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Abstract.

Let R and R’ be p-sheeted unlimited covering surfaces of the
once punctured Riemann sphere C \ {0} of Heins type which are
quasiconformal equivalent to each other. Then the cardinal numbers
of minimal Martin boundaries of R and R’ are same.

Let R be a 2-sheeted unlimited covering surface of the once punc-
tured Riemann sphere C \ {0} of Heins type and R’ be an open Rie-
mann surface. If R and R’ are quasiconformal equivalent to each
other and the set of branch points of R satisfies a condition, then
the cardinal numbers of minimal Martin boundaries of R and R’ are
same.

§1. Introduction.

Let W be an open Riemann surface. We denote by A} the minimal
Martin boundary of W. In [8], it was showed that there exist open Rie-
mann surfaces F' and F’ quasiconformally equivalent to each other such
that F’ possesses nonconstant positive harmonic functions although F
does not possess nonconstant positive harmonic functions. This means
that $AF " > 2 although $Af = 1, where §4 stands for the cardinal
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number of a set A. Needless to say, the above F and F’ are of posi-
tive boundary, i.e. F and F' admit the Green function (cf. e.g. [16]).
However, in case open Riemann surfaces F and F’ are of null bound-
ary (i.e. not positive boundary), it does not seem to be known whether
AT = $AF or not if F and F’ are quasiconformally equivalent to each
other.

Consider two positive decreasing sequences {a,} and {b, } satisfying
bp+1 < an < b, <1 and lim,,oca, = 0. Set G = C\ ({0} U I), where
C is the extended complex plane, I = U I, and I, = [an,bn]. We
take p copies Gi1,--- ,Gp of GG and join the upper edge of I, on G; with
the lower edge of I, on Gj41 (j mod p) for every n. Then we obtain
a p-sheeted covering surface R of the once punctured Riemann sphere
€\ {0} and say that R is of Heins type(cf. [4]).

In this paper, we are concerned with p-sheeted unlimited covering
surfaces of the once punctured Riemann sphere C \ {0} of Heins type.
Consider p-sheeted unlimited covering surfaces R and R’ of C\ {0} of
Heins type which are quasiconformally equivalent to each other. Then
it seems to be valid that AR = AR (cf. [12], [10], [18]). The first
purpose of this paper is to give an answer to this conjecture. Namely,

Theorem 1. Let R and R’ be p-sheeted unlimited covering surfaces
of the once punctured Riemann sphere C\ {0} of Heins type which are
quasiconformally equivalent to each other. Then it holds that {AR =
HAF.

Let R be a 2-sheeted unlimited covering surface of C\ {0} of Heins
type with the projection 7 from R onto C\ {0}. We have the following.

Theorem 2. Suppose that by, — by11 ~ 27", that is, there exists a
constant a(> 1) witha™127" < b, —by11 < a2 " (n € N). Let R’ be an
open Riemann surface and f a quasiconformal mapping with R’ = f(R).
Then it holds that {AF = AR

The author would like to express his sincere thanks to the referee
for his valuable comments.

§2. Preliminaries.

In this section we consider as R a general p-sheeted unlimited cov-
ering surfaces of the once punctured Riemann sphere C \ {0} Let AR
and Af be as in §1, and 7 the projection map from R onto C\ {0}. Set
D= {x € C||z| <1}, Dy = D\{0} and Ry = 7~ (D). It is well-known
that Afo and AR are identified with ARU7~1(4D) and ARUZ=1(dD),
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respectively, where 0D = {z € C | |z| = 1}. From now on we consider
Dy (resp. Ryo) in place of C\ {0} (resp. R) since C\ {0} (resp. R) does
not admit the Green function. Let g¢ be the Green function on D with
pole at 0.

Definition 2.1 (cf. [2]). We say that a subset E of Dy is thin at 0
if DRg) # go, where DRgEO is the balayage of gg relative to £ on D .

If E is a closed subset of D, it is well-known that E is thin at 0 if
and only if 0 is an irregular boundary point of D\ E in the sense of the
Dirichlet problem.

