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This paper contains inequalities for the expectations of
permutation-invariant concave functions and Schur-concave
functions of the partial sums of nonnegative exchange-
able random variables. Two majorization inequalities
are derived, and an application in reliability theory is
presented.

1. Introduction and Summary. For fixed n > 1 let X = (X3,...,X,)
denote an n-dimensional random vector with density function f(x) that is abso-
lutely continuous w.r.t. the Lebesgue measure or the product measure of counting
measures. Xy, ..., X, are said to be exchangeable! if f is invariant under permu-
tations of its arguments. This paper develops inequalities for the expectations of
functions of partial sums of X,...,X,.

The notion of majorization defines a partial ordering of the diversity of the
components of vectors. Let a = (a1,...,a,), b = (b4,...,b,) be two n-dimensional
vectors and let apy) > -+ 2> apy), bpy) > -+ > by, denote their ordered components.
a is said to majorize b (in symbols a > b) if

Ei‘a[,] > Z{‘b[;] forh=1,...,n-1

and XTa; = E7b;. It is known that a > b iff there exists a doubly stochastic matrix
@ such that b = a@), i.e., b is an “average” of a. A function % : R™ — R is said to
be a Schur-concave function if a > b implies 9(a) < 9(b). For a comprehensive
treatment of majorization and Schur functions, see Marshall and Olkin (1979).
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! More precisely, X1,...,Xn are finitely exchangeable instead of exchangeable. For the minor
distinction between finite exchangeability and exchangeability see e.g., Tong ((1980), p. 96).
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In an earlier paper Marshall and Proschan (1965) proved the following in-
equality: Let Xj,..., X, be exchangeable and let ¢ : R* — R be Borel mea-
surable, permutation invariant, and concave. If a;,...,a, are more diverse than
b1,...,b, in the sense of majorization, i.e., if a > b, then E¢(by Xq,...,0,X,) >
E¢(a1X4,...,a,Xy) provided the expectation exists. This inequality yields a num-
ber of useful results and implies many previously-known results as special cases
(see, e.g., Corollaries 1-3 in their paper). In this paper, we prove some related re-
sults and discuss an application in reliability theory. The results (Theorems 1 and
2) involve the expectations of functions of partial sums of exchangeable random
variables, and depend on the notion of majorization in a different fashion. For
fixed k < n, let r = (rq,...,7k) be a vector of positive integers such that E’fr,- =n.
Let X3,...,X, be exchangeable random variables and let Y, = (Yl(r), .. .,Yk(r))
denote a k-dimensional random vector such that

Yl(r) = E?Xi’ Y2(r) = 2::1;2)(5’ ceey Yk(r) = 2?1+“'+"'k—1+1Xi;
that is, Yj(r) is the sum of r; such X;’s and Yl(r),. . .,Yk(r) do not contain any

common elements. Let s = (s1,...,s;) denote another such vector and Y(*) be
defined similarly. Let ¢(y) = é(y1,...,yx) denote a real-valued function that is
permutation invariant and concave. We show that (Theorem 1) if s > r and if the
X;’s are nonnegative exchangeable random variables, then E¢(Y ) > E¢(Y®)).
The reasons for considering such a random vector Y and for studying inequalities
of this type arise from certain applications. One such application concerns the
optimal arrangement policy for parallel and series systems in reliability theory,
and is given in Section 4. In Theorem 2 we show that, by imposing an additional
condition on the joint density f, the same inequality holds for all Schur-concave
functions ¢.

Since the theorems apply to nonnegative random variables only, a natural ques-
tion is whether the same statements hold for random variables which may take
negative values. We show in Section 3 that the answer is negative even for i.i.d.
normal variables.

2. The Main Results. For the theorems stated in this section, the density
function f of X = (Xj,...,X},) is assumed to be absolutely continuous w.r.t. the
Lebesgue measure or the product measure of the counting measures. The proofs
will be given for the former. For the product of counting measures, simply change
the integral signs to summation signs.

THEOREM 1. If (i) f is permutation invariant and f = 0 for any z; < 0
(i=1,...,n), (it) (y1,...,Yk) is a permutation invariant concave function, and
(iii) s > r, then
(1) E¢®,.. .Y > E(v®,..., v,
holds provided that the expectations ezist.
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Proor. It is well- known (Marshall and Olkin (1979), Chapter 2) that it suffices
to assume that

$1>Tr12r>8=1 r1+ro=8-"+82=d
and r; = s; for j = 3,...,k. Let us define
Zi=%Xi, Zo=3%% ., X;
and Y; = YV =Y® for j = 3,..., k. Let

(2) 9(z1,22) = g(21, 22 | X0, Y3, .- -, Uk)

denote the conditional density of (Z, Z2) given Xo = (Xt41,...,Xs,) = Xo and
Y; =y; (=3,...,k). Then it is easy to check that g(z1,22) = g(22, z1) and that

E[¢(Y1(r)7 . ’Yk(r)) , (XO, Y3’ .. ',Yk) = (x03 Y3yeeey yk)]
//d’(zl + u1, 22 + U2, Y3, . - -, Yk )9(21, 22)d2z1d 2,

