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Full Abstract. This paper is devoted to numerical simulations of sand
transport problems submitted to the tide near the seabed. We character-
ized at first a corrector result from two-scale convergence. We aim also to
do numerical simulation for short term dynamical of dunes presented in
Faye et al.(2011) and Thiam et al.(2018). We consider a two-scale numeri-
cal approach based on finite element method. The stability of the scheme
is established and finally, we present some numerical results

1. Introduction and results

In this paper we aim to characterized the corrector result associated to
two scale parabolic problem studied in Faye et al. (2015). In this work, we
consider a domain  of boundary 99 of class C'. For T > 0 and ¢ > 0, we
consider the following problems:

oz
ot €

|—=
A

) 1V . C(t, L, x), in [0,T) x ©

(1.1) “(#,0) = z(z) in Q

z
0z
\ on

=gon [0,T) xQ

where z; € H'(Q) and g € H'(Q). The coefficients A(¢,z) and C(¢,z) are
regular and given by

A(t ) = Alt, E,x) — a(1 — bem) g, (UL, z,x)|) and

U(t,z,x)

(1.2) C(ta) = Clt, ) = {0~ bem)ge (Ut a))

with a, b and ¢ being constants and ¢, and g. being a regular function
satisfying the following hypotheses
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9a = ge = 0, 796(0) = gé(O) =0,
3d >0, sup,cp+ [9a(u)] + sup,er+ |9, (v)| < d,

(13) SUpP,, cr+ |gc(u)| + SUDycr+ ‘gé(u)‘ S d’

L 3 Uthr > 0, Ethhr > 0, such that « > Uthr — ga<'U/) > GthT-

The functions § — U(t,0,z) and M(t, 8, x) are periodic with period 1. Equa-
tions (1.1) is a relevant model for short and mean term dynamical of dunes
on a seabed of a coastal ocean where the tide is too strong. In theses equa-
tions, 2°(¢, ), where x is the position and ¢ the time is the seabed altitude.

The first homogenization methods were set out by Engineers in the middle
of the 1970s and then formalize by Mechanical Scientists. The homoge-
nized problem can be formally obtained by the method of two-scale asymp-
totic expansion as explained in Allaire (1992); Nguetseng (1989). They are
based on asymptotic expansion. Following the ideas of the engineers, the
solution 2¢(¢,z) of (1.1) is assuming to be given by the following series

t t t
(1.4) 2(tx) =20, -, x) + eZt, -, x) + €23 (t, =, x) + ...,
€ € €

where the functions Z(t,0,x),i = 0,1,2,..., are periodic of period 1 with
respect to 6. The function Z° is the homogenized profile while Z! is the first
corrector and Z',i = 2,... is the i-th profile corrector. Taking A° and C¢ is
in the form of z¢ given in (1.4) we have

t t t
(1.5) Af(t, ) = A%, g,at) + eAl(t, E,$) + 2 A% (1, E,x) +...,
and
¢ o ¢ 1, t 2020, b
(1.6) C(t,z) =C (t,—,x) + eC (t,—,z) + C(t,—,z) + ...,
€ € €
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By injecting formulas (1.4), (1.5) and (1.6) in (1.1), identifying and taking
into account the first corrector, we get easily a system of equations from

Z° Z' .... The first and the second term corrector satisfy the following
equations:
( aZO e 0 5 .
W—V(AVZ ) —V.-Cin[0,T) xR x Q,
(1.7) 92° — gon [0,T) x R x 99,

Z°(0,0, ) = z(x) in Q,

\

where A and C are given by

~ ~ U(t,a,
(1.8 A= ag u(t.0.2))). €= cqu(u(t.0.0)) 0L
and

(

028 (AVZY) =V -Ci+ % 4 V- (A4VZ°)in [0,T) x R x Q,

(1.9) %—an:O on [0,7) x R x 09,

Z0,0,2) =0 in Q.

where B
A = —CLbM(t, 07 x>g&(|u(t7 97 I)|),
5 Ut 0,x)
(1.10) Cy = ~beM(, 0, 2)gc(U(1,6,2)]) g o

In equations (1.7) and (3.3), the variable ¢ is only a parameter. The solution
2¢ solution to (1.1) can be approximated by Z° Z°+eZ! ....
We now give our first mathematical result concerning the first corrector.