The following lemma gives the quasiconformal invariance for thin-
ness.

Lemma 2.1 (cf. [10],[18]). Let M be a subdomain of C and ¢ a qua-
siconformal mapping from C onto C. If  is an irregular boundary point
of M in the sense of Dirichlet problem, o({) is an irregular boundary
point of p(M) in the sense of Dirichlet problem.

Definition 2.2. A subset U in D which contains 0 is said to be a
fine neighborhood of 0 if D\ U is thin at 0.

Let k¢ be the Martin function on Ry with pole at { € AR If we
take a sequence {z,} in Ry such that lim,_ . z, = {, we can give a
definition of k¢ by the following.

. gz, (T)
ke(z) = lim ==~
C( ) n—oc gy (To)
where zg is a fixed point in Ry. For details we refer to [3] and [5].
Definition 2.3. Let ¢ be a point in AF and E a subset of Ry. We
say that E is minimally thin at ¢ if ROREC # ke.

Definition 2.4. Let ¢ be a point in A and U a subset of By. We
say that UU{(} is a minimal fine neighborhood of ¢ if Ro\U is minimally
thin at (.

The following proposition gives the characterization of §Af in terms
of minimal fine topology.

Proposition 2.1 ([11]). Let M be the class of subdomains M of
Do such that M U{0} is a fine neighborhood of x = 0. Then it holds that

AT = max np(M),

where ng(M) is the number of connected components of m~'(M) and =
is the projection map from R onto C\ {0}.
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§3. Proof of Theorem 1.

In this section we first consider as R a general p-sheeted unlimited
covering surfaces of the once punctured Riemann sphere C\ {0}. Let AR
and AR be as in §1, and 7 the projection map from R onto C\ {0}. Let
D, Dy, and Ry be as in §2. The next proposition will play an important
role for the proof of Theorem 1.

Proposition 3.1. Let R’ be an open Riemann surface and f a
quasiconformal mapping with R’ = f(R). If§AF = p, then fAR = liAR

Proof. By Proposition 2.1 we find a subdomain M of Dy such that
Do \ M is thin at 0, M \ {0} may consist of infinitely many Jordan
curves and

ﬁAf = nR(M)a

where ng (M) is the number of connected components of 7= (M). By the
assumption of this proposition ng(M) = p. Let M; (j =1,2,...,p) be
components of 7~1(M). Since each M; is a 1-sheeted unlimited covering
surface of M, it is easily seen that each M; is considered as a replica

of M. Let gz J(M;) (j =1,2...,p) be the Green function on f(M;) with
pole at x and v; the inverse of 7|5 from M — M;. Denote by pysoy,
the complex dilatation of f o, on M. Set

Pioy;  onM
= 0 on C\ M.

It is well-known that there exists a quasiconformal mapping f; from C
onto C with the complex dilatation p; (cf. e.g. [6]). Set V; = f;(M).
By Lemma 2.1 we find that f;(0) is an irregular boundary point of
V; in the sense of the usual Dirichlet problem since 0 is an irregular
boundary point of M in the sense of the usual Dirichlet problem. On

the other hand, the function z’ — g;if ot ofotjofr 'W) (W €

V;) is a positive harmonic function on Vj \{y} since fo ;o fj_1 is
conformal. Hence, by [5, Theorem 10. 16] there exists a positive fine

limit F — limg/_, (o) g}{iw O)f ofotjo fj“l. Denote by g(‘)/’i this

limit function on V; and set gf(M ) = gO" ofjo z/)j_l o f~1. We see that
each go( M) s a positive harmonic function on f(M;) since each g(‘,/j is
a positive harmonic function on V; and f; o 1,01-_1 o f~1is conformal. For
7=12 ... pset
(M .
Si(g ")) = inf s(2'),

8



Quasiconformal mappings and Martin boundary 215

where s runs over the space of positive superharmonic functions s on
f(Rp) satisfying s > g(’; M) on f(M;). By Perron-Wiener-Brelot method
we find that each S (g(’; (M’)) is a positive harmonic function on f(Rp).
Then the following inequality

