Chapter 4

Local Existence for Nonlinear Wave
Equations

In this chapter, we shall obtain a local existence theorem for semilinear wave
equations in the Sobolev spaces. We also show the uniqueness and the finite speed
propagation of C?-solutions for systems of nonlinear wave equations.

4.1 Preliminary estimates
Suppose that F = F(z) = (Fi(2),...,Fy(2)) € C(R¥;RY) with F(0) = 0.
For s € Ny, we put

As(T) := sup Z |0PF(2)|, T>0.
#I=T 151 <s

Since we have )
Fj(z) = (/ (Vsz)(Gz)cw) -z, 1<j<N,
0
we get
IE ) 2y < A1V Iz @) ) IV |22 @)
for any V' = (V1,..., V) € L®(R") N L*(R").

Let V € #¥/2(R") N H*(R™) with s € Ny. For |a| > 1, the Leibniz formula
yields
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where 5 = (j1,---,Jm)s ¥ = (V1,--+,Ym), and C'f:,’f’s are appropriate constants.
For 1 < |B| < s, we get

1OZFY V)| oy < As IV llzo0 )

For |yi|+ -+ |ym| = s(> 1) and j1,...,4m € {1,..., K}, we have

H a;/k‘/]k < HV‘ /2] Rn V”H‘S(R"
k=1 L2(R")
for V e 2/2I(R*) N H*(R"), because only one number among |y1], ..., [ym| can

exceed s/2. If s > n + 1, then, since we have [s/2] 4+ [n/2] + 1 < s, the Sobolev
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