A NOTE ON ESTIMATORS OF GRADUAL CHANGES
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In the present paper we focus on the estimators in location models with gradual changes
described by power a that can be known or unknown. Least squares type estimators of the
parameters are studied. It appears that the limit behavior (both the rate of consistency
and limit distribution) of the estimators of the change point in location models depends
on the type of gradual changes.
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1 Introduction and main results

Consider the location model with a change after an unknown time point my:
1 — Mp\ 0 )
n)+ +e,1=1,..,m,

(11) Y; ::u'"l'én(

where a4 = max(0, a), p,0, # 0 and m,(< n) and ¢ € [0,1] are unknown
parameters. We assume that

e1,..., ey are independent identically distributed random variables

1.2

(12) Ee; =0, 0<o0?< oo, E|ei|2"'A < oo with some A >0
and

(1.3) mp, = [yn] with some 7 € (0,1),

where [a] denotes the integer part of a. Concerning the slope parameter d,,
we assume that, as n — oo,

V76n|
(1.4) |0n] — O, Toglogn — 00

which covers local alternatives (8, — 0), and if ap # 0 also fixed alternatives

(6, = 6 #0).

1 This research was supported by the grant GACR-201/97/1163 and by the grant
CES:J13/98:113200008.
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We study the least squares type estimators ﬂn,gn, O, Moy, of the param-
eters y, 6, 29, My. These are defined as the minimizers over 4 € R, § € R,
a€f0,1]] and k=1,...,n of

> (h-n-s(C25))

1=

Straightforward (but tedious) calculations give that

1 ~ 1 /i —Mp\an
(1.5) un—ﬁ;(n—anﬁ( =).)
- raz = (an)Ys
(1.6) By = 2 i f) '
=1 xi,;,‘l" (Otn)
while @, and My, are the maximizers over o € [0,1] and k =1,....,n — 1 of
(1 7) |Z?:1 xik(a)}/’il
. 5
(S (wir(@))?)
where - Lk
(" =F\ _ 12 TR\
mzk(a)-—( - )+ njzzl( - )+, i=1,..,n.

If there are more solutions we take the pair m,, &, with the smallest first
component.

The parameter m,, is the change point and it is the parameter of main
interest. The parameter ag characterizes the type of change (abrupt - oy =0
or gradual ap > 0) and it is usually also of interest, whereas u, , and o?
are nuisance parameter.

The case when ag € [0,1] is known has been studied in the past, e.g.
Horvéth and Csorgé (1997), Antoch and Huskova (1998) for survey results
in case ap = 0 and Huskova (1999) for ag € (0,1]. However, in reality o is
usually unknown.

Related test procedures with ap = 0 or oy = 1 are studied in a number
of papers, see e.g. Hinkley (1971), Lombard (1987), Jaruskova (1998a,b),
Csorg6 and Horvath (1997), Siegmund and Zhang (1994).

We will study here the limit behavior of the estimators 7, and &, and
compare it with the limit behavior of the corresponding estimators if only
one of these parameters is unknown.

We use the notation, for v € (0,1) and a € (1/2,1] (or for [1,1] in the
case of a11),

(18) A7) = (aii(07)), .

z,]=1,2’
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anon) = ([ @= % log e —7)sdo

2

(1.9) (/1(y 7)% log(y — 7)+dy)”) +
(fo(w )3 log(z — 7)+dz — [y (y = 7)% log(y —1)+dy Jo (z — 7 d2)2
Jo (@ = )3ede — (Jy (y — )3 dy)?

oamle) = ([ (o= e - ([ (-5 )

(1.10) 2 (S =Ptz - fy (v -7 dy fy (= - ’)’)‘j‘_dz)z
Jo (@ —v)3edz — (f3 (y — 7)3 dy)? ’

ora(erm) = an(a,) =a( [ (o =2 logle — 7)o

)