= // > ¢(2’1 + Uy, 22 + U2,Y3y-- - yk)g(z‘la 22)d21d22
21222
+ // < #(z1 + u1, 22 + u2,¥3, .. ., Yk )9(21, 22)dz1d22
z1<22

// {p(21 + u1, 22 + u2,¥3, . - -, Yk)
21222
+d(21 + uz, 22 + 1, Y3, . . ., Yk ) }9(21, 22)d21d 2o

I

where (u1,u2) = (Ef_}:tﬂw,-, Ef;n+1z;). Now let (vy,7;) = (E;-';Hl:v,-,O). Since
z; > 0, there exists an a = 3 € [0, 1] which satisfies

(z1 +u,z2+uz2) = o214 v1,224+v2)+ (1 - a)(z1 + v2,22 + v1),
(51 +uz,224+w) = (1-a)(z1+v1,22+ v2) + (21 + v2, 22 + 1)

for every point in {(21,22) : z1 > 22}. Thus for every fixed (xo,¥s,...,¥x) and
every such (z1, 22),

&(z1 + ur, 22+ U2, Y3, .-, Uk) + (21 + U2, 22 + U1, Y3, . -, Yk)
Z a¢(2‘1 + V1,22 + Uz,ya,---,yk) + (1 - a)¢(21 + V2, 22 + v17y37""yk)
+(1 = a)d(z1 + v1, 22 + V2, Y3, .- -, Yk) + P(21 + V2,22 + V1, U3, - - -, Yk)-

Consequently, we have
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E [¢(Y1(r)’ v 7Yk(r)) | (X07Y3a v 7Yk) = (XO’ Y3zyeony yk)]
// {¢(Zl+”1,Zz+172,y3,~-,3/k)+
21222

¢(zl + V2,22 + V1,Y3y--4 yk)}g(zl, 22)d21d22
E [¢(Y1(S), . -aYk(S)) I (XOsY31 .. ~,Yk) = (x09 Y3,y .. -’yk)] ’

v

and the conclusion follows by unconditioning. ||

In the next theorem we change the condition on ¢ to be any measurable Schur-
concave function, and impose a stronger condition on the conditional density g.

THEOREM 2. If (i) f is permutation invariant, f = 0 for any z; < 0 (i =
1,...,n), and such that the conditional density g(z1,22) defined in (2) is a Schur-
concave function of (z1,22) for every fized (xo,y3,...,Yx) and every t > 0, (ii)
&(Y1,..-,Yk) is a Borel-measurable Schur-concave function, and (iii) s > r, then
(1) holds provided the ezpectations ezist.

Proor. We shall follow the notation developed in the proof of Theorem 1
and compare E¢(Y®)) with E#(Y®) for s = r. Again it suffices to assume that
81 > 11 > 12 > 82 and r; = s for j > 2. Then the conditional expectation of

o, Y, Y, .. ) - 61, 1 Vs, V)
given (Xo,Ys,...,Yx) = (X0, Y3, - .., ¥Yk) is
A= //{¢*(Zl + u1, 29 + ug) — ¢*(21 + w1 + u2, 22)}9(21, 22)d21d 2,
where

" (Y1, 92) = O(¥1,¥2, Y35 - - - » Yk)

and g is the conditional density of (Z1,Z2). It is straightforward to verify that,
after following the same steps as in the proof of Theorem J.1 in Marshall and Olkin
(1979, p. 100), we have

A= // S {87 (21, 22+ u2) — 9" (21 + u2, 22) Hg(21 — u1, 22) — 9(21, 22 — w1) }dz1d2s.
21222
Since ¢* and g are Schur-concave functions and u; > 0 (i = 1,2), we have

(71 +ug,22) > (21,22 + u2),
(71,22 —w1) > (21— u1,22)

and A > 0. Thus the conclusion follows by unconditioning. ||
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REMARK. Proschan and Sethuraman (1977) previously proved that if Xy,...,
X, are i.i.d. nonnegative random variables with a common density that is log-
concave, then the conclusion in Theorem 2 holds. Their proof depends on an
application of the main theorem in their paper and on a TP, property of the
convolution of log-concave densities given in Karlin and Proschan (1960). It is
noted here that their result now follows immediately from Theorem 2. This is
so because if Xy,...,X, are i.i.d. random variables with a common density that
is log-concave, then X2 X; and E:ii?}(; are independent random variables with
a common density that is also log-concave (see e.g., Das Gupta (1973, Theorem
4.2)). Consequently, the joint density of (2{2X.~,E::ii2X;) is a Schur-concave
function and Theorem 2 applies.

In most applications, the assumption on the Schur-concavity of the conditional
density g(z1,22) is not easy to verify. It is clear that if the following conjecture
concerning the convolution of Schur-concave random variables is true, then the
assumption holds when f (the joint density of X) is a Schur-concave function. We
state the conjecture in a more general form without assuming that the random
variables are nonnegative.

