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Abstract

A functional central limit theorem is proved for certain random fields whose
domain has both a temporal and a spacial component. These processes are made
up of dependent summands which are measurable with respect to an increasing
filtration. Temporal limit theory for semi-martingales is utilized to provide spa-
cial finite-dimensional convergence. Consequently the limiting random fields
have independent increments in time, and can be thought of as evolving random
fields. In deriving a tightness result the notion of majorizing measures is em-
ployed to allow local spacial variability. Thus a functional central limit theorem
for evolving random fields with a rather general dependence structure is given
here for the first time. Comparison with results available for empirical processes
suggest that this result is close to optimal.

Introduction. In this paper we consider conditions for weak convergence of
a sequence of random fields which are individually evolving over time. For mo-
tivation though, let’s first examine a given sequence of random fields at some
fixed time point. Let X be an arbitrary index set and for eachn> 1, let {Y;;(x) :

1<i<n, xe X} be a sequence of random functions Y, ;: X - . Let

S, (x) = ZYM-(X) for =xeX.

iSn
Thus the sequence {S,(x) : n> 1, xe X} is a sequence of random fields. We are
interested in general conditions under which S;, converges weakly. We wish to
allow dependence among the individual summands, the Y, ;’s. We do this by
considering conditions of the martingale type, involving only conditional first
and second moments. (These are more desirable than mixing type conditions
which involve the entire distribution.) In addition, we must constrain our index-
ing family X to satisfy a complexity condition involving the notion of majoriz-
ing measures (or, alternatively, metric entropy). There will be a natural topology
on X associated with our problem.

In two papers Goldie and Greenwood (1986a, b) found conditions for weak
convergence of sequences of set-indexed random fields. An unexpectedly diffi-
cult aspect of the problem was the characterization of the limiting distribution in
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a way which allowed the identification of the limiting finite-dimensional distri-
butions. The first of the two papers was devoted to this problem, and the solu-
tion there was rather unsatisfactory in that mixing conditions were used rather
than martingale type conditions.

An entirely different way of characterizing finite-dimensional laws is avail-
able if one considers, instead of a sequence of random fields {S,(x) : xe X}, a

sequence of evolving random fields

S, (x,1) = 2 Y,;( for reX, re[01]
ist(mi1)

(Here 1(n,t) depends on both n and t, perhaps randomly.) The idea of an evolv-
ing random field is appealing for modeling because most naturally occurring
random fields are, in fact, either evolving over time or have arrived at the state in
which we observe them by development through time. There are many exam-
ples where an evolving random field model is appropriate and weak limit theory
is needed. Picture empirical data being gathered on a d-dimensional screen
through real time. This example has been studied extensively as a random field,
with time fixed at the point when sampling ends, but is also of interest as an
evolving random field. A limit result can now be stated which allows depen-
dence in both space and time of the empirical data. Another kind of example is
a measure-valued process obtained from a branching diffusion. Here a function-
al limit theorem for the evolving random field has not yet been obtained (using
our topology) but the conditions to be checked can be seen using our Theorem
2.1. Further applications arise related to e.g. U-statistics, chi-squared tests for
spatial processes, and robust estimation for autoregressive process (see Koul
(1989)).

An evolving random field has a natural partial ordering along the time axis.
Each finite collection of points x = (x,,...,x,) ¢ X corresponds to a sequence of

k-dimensional stochastic processes in the time parameter:
S,(x50 = (S, (x;,0),....8,(x0), te [0,1].
The proof of weak convergence of evolving random fields will reduce to proving
finite-dimensional convergence (i.e. weak convergence of {S, (x, 7 .te [0,11})
and tightness of {Sp(x,t) : xe X, te [0,1] }. (See Theorem 2.1.)
If each S, (1) is a Markov process in t we can prove weak convergence us-

ing the theory found, e.g. in the book of Ethier and Kurtz (1986). For a variety
of models, results about weak convergence of interacting particle systems as in
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the book of Liggett (1985) might be used. If S, (x,¢) is a sequence of semimart-
ingales with respect, e.g., to the filtration F, , = 6 {S,(x,s) :re X, s<r } then
conditions for convergence of the finite-dimensional processes S, (x,f) appear
in the book of Jacod and Shiryaev (1987).

In this paper we find conditions for weak convergence of a sequence of evolv-
ing random fields where the finite-dimensional processes {S,(x, ) : te [0,1] },

are semimartingales. The sense of weak convergence here is different from and,
in fact, much stronger than the sense usually employed in the subject called
“measure-valued processes” or “super-processes.” There, the processes are con-
sidered as indexed by t, only, and evaluated on x. The topology relative to
which convergence is proved is then much weaker than the one we consider and
in fact, by a theorem of Mitoma (c.f. Walsh (1984)), weak convergence of
Sp(x,t), for fixed x e X is sufficient for tightness of the “super-processes.” Here
our main challenge will be to prove tightness. The weak convergence obtained
is, of course, correspondingly more useful.

The requisite tightness, or asymptotic equicontinuity, component of the weak
convergence of {Sp(X,t) : xe X,te I} is obtained by restricting the complexity of
X with a majorizing measure condition in conjunction with a bracketing condi-
tion. The concept of majorizing measures dates back to the early 1970’, see
Preston (1972) and Fernique (1974). Fernique (1974) gave a characterization of
X, together with its canonical metric, in terms of majorizing measures which
was sufficient for the a.s. continuity of a Gaussian process {Z(x) : xe X}. Quite
recently Talagrand (1986) gave a necessary condition for the a.s. continuity of Z
in terms of majorizing measures. (See Theorem 1.1.) The use of a majorizing
measure condition in this context allows more local variability in the richness of
X than a metric entropy condition would allow.

*

(O =Y, (- )|} where, for

sup

Now let A®( . ) = Y
ow let A% ( ) {y:o( ,y)<6|"'

Ge B(X), G"* denotes the P-outer envelope of G. Conditions which restrict the
magnitude of the A{*) ’s are termed bracketing conditions. The use of bracketing

conditions first arose in the study of the central limit theorem for the set-indexed
empirical measure, under the name inclusion conditions for families of sets.
Dudley (1978) was one of the first to use them in developing tightness results
for empirical processes; tying the Lp variability of the brackets (for p > 2) to
constraints on metric entropy. The development of a new method of proof of as-
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ymptotic equi-continuity allowed Ossiander (1985) and (1986) to impose only
L, constraints on the variability of the brackets through the use of a simple met-
ric entropy condition. Using a refinement of the same method, while relying
upon the recent work of Talagrand (1987), this last result was further improved
by Andersen, Gin€, Ossiander and Zinn (AZOG) (1988) by linking constraints
on the weak-L, variability of the brackets to (natural) majorizing measure condi-
tions. Ledoux and Talagrand (1989) have a comprehensive study of recent re-
sults in this area. A key ingredient of all of the above work is the assumption of
independence of the Yy, ;’s which is not made here. Instead the Y, ;’s are taken
to be measurable with respect to an increasing filtration and the following key
assumptions on the Yy, ;’s are made:

(i) uniform conditional asymptotic negligibility,

(ii) uniform conditional asymptotic centering,

(iii) a conditional bound on the weak-L, norm, uniform over a col-
lection of brackets.