M; 5 f(R M; M;
() Sjlag™) —TEIRITGGID > o)
I\Jo

)
holds on f(M;). In fact, to prove the inequality () note that
f(RO)ﬁf(RO)\f(Mj) _ Hf(Mj)

sy, = 1(My)
Silge ") Silge )

on f(M;), where Hg(?dﬁz,\,,,)) is the Dirichlet solution for Sj(g({(Mj)) on
i\90

F(M;) (cf. e.g. [3], [5]). By definition Sj(gg(Mj)) > gg(M") on f(M;).
Hence, by the definition of the Dirichlet solution in the sense of Perron-
Wiener-Brelot,

f(M; M; M;
Sj(go( )) - 9({( ) = H‘;F(g.sz,,))

on f(M;). Thus (*) is proved.

We shall proceed the proof of this proposition. By [17, Theorem 3]
it is known that 1 < ﬁA{%/ < p. By the Martin representation theorem,
there exist at most p minimal functions hj 1, hj2,..., hjpon f(Ro) with

Sj(gg(Mj)) =hj1+hj2+ ...+ hjpon f(Ry). Hence, by the above
inequality (*), we have

h]‘,1 + hjyg + ...+ hj7p

M,
= Silg™)

pf(R M; M;
> JRIR[ITONOL) gl

> TEDRIEN) 4 jRRIFNIM) 4y J(RORIRNIM))

on f(M;). Therefore we find that there exists a minimal function h;
on f(Rp) such that h; # f(RO)IA{ifR”)\f(Mj). Hence, by the definition
of minimal thinness, f(Ro) \ f(M;) is minimally thin at the minimal
boundary point corresponding to hj. Since f(M;) N f(M;) =0 (i # j),
we find that §AR = p. ]

Now we give the following result which Proposition 2.1 yields.

Theorem 3.1 (cf. [11]). Let R be a p-sheeted unlimited covering

surfaces of the once punctured Riemann sphere C \ {0} of Heins type.
Then AR =1 or p.
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Proof of Theorem 1. By Theorem 3.1 we have only to prove that
ﬁAR/ = p if and only if §Af = p. Since f~! is a quasiconformal mapping
from R’ onto R, it is sufficient to prove that if {A¥ = p, then ﬁAfl =p.
Suppose that §Af = p. By Proposition 3.1 ﬁAR = p. We have the
desired result. , O

§4. Proof of Theorem 2.

By Proposition 3.1 we find that if AR = 2, AR = 2. By [17,
Theorem 3] it is known that ﬂAf' =1 or 2. Hence, by Theorem 3.1, it
is sufficient to prove that if {AR" = 2, AR = 2. Suppose that AR = 2.
Set AR ={¢|,¢5}. Let gg(RO) be the Green function with pole at &’ on
f(Ro). It is known that there exists limy ¢/ g f(R")( N(=94(2") (5=
1,2) and gg( 1,2) is the minimal harmonic function with pole at

G (=12).
For = € Ry set

S ket O (5 (@) (@) 711 (2) 7)),
(if there exist f'(x) and f'(z)71),

21117

(elsewise),

L=Lf=L;;=

where Jg(z) (resp. f'(z)) is the Jacobian (resp. Jacobi matrix) of the
mapping (u(z),v(z)) (f = u+ i'u), f'(x)~! is the inverse of f’(z) and
f'(z)~'* is the transpose of f'(z)~!. Lis a elliptic second order partial
differential operator of divergence type on R. Set g; Lx) == gC, of(z) (z €

Ry). We see that gj (j = 1,2) is a positive harmonic function on Ry
with respect to L. We recall the assumption that b, —bn1 ~ 277, that
is, there exists a constant a(> 1) with

a 27" < by —bpp1 <27 (n€N).

For r(> 0), set C, = {|z| = r}, B, = {|z| < r}, C, = 77 Y(C,), and
B, = m~Y(B, \ {0}).