THEOREM 77. Under assumptions (1.4), if the coefficient A° and C* are
given by (1.5) and (1.6), the first term of the expansion of z¢ solution to (1.1)
two-scale converges to Z° solution to the homogenized problem (1.7), with

the homogenized coelfficient AandC given by (1.8).

Furthermore the first corrector term Z! is solution to (1.9) with /Tl and CNl
given by (1).
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In section 2, in an other hand, we consider the equation given by the
first term corrector (1.9). We are going to introduce a two scale numer-
ical method to study equation (1.9). The convergence of this method, will
allow us to get a good approximation of z¢ solution to the reference prob-
lem (1.1) in the sense that ¢ ~ Z° + ¢Z! for a too small choice of ¢. In
Diedhiou et al. (2018); Faye et al. (2015), the authors used a two scale
numerical method to study the equation satisfied by Z° by a Fourier and
finite element method. This methods will permit us to get a very good
approximation of z¢.

Denoting by €, C 2 the union of triangulation 7}, and h the maximal length
of the sight, let’s define the following matrix: A a matrix of N x N where
the coefficients are given by

Aij= | AV - Vwide,

Qp
A’ a matrix of size N x N where the coefficients are given by

A= [ AVW - Vwid,
Qp,
M a matrix of size N x N where the coefficients are given by

Mij:/ w'w dx
Qp

and C' is a vector given by

C; = A\ awjdx + jlgwjda.
Qp o,
where w;,j = 1,..., N is the standard basis of V} the set all continuous

piecewise linear functions defined on 7},.We have the following theorem of
stability

-1
THEOREM 78. Let I be the identity Matrix and H <I + AOM *1A> H be the

-1
spectral norm of the matrix (I + AOM *1A> . Then, VAO >0 and h > 0, if

(o) <1

we have the stability of the scheme. In addition, we get

< H <I v A()M—lA) -

|

%

Zl
H hnt L 1200, L2(Q)
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n _ -1 n
;“(I+A6M 1A> )

The paper is organized as follows. In section 2, we present the mathe-
matical convergence and homogenization. The section 3 is devoted to the
presentation of two-scale numerical method and the last section is devoted
to the numerical illustration.

(o

0<n<N

AHHM*I

2. Mathematical convergence and Homogenization

The mathematically rigorous justification of theorem 77 concerning the
two first terms Z° and Z' given in the expansion (1.4) has been done in Faye
et al. (2015) and Thiam et al. (2018) by using the two-scale convergence
method see Allaire (1992) and Nguetseng (1989). We shall not reproduce
this argument and we content ourselves in recalling their main theorem.

THEOREM 79. For any T > 0, and any € > 0, under assumptions (1.3),
if A° and C¢ is given by (1.5) and (1.6), there exists a unique sequence = €
L>([0,T), L*(Q)) solution to (1.1). Moreover, this solution satisfies the follow-
ing estimate.

(2.1) 12N o 0.0y <
Jor a constant v not depending on e.

Furthermore, the sequence z¢ two-scale converges to Z° € L*([0,T], L*(R, L*(2)))
which is the unique solution to the following boundary value problem

ZO — ~
0.9 %—Q—V(AVZO):V-Cin[O,T)xRxQ,
. 0
ai:gon[O,T)xRx@Q
on

Having this theorem on hand, we are going to characterize the first order
corrector Z! which prove the best approximation by homogenization or two-
scale convergence. To obtain this approximation, we look for the equation
satisfied by z“(t,z) — Z°(t, t, x). After, we look for uniform estimates of them.
Then, we have the following theorem.

Tueorem 80. Under assumptions (1.5) and (1.6), considering z¢ the so-
lution to (1.1) with coefficients given by (1.5) and (1.6) and Z¢ = Z(t,x) =
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Z°(t, L, z) where Z° is the solution to (1.7), for any T not depending on ¢, the
Jollowing estimate holds for 2 — Z¢
2 _ 7€

€

(2.3) <«

Le([0,T),L2(T?))