Thus in this paper functional central limit theorems for evolving random fields
with a rather general dependence structure are obtained for the first time.

In section 1 we introduce notation and discuss the continuity of Gaussian pro-
cesses. Some relevant results involving majorizing measures are presented. A
definition of weak convergence and conditions implying the weak convergence
of evolving random fields are given in section 3. This section contains a state-
ment of our main central limit theorem, as well as several variants. Finite di-
mensional convergence and some characteristics of the limiting Gaussian
process are discussed in section 3. Section 4 contains some exponential proba-
bility bounds for martingales. The crucial tightness result is proved in section 5.
It depends on an exponential probability bound which may be of independent
interest.

1. Notation, Definitions, and Preliminaries. Let(€2 M, P) be a complete
probability space and let X be some (arbitrary) topological space. Let B(X) de-
note the set of all bounded real-valued functions on X and B(X) denote the
smallest o-field containing all sets of the form {fe B(X): f(x) € B;,j=1, ..., m}
where m is an arbitrary integer, the x; are points in X, and the B; are half-open
intervals in R.
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Definition 1.1. A random field, Y, on X is a measurable mapping Y from (2, M)

into (B(X), B(X)). Thus Y(x,w) denotes the value of the function in B(X)
picked out by w at the point x. Generally, we suppress w through-out and simply
write Y(x).

We assume throughout that the random fields we work with are separable in
the following sense.

Definition 1.2. A separable random field is a random field, Y, for which there
exists a countable set D c X and a fixed event N for which P(N) = 0, such that for
any closed interval CcH and open set UcX the two sets {w:
Y(x,w)e C, xe U} and {w:Y(x,w) € C, xe Un D} differ (at most) by a subset of
N.
Foreachn> 1,let {F,; : i > 1} be an increasing filtration on the probability
space (3 F, P). Let Fp g = {0, Q} be the trivial -algebra. For eachn > 1 and
tel = {r :0<t<1} let 7(n,t) be a stopping time with respect to {Fy; : i > 0}.
Also let {Yp; : i > 1} be an array of separable random fields on X with each Y, ;
being measurable with respect to Fy, ;. Let

S, = Y ¥, .(x forxexand:el.
1Sist(ni)

Note that S, is a random field on X xI.

The next definition is standard.

Definition 1.3. A (centered) Gaussian random field on X is a random field on X

for which each finite linear combination Z a¥ (x) is a centered Gaussian
1Sjsm

random variable. That is, each linear combination has a density of the form
Qro?)y12 exp{-y2/202} for some 6 > 0.

We utilize the following two definitions in discussing our limiting process.
LetI= {t:0<t< 1} denote the unit inteval, and let {F;: 0<t< 1} be anin-
creasing filtration contained in F. Thatis, Fc F,cF forO<s<t<1.

Definition 1.4. A Fi-evolving random field, Z, on XxI is a random field on

X x I for which Z(',t) is measurable with respect to F, for each t e I and has inde-

pendent increments in I uniformly over X; that is for any x, y € X, Z(x,t) is inde-
pendent of Z(y,s) - Z(y,t) forO<t<s< 1.
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Definition 1.5. A standard F-evolving random field, Z, on XxI is a Fi-evolv-
ing random field on X xI for which

EZ(x,t) =0,
EZ?(x,0) = 0.
and
E(Z(x,5) - Z(x,))% = Is - tt EZ%(x,1)
forall xe X and s,1e 1. We say that Z is a (standard) evolving random field if Z
is a (standard) F-evolving random field for some increasing filtration {F,:0<t
< 1} contained in F.

Clearly a Gaussian random field Z on X xI is a standard evolving random
field if and only if Z(x, )/(EZ2(x,1))12 is a standard Brownian motion for each
fixed x.

The following two definitions are due to Fernique (1974).

Definition 1.6. Let d be a (pseudo-) metric on X. A Borel (sub-) probability
measure v on X is a majorizing measure for X with respect to d if

Sup, in'’? (1M(By(x,u))) du < e. (1.1)
0

Here, By(x,u) = {y e X : d(x,y) < u} is the u-ball in (X,d) centered at x.
Definition 1.7. A sub-probability measure W is a discrete majorizing measure if
it is a majorizing measure with support being a countably dense subset of X.

Let {Z(x) : xe X} be a mean zero Gaussian process on the space X. Let d
denote the canonical L, pseudo-metric generated on X by Z, so

d(xy) = (E(Z(x) -Z())H ' (1.2)
The following theorem is due to Fernique (1974) and Talagrand (1987).
Theorem 1.1. Suppose that the Gaussian process {Z(x) : xe X} is separable in
(X,d). Then: (i) (Fernique) If (X ,d) admits a majorizing measure, v, then Z has
bounded sample paths a.s.. If, in addition,

)
. 172 =
Jim xsng'gln (1/v (By(xu)) )du = 0 (1.3)



72 GREENWOOD and OSSIANDER

then the sample paths of Z are uniformly continuous with respect to d a.s.

(ii) (Talagrand) If Z has bounded sample paths a.s., then (X,d) admits a majoriz-
ing measure. If the sample paths of Z are uniformly continuous with respect to d
a.s. then (X,d) admits a majorizing measure v, satisfying (1.3.).

It is easy to see that if (X,d) admits a majorizing measure v, it also must ad-
mit a discrete majorizing measure p. If (1.3) holds for v, the following lemma,
due to Andersen (1986), allows us to assume that | has a particular structure.

Lemma 1.1 If (X,d) admits a majorizing measure for which (1.3) holds, then
for any Be (0,1) there exists a discrete majorizing measure p satisfying the fol-
lowing. Foreach xe X andk >0,

there exists x in the support of p with d(x,xy) < Bk, (1.4)
and
Jim - sup kgxs"m" 2(1/ix) ) = 0. (1.5)

We may also assume that

if x = yy for a pair xye X, then x;=y; forj<k. (1.6)
Furthermore

lim kin'/2 (1/8* )) =o0. 1.7

om xsgpxkgxﬂ n“(1/B jl;[kl‘l(x,)) (1.7

Notice that (1.5) is the discrete analogue of (1.3), and that (1.7) follows easily
from (1.5) using Kronecker’s Lemma and interchange of summation. The fol-
lowing relationship between majorizing measures and metric entropy is useful.

Definition 1.8. The metric entropy of X with respect to d is given by

H(3,X,d) =In min{N : there exists xy, ..., x, € X such that d(x;,x) <  for every
xe X forsomei=1,..,n}.

It is easy to verify the following lemma.

Lemma 1.2. If

1
jH"Z(u,X, d)du <o (1.8)
0

then there exists a majorizing measure p such that (1.3) holds.
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2. Weak Convergence and the Central Limit Theorem. In this section we
see how weak convergence of {S,, (X,t) : xe X, te I'} follows from finite-dimen-
sional convergence and asymptotic equi-continuity (tightness). We use the defi-
nitions and viewpoint of Gaenssler and Schneemeier (1986). An alternate
approach using the Hoffmann-Jorgensen definition of weak convergence (which
would yield a slightly more general result) is that of Andersen and Dobfic
(1987). Results of later sections are called in as needed in order to state our
main results here.