Suppose that there exist a constant /(> 1) and a subsequence {n;}
of N = {n} with bp, — an, > (a’)‘12‘"l. Set R; = B(an,+3bnl)/4\
Cl(B(3a,,+b,,)/4); Where, for a set E C Ro, CI(E) stands for the closure
of E with respect to the usual topology on Ry. By the assumption that
bn, — an, > (&/)7127™, Mod(R;) =~ 1, where Mod(R;) stands for the
logarithmic module of R; (cf. [1]), and hence, by the quasiconformal
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invariance of logarithmic module (cf. [6], [15]), Mod(f(R:)) = 1. Since
the cardinal number of connected components of R; is equal to 1, that
of f(Ry) is so. By [17, Theorem 3], we find that §AR" = 1. This is a
contradiction. Hence we may suppose that there exists a constant o’ (>
1) , for every integer I, a; — bj41 > (o”)7127% Set A = UR A (A =
B(Saz+bz+1)/4 \ CZ(B(aL+3bl+1)/4))a where Cl(B(al+3bL+1)/4) is the closure
of B(a,+3b,,,)/4 With respect to the usual topology on R.

Lemma 4.1. On A,
1
L L ~ S
where 1 is the sheet exchange on R.

Proof. Let Ay (k = 1,2) be connected components of 4;. Then
we have

(#) f(Ro)ﬁ{(At) < f(Ro)ﬁ{(Al,l) +f(Rg)ﬁ{(AL,2) < 2f(Rg)ﬁ{(Az)'

Since /(Ro)RS4) is 4 Green potential on f(Rp) (cf. [3]), we can find the
Radon measure y;; (j = 1,2) with

B f(AL; R,
() (IR @) = [ gl Mg,
CUf(AL; )

By the fact that f(R")fA{{(Al)(z’) = 1for 2’ € f(B(3a;+b,..)/4), letting 2’
be to ¢} in (f), we have

1 s/ 9¢ i +/ gordpe <2 (j=1,2),
Ci(f(Aia)) Cl(f(Ai2)) ™

and hence

1< /C'Z(All)g]l’ld(f_l)*(ll/l,l)+/ gJLd(f_-l)*(/Jle) <2 (] _ 1,2)’

Cl(A12)

where (f~1)*(u;2) is the image measure of 1,2 by f~1. On the other
hand, by the definition of capacitary potential, quasiconformal invari-
ance of capacity(cf. [15, Theorem 10.10]), [9, Lemma 2.3], [1, Theorems
13C and 13D in Chap. IV] and [3, Satz 5.2 and Satz 7.2], we have

(Y i (CUAL)) = i g(f(CUALy))) = cap(f(CU(ALy)), f(Ro))
~  cap(CIl(Ar;), Ro) = cap(m(Cl(Ar)), Do)
= cap(Cl(B(3a,+b,,1)/4)» Do)
= 2m/log[4/(3a; + bit1)] = 1/1,
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where, for a subset E of an open Riemann surface F of positive boundary
cap(E, F) stands for the greenian capacity of E on F. Therefore, by
Harnack’s inequality with respect to L (cf. [13]), we have the desired
result. O

Set Dy = D \ I.

Lemma 4.2. There exist components Dr; (j = 1,2) of n=*(Dy)
such that )

gJL( ) ~ log| @ (xe ANDy;, 5=1,2),

1 .
g]L(x) = 0(10g W) (7T(CE) —0,z¢€ Am’DLjﬁ-(—l)f‘lv 7= 1,2).