)

where « is a constant not depending on e.

Furthermore, sequence (*=%-) two-scale converges to a profile Z* € L>([0, T,
LZ (R, L*(R?))) which is the unique solution to

aa_Zel_v'<-"Tvzl>:V'&+36—?+V'(¢11VZO) in[0,T) xR x Q
0z}

%:OOH[O,T)XRXaQ

(2.4)

Proof of Theorem 80. By using (1.5) and (1.6), Equations (1.1) becomes

0z¢ 1 ~ 1 ~ ~ _
(2.5) 6Zt — V- (AVZ) = V- C 4 V- (A V) + V-
For Z¢, we have
0z 0Z°\° 1 [(0Z°\°
(2.6) i (W) T <W) ’
where
VAR 07z° ¢ VAR VAN

By using (1.7), we see that Z¢ is solution to

oz 1 ~ . 1 5 079\
(2.8) o=V (Avz) = -v.C +(W) .

Formulas (2.5) and (2.8) give

D=2 1_ /-~ VY _
Y\e —Z )= . € € _ e _ . [€ e . € €.

~ Y (AV(Z )) v Cl+(8t) LV (ALY
Multiplying equation (2.9) by ¢ and using the fact that z¢ = z* — Z¢+ Z* in
the right hand side of equation (2.9), =% is solution to:
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(=)
(2.10) a—g - %v : ((,Ze + eﬂi)wze — Ze))

= % (V-C~f+ (a—)wv-(ﬂivza) .

RemMArk 30. Concerning notations, we have to pay attention to the fact
that

(2.11) A+ A, and C¢ # C..

Here, our aim is to prove that #==%° 1s bounded by a constant « not depend-
ing on e. For this let us use that Ae , Cc and C¢ are regular and bounded
coefficients and that A€ > G,,,.. Thus, V CE is bounded, V - (AEVZE) is also

bounded. Since Z¢ is solution to (2.8), %~ ° satisfies the following equation

a(azﬂ>
ot 82°\ ov-C OA_ _,
(2.12) —ag (AV ) otV ( o vz)

Equation (2.12) is linear with regular and bounded coefficients. Then us-
ing a result of Ladyzenskaja et al. (1968), 86—2: is regular and bounded .
Then the coefficients of equations (2.10) are regular and bounded.Then,
using the same arguments as in the proof of theorem 3.16 in Faye et al.
(2015), we obtain that (¥=£°) is bounded, that it two-scale converges to a
profile Z' € L>=([0,T], L3 (R, L*(T?))) and that this profile Z* satisfies equa-

tion (2.4). O

3. Two scale Numerical Method s

The aim of this section is to built a two-scale numerical method based on
finite element to resolve the equation satisfied by the first corrector of the
sand problem. Because of the following, we will consider in this section,
the following problem.
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4

0.V (AVZY) =V -Ci+ % +V - (AVZ)in [0,T) x R x Q,

(3.1) 92- =0 on [0,T) x R x 09,

Z40,0,2) = Z}(z) in Q.

-’2(1 = —GbM(t, 67 l’)ga(’L{(t, 67 33')|),

Go = —beM(t,0,)g. (UL, 6, 2)) 2

and ~7 is the solution to

%_g_v.<_,1VZ>:V-CNin[O,T)xRxQ

(3.2)
92 —gon [0,T) x R x 9Q
with )
A(t,0,x) = ag,(U(t,0,z)|)
and

~ B Ut,0,x)
C(t,0,x) = cqg.(U(t,0,x)]) x UE0.2)

In the following, we will discretize Z' in time at first and space in second.
We will obtain a numerical scheme of the system (3.1) based on the back-
ward of Euler method.