Let "(x,) = {f:XxI->R: Upy 1 If(x,t) | < } denote the space of

S
(%)
real-valued bounded functions on X x 7 and equip it with the supremum norm, so

that [fly,, = I f(x,t) I. For any metric r on XxI, let

(7 €xx1
g, = {fe (X, 1) :fisuniformly r-continuous on Xx1I}. For a mean zero stan-
dard evolving Gaussian process {Z(x,t) : xe X,te I}, let 6 be the canonical L,
metricon XxI given by

o((%5), 10) = (EZ(xs) -Z(30))"% @.1)
Let d be the metric on X given by
d(xy) =0o((x1)(»1)) .2)
and p be the metric on I given by
(s, = Is-4'2 g (Var Z(x,1))'2, (2.3)
xeX

Letting T denote the metric on X xI given by
(x5, (1)) =dxy) +p(s1), 24
it is easy to see that T dominates 6. If Z is separable and uniformly o(t)-contin-

uous, then from Talagrand’s result (Theorem 1.1 (ii))) we know that
(XxLo) ((XxL1)) is totally bounded. Then g (g,) is separable and closed in

(©(XxD,lIl - Il ); c.f. Corollary 2 of Gaenssler and Schneemeier (1986). Let B
be the o-algebra of all Borel sets in (* (X xI),|| - |l ) and let By, denote the sub-
c-algebra of B generated by the open || - ||-balls in I” (X xI).

Let {S, :n> 1} and Z all be defined on a common probability space (2 ,F, P),
with each S, being an element of (XxILB ) and Z being an element of

(" (XxD),B,).
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Definition 2.1. The sequence S, converges in distribution to Z (S, 24 Z) if

and only if
P(Zegy) =1 .5)
and
Tim Ef(S,) = Ef(2) 2.6)
forall fe {g:XxI—-R:gisbounded, uniformly || - ||-continuous and By-
measurable}.

Theorem 2.1. If {Z(xt) : xe X,te I} is a standard Gaussian evolving random
field with

(X,d) admitting a majorizing measure which satisfies (1.3), 2.7
for any finite collection Xy, ..., x, € X

SrnGx1r7 ) s S 7)) LA (Z(x), + )yeensZ(X - D), (2.8)
and, foralln >0,

X P SN DRI } =0 29)
thens, 3 z

Proof: Condition (2.8) of the theorem identifies the limiting distribution and us-
ing Lemma 3.2, (2.7) guarantees its continuity. In view of the domination of ¢
by 7, Theorem 2.12 of Andersen and Dobric (1987), and Theorem 1 of Gaenssler

and Schneemeier (1986), it remains for us to show that (2.9) (together with (2.6),
(2.7), and (2.8)) imply that for anyn > 0,

lim Tim P“[ sup |8, (xt) =S, (x| >m | =0,
1<iSTgt((xut),(x 1) <d

where {(x;t;) : 1 <i<Ig} is a (finite) 3-net in (X,T ). Note that
B, ((x1),8) cB,(x 8) xB, (1,)

and
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[Sa (X t) =S, (%, 0] <|S, (%) =S, (x, )] + S, (x8) =S, (x,D)].
Thus

P¥[ sup |Sn (xpt) =S, (%, 0] >n]
1S Iyt ((xpt) ,(%,1)) <8

SP cichafiP <gre1lS G =S, (k0| >n/2]

+ P¥[ sup S, (x 1) =S, (x:0)| >n/2]
1sislgp(2,1) <d

<P¥ sup |Sa(x8) =S, (30| >n/2]
teLd(x,y) <d

+ P¥[ sup |S, (x5 8) =S, (x5 0)| >n/2].
15i<lgp (s, 1) <5

From (2.9), if we let n go to infinity, and then & go to zero, the first term goes to
zero. From (2.8) (together with (2.6)),

lim P* l: sup Is,,(x,': s) "S,l(xp t), >n/2 J
B 1<i<sIgp(s, ) <8

=P [ sup |Z(xi,s)—Z(x,-,t)|>11/2 :l.
1<isIgp(s0) <d

Now from (2.5) we see that this term decreases to zero as 8 decreases. O

Notice that a result parallel to Theorem 2.1 is easily available for many cases
when the limiting distribution is that of a general evolving Gaussian random
field. The needed ingredient is a metric T, dominating the canonical metric G,
with 7, being of the form given in (2.4), where d is as defined in (2.2) and p(st)

= sup (E(Z(xs) -Z(%1) 2)12 with Z(x,t) being uniformly p-continuous in

tover X,

The following corollaries are easy consequences of Theorem 2.1 and Theo-
rem 5.1, 5.2, and 5.3 respectively.

Corollary 2.1. If (2.7) holds,

(3.1), (3.2), and (3.3) of Lemma 3.1 (finite-dimensional convergence) are
satisfied, ‘ (2.10)
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and
conditions (5.7), (5.8), (5.9) and (5.10) of Theorem 5.1 giving the uniform
modulus of continuity are satisfied, 2.11)
then S, 8 Z.

Note that the definition of convergence in distribution implies that the Gauss-
ian process X is a.s. 6-continuous on X xI. Other variants are:

Corollary 2.2. If (2.7) and (2.10) hold, as well as

(5.12) and (5.13) of Theorem 5.2, (2.12)
D

thenS, = Z.
Corollary 2.3. If (2.7) and (2.10) hold, as well as

(5.12) and (5.14) of Theorem 5.3, (2.13)
then S, 4 Z.

The following three corollaries are easy consequences of the three corollaries
above and Lemma 1.2. They replace the majorizing measure condition (1.3)
with the metric entropy condition (1.8).

Corollary 2.4. If (1.8), (2.10), and (2.11) hold, then S, B Z.
Corollary 2.5. If (1.8), (2.10), and (2.12) hold, then S, 8 Z.

Corollary 2.6. If (1.8), (2.10), and (2.13) hold, then S, 2 Z.

Notice that if a weak convergence result for random fields whose domain
lacks a temporal component is of interest, a simpler version of Theorem 2.1 (and
consequently Corollaries 2.1 through 2.6 that follow) is readily available. In
particular, consider the random field

S,0 = Y ¥, forxeX,
ist(n)

where the Y, ;‘s are measurable with respect to an increasing filtration and t(n)

is a stopping time. Think of this as reducing the temporal component of the do-
main to a single value; i.e. I = {1}. Conditions (2.8) and (2.9) of Theorem 2.1
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would thus be simplified, and Corollaries 2.1 through 2.6 would hold as stated
for I = {1} throughout.
3. Finite Dimensional Convergence and the Limiting Process. In the case

in which the prelimiting random fields have independent “increments” in t, e.g.
for )<s<t,S,(s, - ), S,(t, - )-(S,-s, ) are independent processes, the usual

central limit theorem can be used to identify the limit law which will also, of
course, have independent increments. However when a more complex ‘tempo-
ral’ dependence structure exists in S, the identification of the distribution of the

limiting becomes a serious problem. Here we state sufficient conditions for
identification of a more general Gaussian limit by calling in general results for

weak convergence of RX -valued semimartingales. The following lemma is a
reformulation of e.g. Thm 2.27 of Jacod and Shiryaev (1987).

