a modified product limit estimator of F, where

N(t) = ) [z;>t], t>0

Let {hn} be a sequence of non-random functions on (0,®) and {tn} be a sequence

of positive real numbers, t 4 oo,

THE MAIN THEOREM:

Let {Fn} be a sequence of survival functions and G .,Gn the censoring

100

survival functions. Assume that the following conditions hold:

t

n X
)y o Y2@nn)? J Ih G [{eeor™t (-f an)"‘ d6)dx = o(1) ,

0 0

(c2) lim sup O 2 <o
n
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where H= Fna and

t t
2 noo-2 — -1 n 2
(5) o =—J0 F ) {6(x)} (JX Fnhn) an(x) .
Then
tn
1/2 -1 A
(6) n o, Io (F-Fn) h »N(0,1)

Typically tn==c(an)a, c>0, 0 < a <1 satisfies (Cl) and (C2) for a large
class of {Fn} and {Gi}. The proof of this theorem is sketched in Section 4.
In this section we now present some important applications of this theorem to
the testing problems mentioned in Section 1. First consider the problem of
testing:

(a) H, versus H,. Two measures of departure of H, from H for a given F,

0 1 1 0’
are
A (F): = f f D(s,t) dsdt = f s F(s) - ([ F)?
0’0 0 0
and
AZ(F): = I J D(s,t) dF(s) dF(t) = J J F(s+t) dF(s) dF(t)-1/4
0-‘0 070
where

Vv
o

D(s,t): = F(stt) - F(s) F(t), s,t >

The measure AZ was considered by H-P (1972) in the case of no censoring.

For some other measures see Koul (1978a,b). Observe that Aj(F) =0, j=1,2 if

0 1’

is for a given F, the more there is evidence in favor of F in H

F is in H, and Aj(F)<<0, j=1,2 if F is continuous in H The smaller Aj(F)

;o i=12

Therefore, it is natural to base tests of H0 vs H1 on Aj(ﬁ), j=1,2, where F
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is given by (4). Because of the bad tail behavior of f, we instead consider

AJ, (F,Mn) , where

M M
nrn
AI(F’Mn) = .[0 ,[0 D(s,t) dsdt ,
and M M
n(n
AZ(F’Mn) = J [ D(s,t) dF(s) dF(t) ,
0 °0

and where Mn d oo,
The test j rejects for small values of Aj (?‘,Mn), j=1,2. The following
theorem gives the asymptotic distribution of Aj (ﬁ,Mn), j=1,2 for a sequence

{Fn} of survival distributions in HOU H; and for non-identically distributed
00
3 X500 esX

00
F = F . X
o’ Yn fos n(s) ds. Note that now 9 n

i .v.'s. Let =
censoring r.v S e }.ln Jo 1

are i.i.d. Fn’ n>1,

THEOREM 2:
(a) Let

h () = (x-2) [0<x<M T+ (2M -x) [M <x<2M ],

Assume that {Fn} in HOU Hl’ and G ,...,Gn satisfy (Cl) and (C2) with hn=h

1 nl

and tn= 2Mn. Also assume that

M lim sup <
(8) 1lim sup Yo < o«
Then
/ o
1/2 -1 A _.1/2 -1 -
(9 n o 1A FEM ) - AR M = o1 Jo (F-F) h j+o (1)

»N(0,1)
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where o, is the o, of (5) with hn replaced by hnl'

1

(b) Assume that {Fn} in Ho() H, have densities {fn} and set

X
h o, (x) = [0<x<M ] Jo £ (x-t) £ (£)de
M M
n n
+[M <x<2M ] JM B £ (x-t) £ (e)de - 2 Jo £ (xtt) £ (D)de .
n

Assume that (Cl) and (C2) are satisfied by {Fn}, Gl""’Gn’ and hn replaced by

hnZ' Then
Mn
1/2 -1 A _1/2 -1 o
(10) n 92 {AZ(F,Mn) - Az(Fn,Mn)} =n 9 Jo (F-Fn) h o+ op(l)
P (IS DR
where OnZ is the Gn of (5) with hn==hn2 .

Outline of Proof: Due to the limited space, we only sketch a proof of (9). The

details for (10) are similar in nature. Write M for Mn and observe that

~ M M A
nl/Z(A (F,M) - A (F ,M)) = nl/2 [ f {F(s+t) - F (s+t)} dsdt
1 1" n 0’0o n
M M
- n1/2 {( jo F)2 - (JO Fn)z} = An-—B , say

One can check, using (7), that if (Cl) and (C2) hold with hn==hn1, then they

also hold with hn==l. Therefore, by (6)

Mn “
Jo (F-—Fn) = op(l)
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This, in turn, implies that

M A M
(11) Bn=n1/2f (F-F ) f
0 0
M
B 172 ~
-2u_n IO F-F) + o0 (1)

Direct integration yields that

2M

(F+Fn)} =2 J

M

0

T

n

1/2 J
n

M

0

(F - F) o, (1)

az A =a'? [ {uf0<u<M] + (M-uw) (M<u<2M]} Fw) - F (@) du

0

Therefore, (12) and (11) yield the equality of (9), whereas the convergence in

distribution to N(0,1) follows from the Main Theorem.

