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THE NORMS OF POWERS OF FUNCTIONS IN THE 

VOLTERRA ALGEBRA, II 

G. A. Willis 

In this note we provide an example of a weight sequence { wn} n::::: 1 which 

satisfies (i) w ::::: 0, (ii) w :s w w , (iii) j/n--+ 0, and (iv) wl/n is monotone n n+m n m n n 

decreasing, but for which there is no positive p, E (L 1[0,1 ],*) with w = IIJ-Lnll for 
n 

every n. This answers the problem of [1], whereas, as detailed there, the example of 

[2] is for a different, albeit related, problem. 

~ LEMMA. If p, E (L 1[0,1],*) is positive and non-nilpotent, then 2 --+ 0 as n--+ oo. 
111-Lnll 

1 

Proof. It is shown in [1] that IIJ-Lnlln is monotone decreasing. Hence, 

1 

llttn+lll _ (llttn+llln+lt+l 

lll'1nll - ( IIJ-Lnlll/n) n 

that is, the sequence ( ll11nll ):=l is regulated. 

Nowlet J={fEL1[0,1]:lim11h;lll= Then J isaclosedidealin 
n--+ oo IIJ-Ln II 

(11[0,1],*), [2]. Since 11 is not nilpotent, inf(supp(J1)) = 0, and since p, E J it follows 

that J = L 1[0,1). Therefore, lim llhttnll = 0 for every f E L 1[0,1). If p is a 
n--+oo IIJ-Lnll 

probability measure with support contained in (0,~), then IIP*ttnll ::::: llb'1; 2*ttnll and 

so 
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For each n, write J.tn = ttin) + J.t;n), where 

(n) _ n 
1 J.t2 - J.t (1/2,1]" 'Then llttin)ll = 1!61; 2*ttnll and 

Therefore, 

2n l!(in))21!+21ltt(n)*J.t(n)ll lliC1L 1 1 2 

llttnll 2 - llttnll 2 

< 1!61/2*J.tnl!2+211 61/2*/.lnlllltt~n)ll 
- llttnll2 

:::; [1161/2*J.tnll]2 +21161/2*/.lnll --10 as n--+oo. 

llttnll llttnll 

Now let {Mn}:=1 be any positive sequence which increases to oo. Set 

-nM 
w = e k if 4k-1 :::; n < 4k. Then {w }00 satisfies (i)-(iv) but for each n n n=1 

k = 1,2,3, ... 

k k 
-2·4 Mk+1 [ -4 Mk+l]2 2 

w k = e = e = (w k) , 
2·4 4 

w 
and so 2~ ~ 0. 

w 
n 
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