Lemma 3.1. (Convergence of finite-dimensional distributions in X.) If for all

tel,eec (0,118 = (a;,....8) € RY, and x = (x;,....x) € Xk fork > 1,

ann, ; (x)

> ¢l F,,,--l) 50, (3.1)

1ist(n,1) (|l$1$k

su aY (x)l

E F .l S50, (3.2)
te lsiszt(n.l) [15,5;:’ i n aY, (x| < ' l]
1Sjsk

3 (E(( Y a¥,(x) D Fm._l]
1i<T(n0) 1575k [I
1Sjsk

-|E a¥, (x)1 F .. |} ) (3.3)
[ (1s/sk’ LS s i ))

-I-J-) tVar( 2 ajZ(xj,l)),

1<jsk

and

g, (%) SED

S£

where {Z(x,1) : xe X} is a Gaussian process, then the finite-dimensional distri-
butions in X of {S,(,t) : re I } converge to those of {Z(’, t) : re I} where Z(',t)
is a standard evolving Gaussian process.

The finite-dimensional convergence in X above gives us a candidate for our
limiting process, as well as the canonical metric 6 (see 2.1) on the product space
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X xI. Recall also the definitions of the metrics d, p, and T given in (2.2), (2.3)
and (2.4) respectively of section 2. The following lemma gives a proof of the
continuity of the limiting distribution under the natural majorizing measure con-
dition.

Lemma 3.2. If the mean-zero Gaussian random field {Z(x,1) : xe X} is separa-
ble and d-continuous a.s., then the standard evolving Gaussian random field
{Z(x,t) : xe X,te I} is ©-continuous and T-continuous a.s. .

Proof. First notice thatforall >0, xe X and se 1,
B4(x,8/2) xB,(s,8/2) c B,((x9),5) . (3.9

From Theorem 1.1, (X ,d) admits a majorizing measure v satisfying
)
i 172 _
a0 LK {’" (/v (By(x,u))) du = 0.

Let m be the product measure vxA on XxI where A is Lebesgue measure.

Then, setting ¢ =_sug (VarZ(x, 1)172, it follows from (3.4) that

8 8
[in'2(1/m (B ((x,0),w)dus [m'>(1/A (B, (4,u/2)) Vv (By(x,u/2)))du
0 0
3 8
sj'tn“zu /cul’z)du+jzn1’2(1 IV (By(x,u/2)))du,
0 0
and thus ,
8
. 172 -
Jim_ P 1 {m (1/m(B((x1),u)))du = 0. (3.5)

Since B, ((x 1)) cBy((x1),4), clearly (3.5) holds also with the metric T re-
placed by 6. The result follows from Theorem 1.1. a

Again a parallel result is easily available for many general evolving Gaussian
processes. (See comment following Theorem 2.1.)

4. Exponential Probability Bounds for Martingale Differences. This
section contains some inequalities which play an essential part in this derivation
of our tightness results. Throughout we assume that {Y;:i> 1} is a sequence of

real-valued random variables on the probability space (€, F, P) which are mea-
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surable with respect to an increasing filtration {F; :i> 1} with F,c F for each .
We let Fy = {¢,Q} denote the trivial o-algebra.

The following proposition, a Bemstein-type inequality for martingales, due
to Freedman (1973), is a basic ingredient of most of our probability bounds.

Proposition 4.1. . Suppose thatP(‘.nzlm | >a) =0 and E(Y|F;_,) = 0.For

n>1letv, = E(Y}|F;_,). Then, foralln,§>0,
1<isn

[Z Y; >n,V, < 8 for some n>1 ] <[5/ (an+8) | (@N*d/a n/a
1<isn

<exp{-n%/2 (an + §)}.

The following simple lemma proves useful. A variant of it may be found in
AGOZ (1988).

Lemma 4.1. Let {c;:i> 1} be a decreasing sequence of non-negative real num-
bers. Foranyb>0andn>1,

sup a 2:. . i Vace,en -Zlgqgnicn?l[cisb]'
Proof: Notice first that for any j > 1,

- 172 —~1/2
Y Sl = Y %1 o)
~ i . i
15isj 1<isj

:1/2 ~1/2
- gl%j‘ cil[cisb]( Z 13 )

157<)

A
—
=

:1/2
189, il s-

Fixa>0,andlet j, = {j :¢;>a>cj1}. Then

a z i {a<c Sb] Z i [a<c <b)
1<isna Sis

<61, st E €ilic,sh)
l ]‘

<2’ i, <01 S9R, it cil(cisb]
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1/2 1/2
<2 U8R g0 SR s

+ 2
.<.21$st}%njcjl[c.sb]. m]

The following lemma is an easy consequence of Freedman’s Proposition
4.1).

Lemma 4.2. For any 1 > & > 0 and sequence of sets {A; :i> 1} with 4;¢ F;,,

P( Y 1,(r) >n, Y P(A|F;_)) <8 for somen) <(edn)".

1<isn 1<isn
Proof: Since |1, (Y) -P(A|F;_)|<1, E(1,(Y)-P(A|F;,_;)) =0, and
E((1,(Y)-P(A; |F,_;))*F,_,) <P(A|F;,_;) , we may apply Proposition
4.1 above to see that

P( Y 1,(r) >nand P(A{F;_,) <& for some n)
1$isn 1sisn

<SP( Y (1,(Y)-P(A|F,_)) >N—-38and Y P(A|F;_,) <38 forsomen)
1<isn ' 1<isn

< (d/m)"e. ]

The following lemma is essential in proving our tightness theorem. It is ba-
sically an extension of Lemma 2.16 of AGOZ (1988) to sums whose increments
are martingale differences.

Lemma 4.3. Suppose that the Y; ‘s are non-negative and let the set

A= Y P(Y;>a|F,_,) <8].
sg;bai; (Y;>aF;_,) :I

For allm > 9,

P s @ Y Yl cp>2nforsomen] nA)
0 1<i<sn

< (e8/m)™? I(1-ed/m).

Proof: Fix n> 1 and let Y(; be the decreasing order statistics of {Y, ..., Y,}.
Using Lemma 4.1, we see that forn >0

2
[ 2 T Fleansn>m]e [igm, Yolugn>n ]

1<i<n
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2
< [lglllpSn ‘Y(')llyms"] >M ]

_ 2
= o [Molw,s>n
n/b°<i<n

C (U] [
N/b%<i<n$isn

Notice that, for eachi> 1,

Ac [(n/i) > P> (/)3 F;_)) <8 for all n]
1Sjsn

= [ 2 P(Y;> (n/i)1/} F;_;) <8i n for all n].
1<5jSa
Thus, using Lemma 4.2, we see that

P [a a Y1 >2n for some n [NA
(o = .3 Fueeren ]na)

< Z P(I: Z 1[y>( /0"2]2‘- for some n:InA)
isq/pr \Lsjsa n

< and

Y, >1i
isn/b? (1 sjsull P> RYDRE 21
i

z P(Yj> ('q/i)l/lej_l) <8i m for some n)
1<jsn

< ¥ (edm)

i>n/b?