3.1. Discretization in time. For the Discretization in time, let A9 be
a time step and we use the notation ¢, = nA#. The total partial derivatives
are discretized according to the method of finite differences:

0z1 Z Nt 0py1, ) — Z1(1,0,, 1)
= t 9n7 ~ Y ) Y ny .

gg (b0 ) A6

Let us denote by Z! the approximation of Z!(-,6,,-), then we can approxi-

mate ‘98—Z91(t, 0., x) by the form

1 1
8Zl(t 0 .CL’) o Zn-‘rl - Zn
89 yVYnoy - A@ 9
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Hence, using an implicit Euler scheme, (3.1) becomes

( z1 zZ}

I B N (AVZ) ) =V G+ 22 4V (A )

in [0,7) x R x Q,
(3.3)

oz}

— =0 on [0,7) x R x 09,

ZY0,0,z) = Z}(z) in Q.

We have to pay attention that Z, solution to (1.9), appear in the second
term of the first equation of (3.1). Then for the approximation of Z, we will
use the same time and space discretization as for 7'.

3.2. Full Discretization. To complete the Discretization, we use the
finite element formalism for spacial discretization. Let us denote

Vo = HY(Q).

Then, multiplying (3.1) by v € 1, and integrating over (2, the variational
formulation reads: find Z! € V;, Vv € 1,

Zl _ Zl . ~
/ %vdm + / AVZ) - Vudr = / V - Civdx
0 0 0

7 ~ _
(3.4) —/ 0 "+1vdx—/A1VZn+1-Vvd:Jc+ A, gudo.
o Ot Q 00

Let {T),,h — 0} be a quasi-uniform family of admissible triangulation of
(2. We denote by 2, C , the union of triangles of 7}, and h the maximal
length of the sides of the triangulation 7),. And let V}, C V be the set of
all continuous piecewise linear functions defined on 7). Let {w;})_, be the
standard basis of V. Then, using conformal finite element with a finite
element discrete space V}, C Vj, the discrete variational problem is to find
Z}w +1 € Vi such that Vv, €V}, :

Zhin — Zh 7 C
/ S ydr + | AVZL, - Vode = | V- Cropda—
Qn Af O , fn
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0Znpn ~ ~
[35) / g’ + ’Uhd.iE — A1VZh7n+1 : VUhdiL' + Algvhda.
Qpn t Qp oy,

For any Z, ., € V4, then there exists (7}, Z;,--- , Zy) such that

(3.6) Zh (100, 7) Z w(
In the same way, there exists (7, ,,, Zo, -+, Zn ) such that
(3.7) Znnt, ") szw

Taking v, = w’, j =1,2,--- , N, we get from (3.2) that

Z1 — 7} . ~ . ~ .
hn+1 h,n 7 1 J — J
———Wwdx+ | AVZ, ., -Vuidr= [ V. Cuw!dr—
Qp Af Qp 7 Qp
8Zhn i 5 . ~ .
(3.8) —w!dx — AV Zy -Vl dr + Aigw’ do.
a, Ot Q ol

From (3.6), we have: V1 <j < N

Zl 1 Zl / ~ . . ~
2,M 1,Mn wjdm _|_ in / Avwl . ijdx = / V . Cl(,d]dx_
; Ab Q Z i Qp, Qn
de n

(3.9) / wiwlde — Z Zin Alvw‘ VWl dr + A, gu do.

a0,

Then, we get the following equation

= 1 i, 01 i j a 1 i j
(3.10) ; <E /Qhw wjdx—i—/ﬂh AVw .Vwﬂdx)ZinH = ; (E /Qhw uﬂdx)Z,in
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(3. 11)
dZm A A ~ . ~ A
/ Wil dr— ZZM .,41ch’-Vuﬂdx>+/ V- -Ciwdz+ Aigw’do.

Qp oQy,

which can be written as follows

(3.12) (A19M+A)Z,m+1 <A19M>Zhn+ (M%Z—A’Z)+C
or
(3.13) (M + A@A) Z} o = MZ}, + AOB,

where the vector B = — (M Znnt+A'Zy, n) +Cand Z;,, = (len, Z oy ,Z}V’n>

is the unknown vector, the vector 7, ,, = (Zl,n, Loy L Nm) is given, A a
matrix of N x N where the coefficients are given by

A= | AVW' - Vwidz,
Qp,
A’ a matrix of size N x N where the coefficients are given by
Ay = [ AVW' - Vuida,
Qp,
M a matrix of size N x N where the coefficients are given by