Proof. Denote by Dy ; (j = 1,2) components of m~1(Dy). Set
A ; = AiNDy ;. By Lemma 4.1 we may suppose that there exist sub-
sequences {n1} and {n2} of N = {n} such that

(i) {m}u{ng} = ITT and {n1} N {nz} = 0;
(ll) glL(x) ~ log Iﬂ_(x)l (11 € (UnlAnlql) U (UnzAn2,2) );

(i) g1 (z) = o(log

1
n1 ny, U Unz Y, .
) (@) = 0.2 € (Un, A 2)UUns Ar, )
In fact, suppose the above does not hold. Then there exists a sub-
sequence {ng} of N = {n} with

1
L(z) mlog —— (2 € Up, Ap, )-

On the other hand, for any 8(> 0), {2’ € f(R0)|géé (') > '692{ (")} U
{¢3} is a minimal fine neighborhood of ¢}, because, on {92; > ﬂgéi},

~{9., <Bg./ }
F(Ro )R R P gzé, by the fact that, on f(Rp),
C

2

~{9;, <Bg., } A{g <Bg,,
(Ro)R <3 S < F(RoR 33 <1 < Bd..
9% Bats < Pgc

Hence, by Lemma 4.1 and by the fact that g] = gC, o f, there exists a

positive fo with {2" € f(Ro)lg¢,(z") > Bogy; («')} C FRo)\ f(Uny Any).
It is well-known that we can take a connected component G; of {2’ €
f(RO)|g’Cé (') > 5092{ ()} such that G; U {5} is a minimal fine neigh-
borhood of {j (cf. [14, Corollaire 2 in p.206]). This is a contradiction.
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Suppose that both {n;} and {ns} are infinite sets. Let {m1} be a
subsequence of {n1} with m; + 1 € {ns}. By (ii) we can find a positive
constant k1 (> 1) with

w1 log L < gl(z) < kilog 1
1 < <
()| |7 ()]
By Harnack’s inequality with respect to L, we can find a positive con-
stant ko (> 1) with

(x € (U’nl‘Anhl) U (UnzAnz,Q))'

1 1
-1 L
1 < < log —— U .
(HIRQ) Og |7T(Z)| = gl (I) — (K’IK’2) Og |7T($)| (x € mlAm1+l,1)
On the other hand, by (iii), there exists an integer Ny such that,
_ 1
91 (z) < (k1k2)™! 10gm (T € Umy>No—1Am, +1,1)-

This is a contradiction. Here, if necessary , by substituting Dy ; (resp.
D;2) for Dy o (resp. Dy 1), we have

(1) gF(z) ~ log ﬁ (z € UnAns )

(b2) g{“(z) = o(log Pr-(l—a:ﬂ) (m(z) — 0,2 € UpAp,2 ).

Repeating the same process for g¥ as in obtaining (1) and (b2), we
have

(1) gk(x) ~log —— (2 € UpAna )

|7 ()]
(6'2) gf(x) = ollog ﬁ) (7(2) = 0,2 € UnAns )
(G"1) g;,L(:c) ~ log |7r(1$)| (x € UpAn1)
(2) gh(z) = oflog |7r—(1$)-t) (7(z) = 0,2 € UnAns ).

Suppose that the estimates (b”1) and (b”2) hold. By (bl) and (v”1),
we find that f(Un.Ap 1) is minimally thin at ¢{. In fact, there exists a
positive constant Gy such that ﬂogcfi(RO) < ggé(RU) on f(UpAp,1), that is,
fUnAn1) C {2’ € f(R0)|ﬂ0gg{(R°) < gé(RO)}. Using the same argument
as that in the former part of the proof of this lemma, we find that {z’ €
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f(Ro)|ﬂoggi(RO) < gcfé(RO)} is minimally thin at ¢{. Hence f(UnA, 1) is
minimally thin at ¢j.
By (b2) we can prove that there exists a subsequence {n;} of N = {n}
such that f(U; Ay, 2) is minimally thin at ¢j. This fact will be proved
afterwards. Hence f(U;A,,) is minimally thin at (] because f(Up.An 1)
is minimally thin at ¢{. Since [f(Ro) \ f(UiAy,)]U{¢{} is a minimal fine
neighborhood of (], we can take a connected component Gz of [f(Rg) \
F(U AL )] U {¢1} such that Go U {¢]} is a minimal fine neighborhood of
¢ (cf. [14, Corollaire 2 in p.206]). This is a contradiction. Hence we
have the estimates (b'1) and (v'2).

