Chapter 1

Introduction

We consider the Cauchy problem (or the initial value problem) for a system of
wave equations

(07 — A)yu = F(u, du, 0%u), (t,x) € (0,T) x R", (1.1)
u(0,2) = ¢(x), du(0,2) = ¥(z), =eR", (1.2)
where u = (uy,...,uy) is an R¥-valued unknown function of (¢,z) € R x R",

and A = >"7'_, 02 is the Laplacian, while du and 9?u denote the first and second
derivatives of u. Here we have used the notation dy = 0y = 9/9t and O = 0, =
9/0zy, for 1 < k < n. More specifically, we write du = (0,4u;) and 6%u = (9,0pu;)
with suffixes 1 <j < N and 0 <a,b<n.

We assume that the nonlinear term F = F(\, A, \”) is a sufficiently smooth
function of (A, X, \) € RN x RN RM+D’N “and that F(0,0,0) = 0. Here
A= (X)), N =(N),), and X" = (N7 ;) are variables for which u = (u;), du = (Oquy),
and 9*u = (9,0pu;) are substituted, respectively, where the suffixes run as before.
To simplify the description, we put [0 = 97 — A, which is called the d’Alembertian.

We say that (1.1) is semilinear *, if the nonlinear term F depends only on (u, du)
and is independent of 9%u. The system (1.1) is said to be quasilinear, if the nonlinear
term F is linear in 0?u. In other words, (1.1) is quasilinear, if F' = (F1,...,Fy)
has the following form:

N n
Fy(u,0u,0%u) = > Y yp(u, 0u)0a0pux + G(u,0u), 1<j<N, (L3)

k=1a,b=0
where Gj = G;(\, ') and 7§ = 740 (A, \') are smooth functions satisfying
G;(0,0) = (VaxG;)(0,0) =0

and 7;-1,?(0, 0) =0.

As far as we consider classical solutions, the system (1.1) can be always reduced
to a quasilinear system at the cost of the size N of the system? (see [20]). In order
to apply the classical energy method for strictly hyperbolic equations, we assume

In some literatures, one writes “semilinear wave equations” for wave equations with nonlin-
earity of the form F' = F(u), such as F(u) = |u|P~lu.
2We only have to consider an extended system for (u,du).