<(ed/n)"? /(1 —edm).

Lt o 2]
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5. Tightness. We assume throughout this section that the metric space

(X,d) admits a majorizing measure m for which

3
sli_x-)no xsglkojlnl/z(l/m (Byj(x,u)))du = 0.

(CRY

Thus, in addition, we have, for each f > 0, a discrete majorizing measure L on
(X,d) for which (1.4) through (1.7) hold. Fix B > 0 and, in the notation of Lem-

mall,setX,= (x.xeX},sothatX;isa finite B net in X.
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Let A% () = y:i}‘ij|Ymi(xi) Y, ;)]

Thus AY is a local modulus of continuity for Yy, ; which is constant on the set {y
Ly = x} for xe X;. Due to the structure of the Xj’s specified by (1.6), we may
assume that A ,E"), (x) decreases in j for each fixed x.

Before continuing, we introduce some technical definitions involving the
discrete majorizing measure . Fix 0<f < 1. For xe X and j > 0, set m;(x) =

Bj Hu(xk).Deﬁnem:Xx(o,l] - (0,1] as folloWs:
ksj

m(x,u) = mj,1(x) + (@ - BFH)(mx) - my, NP - Y

for p/*!<u<p/. Notice that, for each fixed x, m(x," ) is a continuous and strictly
increasing function with m(x,u) = m(xj ,u) for B‘ <u< 1. Also, since p is a ma-

jorizing measure, we have Y m(x) <p/ . Letg: Xx(0,1] »R* be de-

x€ X).

fined by
g(x,u) = In(1/m(x,u)). 5.2)

For each fixed x, the function g(x,) is continuous and strictly decreasing with
g(x,u) = g(x; ,u) for ﬁ' < u < 1. If the metric entropy integral condition (1.8)
holds, we may assume that m(x,u) (and thus g(x,u)) depend only on u and not on

x. Thus, under the assumption of (1.8) rather than (5.1) most of the conditions
that follow can be stated much more simply.

The following sets A{" and A(® are respectively the random function ana-

logues of the sets A of Lemma 4.3 and [ v,<38] of Proposition 4.1. For each
fixed n, denote the entire sequence {Yp;:i>1} by Yy,

Forj >0, let
(1 = 2 (k) 2k
AT = [tsg[i sup , @ 1s:'szz(u.x)P(A"’i (x) >a|F, ;) >B 5.3)
for some x e X ,k>j]
forb >0
AP, b) = [sug 3 E((X;(x) =Y, (x_1)? (5.4)

1sist(n)
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2k
1[|Y,,.-(x.)-¥,u<z._,)| <Py (x,BY)] Foi-1)>68
for some xe X and k > j],

and forc>0

(3) - . .
A, ) = [tsgxilsig,(wi’( | Y, (x| >B/2g(xB)|F,; 1)

> cg(x,Bk) for some xe X, k>j]. 5.5)
Notice that if the increments, Y;; , are independent, then all three sets,
AD AP and A® are non-random.

Fora>0,let
0(na) = -alc g +y1py<qtalpyag
and fora: X->R * ,let
vl Y = 0¥, (0 .a(x)

denote the truncated Yy ; process. Notice that we have allowed the truncation
level to depend on x. Again, denote the entire process {¥2{ ") :i > 1} by

y2¢ ), andlet

@ = Y S @-E@S T @IF, ) (5.6)

1<ist(n,t)

denote the truncated and conditionally centered partial sum process.

We are ready to state our first tightness theorem.

Theorem 5.1 If (X,d) admits a majorizing measure satisfying (5.1),

P
xeﬂl,I;EIlSiél}P(n,t)IYmi(x)l - 0 5.7
foralla>0
P
xe¥he115i8nn PUTni@|>d Py o 0 (5.8)

and
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P
x€ ?'I%e IllsiSt(u.t)E(YM(x) l[lyu.i(")l Sall Fri-ol =0, 5.9
for some b < e2 (e - P4,
im Im P (A7) (Y) uAP (¥, 0) =0 (5.10)
J n
then, forallm >0,
’h;rl—h:n_ﬁ' (xeia;}eﬂsn(x,t)—Sl(xi,t)|>'q) = 0. (5.11)

Theorem 5.1 is a corollary of the following theorem which has slightly weak-
er but more cumbersome hypotheses.

Theorem 5.2. If (X,d) admits a majorizing measure satisfying (5.1), foralla> 0
and £> 0,

@P‘ (xeikl'gellsu(x,t)—S:(x,t)|>e) =0 (5.12)

and for some b < e%(e? - B)/B* and ¢ < e?(e? - B3)/2%,

T Tm m ) ©) =
h;n Tim P (A (X)) UAP (Y0 UAT (Y, 0)) =0,

then for alln > 0, (5.11) holds.

Conditions (5.10) and (5.13) above should be viewed as the conditional ana-
logue of the weak - L, and L, bracketing conditions for process with indepen-
dent increments. (c.f. Ossiander (1986) and AGOZ (1988)).

The following lemma helps bridge the distance between Theorem 5.2 and
5.1.

Lemma 5.1. If (5.7) holds, and, for all a > 0, (5.8) and (5.9) hold, then for all a
>0and € >0, (5.12) holds.

Proof: Forany xe X,re I,and a>0,
ENCHERHER]

= | 2 (Y, ;) =Y, () +E(Y, ;(0)|F, ;_y))
15ist(n 1)

s ¥ |@-1,6)|

1sist(n1)



CLT FOR EVOLVING RANDOM FIELDS 85

+

Y E(Y:,,-<x>|F,,.--1>|

1<ist(n)

< Y i@y 54
1sist(n)

<+

15i8Tmnny (Y, sal 1 Fai-1

+a Y P(Y,;(®|>aF,; ).
1ist(m,1)

Thus, for any a, 1 >0,

P*(__ i I|S,,(x,t) N HCDIER))

SP(SUR ) i 8%n, 1 Ymi )] > @)

+P* (su E(Y, ;) 1y, i) <al| Fai-D|>1/3)
X€A1<ist(my i
+P* (‘“pllsiszc:( P(|Y, (0| >d|F, ;_)) >n/3a). o
L))

We now prove Theorem 5.1 using Lemma 5.1 and Theorem 5.2.

Proof of Theorem 5.1: Lemma 5.1 implies that under the hypothesis of Theo-
rem 5.1, (5.12) holds. Note that g(x,[}i ) is constant on the set {ye X : ¥j= x} so
that Pi/2g(x,p) takes on a finite number of values which are bounded below
away from 0. Also g(x,B¥) increases ink, so

APy c [ ognoy X PUY®| > mip B/28&B|F,; )

15isT(n,1) X€ Xj

>c¢ min g(xB) 1.

X€ Xj

Condition (5.8) implies that the probability of this latter set goes to O for all
j>0and ¢ > 0. The proof is completed by noting that

P AN (@) vA? (7,0 VAP (¥, )

<P(AV (¥) UAP (¥, b))
J A J »
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+P* (A (¥, 0)). o

Theorem 5.2 is, in turn, proved using the following result.