We still remain to prove that there exists a subsequence {ni} of
N = {n} such that f(U;Ay, 2) is minimally thin at {{. By (b2) we can
take a subsequence {n;} of N = {n} with

gl (@) < % (@ € f(UiAn2) )-

1

From this estimate it follows that f(U;A,, 2) is minimally thin at ¢{. In
fact, we take a point z{, be a point of f(Rp) \ CI{f(Ui Ay, 2)). Then, by
(i) in Lemma 4.1, the definition of capacitary potential, and the same
estimate for capacity as in the latter part of the proof of Lemma 4.1, we
have

5 (An;2)
f(Ro)R I(ROL)2 ( /)

M8

FRO)PS(UizmAn, 2)
0 < FRIRS (e ne2) (g1 )

f(Ro) )
“ I=m ¢
< i ™ f(Ro)ﬁf(Anl,z)(x,)
- l2 1 0
I=m
f Ro)
S Z ﬁ\/CYl 0 d/‘l"nl,
l=m (f(Anl,2))
o0

IA
8
]

75 tmy2(CUF (An, 2))

l=m
> n
~ Y 75 cap(Cl(f (An 2)), f(Ro))
l=m
~ i RUEPN i i (m — +00)
= nll = l2 9

where, ap = sup{gf(RO)( Nz’ € Cl(f(U1An, 2))}. Hence we have

lim,, _, 4 o {(F0) ngfﬂf;mA"’ 2)( 4) = 0. If m is sufficiently large,

31
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f(Ui>mAn, 2) is minimally thin at {{. Since f(Uj<mAn,,2) is relatively
compact, it is minimally thin at {{. Hence f(U; Ay, 2) is minimally thin
at (7.

The proof is herewith complete. 0O

For an integer [, take the bounded simply connected domain Q;
whose boundary in the closed polygonal line without self-intersections
and which has four vertexes ((3a; + bi41)/4, (3a; + biy1)/32), ((3a; +
biy1)/4, —(3a; + bi+1)/32), ((ai—1 + 3b)/4, —(ai—1 + 3b1)/32), ((a1—1 +
3b1)/4, (ai—1 + 3b;)/32) in positive cyclic order. Set Q = U2, Q; and
Dg.; = D1\ Q) (j = 1,2). By Lemma 4.2 and Harnack’s inequality
with respect to L, we find that

(1) there exists a positive constant o such that

1 1 )
w08 [y < 91(0) S molog s (@ € Do) (7= 1,2)

(2) g¥(z) = ollog m) (n(2) = 0,2 € Dg g (1) (= 1,2).

Set By ={z' € f(Ro)lg;; (z') > g¢;(z))}, By ={z' € f(RO)lgé«( ') <
94, (=)}, and Eg={z’ € f(Ro)lg(, (2') = gy, (2')}. Set Ez=f~1(E5) =
{z € Rolgf(z) = 95 (2)} and v; = 771(8Q) N Dr;. By (1) and (2), we
may suppose that there exists an integer N7 such that, for any integer
n(> Ni), B3 N Bla,tb,n)/z © 77HQ), of > g5 on v N Ba, 4b,,1)/2
and gf < g§ on v3 N B(a,+b,,,)/2- Hence, by the implicit function
theorem, E N f(B(, Ny b 1) /2) consists of infinitely many connected
components Ej (C f(7~(Q:)),1 > Ny + 1) which are piecewise ana-
lytic closed curves because each gc, is harmonic on f(Rp). Hence each
EiNf(B(ay, +bn,41)/2) I8 a planar region, that is, each Ej OB(GNI +bny41)/2
is planar region. Set K; = E;NB(ay, 4y, ,1)/2 a0d E3; = f~1(E} ;). By
Koebe’s theorem and R. de Possel’s theorem (cf. [20, Theorems 1X.32
and IX.22], [19, Theorem 9-1]) there exist plane regions £; (j = 1,2) of
C and conformal mappings ¢; (j = 1,2) from K; onto &; (5 = 1,2) such
that C\ &; (j = 1,2) consist of infinitely many parallel segments £, to
the real axis with

( M is a subdomain of E; with
n{ctw,0n)| gih e 3
for | > Ny,

M is a subdomain of E; with
Clip; (M J
ﬂ { (¢J( ) Cl(M) > C(aN1+bN1+1)/2 n DI»j }
\ for [ = Nj.
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Set £; = Na> N, +1CHUiznl) (7 = 1,2).
Lemma 4.3. Fach {; is a singleton.