M;; :/ w'w’ dx
Qp

C; = V- (iwjdx + .Zlgwjda.
Qn a0y,

We have the following theorem of convergence

THEOREM 81. Let h be the big diameter of the mesh of 0, Z*' be the solution
to (3.1) and Z;,, = Z'(:,0,, 1) € Vi the approximation function of Z*. Then,
the following estlmate holds

12" = Z, o\ ) < Cohl| 2 o

and C is a vector given by

We have also the following stability result.
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-1
THEOREM 82. Let H (I + AOM ‘1A) H be the spectral norm of the matrix
-1
<I + A@M—1A> . Then, VA9 > 0 and h > 0, if

H (1 + AQM‘IA)_lH <1

we have the stability of the scheme. In addition, we get

n

1
7! < H I+ AOM A 71
H | FET0oS ( + > o1l 205
n —11k n
A&HM—l H I+ AOM A H 5 HB
> RN
Proof. We get from (3.13)
(3.14) <M + A@A) Zt s = MZ., + AOB,.,
As the matrix M + AGA is invertible, we have
—1 —1
(3.15) Zh s = <M + A@A) Mz}, + (M + AGA) AOB, .

Thus, by varying n, the following equalities holds

-1 -1

(3.16) Z, = (M + AHA) MZ,  + (M + A@A) AOB,
(3.17) Zh, = (M + A@A) vz (M + AHA) B,
(3.18) 2= (M + A@A) Mz, (M + A@A) 6B, ,
(3.19) Ziy = (M+804) Mz + (M +20A) A0B,

This makes possible to obtain the following generic for 7!
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Zh = |(1+ 200 4) _1} "7+ AN i (1+ 20071 4) _1} B s

k=1
Taking the norm of 7!, we get

—1n
HZ,lm < H (1+20014) ‘ Z +
TIL2(Q4) L2(Qp,)
n —1k
A@HM‘I ZH<I+A9M‘1A) HHB,HH1 .
k=1
Then, we have
7z r+a0nm1a) |z
- )
H bl Lz, = H( * > 0’ L2(Q)
n —1k n
A&HM*l ZH(HMM*A) ‘ sup HB
— 0<n<N

This is the desired result. OJ

4. Numerical illustration

For the numerical simulations, we consider Z! solution to (1.9). In what
concerns the water velocity, we take first

4.1) U(t, 0,1, 19) = sin(may ) sin(2760) e,

where e, is the first vector of the canonical basis of R? z;, z, are the
first and the second components of z. Functions g, and g. are given by
ga(Ju]) = g.(Ju]) = |u|?, constants a = ¢ = 1, b = —1. For the sake of simplicity,
we take Z solution to (3.2) is used such that %—f = 0. The first height varia-
tion M(t, £, 2, 25) is given by M(t, £, 1, 2,) = 0. The numerical algorithm is
therefore given in the following

(1) T fixed, we choose a value of ¢, ¢ and the domain (2.
(2) We solve the numerical scheme of Z° and we find Z°
(8) We introduce Z° in the scheme of Z' and we find 7!
(4) We calculate z¢ ~ Z° + ¢!
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FIGURE 1.DISTRIBUTION OF THE FIRST TERM CORRECTOR Z'(t,% - ) 3D IN THE

€

LEFT AND 2D IN THE RIGHT FOR ¢t = 1, € = 0.01.. Distribution of the first term
corrector Z'(¢,£,-,-) 3D in the left and 2D in the right for ¢t = 1, e = 0.01.

FIGURE 2.DISTRIBUTION OF THE FIRST TERM CORRECTOR Z!(t, f, -,+) 3D IN THE

LEFT AND 2D IN THE RIGHT FOR t = % e = 0.01.. Distribution of the first term
corrector Z'(t,%,-,) 3D in the left and 2D in the right for ¢ = §, ¢ = 0.01.

