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§1. Introduction 

The purpose of this article is to give a short survey on the recent 
development of a canonical complex structure, the so called adapted 
complex structure, on the tangent bundle of a real-analytic Riemannian 
manifold. 

It was observed by Grauert [G] that a real-analytic manifold X 
could be embedded in a complex manifold as a maximal totally real 
submanifold. One way to see this is to complexify the transition func
tions defining X. However, this complexification is not unique. In [G-S] 
and [L-S], Guillemin-Stenzel and independently Lempert-Szoke encom
pass certain conditions on the ambient complex structure to make the 
complexification canonical for a given real-analytic Riemannian mani
fold. In short, they were looking for a complex structure, on part of 
the cotangent bundle T* X, compatible with the canonical symplectic 
structure on T* X. Equivalently, it is to say that there is a unique com
plex structure, the adapted complex structure, on part of the tangent 
bundle of X making the leaves of the Riemannian foliation on T X into 
holomorphic curves. The set of tangent vectors of length less than r 
equipped with the adapted complex structure is called a Grauert tube 
rr X. For each X, there corresponds a rmax(X) 2:: 0 which is the maxi
mal real number such that the adapted complex structure is defined on 
rr X for all r :::; rmax(X). Though each Grauert tube over the same 
Riemannian manifold are diffeomorphic to each other, it was proved in 
[Kl] and [Szl] that rr X and T 8 X are biholomorphically nonequivalent 
when r =f. s. A domain D in which the adapted complex structure is 
defined and X C D c T X, is called a Grauert domain. The largest one 
of such Grauert domains is called the maximal Grauert domain in T X. 
In general, the maximal Grauert domain is strictly larger than Trmar X. 
They are the same when X is a symmetric space of rank-one. The do
main of definition depends on the geometry of X. Lempert and Szoke 
have the following estimate on the existence of domain of definition. 
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