Proof. - Suppose that §¢; > 2 (j = 1,2). We remark that each £; is

connected. In fact, suppose that £; is disconnected. Let A;; be a com-
ponent of £;. Set A; 2 = £;\ A;1. We can take two Jordan curves C;; and
Cj2 in &; such that, for k = 1,2, each bounded region G x,; determined
by C, in C contains Ajx, and that CI(Gj1,1) N Cl(Gj2,1) = 0. By the
definition of A; z, each G k1 contains infinitely many ¢;;. Since 7o qﬁj_l
is continuous on &; and C; is a compact subset of &;, 7o ¢J-_1(Cj_,k)
is a compact subset of 7(K;), and hence there exists uniquely a com-
ponent M 1 of w(K;)\ 7o ¢J-_1(Cj,k) such that CI(Mj ;1) is a neigh-
borhood of the origin. Denote by M, o the union of component of
[7(Kj)\ 7o ¢>j_1(Cj,k)] U Mj k1. It is easily seen that CI(Mj k1) (resp.
Cl(M; ,2)) contains infinitely (resp. at most finitely) many components
m(Es,) of m(E3NB(ay, +by,.1)/2) because m(Es ;) C Qi (I > Ni+1). Let
G k2 be unbounded regions determined by C; 1 in C. We can prove that
(#) ¢ (M) NK;) CGjipaNEsor (1) ¢5(n™ (M) NK;) C
Gj k.2 N E;. Suppose this fact does not hold, that is, ¢;(m ™1 (M 1) N
Kj)ﬁGj!kJ NE; # () and ?; (W‘I(Mj./k’l)ﬁKj) NG, r2NE # . Then we
can find points & x; € ¢; (" (M; 1) NK;)NGjkiNE; (i = 1,2). Since
7T(¢J_1(€sz)) € Mj 1 and M; 1 is connected, we can find a curve C
in Mj 1 which joins ﬂ(qﬁj_l(éj,k,l)) to 'Tl’((ﬁj_l(é-j:k’g)). From the defini-
tion of component it is easily seen that the lift of C in K; by 7 meets
qu_l(C’j?k) since Kj\qS;l(Cj,k) has just two components qu_l(Gj,k,l NE;)
and (Zsj_l(Gj_’k,Q NE&;). Hence M1 Nmo ¢;1(Cj7k) # (). This is a contra-
diction.
We may assume that (§) holds. For, if (§’) holds, repeating the same
argument as in case that () holds, we arrive at a contradiction. By
(h) ¢;(m~ (M k2) NK;) D Gjr2n&;. Hence Gk (resp. Gj.2) con-
tains infinitely (resp. at most finitely) many ¢;; because Cl(Mj 1)
(resp. Cl(M, 1.2)) contains infinitely (resp. at most finitely) many com-
ponents W(Egﬁl) of m(E3 ﬂB(aNl +bN1+1)/2)' Since G2 D Gj.’k*_(_l)k—l.’l,
G k+(~1)%~1,1 contains at most finitely many components of £;;. This is
a contradiction. Thus we conclude that each £; is connected.