For a fixed time ¢, we plot Z'(t, %, z1,2,). The results are shown in the fol-
lowing figures.
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FIGURE 3.DISTRIBUTION OF THE FIRST TERM CORRECTOR Z!(t, f, -,+) 3D IN THE

LEFT AND 2D IN THE RIGHT FOR { = i, e = 0.01.. Distribution of the first term
corrector Z'(t,L,-,-) 3D in the left and 2D in the right for ¢ = 1, ¢ = 0.01.
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FIGURE 4.DISTRIBUTION OF THE FIRST TERM CORRECTOR Z!(t, 2, -,+) 3D IN THE
LEFT AND 2D IN THE RIGHT FOR t = %, e = 0.01.. Distribution of the first term

corrector t, =, in the left an in the ri ort =z, e=0.01.
tor Z'(t,%,-,-) 3D in the left and 2D in the right f : 0.01

The knowledge of Z' makes it possible to have a better approximation of z¢
solution of the reference problem 1.1. The result of two-scales convergence
allows to have an approximation of the type z¢ ~ Z° + ¢Z'. Thus knowing
numerically the solution Z° of the problem limit (1.7), one obtains, for
e = 0.01 and at different values of ¢, the following approximations of the
reference problem solution. Then, we get the following results.
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FIGURE 5.DISTRIBUTION OF THE FIRST TERM CORRECTOR Z!(t, f, -,+) 3D IN THE

LEFT AND 2D IN THE RIGHT FOR t = %, e = 0.01.. Distribution of the first term

corrector Z'(t,%,-,-) 3D in the left and 2D in the right for ¢ = {5, ¢ = 0.01.
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FIGURE 6.APPROXIMATION OF THE REFERENCE SOLUTION z¢, FOR ¢ = 0.01
ar t = 1, 3D IN THE LEFT AND 2D IN THE RiGHT, Z°(t,%,. ) +
eZ(t, é, -,-).. Approximation of the reference solution z¢, fore = 0.01 at¢t =1
, 3D in the left and 2D in the right, Z°(¢,%,-,-) + eZ(¢, L, -, ).
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ar t = % , 3D IN THE LEFT AND 2D IN THE RIGHT, Z°(t,%, -

eZ(t, E, -,-).. Approximation of the reference solution z¢, fore = 0.01 att = %

. 3D in the left and 2D in the right, Z°(¢, %, -,-) +eZ*(t, £, -, ).

FIGURE 7.APPROXIMATION OF THE REFERENCE SOLUTION z¢ FOR ¢ = 0.
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FiIGURE 8.APPROXIMATION OF THE REFERENCE SOLUTION z¢, FOR ¢ = 0.01
ar t = 1 , 3D IN THE LEFT aND 2D IN THE RIGHT, Z°(t,% . .) +
eZ'(t,t,-,-).. Approximation of the reference solution z¢, fore = 0.01 att = }

, 3D in the left and 2D in the right, Z°(t, t,-,-) + eZ'(t, £, -, ).

The second sinusoidal expression of velocity and height variation fields are
given by

4.2) Ut 0,21, 29) = 2% sin(kx1) sin(c0)
o

and

4.3) M(t,0, 21, x2) = 2a cos(kx) cos(of)
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FIGURE 9.APPROXIMATION OF THE REFERENCE SOLUTION z2¢, FOR ¢ = 0.01
AT t = & , 3D IN THE LEFT AND 2D IN THE RiGHT, Z°(t,% ) +
eZ(t, E, -,-).. Approximation of the reference solution z¢, fore = 0.01 att = %
. 3D in the left and 2D in the right, Z°(¢, %, -,-) +eZ*(t, &, -, ).
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FIGURE 10.APPROXIMATION OF THE REFERENCE SOLUTION 2z¢, FOR ¢ = 0.01

3D IN THE LEFT AND 2D IN THE RIGHT, Z°(t, L . .) +

s er

AT t =

1

ﬁ )
eZ1(t, é, -,+).. Approximation of the reference solution z¢, for ¢ = 0.01 at
t = -1, 3D in the left and 2D in the right, Z°(¢, £, ) + eZ%(t, L, -, -).

10 °* e’ yer

where « is the amplitude wave , g the gravity fields, wave number k = 2~,

wave lenght L = T x C, tide period T' = 13hours, wave speed C = /g x

where water height /7 and tide frequency o = 7.