([ @) )2 logle —7)1de)
—a( [t ([ (-3 @[ - 5de)
fo (& — 1) log(z — 7)+dz — f5 (y — 1)%dy Jy (2 — 7)% log(z — 7)+dz

Jo (@ = 7)3*log(z — 7)+dz — (fy (y — )% dy)? ’
The integrals can be easily calculated, however, the resulting expressions are
neither simpler nor more transparent, e.g. a11(0,7v) = v(1 —~v)(log(1 —v) —
12+1—vy—log(l—7)+(1-7"

In the following, a’*(c,7y) denote the elements of the inverse matrix
A e, ):

We formulate the main results in three theorems that cover the cases. In
Theorem 1.1 we consider ag € [0,1/2), in Theorem 1.2 we consider op = 1/2
and finally in Theorem 1.3 the case ag € (1/2,1].

Theorem 1.1 (g € [0,1/2)) Let (1.1)-(1.4) be satisfied. If ag € [0,1/2),
then, as n — oo,

1/(2a0+1) M., — M
(1.12) (42n) A
(1.13) dnv/n(@n — ap) D, N(0, a2a1_11 (@0,7)),
where

(114) Vi = argmax{Wal(t) - / " (e + 13 —2%)%dz/2; t € R},

—0o0



348 M. Huskova

with {W,(t);t € R} being a Gaussian process with zero mean and covariance
structure, for s,t € R,

o0
(115)  cov(Walt), Wals) = [ ((@+8)2 —a2) (e + 1) —23)ds,
If ag = 0 then, as n — oo,

My — M.
6n\/ﬁ(an - aO) _D) max(Y, O)’

where Y has distribution N(0,02a7;}(0,7)). The estimators &, and i, are
asymptotically independent.

Theorem 1.2 (ag =1/2) Let (1.1)—(1.4) be satisfied. Ifag = 1/2, then,
as n — 0o, (1.13) holds true and

(1.16) S/ Y 1°g(";_ M) i, =

- Tn D, N(0,0?).

The estimators &, and m, are asymtotically independent.

Theorem 1.3 (a9 € (1/2,1]) Let (1.1)—(1.4) be satisfied. If o € (1/2,1),
then, as n — oo,

(117) buv/n ((Aa" o ) 25 Ny (8) 0247 (a0, 7)),

M — Myp) /1

where A~1(ay,v) denotes the inverse matrix to A(ag,7). If ag = 1, then, as
n — 00,

S /Ny —1) -2 min(Mi, 1)
and
SN (i, — my) /0 B My,

where My has distribution N(0,02a5, (1,7)) and M, has distribution
2N (0,0%a5; (1,7)) + 3N(0,0%0%(1,7)).

The proofs are postponed to the next section. Here we discuss various
consequences of the stated results.

Note that the rate of consistency of &, depends neither on oy nor m,
while the rate of consistency M, depends on «p.

The best rate of consistency of &, is reached for o9 = 0, and the worst
one for ag € (1/2,1]. This is in accordance with the results of Ibragimov
and Hasminski (1981) concerning consistency of estimators in regular, almost
regular and singular cases.
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If op is known then comparing the results of the present paper with
Theorems 1.1-1.2 in Huskova (1999) we realize that in case ag € [0,1/2] the
limit behavior of M, is the same as if o is unknown. In case o € (1/2,1]
by Theorem 1.3 in Huskova (1999), as n — oo,

Snv/n(in — mn)/n ~2 N(0,0%agy! (a0, 7)),

which means that the rate of consistency and the type of limit distribution
remains the same, however, the variance is smaller in case of ap known.

If the change point m,, is known then it can be proved along the line of
the proofs of Theorems 1.1-1.3 that (1.13) remains true for aqg € [0,1] (not
only for o € [0,1/2] when m,, is unknown).