Theorem 5.3. If (X ,d) admits a majorizing measure satisfying (5.1) and for all
a>0and € > 0, (5.12) holds, then for all 1} > 0 and b < 2e%(e? — B3)/p*,

Hm Em PR e 1Sa 060 =5, (x50 >7] (5.14)

AP AR By (AR (YEW‘( B p) )0) - 0.

We use the following two lemmas in deriving Theorem 5.2 from Theorem
5.3.

Proof of Lemma 5.2: Fix j > 0 and to simplify notation, set a;(x) = Bj/2g1/
2(x,B¥). Clearly, since a; (x) only depends on x through x;, Y#{ () and

Y, ffi) (x) are truncated at the same level (aj(x;)) whenever y; = x; and we have
then

|7 o) - Y3 5| <)Y, ,0) - ¥, ;).
Thus, fork > j, using (1.6) of Lemma 1.1,

sp 127 ) -1 | <8l 0. ”
Y N=%

Lemma §.3. Forallc>0and j>0,

2 ir2 - LB 2 3
AP (B2 P o) cAPY er2) VAP (T, c/4) .

Proof: Again set aj(x) = ﬁjﬂg(',ﬁj) for ease of notation and note that 3; (x) de-
pends on x only through x ;. For any a, b > 0, we have

2
i) =Y Gao ) Ve 0 v x| 581

S (¥, (x) =Y, i (%)) 2 (s (%) =Yy i (%) | SB]
2
+ (2D Ay ay>a 1y, 4 >al)

s0, taking conditional expectations, summing, and taking suprema, we have, for
any j>0andc>0,
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AP (EC 0 AP (v, c/2)

v (4@ Y P(|Y, ()] >a;(®)|F,;_)
1€ist(n)

> cp?*/4 for some xe X and k > j]

2 3
cAP (¥,e/2) VAP (¥, c/9). o

Proof of Theorem §.2: It follows from Lemmas 5.2 and 5.3 that for any n >0,
j>0,and b> 0,

P e R (1D =S ® 0] >m)
SF“ ([ xX€ ﬂtgellsﬂ(x’t) —Sn(xj,t)|>11] ﬁ(AJ(l) (YE’/Zg( . 'W))
@ B 280 - B por €
ua® (o % b)) ]
+F. (A:l) (Yu)UAsz) (Y”,b/2)UA£3) (Yn,b/4)), g

Theorem 5.3 depends in turn on the following proposition. The statement of
the proposition employs the functiony: Xx (0,1] - R* defined by

(%8 = ¥ Bm?(1/myx)), (5.15)

j2jgt1
where jz = {j : p*! <5 <pi).

Proposition 5.1. If (X ,d) admits a majorizing measure satisfying (5.1),
E(Y, ;(0|F,;.) =0forxeXandi>1

and, for some Be (0,1) and jo >0,
P*(sup |Y,,; ()| >B*/2"(x ) forany xe X) =0, (5.16)
where g is as defined in (5.2), then for b < 2¢? (¢ - %) /B4,

P*([:sé"i |s, (5 1) =S, (x;, t)| > (1+12e2 /%) y(x, Bj°) forsome xe X1 (5.17)

n(A.“) (Y) UAPD (Y, b))e) <cp
Jo L Jo »
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where ¢ = cg is a universal constant depending only on f8.

Proof of Theorem 5§.3: Forany xe X,te1,j>0,anda: X—R* which de-
pends on x only through x;,

1S, (5 0) =8, (%, 0| 3|5, (50 =520 ) (m0)| +]8,(x,0 =550 (%, 0)]
+]52C ) (nn -52¢ Y (x,0)].
Thus, for any j > 0,
xeXlhe I|S,,(x, =S, (% 0]
S— xe ﬂl’p‘e I|s¥/281a(xvﬂi) (x' t) _SE‘/2B|,2(1:M (x!. t)l
+2xe 5&9& Ilsn("' ) _sg'/zg‘/’(x,ﬂw’) (% ‘)| .
Fix 1 > 0 and choose jg sufficiently large to have
(1412 /B%) sug 7(x, ) <n/2.
(Recall from (1.5) of Lemma 1.1 that xsé"ky(x’ 3) -»0as 8-0.) Thenforj >jg
ot -
PHI, @B US,060 =S, (50| >0 ] n (A0 (12720 -PD ) o
2) | yB” 28 (x,B) °
AP (R f |
SPH({5uR[S, (69 =5, (x5, 0| > (1 + 12¢2 /8% ) y(x, /) for some xe X]
A (AD (B2 By GAD (P20 B ) )¢
J n J n !

+P* ( su syp IS, (x 1) =SB7280-B) (5, 1)| >m/4)
ye jteI,xe x=y

<scp/+o(1). m)

It remains to prove Proposition 5.1. It proceeds as follows. First we stratify
Sp(x,t) and s, (x5 9) by partitioning the sample space. Then, within each stra-

tum, for a particular j > jo we compare Sy(x,t) to S, (x;, ) in two stages. The
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first comparison gives rise to two remainder terms, one of which is contained in
A j(ol) and the other of which is bounded in probability on A ,-f,l) using Lemma 4.3.
The second comparison gives rise to a third remainder term, which we bound in

probability on the set A i?) .

Before we begin the proof, however, we need some technical lemmas which
will be used in controlling the rate at which our approximations x; converge to x.

The following property of the function g defined in (5.2) above is of central im-
portance.

Lemma 5.4. The functiong: Xx (0,1] -»R* satisfies
[58"2(xuydus< ((1-B) /B)¥(x ) (5.18)

as well as

U8 o' (muwydu< ((1-B) /B) sug v(x8). (5.19)

Proof: If p/*! <u<p/, then, for any xe X, g(x,4) <In'”>(Um;, ,(x)). Thus, again
letting jy = (j: p*!<8sB),
8 172 ¥ 12
Iog (x, u)du< EIW”g (x, u) du
j2Js

<Y F-#Hu'?(1m;, (X))

j2Js
= ((1-B) /B) Y P21 /my(x)). o
Jj2jg+1
Fix 8e (0,1] , and for each xe X and k > 0, choose & (x) to satisfy
8, (x) /82 (%, 8,(x)) = 8B*/g"%(x,3). (5.20)

Lemma 5.5 For each x, the sequence {Jy : k > 0} is a strictly decreasing se-
quence. In addition, if y(x, 1) <=, then lim 8, (x) = 0.