The 6-evolution and space distribution of M(t, 6, x1,z,), are given in figure
11 and figure 12.
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FIGURE 11.0—EVOLUTION OF M FOR %y = 1, ©3 = § INTHE LEFT, 21 = %, 2 =
IN THE MIDDLE AND ] = %, Ty = i IN THE RIGHT.. §—evolution of M fo
2

x1 =73, z2 =3 in theleft, z; = }, z2 = § in the middle and z; = 3, 2 =
in the right.
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00025

FIGURE 12.SPACE DISTRIBUTION OF M FOR { = 1 IN THE LEFT, { = % IN THE
MIDDLE AND ¢ = % IN THE RIGHT AND ¢ = 0.01.. Space distribution of M for
t =1 in the left, ¢ = J in the middle and ¢ = } in the right and e = 0.01.
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FIGURE 13.DISTRIBUTION OF THE FIRST TERM CORRECTOR Z!(t, é, -,+) 3D IN THE

LEFT, 2D IN THE RIGHT AT t = 1 AND € = (0.01.. Distribution of the first term
corrector Z'(¢,£,-,-) 3D in the left, 2D in the right at t = 1 and e = 0.01.

FIGURE 14.DISTRIBUTION OF THE FIRST TERM CORRECTOR Z(t, é, -,+) 3D IN THE

LEFT, 2D IN THE RIGHT AT t = % AND e = 0.01.. Distribution of the first term
corrector Z'(¢,%,-,-) 3D in the left, 2D in the right at ¢ = § and ¢ = 0.01.
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FIGURE 15.DISTRIBUTION OF THE FIRST TERM CORRECTOR Z!(t, é, -,+) 3D IN THE
LEFT, 2D IN THE RIGHT AT t = i AND € = 0.01.. Distribution of the first term
corrector Z'(t,L,- ) 3D in the left, 2D in the right at ¢t = 1 and € = 0.01.
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FIGURE 16.DISTRIBUTION OF THE FIRST TERM CORRECTOR Z (¢, 2, -,-) 3D IN THE
LEFT, 2D IN THE RIGHT AT t = é AND € = (0.01.. Distribution of the first term
corrector Z'(t,%,-,-) 3D in the left, 2D in the right at ¢t = { and e = 0.01.
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FIGURE 17.DISTRIBUTION OF THE FIRST TERM CORRECTOR Z!(t, é, -,+) 3D IN THE

LEFT, 2D IN THE RIGHT AT t = % AND € = (0.01.. Distribution of the first term

corrector Z*(t,%,-,-) 3D in the left, 2D in the right at t = % and ¢ = 0.01.
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FIGURE 18.APPROXIMATION OF THE REFERENCE SOLUTION 2¢, FOR ¢ =
0.01, ¢ = 1 aNDp 3D IN THE LEFT AND 2D IN THE RIGHT, Z°(t,f,.-) +
eZ(t,L,.,+).. Approximation of the reference solution 2¢, for ¢ = 0.01, t =1

€

and 3D in the left and 2D in the right, Z°(¢, L, -,-) + eZ*(t, £, -, ).
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FIGURE 19.APPROXIMATION OF THE REFERENCE SOLUTION 2¢, FOR ¢€

0.01, ¢ = % aND 3D IN THE LEFT AND 2D IN THE RiGHT, Z°(t,%,.-) +
eZM(t, L ,+,-).. Approximation of the reference solution z¢, for ¢ = 0.01, t = %
and 3D in the left and 2D in the right, Z%(t, £,-,-) + eZl(t, L.
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FIGURE 20.APPROXIMATION OF THE REFERENCE SOLUTION 2¢, FOR € =
0.0, ¢ = 1 AND 3D IN THE LEFT AND 2D IN THE RIGHT, Z°(t, %) +
eZ 1(t7 £, +).. Approximation of the reference solution z¢, for ¢ = 0.01, t = i

and 3D in the left and 2D in the right, Z°(t, %,-,-) + eZl(t, L.
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FIGURE 21.APPROXIMATION OF THE REFERENCE SOLUTION 2z¢, FOR ¢