REMARK 1. Under H,, un==A_l and hnl(x) > (x=-2/)N).

0

Actually, if

00

(13) 1lim sup J X2 e {a(x/l)}_l dx < o |

0

then one can show that

(14) ot =V 0P S By axro)
nl 0

Also, if

(15) lim sup f y2 e_3y {E(Y/X)}-l dy < =,

0
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then

(16) O3 = 4 r -1/2% & Gy/mY T ay + o)
0

Thus (13) and (15) imply (C2), respectively, for hnl and hnz under Ho. A

and hnZ’ under H, is that

sufficient condition for (Cl) to hold for both, hn 0

1

3M A
(17) 2 Y2 (gpmy? Mrz1 e O [{E(Mn)}‘3—1] = o@l) .

From (14) and (16) it is clear that the asymptotic null distribution of

the proposed tests depend on A and G. To implement the tests we estimate A by

A= 18,71z,
and E-by
~ n #N(z,)| [6.=0, z,<t]
G(t) = 1II TN(ZJ-)- J J , £t >0
=1 5

~

It is easy to check that A is a consistent estimator of A under H, as long as

0

00

0 < lim inf A[ G(t) e
0

At N

dt < lim sup AJ G(e) e "tar <1

~

That G is a consistent estimator of E, under HO’ can be deduced from Koul,

Susarla and Van Ryzin (1981).

Let
Nn N
52 _3h f x-1% * G/t ax
nl 0
Nn 2 3 - 2 1
622471 J (y-1/2)" 7 G/} " dy
n2 0
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where N 4 o,
n

»2
Under (13), (15) and (17), with Mn replaced by Nn’ one can show that Onj =

Oné + op(l), j=1,2. Consequently the test that rejects H

1/2

F <
0 when Aj(F,Mn) <

Zg anj/n has the asymptotic size §, j=1,2. Next, consider

(b) HO vs H2' Two reasonable measures of the deviation of H2 from HO, for

a given F, are

A3(F) = J J [0<s<t<w] E(s,t) dsdt

and

A4(F) = f J [0<s_§t<°°] E(s,t) dF(s) dF(t) = J(3F2-—F-2F[‘)/6 ,

where

E(s,t) = F(t) J(s) - F(s) J(t), 0 < s <t <

Let A3(F,M) = J{[O<sitiM] E(s,t)ds dt and define Al‘(F,M), similarly. The
test j rejects H0 in favor of H2 if Aj(f,Mn) is large, j=3,4. The following
theorem gives the asymptotic normality of these test statistics for a sequence
{Fn} in Hok.,Hz and for non-identically distributed censoring variables. Note
that a variant of the Aa—test was suggested by Chen, Hollander and Langberg
(1980) but they do not discuss the asymptotic distribution under sequences of

alternatives.

THEOREM 3:

(a) Let {Fn} be in Hy U HZ' For siMn,

Mn Mn s
hn3(s): = ZJ min(s,x) Fn(x)dx - J (x-5s) Fn(x)dx - J (s-x)Fn(x)dxq
0 0 0
Assume {Fn}, Gl”"Gn and hn3 satisfy (Cl) and (C2). Also, assume that (8)

holds.
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Then

V2 =1 p B My - A M) =ntl267E " (F-F)h.+o ()

no Opy B3R, 3%’ n n3 n’ "3 " %

>N, 1),
where On3 is the o, of (5) with hnf=hn3.
(b) Let
L 1 _ap 3
hn4. = (6Fn 1 8Fn )/6 on [O,Mn] .

Assume {Fn}, hn and {Gi} satisfy (Cl) and (C2). Also, assume that (7) holds.

4
Then
Mn
1/2 -1 A _ 172 -1 A
n 04 (AA(F’Mn) - Ah(Fn’Mn)) =n O 4 IO (F-—Fn) hn4 + op(l)
> N0,
where 0n4 is the On of (5) with hn==hn4'

REMARK 2. As in Remark 1, it can be shown that under (13) and under H0 with

a fixed A,

AT J et -2 o) @/t ae + o))
0

and that if
- 1
lim sup f e " {G(s/N)} " ds < =,
0

then

=S

o= a6yt J e (3% -1-2e72%2 (G(s)/M L ds + o) .
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Moreover, a sufficient condition for (Cl) to hold under H for both hn and

0’ 3

hnh’ is (17).

Let
Nn N
2=t I et 2-22"-0)? /MY tar
n3 0
Nn R
52 = @it J et et -1-2e73H% Ge/)Y 7 ar
n4 0
Then the test that rejects H. when A (f M) >z 5 /n1/2 has the asymptotic

- 0 3" > n” = "1-a nj

size o, j=3,4. Both of these tests are consistent against a fixed F in H2
and for all those censoring distributions for which (17) holds and an analogue

of (C2) holds for hn and hn at the given F.