Proof: Since for each fixed x the sequence 8p¥/gl/2(x,8) is strictly decreasing in
k and the function u/gm(x,u) is strictly increasing in u, it is clear that §,(x) is a
strictly decreasing sequence. From (5.18) we see that

g"2(x,u) < (1 - Byv(x,1)/Bu,

SO
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8, (x) = 8B%'2(x,8,(x)) /g% (x, 8) <8(1-B)B¥y(x 1) /B3, (x) g% (x,9).
Thus  8,(0) < B(1-B)¥(x1) /Bg'?(%8))!%p?, so  lmBd,(x) =0 if
Y(x, 1) <o, m

It is easy to see that §, (x) decreases more slowly than ﬁk.
Lemma 5.6. Foreachxe X andk >0,
B3, (1) <3, (x). (5.21)
Proof: Forany xe X
B 0)/8"2(%,8,00) = 81 (Vg 2,81 (X)) < By (W) 2%, 8 (x)).0

The following summability result is quite important.
Lemma 5.7. For §,(x) as defined in (5.20) above

Y 8, (082 (% 8,(x) < (2/B)¥(x3). (5.22)
k20

Proof: Forany xe X and K> 0,

(1-B) Y 8,02 (x8,(x)

0sksK

= (1-P) 8 2(x8) + Y 82(x) (8% (x8,(x)))/8,(»
0<ksK

-2 (%8, () /3,_, (x))

= (1-B)82(x) + Y 5,(0g"2(x38,(x)
0<kskK

- Y 8, @ (% 8,(0)/8,()
0sk<K

= -Bdg!"%(x8) + (8, (x) =82, (0 /3,() )&% (x8,(x)
0sk<K

+8, ()82 (%, 8, (1)

2 Y (3,0 -3, )8 2(x%8,(0) +8,(x) g% (x8(x))
0sk<K

8, (x) 8e (%)
<2 2 s:ﬂ(,) 8% (x, u) du +Io‘ g2 (x u)du
0<sk<K
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< nggl/z (x,u)du .
The first equality above follows from the recursion relation
Bg'2 (% 8,(x)/8,(x) = g 2(x8,_,(0)/5,_, (0.

The first inequality stems from dropping the leading negative term and observ-
ing that

8,(0) -8, (/8. (x) = (B,(0)-8,,,(0)(8,(x +8,,,(x)/5,(x) <
2(8k(x) —sk—l (X)) .
To complete the proof use Lemma 5.4. =}

Proof of Proposition 5.1: We partition the sample space using the following
construction. Fix j,20,pe (0,1), and set & = po. We use the sequence {&y(x) :

k > 0} defined in (5.20) and discussed above. Note that ,(x) = § = Bi° for all

xe X. Also define the geometrically decreasing sequence
ay(x) = 8B*/g' 2 (%,8) = 8,(x) /" (%, 8,(x).

Foreach =xe X,setj(x)={j: ﬁi’“l <o (x) < [5’ Again, note that jy(x) = jo for
all xe X. Fork>0let

A% ) = (g, @ <A% (1) <4, (01,

Ani() = lay, ) <a% @],
and
D} () = (

"k‘ c
0 k]}SkA""(x)) .

IA

The following sets are defined iteratively as follows. Set
B, (x) = Ani(¥)
and fork > 0, set
B (%) = z;:,;(x)\OSjgk_lB’;l'i(x).
Notice that
Al;. i(x)

k L
Bit) = Ani®\y ;Y
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= A5\ gy A
cAt.(®),
B} ;(x) = D43 (0\D} (), (5.23)
and
Dk () € (Ani(a)”. (5.24)

Since the Yp;(x) is bounded a.s. by ag(x)/2 for all n,i > 1, each AS’} (x) is
bounded by ag (x) a.s.. Thus for any fixed x and K > 0, the collection of sets
{Di » B’n‘.,. : 0 <k <K} provide a disjoint partition of the sample space.

We now stratify S, . Fork >0, set

Spi(nf) = ls‘_szt(m) (Yn.i(") ln;.-(x)—E(Yu.i(x) gt 0 Fn.i-l))
and
= . - . 1 F : .
T (%) ISiglw)(Yu.t("“D;,(x) E(Ym(") e ».»—1))

Since E(Y, ;(»)|F, ;.. )=0,foranyK >0,

S0 = Y S, (x0+T, ((x0). (5.25)
0sksK

Each S, (xt) is compared to its (approximately) S (x)-approximation
S,k (%;, (90 9) as follows:

Sn k(60 =S| = | 3 (X0 =Y, (x5 ) By (%)
1<ist(n,1)

-E((Y,;(x) —Y,,.-(x,-.(,)))lBi,.-(X)IF,._i..l) )|

Gy () Gy ()
< E(a0:® (11 F . )+ AU (91

lsiszt(u,t) ("" B:-“’)l mi-l 15i521:(u,¢) e BLi(x)
=R (60 +RY) (x,0).

It is important to notice that, as both A g‘; “)(x) and , B% ,(x) depend on x only
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through x; ., , both RO (x,t) and R{")(x,t) also depend on x only through %, ()

Likewise,

IT," p(%0) - T," k (xj. *)’ n I .27

=1 % (Y i ) =Yy i (X0 ) 1
15ist(n,1) ol
‘E((Y,,.,’(x) _Yu,i(xj,(x) ))le (x)lF"ni‘l ))
m i

< e +E[A) (x)1 F,
15i$T(n 10 (A"" (x)ll’f-.a(x) mi (%) D;,(,)I mi-1

<£2t(n,fag,,(x).

In turn we stratify S, (x;,#) and compare each stratum to S, , (x; (,),#) fora

particular k. Let
S(O)(x t) = Y (x)l -E(Y (x)l F
e 1Sist(n,¥) mET B:"(x) "y B:_.(x)l ni-1 ’
(0) _ )
Tar (50 = lsisz‘t(n.t) (Y"'i (xjv)lD:.a(x) E(Y,‘,‘.(xjo) ot Fn,i-l)v

and note that forany K> 0, and xe X
S, (5,0 = Y S (20 +T% (%)
o 0sksK ’

Then, for any K > 0,

S, (xjo. 5 - ( 2 S ,‘(le D +T, K(xjx () t)) (5.28)
0<ksK

0 (0)
oséx(s,ﬁg 5 0) =8, (% s :)J+ (Tn,x(x, 0 =T, k(% s :))

(Y, (% )-Y, (%)),
05tk 1585y " e ARG TR ()

“E((Yy i (% () = Yni (%, (x)) lBi;(x)l Fois1))

+ Y .(x: -Y .(x; 1
lsiszt(u.t) (il ]°(x)) il "‘(x)) ) Dy ()

- E (Y i35 )Y i ) D | Fmi=1 )
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) 0<ksSK 1siszz(., 9 (i Gy ) = Ymi i) 1Df‘{;‘(x)\b{.-(x)

-E ((Y"-"(xiu-.(x)) ~ Y, i (%, () )ID:‘..‘ (O\DE (%) Fpi1))

+ (Y, .(x; )=-Y .(x;,.))1
o<§sx 155521"(;;.:) w1 () w7 DL ()

“E (¥, ) =Y i i) ) Lpg (| Fmi-1))

= x, ;(x ) =Y, (x5 )1
0&ik 151Ky M w0 ()

TE (G ) = Vi i) Lt | Fmi-1)) -

= Y RO @

0<kskK

In deriving the third equality, we interchange summation and note that

2 (yo_yk)15‘= 2 Z (yj‘_l“yl')lgl

0<kskK 0<ksK 0<jsk
= 2 ()’j-l—yj-). 2 13“
0<jskK jskskK

Z (.Yj_l_y]')l \J_ B

0<jskK j<ksK k

We then apply (5.23) to see that P < k

tel, set

Ky =inf(k :k> sug in(y(x8)g'"(x,8) /20B(n¢) ) /InB}.