0.0, ¢ = % aND 3D IN THE LEFT AND 2D IN THE RiGHT, Z°(t, %) +
eZ'(t,t,-,-).. Approximation of the reference solution z¢, for e = 0.01, t = ¢
and 3D in the left and 2D in the right, Z°(¢, L,-,-) +eZ*(t, &, -, ).
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FIGURE 22.APPROXIMATION OF THE REFERENCE SOLUTION 2z¢, FOR ¢ =
0.01, t = 11—0 AND 3D IN THE LEFT AND 2D IN THE RIGHT, Zo(t,ﬁ,-7-) +
eZ'(t,t,-,-).. Approximation of the reference solution z¢, for e = 0.01, ¢ = 5

and 3D in the left and 2D in the right, Z°(t, £, ) + eZ1(t, £, -, ).

yer

SPAS EDITIONS (SPAS-EDS). www.statpas.org/spaseds/. In Euclid
(www.projecteuclid.org). Page - 584



Bibliography

Allaire G.(1992). Homogenization and Two-Scale convergence, SIAM J.
Math. Anal. 23 , 1482-1518.

Baldé M. A. M. T. (2017). Etude de probléemes de transport: Erosion cotiére
et aménagement urbain, Thése de Doctorat, UCAD.

C. Diedhiou, B. K. Thiam, I. Faye(2018). Numerical Simulations of Sand
transport problems, To appear.

Faye 1., Frénod E., Seck D.(2011). Singularly perturbed degenerated par-
abolic equations and application to seabed morphodynamics in tided en-
vironiment,Discrete and Continuous Dynamical Systems, Vol 29 N°3, pp
1001-1030.

Faye L., Frénod E., Seck D.(2015). Two-scale numerical simulation of sand
transport problems, DCDS-S, Vol. 8, Iss. 1 (Special Issue on "Numeri-
cal Methods Based on Two-Scale Convergence and Homogenization”) pp
151-168 (DOI: 10.3934/dcdss.2015.8.151)

Faye 1., Frénod E., Seck D.(2016). Long term behaviour of singularly per-
turbed parabolic degenerated equation, Journal of Non linear Analysis
and Application, Vol 2, 82-105 .

Frénod E., Mouton A. and Sonnendrucker E. (2007). Two-Scale nu-
merical simulation of a weakly compressible 1D isentropic Euler equa-
tions, Numerishe Mathematik, Vol, 108, No2, pp. 263-293( DOI:
10.1007/s00211-007-0116-8).

Frénod E., Salvani F. and Sonnendrucker E.(2009), Long time simulation
of a beam in a periodic focussing channel via a Two-ScalePIC-method,
Mathematicals Models and Methods in Applied Sciences, Vol. 19, No 2,
pp 175-197 (DOI No: 10.1142/S0218202509003395).

Frénod E., Raviart P. A. and Sonnendruiicker E.(2001). Asymptotic expan-
sion of the Vlasov equation in a large external magnetic field, J. Math.
Pures et Appl. 80 (2001), 815-843.

Ladyzenskaja O. A, Solonnikov V. A and Uraltseva N. N. (1968). Linear and
Quasi-linear Equations of Parabolic Type, Vol. 23, Translation of Mathe-
matical Monographs, American Mathematical Soc..

585



A Collection of Papers in Mathematics and Related Sciences, a festschrift in honour of
the late Galaye Dia. Thiam B.K, Baldé M.M.T , Faye I. and Seck D.(2018). Numerical
analysis of a corrector results in short term sand transport problem. Pages 559 —
586.

Nguetseng G. (1989). A general convergence result for a_functional related
to the theory of homogenization, SIAM J. Math. Anal. 20,608-623.

Thiam B. K., Faye I., Seck D. (2018). A Neurnann boundary value problem of
sand transport: Existence and homogenization of short term case, Int. J.
of Maths Anal., 12, no 1, 25-52, https://doi.org/10.12988/ijma/2018.
711147.

SPAS EDITIONS (SPAS-EDS). www.statpas.org/spaseds/. In Euclid
(www.projecteuclid.org). Page - 586