It can be shown that if g is unknown then the estimator m,(a) defined
as the maximizer over k =1,...,n—1 of

| X8, zik(@)Y]
(T8 (@i(@))?)

with a € [0,1] prechosen, does not even need to be consistent. It should be
pointed out that if ag € [0,1/2] the estimator 7, is not generally asymptot-
ically optimal; there exists a Bayesian like estimator that performs better.

These results together with some related problems will be discussed in
a separate paper.

The present results can be extended to other types of estimators, e.g. to
M- and R-estimators. Other type of gradual changes can also be considered,
e.g. Yi=pu+ 0ng((mn —k)y/n;0) +ei,i =1,...,n, where g(t;0) is a known
nonincreasing smooth function in ¢ € [0,1) and a smooth function in 6; and
@ is a nuisance parameter. The type of smoothness then determines the limit
behavior of the estimators.

Concerning the limit behavior of the estimators fi, and 3,,, it can be
shown, using standard techniques, that their limit behavior is not affected
by the fact that ag and m, are known or unknown.

2 Proofs

We start with some lemmas. The proofs of Theorems 1.1-1.3 are at the end
of the section. Some of the lemmas are quite technical and require tedious
calculations. We try to shorten them.

Lemma 2.1 Let assumptions (1.1)-(1.4) be satisfied. Then, for a € [0,1],
as n — 0o,

(2.1) max | X zik(@)el = Op(v/loglogn),

1/2
B0 (1 )
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(2.2) o\ max | X ﬂlcilc(Ot)t‘iﬂ2
<k<n(l—e¢),a€(0,1] ( n 932k(01))

=0p(1)

for any € € (0,1).

Proof This is a slight modification of Lemma 2.5 in Huskova (1999) and
therefore the proof is omitted. =

Lemma 2.2 Let assumptions (1.1)-(1.3) with a € [0,1] and (1.4) be
satisfied. Then, as n — oo,

an i) Q.
(i, — myp)/n -5 0.

Proof Clearly, for k=1,...,n—1, and a € [0,1],

(2.3) Yimizw(@Ye Y zik(a)es L5 z?zlwik(a)wim,.(g)

(Tmih@)”  (Tme@)”  (Emiek)

The first term on the right hand side of 2.3 is stochastic one and by Lemma 2.1
the maximum of its absolute values over k and « is of order (loglogn)/2.
The second term on the right hand side is nonstochastic and elementary
calculations give

I 1 Z?:l xi,[nt](a)zi,m(aﬂ)
s ¢ p— 1/2
n (Zi=1($i,[nt] (a))z)
_ fol (x —7)(z — t)3dr — fol(a: —v){dz(z — t)%dz
Jo (@ — )2 — (Jy (z — )3 dz)1/2
= Q(a7 Q, t7 ’Y)’

(say), for t € [0,1), v € (0,1), and o, ap € [0,1]. By the Schwarz inequality,
for ¢ € (0,1), v € (0,1), @, o € [0, 1],

|Q(av ap, i, 7)' 1/2
W < Q / (a0aa0a7,7),
where equality holds only with a = ag, t = 7. The function Q(.) is continu-
ous in all variables. This implies for ay, € [0,1], and v € (0,1),

|Q(O{, oo, t, 'Y)'

te(O,‘y—e)a‘U)%'y+e,l) { QY2(a, a,t, t)
a€(0,ap—€)U(ag+e,1)
a€lo,1]

} < Q1/2 (ao, ao,7, 7)’
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for € > 0 small enough. This in combination with the property of the
stochastic term on the right hand side of 2.3 implies the assertion of our
lemma. =

To obtain stronger properties than the above consistency we have to
investigate both stochastic and nonstochastic terms in more details.