3 4

3. Asymptotic Efficiency

Consider the problem of testing H, vs a sequence of alternatives

0

{F, } € H, when there is no censoring. In this case one can base tests on

0 1
n

Zj =Aj(};)’ j=1,2, where f‘(x) = n_1 Z[Xi>x], x>0. Observe that

&1 = (Zn)-l ZXf - Xz . The 52 is a priori scale invariant while a scale

invariant analogue of Al is

* ~ A~

Note that an analogue of Al under random censoring is AzAl(F,Mn). We did not

consider this statistic in the previous section because its asymptotic null
M

distribution still depends on A as does that of Al(F,Mn)/(J n F)2 .
0

Using the standard central limit theorem one has

1/2 % -2 [
(18) n (A1 - My Al(Fen)) > N(0,1) , (un = JO Fo )
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which are contiguous to Fe . Note that implicit in (18) is
0
the assumption that Al(Fe ) < o for all n which amounts to assuming the finite-

for all {Fen} € H;

ness of the second moments (see (8)) whereas no such assumption is needed for

Az—test.

Now if Aj(e) = BAj(Fe)/BB, j=1,2, then it follows that the asymptotic

* -
relative Pitman efficiency of Al—test relative to the Az—test is

2

e(1,2) = 733

. . )
{88 /By (8}

2
_ =x-x0_/2 _ o =1/2
en(x) = e n'“, 6n~—6n

x > 0. Then 60=0 and Al(O) =1, A,(0) =1/16 and e(1,2) = (5x256)/432 = 2.96.

Consider the alternatives: (al). F , 6§ >0,

6 -
(a2). If Fy (x) = exp(-x M), 0 =1+ on 1/2

n
Az(l) = 1/8 and e(1,2) = .74 .

, 6> 0, then 8 = 1 and A, (0) = 1,

Now suppose there is random censoring with G(x) = e—Gx, 6 < A. Then from
(14)
o2 ™ f x-1)% e ax (0= 1-(8/1))

- [2a_3—2 o2+ a

n

= (1+r2)/)\4a3 = 012 , (say) . (r=06/))
Also, from (16)
o f »ut f (x-1/2)2 G % gy (g=3-1)

e I AN S b

(5 - 2r+r2)/168° = 03’ (say)
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Note that Aj's do not change. Then at the alternative (al),

(5-—2r+r2) )\4(1«1')3

e(1,2) = 256. (05/02) = 256. )AL
16(3-r)~ (1+r")

> 2.96 asr>0 (i.e., 6 - 0)

>0 as r>1 (i.e., 6 > 1})

Thus, for example, if censoring distributions are almost like the exponential
(\) distributions, then Az—test would be preferred.

In general, if G, the average of censoring distributions, has lighter right
tail compared to the exponential tails, we suggest using the test based on

b, (FM ) with Mn=c(smn)a, c>0,0<a<1l.

4., Proof of the Main Theorem

The technical details of the proof are similar to those in Section 7 of
Koul, Susarla and Van Ryzin (1981). We provide only a sketch of the proof

here. Write ﬁ = ﬁﬁ where (n+l) ﬁ==1+N and ﬁ:=é"1, the second factor in (4).

Write M for Mn' Observe that

A _=-1 A A A =] =
F-F =G (H-H) +H (W-G ), H=GF .
Hence,
M. Mo M_ ..
nl/zf (F-F )h —— [J H(W-G l)h +J G 1(H-H)h]
0 n n 0 n 0 n

I + 11, (say)

The term II is a sum of centered independent r.v's. We only need to ap-

proximate I by a sum of independent r.v's. To this end we write

W =exp(2n W), G =exp(-Ln G), and use a Taylor expansion to obtain
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(19) |(€J-E'1) e tani+mo | < 2+ ) 2
From the details similar to those in Section 7 of Koul, Susarla and Van Ryzin

(use Lemma 7.1 with pi==FnGi and the details similar to those in the proof of

Lemma 7.2), one obtains

E(RHS (19)) < —kl n_l 6_1 J Fn H'-4 da, (for some constant kl)
0
Therefore,
M AN — A [
I=n1/2J h HG L (nW+nG) +o (1).
o " P

M X
lh (x)lG'-l(x)(j F H_4 dG)dx = o(1l), which in turn is im-
o " o "
plied by (Cl). The next step is to approximate 2 W. Again, carrying out de-

provided n]'/2 I

tails similar to those in Koul, Susarla and Van Ryzin, one obtains

M 172 , (¥ 2 _
(20) 1=J Fh n { J (2H-H)H “dH_ + nGx)} + o0 (1) ,
o o T 0 n n P

where

a Ty, ml () = Ja-8) [z, < 1.

H
n

The first r.v. on the right-hand side of (20) can be expressed as a U-statistic

and, hence, by the projection technique, one can show that, under (cl),

M _ -1 XA~Z ., -
(21) 1= {0 h () F_ (x) n 1/2 g {[(1—6i)][zi§x] H7(z)) - J * W de

+ 21 G(x)}dx + op(l)
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Combining (21) with (19), the final approximating r.v. is the sum of II and
. 2
the first r.v. on the right hand side of (21). TIts variance is On and (C2)

implies the asymptotic normality (6) by the Lindeberg-Feller CLT.
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