B (0 = D' (0 \DX (x). Now for

K(n,t) is finite a.s., since condition (5.1) (through Lemmas 1.1 and 5.4) insures
that both Y(",8) and g (',8) are bounded on X. Now combine the comparisons

(5.25), (5.26), (5.27) and (5.28) derived above to arrive at the following:

ISn (xn-S, (xjo’ t)l

S Y S n) =S, (%, 0)]
0sksSK(n 1)

| Takmn B0 =Ty kmn Fie,,, 9|
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+ Sk (X5, D + Ty gm0y (%

0<ksSK(n o) Kmn

8 =S, (xjo' t)l

s Y RO®+RY) (x0)

0<k<SK(n, 1)

2)
+2t(mDag @+ Y[R (0]
0<ksK(n,1)

s Y RO@E+RDEMH+ Y R, x| +1(x8).

0<ksK(n 1) 0<ksK(n 1)
Fork > 0, set
M) = (2¢2/B*)8,(x) g2 (% 8,(x).
Then, from Lemma 5.7,

Y 1, (%) < (4 /B%)y(x, B) .

k20

Thus, for any b > 0, from (5.29),

PH([ sup |5, (x.0) =S, (x;, 0] > (1+ 12¢? /% ) y(x, 8) forsome xe X] (5.30)

W LA ’
n (Aio(Y.) VA (T h) ] )

<P*(R{) (x) >m,(x forsome xe X and 0<k <K@,)] n (A;:) (¥, ]“)

+P*([R%) (x) >n,(x) for some xe X and 0 <k <K@mp)] n ( A (1) )‘)

+P*([Ru(.2,2 (x) >n,(x) forsome xe X and0<k <K(n,t)] n (Aj‘:’ (Y, b) )“).

The set where the first remainder is large is actually contained in Aj(ol) . For

any xe X and te I, we have

R'(I'Oz ad Sak(x)ls.;( ')P(Ag:_(’)) x)>a, ()| F, ;1)
i<t(nm,
so that
[RS) (5 0) >, (x)]
OSkSki((n,t) nk (% N, (x

<o [Ba® ¥ PWRY>a,,(|F,; ) >28 () /Bz]
= 1<ist(n1)
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? jr () , 202, ()
c kgo[‘fgpoa 15&521(.,1)P(A"'i (x) >alF,;_)) >2B ]

C-’éjjo [asg%azl Sisz‘t(u, ‘)P (Aivi(xj) >al Fn,i- ) > 32/' ]
cald(r,).

Bounding the second remainder term in probability is more complicated. For

j 2 jo» set by(x) = B/g!2(x,B)). From the definition of ji(x) and ay(x) observe that

8,(x) <p*™ from Lemma 5.6 and a, (x) < b, oy (%) » 80 for any fixed xe X and

tel,

Lo [Rak &0 >1,()]

<polan® T a1 @1

. >2¢%82 (x) /| 3
15iftmy (a1 () <A,% ® () $a(5)] Ay

G (%)) 2023 (x) -1
c [ supa A (x)1 Gt >2e ]
k¥0'a>0 lsiszt(u,l) mE [a<A": (x) $bj (z):I

)]
LU (x)1
lejo[:g%als‘.g:(m)‘su.:(xf) la<a® (x) $b;(x)]

>2e2p%-1],

Thus, using the above, Lemma 4.3, and the definitions of the functions g(;,") and
m(,’), we see that

P*((R{) (1) >n,(x)for some xe X,reI,andk>0] n (Ajg” (x,) )‘) (5.32)

< P*([ sup, a AD (01 o
jzzj., xezx,. a>?0 lsisz‘l:(n,t) METT <A, (2) Sbi()]

>2¢2p%-! for some te 1] U (Aj(ol) () )c)

S‘Z Z (B/e)‘z'(x'W),B/(l-B/e)

< m(x,p)/(1-P/e)
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Finally, R\?) (x,) is made up of the conditionally centered increments
(Y,,','(xj._l(,) ) - Y,','(xjk(,) ) | ID:";l(x)
“E( (x5, () — Y i (%)) 11):.',‘(:0 Foio1)
which depend on x only through X From (5.24),

D' cia VM sa@®], and from Lemma 56, we know

8,(x) >B3, _, (), 50 either j,_; (x) = jy(x) +1 07 j,_; (x) = j,(x). Thus

Yni(xj.(x)__l) "Ymi(xj,(x)) if o1 (x) #j, (%)

Vi) ~Tni) = L ow

(5.33)
Furthermore, if j,_, (x) #j,(x) , on the set D%;! (x) we have
Vi %, ) = i By )| S @ (®) = 8,(0) /872 (x,8,(0) s PP /g1 2(x, B2 7).
Set kj(x) =(k:38,(x)<sp<s,_,(»n} s0 k;j(x) = k;(x;), and notice that again

from Lemma 5.6 we have 8, (x) 2B8, ., _, (x) >p/*!, so that
1 ]
Ny (o) = (262 /8*)8, (,, (8" 2 (08, (y () 22H% 2 (x,B),  (5.34)
as well as a, ,, < Bi/g'’2 (x, /). Then, for any fixed xe X, ¢ I, from (5.33) and
J
(5.39),

(2) - .U, (2)
Yo URA @ ol >n,@1 = 5y R ®0]>n, @]

2 j- j
< ;5 R, (0| > 267736172 (5, B1)]
and

[|R (x 9| >n,(x) for some xe X, ¢ 1, and k > 0]

2 28j-3,1/2 j
<; i’ioxeux,-”R"'*; (o (50| >268 7352 (x, B) forsome reI].  (5.35)

Set
E, im0 = [
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(x: -Y .(x))2
15isr(u.t)E((Y""(xJ_l) wil®)) 1[|Y,.,.-(1j_1)-Y,,‘i(xj)|Sal.(x)]

|F,iy) $2(e2 =P e?p¥—6]

ni-1

and note that E, (x0 > (AP (Y, 5)° for b<2e*(e>~p%) /B*. Then, from
(5.35), Proposition 4.1, and the definition of g(’,), we have

P*([|R{ (x,0)| >n, () forsome xe X,te T, andk>0] n (A2(Y,,5))°) (5.36)

<Y 2P"U]R,?Zj(,,(x,ol>2ezﬂ"3g"’(x,ﬂf‘)1 NE, ;(x0

J>jy x€ Xi

for some te 1)

<Y T 2 exp{-4e'B¥ g (x, B) /2(26*BY 3 +2 (- B2 %Y 6) }
i>jo x€X;

<Y Y 2exp{-g(xB)}

J>j, x€ Xj
<2p* !/ (1-B).
Combining (5.30), (5.31), (5.32) and (5.36), we have, for b<2¢? (e? - B3) /B4,

PH([ sug |S, (% 1) =S, (x5, 0] > (1+126 /%) ¥(x, p) for some xe X ]

OIS

<B°(1+B-2B2/e)/(1 - B)(1 - Ple),
which completes the proof of (5.17). o
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