The estimators 7, and &y, can be equivalently defined as the maximizers
over k€ {0,1...,n—1} and @ € [0,1] of

( i1 Tk (a)Yi) ’ ( =1 Tim, (aO)Yi) 2

(2.4) e x?k () - =1 zgmn (a0)

It is useful to decompose the single terms as follows

2 2
25 (Ziza(@¥)  (ZLizim(e)Y:)
' ?:1 x'?k(a) 2?:1 wzzm (aO)

= Ay + 26, (Bk1 + Bkz + Bi3 + Bia) — 62(Cr1 + 2Cka + Ciz + Cha),

for k=1,...,n, a €[0,1], where

( i -Tik(a)ei)z ( Yin ﬂcim(ozo)ei)2

Ay =

?:1 $3k(a) B ?’=1 mzzm,n (a()) ’
n
Bii = Y (Tim, (@) — Tim, (0))ei,
~
z‘n
Br2 =Y _(zik(Q) — Tim, ())ei,
=1

?

— - . . Z?: Tim, (a) (zimn (a) — Timp (040))
Bra == 2 aulo)es == " 22 (a)

By = — an zik(@)e; i1 2ik(2) @ik (@) — i, (2))

i—1 ?:1 ‘Tz?k (a) ’
n (Z'-'— Tik (@) (Tim, (@) — xim(QO)))z
Cr1 = ;(ximn (@) — Zim, (0p))? — = Sy ;fk(a) )
Gl = 3 (@(8) — Zima (00)(Bim (@) — Zim (00))
=1

Yim1 Tik (@) (Tim, (@) — Tim, (ao)))

i1z (a)

)

- (z": xik(a)(.’vik (Ol) — Tim, (a))) (
i=1
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n

Ciks = Y (2ik(@) — Tim, (@))%,

i=1
(S 2ir(0) (@it (0) — Tima (@)

Yzl ()

Crs = —

Notice that
Ce1+...4Cry 20, k=1,.....,n—1,

var{Bkl + ..+ Bk4} = 0'2(Ck1 + ...+ Ck4).

In the next few lemmas we investigate the single terms Cis and Bys for
a close to ag and k close m,. We start with Cys.

Lemma 2.3 Let assumptions (1.1)-(1.4) with a9 € [0,1] be satisfied.
Then, as a — o and |m, — k|/n — 0, n — oo:

(2.6) %Ckl = (a - ap)?a11(@0,7) (1 + o(|a — | + 1))

my, — k

(2.7) %Ckz = (a— ap) a12(ap,v) (1 + oja — ap|* + 1)),

%CM = —(mnn_ k)za%
(e = m)2e0-1da — f(y =) 1dy J3 (z — 7)°0dz)
J{(@ —7)Peodz — ([ (@ — 7)o Tdy)?
x (1+offa — gl +1)).

(2.8)

uniformly for |k — my| = o(n) for some k > 0.

Proof We derive the assertion for one term only, since others are treated
in the same way. We have

1 &n = ma\&  fi—mpyen? (& 1IN i —mpy 28
() () = [ ()?
log? (i——rzn—n)+)dﬂ = /a: (/: (xz — ’Y)i—ﬂ log(z — 'y)+d:1:)d,6
P i/n | — M\ 28 i — my,
+ ag (E‘/(‘i—l)/n ((Z—ni)+ 10g2 (%)4—
— (& =) log(z — )+ )dz) dB

= (2 a0) [ (5 =2 log?(z =) da(1 + offa— )" + 1),
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where we used elements of classical calculus. =

Lemma 2.4 Let assumptions (1.1)-(1.4) be satisfied. Then, as o —
and n — 00,

(1) for a € (1/2,1]:

(2.9)

20 = (M=) ([ e~ ([ - moay?)
X (1+o(la — ag|® + 1)),

uniformly for |k — my,| = o(n) for some k > 0.
(2) fora =1/2:

(14 o(ja — ag|® + 1)),

k— mn)Qlog(n — My)
n 4
uniformly for |k — my| = o(n) for some k > 0.

(2.10) %Ckg = (

(3) for a € 0,1/2):
k—my,

1 2a0+1 [ ap ap\2 K
(2.11) ﬁck3=| | / (@+1)%° —2%°)2dz (1+0(la—ap|*+1)),
—00

uniformly for |k — my| = o(n) for some k > 0.