CONJECTURE. For n = mk and X = (Xq,...,X,) let
Zi = 2 i Xis 3=1,2,..0k

If the joint density of X is a Schur-concave function of x for x € R", then the
joint density of Z = (Zy,...,Z) is a Schur-concave function of z for z € RF for
all positive integers k£ and m.

It is not yet known to us whether this conjecture is true for continuous ran-
dom variables. However, the following counterexample shows that at least for the
discrete case, it is not true.

EXAMPLE. Consider k = m = 2, and assume that (X3, X2, X3, X4) takes only
integer values 0,1,2,3. Let Z; = X3+ X3, Z3 = X3+ X4. Then P[Z, = 4, Z, = 2]
is the probability of the set of the following points:

(3,1,1,1), (1,3,1,1), (2,2,L,1), (22,20 (220,22
(3,1,2,0), (3,1,0,2), (1,3,2,0), (1,3,0,2)

Similarly P[Z; = Z; = 3] is the probability of the set consisting of

(2,1,2,1), (2,1,1,2), (1,2,2,1), (1,2,1,2),
(2,1,3,0), (2,1,0,3), (1,2,3,0), (1,2,0,3),
(3,0,2,1), (3,0,1,2), (0,3,2,1), (0,3,1,2),
(3,0,3,0), (3,0,0,3), (0,3,3,0), (0,3,0,3).

If the joint density of (X1, X2, X3, X4) takes values of 1/14 for each of the points
(3,1,1,1), (2,2,2,0), (2,2,1,1) and each of their permutations, and zero otherwise,
then it is a Schur-concave function on the product of integer space, and we have
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PlZi=4,2, =92 = 1—54 > ﬁ- = PZ,=3,7,=3]. |
3. An Example For Random Variables Which Are Not Nonnegative.
It might be tempting to think that results similar to our Theorems 1 and 2 also
hold when the condition that X; > 0 a.s. is removed. This is not true even for i.i.d.
normal variables. In the following, we give an example to show that the conclusion
of Theorem 2 does not hold without this condition. An example for Theorem 1
can be obtained similarly.

Consider, for n = 2m, independent normal variables Xj,...,X, with mean
zero and variance one. For ¢t < m consider

Y = 22=1Xi, Y, = 2?+1Xi’

and denote W =Y, Y2,V =Y, +Y2 = E1X;. Then (W, V) has a bivariate normal
distribution with means zero, variances n, and correlation coefficient (2¢t/n) — 1.
Thus the conditional distribution of W given V = v is normal with mean 1(2¢t—n)v
and variance U%V|V=v = 4t(n — t)/n. Now choose n = 4, s = (3,1), r = (2,2).
Clearly the conditional density function g(z1, 2z2) of (X1, X4) given Xo = (X2, X3)
is Schur-concave. For an arbitrary but fixed € > 0 let us define

- w)? for 0L |y +y2|<e
(y1,92) = { 0 otherwise,

then ¢ is also Schur-concave. From the joint distribution of (W, V) clearly we have

E [{$(X1, 25X:) - $(Z1X;, £4X0)} | T4X; = 0]
= —Var((X; - Z4X;) |V = Z1X; = 0) + Var((22X; - B3X;) | V = 0)
(-3+4)=1>0.

Thus by continuity there exists a small € > 0 such that

E [¢(X1,54X;) - $(S2X;, B4X)]

€
= / E [{- | X1 - B4X; [ + | B3X; - B4X; [} | 54X = o] dP [21X: < o] > 0.

—C

4. An Application in Reliability Theory. In this section we state an ap-
plication of Theorem 1 in reliability theory. Consider n exchangeable components
with life lengths X3,..., X, which are obviously nonnegative. If the components
are manufactured independently, then the joint density f of the X;’s is the prod-
uct of the common marginal densities; otherwise if they are manufactured under
the influence of some common factors or under a common environment, then it is
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well-known that f is a mixture and the random variables are conditionally i.i.d.
In either case f is permutation invariant.

Suppose that a system consists of k subsystems, and that the j-th subsystem,
consisting of r; > 1 such components, is required to operate properly with one
component in operation and the others in a standby capacity (j = 1,...,k). Then
the life length Y; of the j-th subsystem is 2::1:::::;_1+1X,-. Let Y1) < Y3 <
-+« < Y{x) denote the order statistics of Y1,...,Y; and r = (r1,...,7%) be an
allocation vector such that r; > 1 and Z¥r; = n. When the subsystems are
connected in series, then the life length of the system is Y(;). On the other hand
if they are connected in parallel, then it is Y(;). Now for fixed ¢; > 0, Efcj'y(j) is a
permutation invariant and concave (convex) function of (y1,...,yx)ifc1 > -+ > ¢k
(if ¢ < --+ < ¢k). Consequently, Theorem 1 provides a partial ordering for the
expected life length of the system for series and parallel systems. In particular,
for series systems the optimal allocation policy is such that | r; — r; | < 1 for
all j # 7', and for parallel systems an optimal policy is that ry = n — k + 1 and
rg=+-+=7 = 1.
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