Since each Z; is connected, by [5, Theorem 8.26}, all points of ¢; (j =
1,2) are regular boundary points of £; (j = 1,2). Ej (j = 1,2) is mini-
mally thin at CJ,'+(—1)‘7"1’ and hence Ej is minimally thin at ¢} (j = 1,2).
By [14, Théoréme 1 and Théoréme 5|, it is known that there exists a
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Green potential g, (z') = [ gi,( O)du such that
gMj (C;) < +OO,

lim (z") = 400,
' —>AR z/€E} e ( )
because lim,/_¢/ gI(RO)( ) = RO)(C’) < +o00. Since there exists an in-
teger Na(> N1) such that Gu, (y )>29,,(C5) (Y € E3Nf(Blay, +bry41)/2))s
for every z’ € f(B(aN2+bN2+1)/2)

f(B<aN2+bN2+1>/2)ﬁE r‘f(B«wQ+b1\r2+1>/2)(ac,) < 9u (@)
T 29, (CJI)
Hence
lim inf F(Bay, +”N2+1)/2)ﬁE3mf(B(aN2 +bN2+1)/2)(x,)
z’(GE}!’U‘l(B(al\,2 'H’N2+1)/2))_’C_;'
. - (&)
= /(EE’ﬂf(B(aNz+bN2+1)/2))—>C 2gu1 (C/)
9, (z') 1

= =z <1,
w'—¢) 29,,(GG) 2
because each E} N f(B(ay, +by,+1)/2)) 18 not minimally thin at ¢;. Hence
there exists a sequence {z] ;}(C E; N f(B(ay,+bn,.1)/2): J = 1,2) such
that, for j = 1,2,
. ! !
Jim 25 = G,

B
lim (B(GN2+5N2+1)/2)R ni( (“N2+bN2+1)/2)(

)< 1.
l—00 Il’J)
Set

BN = Int{CU®; (B} N Blay, +hy, 02))] U = 1,2)
where Int[Cl(¢;(Ej N Bay, +by,41)/2))] stands for the interior of the
closure of ¢;(E; N B(ay, +by,.1)/2) in C. For ¢; 0 f~! we define Ly o7
as Ly in the first part of this section. The above inequality implies that
there exist points z; € £; (j =1 2) and sequences {z;;} (C &; ﬂB(]) Jj=
1,2) such that, for j =1, 2,
lim 2l = Zj (j = 1,2),

l—o0

. B(J) ~Uis Nyl 5, L T
lim "~ R, () < 1,

l—o00
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G) ~Utsno bl o r—1
where BraRy 2T

Uisn, 4,5 on B(J ) with respect to Ly or-1. Hence each z; is an irreg-
ular boundary pomt of ¢;(E;N B(ay, +bN2+1)/2) with respect to Ly op-1.
By [7, Theorem 9.1] and [5, Theorem 10.3], each z; is an irregular bound-
ary points of £; in the usual sense. This is a contradiction. Therefore
we have the desired result. |

stands for the balayage of 1 relative to

Let Np be an integer as in the definition of £;. Let g? be the Green
function with pole at £ (resp. z) on &;. By Lemma 4.3, for j = 1,2,
there exists a sequence {{;,} in &; such that lim, . &;» = z; and
there exists lim,_, 958;,,_ on &;. For j = 1,2, set gfj = limy_, gg;”n
and g; = gfj’ o ¢;. Each g; is a positive harmonic function on Kj. For
Jj=1,2 set

;(g5)(x) = inf s(a),

where s runs over the space of positive superharmonic functions s on Rg
satisfying s > g; on K. By Perron-Wiener-Brelot method each S;(g;)
is a positive harmonic function on Ry. Using the same argument as that
in the proof of Theorem 1, we find that the following inequality

Ro\K;
(k) Silgy) — RG> g5

holds on K (j = 1,2). Since §Af =1 or 2 by means of [17, Theorem 3],
by the Martin representation theorem, we find that there exist at most
two minimal functions h;x (k =1,2) on Ry with S;(g;) = hj1 + hj2 on
Ry. Hence, by the above inequality (*%), we have

Ro\ K
hii+hi2 = S;(g;) > ™R :]}-i-h, .19

RoRRo\K; | RopRo\K;
> Rh’.‘i.l + Rh.y‘,z

on K. Therefore we find that there exists a minimal function h; (j =
1,2) on Rg such that h; # Bo RRU\K Hence, by the definition of mini-
mal thinness, Rg \ K is mlmmally thin at the minimal boundary point
corresponding to h;. Since K1 N Ko = 0, we find that AR =
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