Proof The lemma is a slight generalization of Lemmas 2.2-2.4 in Huskov4
(1999) and therefore the proof is omitted. =

Lemma 2.5 Let assumptions (1.1)—(1.4) be satisfied. Then for o € [0,1],
as a — ag and n — o0,

Bpri + Bz = (a — o) Ya1 (1 + op(|a — abln + 1))

uniformly for |k — my|/n = o(1) for some k > 0, where

)+(ei - én) - Ezimn (QO)eix
=1

n .

212) Yu=>( —nm")i° log (

i=1

i—mn

Jo(z =72 log(z — 7)+dz — (Jy (¥ — 7)dy) (Jy (z — 7)5° log(z — v) +.d2)
Jo (x —)20dz — (f5 (y — v)3°dy)?

Proof The crucial part of the proof is to show that
() - () e = e X ()

xlog (L) Jex(1+ oyl — ol + 1),
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Clearly,

1 &Kt mane i—my _
Sn(a) = n 12:; (( - )+10g( - )+)e,, a € [0,1],
is continuous in o and we have for all 0 < a;,as <1 and n large enough

E(Sn(az2) — Sn(a1))?

< (az— al)z;ll_i ((Z__ﬁ’l)"‘2 B (i_—ﬂ)‘:zl)z x log? (z —nmn)+

i=1 n + n
< (0{2 - a1)207

for some C > 0. Hence by Theorem 12.3 in Billingsley (1968) we have that
the sequence S, = {Sn(a),a € [0,1]} is tight and also

%g((z —nmn)ilog (z _nmn)J,)ei _ ; ((z —-nmn)io log (z - m")+)e,~

n

X (1 + 0p(Ja — ao|* + 1))

uniformly for @ = ap and n — oo. The lemma is proved. =

The following lemmas are slight generalizations of Lemma 2.6-2.9 in
Huskové (1999); their proofs are omitted.

Lemma 2.6 Let assumptions (1.1)-(1.4) be satisfied. Then for o € [0, 1],
asa — ap and n — o0,

my, —k

Byy = —

Yan (1 + op(Ja — aol* + 1))

uniformly for |k — my|/n = o(1) for some k > 0, where

Yon =g Y Tim,, (e0)e;
(2.13) =1 . . .
o =¥ e — iy =) dy Jy (2 — )5dz
Jo (@ = 7)3%dz — (fy (z — 7)) dy)?

Lemma 2.7 (o9 € [1/2,1]) Let assumptions (1.1)-(1.4) be satisfied. Then,
asa— ap and n — oo,

(1) for ag € (1/2,1]:

my, — k

Bio = Y3n(1 + op(|la — agl* + 1)),
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uniformly in |k — my|/n = o(1) for some k > 0.

(2.14) = ag Z (

(2) for ap =1/2

)" e~ 7).

k1 1—m
Bip = — 52; (— ") i1+ op(la— aol* + 1)),
uniformly for |k — my|/n = o(1) for some k > 0.

Next, we introduce the process Voo 1 = {Vna(t); [t| < T} with a €
[0,1/2), T being a positive number and

k—m,

V,m( (n&2)Y@)) = 6, Bry, k=1,....,n,

and piecewise linear otherwise.

Lemma 2.8 (a9 € [0,1/2)) Let assumptions (1.1)-(1.4) be satisfied. Then
for any € > 0 and n > 0 there exist Hj, > 0, j = 1,2, and n, such that for
n 2> ny

B
P( max max | 2] > 17) <n
la—ao|<Hin €>|k—ma|/n>Hay(62n)1/ (2a0+1) IJ |Cks —

and,asa—)ao andn—)oo,
L'rwz,T — Ouao,T,

where Wo, 7 = {Way; |t| < T} is a Gaussian process with zero mean and
the covariance function given by (1.15).

