Appendix A

The Riemann integral in Banach spaces

A partition II of a bounded closed interval [a, b] is a sequence {tg,t1,...,tp} of
finite numbers satisfying

a=ty <t <---<tpy_1 <ty =b.

We define |II| := maxi<m<m |[tm — tm—1]- A pair (IL, 7) is called a tagged partition
of [a,b] if IT = {to,t1,...,tnm} is a partition of [a,b] and 7 = {71,...,7;} is a
sequence of finite numbers satisfying 7, € [tm—1,tm] for 1 <m < M.

Let IT = {¢o,t1,...,tp} and E = {sg, s1,..., S} be two partitions of [a,b]. We
say that Z is a refinement of ILif, for allm = 0,1,..., M, there is l,, € {0,1,...,L}
such that t,, = s;,,. A tagged partition (Z,0) is called a refinement of a tagged
partition (II,7) if the partition = is a refinement of the partition II.

Let X be a Banach space over a field K with K = R or C. Given a bounded
X-valued function f on [a,b] and a tagged partition (II,7) of [a,b] with II =
{to,t1,...,tar} and 7 = {7y,...,7a}, we define the Riemann sum

M
S(HvT; f) = (tm - tmfl)f(’rm)‘
m=1

We say that a bounded X-valued function f = f(t) on [a,b] is Riemann integrable
on [a,b] if there is F' € X such that S(II, 7; f) converges to F' in X, uniformly with
respect to 7, as |II| — 0. This F is called the Riemann integral of f on [a,b], and
is written as f: f(t)dt

Lemma A.1. Let f € C([a,b];X). For any € > 0, there is a positive constant &
such that

[SAL7; f) = S(E, o3 f)llx <e

for any tagged partition (I, T) with |II| < o, and its refinement (E, o).

Proof. Let € be a positive number. Since f is uniformly continuous on [a, b], there
is a positive constant ¢ such that || f(t) — f(s)||x < /(b — a) for any ¢,s € [a,]
with |t — s| <.

We write II = {to,t1,...,tm}, T = {71,...,7m}, E = {s0,51,...,5.}, and
o ={01,...,00}. Let [II] < ¢, and = be a refinement of II. Suppose that t,, = s;,,
(note that I = 0 and 5y = L). Then we have t,,, — t;p—1 = Zgzlm_lﬂ(sl —81-1),
and |o; — T | <ty — tim—1 < 0 for l;p—1 +1 <1 < ,,,. Therefore, we get

ISL7; /) = SE a5 )l x < Z Z (st = si-1) 1 (7m) = fla)l| x <e

m=11=lp,_1+1
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