Proof of Theorem 1.3 The proof is divided into two steps. First we
show that, as n — oo and a = ag

(2.15) (M~ mm)/n=0p((6avn) ™),

(2.16) an — ag = Op((8nv/n)™"),

and then the limit distribution of M, and & will be derived.
By Lemma 2.2 it suffices to investigate

{Ak + 26, (By1 + ... + Bia) — 02(Ck1 + Ckz + 2Ck3 + Cra) }

max
|a—ao|<e€,lk—mn|/n<e
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for € > 0 small enough. Denoting
Gp = {(a, k); la — ag| < D(|5n|\/7_7')_15 |k —mg|/n < D(I(snl\/ﬁ)_l}
and
Hp = {(o,k);|la —ag <€, |k —my|/n <€} —Gp
we notice that for any D > 0 and € > 0 small enough
nclix{(sﬁ(cld +2Ck2 + Cik3 + Cra)} =0,

and by Lemmas 2.3-2.4
H}}ax{—tsﬁ(ckl +2Ck2 + 2Ck3 + Cka)} = max(—D?(a11(a0,7) + 2a12(c0,7)

D

+ az(a0,7)) — D?a11(,7), —D?ag(c0,7)} x (1+ o(1))
where a;; (g, y) are defined by (1.9)—(1.11). Clearly, a11(ao,7)+2a12(a0,7)+
ax(ag,y) > 0. By assumption (1.4) and by Lemma 2.1 we find that the
terms Ag’s are negligible and also that for D > 0 large enough the non-
stochastic terms 02 (Cj; + Cia + 2Ck3 + Ci4) dominate the stochastic terms
0n(Bk1 + Bka + B3 + Bia) for (a, k) € Hp with probability close to 1. Since

rrl}z})x |6n]|Bk1 + ... + Bia| = Op(|6n|v/n)

and since D can be chosen arbitrarily large we find that (2.15)—(2.16) hold
true.

In order to obtain the limit behavior of our estimators we investigate
the maximum of

(2.17) 20, (Bi1 + ... + Bia) — 02(Cr1 + 2Cka + Ci3 + Crs)

over the set Gp.
Writing @ = ap + t1(0nv/n)"! and k = m + tan(d,/n)~! we get by
Lemmas 2.3-2.7 that our problem reduces to investigating the maximum of

— (Ba11(ag, ) + 2t1taa12(a0, ) + t2a22(c0,7))

1 1
+ 2t %Ym + 2t —=(Yan + Y3,)(1 + o(1)).

vn
with respect to ¢; and t3. Since A(ap,y), defined in (1.8) is a positive definite
matrix and since by the CLT (Yi,/v/n, (Y2n + Y3,)/1/n) has asymptotically
N((0,0)T,0%A(ao,7)) distribution, we find after some standard steps that
the assertion of Theorem 1.1 holds true. =

Proof of Theorem 1.2 We proceed similarly as in the proof of Theo-
rem 1.3. Checking the behavior of B’s and Cy’s for o = 1/2 (Lemmas 2.3—-
2.8) we realize that, as n — oo and a — oy,

1

ECkS = 0((

|k — my|

)2 log(n — mn)), Cia = 0(Ck3),
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1 Ik — My
7‘,—LBk2 = Op(—ﬁ—l(log(n - mn))m), By = 0p(Bg2)

uniformly for ¥ — m, = o(n). The terms Cji,Cis and By, Brs are not
affected in this way, which leads to the conclusion that the rate of consistency
of @y, is the same as in case ap € (1/2,1] while for 7, we have, as n = 00
and o = ap

(in, — M) /m = Op ((6nv/n) " log™/2(n - mn)).
Moreover, it is enough to study the maximum of
26, (Bk1 + Bra + Bis) — 62(Cr1 + Cks)

over a properly modified set Hp. The proof is now finished in the same way
as of Theorem 1.3. =

Proof of Theorem 1.1 This is omitted since it is in principle the same
as that of Theorem 1.2. w
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