I. Forcing, Basic Facts

§0. Introduction

In this chapter we start by introducing forcing and state the most important
theorems on it (done in §1); we do not prove them as we want to put the stress
on applying them. Then we give two basic proofs:

in §2, we show why CH (the continuum hypothesis) is consistent with ZFC,
and in §3 why it is independent of ZFC. For this the N;-completeness and
c.c.c.(=countable chain conditions) are used, both implying the forcing does not
collapse N1 the later implying the forcing collapse no cardinal. In §4 we compute
exactly 2% in the forcing from §3 (in §3 we prove just V[G] = “2%0 > )\*; we
also explain what is a “Cohen real”). In §5 we explain canonical names.

Lastly in §6 we give more basic examples of forcing: random reals, forcing
diamonds. The content of this chapter is classical, see on history e.g. [J]. (Except
§7, 7.3 is A. Ostaszewski [Os| and 7.4 is from [Sh:98, §5], note that later
Baumgartner has found a proof without collapsing and further works are:

P. Komjéth [Kol], continuing the proof in [Sh:98] proved it consistent to
have MA for countable partial orderings +—-CH, and &. Then S. Fuchino, S.
Shelah and L. Soukup [FShS:544] proved the same, without collapsing R; and
M.Dzamonja and S.Shelah [DjSh:604] prove that & is consistent with SH (no
Souslin tree, hence -CH).)
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§1. Introducing Forcing

1.1 Discussion. Our basic assumption is that the set theory ZFC is consistent.
By Godel’s completeness theorem it has a countable model. We make the

following further assumptions about this model.

(a) The membership relation of the model is the real membership relation;
and therefore the model is of the form (V, €).

(b) The universe V of the model is a transitive set, ie, x€eyeV -z e V.

Assumptions (a) and (b) are not essential but it is customary to assume
them, and they simplify the presentation. So “V a model of ZFC”, will mean
“a countable model of ZFC satisfying (a) and (b)”, and the letter V is used
exclusively for such models.

Cohen’s forcing method is a method of extending V to another model V1
of ZFC. It is obvious that whatever holds in the model V' cannot be refuted
by a proof from the axioms of ZFC, and therefore it is compatible with ZFC.
If we show that a statement and its negation are both compatible with ZFC
then we know that the statement is undecidable in ZFC.

Why do we look at extensions of V' and not at submodels of V7 After all,
looking at subsets is easier since their members are already at hand: To answer
this question we have to mention Godel’s constructibility. The constructible
sets are the sets which must be in a universe of set theory once the ordinals of
that universe are there. Godel showed that the class L of the constructible sets
is a model of ZFC and that one cannot prove in ZFC that there are any sets
which are not constructible. Therefore, for all we know, V' may contain only
sets which are constructible and in this case every transitive subclass V1 of V
which contains all ordinals of V' and which is a model of ZFC must coincide

with V, and therefore it gives us nothing new.

1.2 Discussion. Now we come to the concept of forcing. A forcing notion
P €V is just a partially ordered set (not empty of course). Usually a partial
order is required to satisfy p < q&q < p = p = ¢, but we shall not (this is
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Just a technicality), this is usually called pre-partial order or quasi order. It is
also called a forcing notion. We normally assume that P as a minimal element
denoted by (p, i.e.

(Vg € P)(PE0p <gq),

really from Chapter II on, we do not lose generality as by adding such a member
we get an equivalent forcing notion, see §5. We want to add to V a subset G

of P as follows.

(1) G is directed (i.e., every two members of G have an upper bound in G)

and downward closed (i.e., if z <y € G then also z € G).

Trivial examples of a set G which satisfies (1) is the empty set § and {z : z < p}
for pe P.
The following should be taken as a declaration of intent rather than an

exactly formulated requirement.

(2) We want that G ¢ V and moreover G is “general” or “random” or “without

any special property”.

We aim at constructing a (transitive) set V[G] which is a model of ZFC with
the same ordinals as V, such that V C V[G] and G € V[G], and which is
minimal among the sets which satisfy these requirements.

So we can look at P as a set of approximations to G, each p € P giving
some information on G, and p < ¢ means q gives more information; this view
is helpful in constructing suitable forcing notions.

Where does the main problem in constructing such a set V[G] lie? In the
universe of set theory the ordinals of V are countable ordinals since V' itself
is countable. But an ordinal of V' may be uncountable from the point of view
of V (since V is a model of ZFC and the existence of uncountable ordinals
is provable in ZFC). Since for each ordinal a € V the information that o is
countable is available outside V', G' may contain i.e. code that information for
each a € V. In this case every ordinal of V' (and hence of V|[G]) is countable in

V[G] and thus V[G] cannot be a model of ZFC. How do we avoid this danger?
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By choosing G to be “random” we make sure that it does not contain all that
information.

While we choose a “random” G we do not aim for a random V[G], but
we want to construct a V|G| with very definite properties. Therefore we can
regard p as the assertion that p € G and as such p provides some information
about G. All the members of G, taken together, give the complete information
about G.

Now we come back to the second requirement on G and we want to replace

the nebulous requirement above by a strict mathematical requirement.

1.3 Definition. (1) A subset Z of P is said to be a dense subset of P if it

satisfies

(Vpe P)(Ig€ P)(p < q&qeI)

(2) Call Z C P open (or upward closed) if for every p,q € P

p>q&qeIl=>pel

1.4. Discussion. Since we want G to contain as many members of P as possible

without contradicting the requirement that it be directed, we require:
(2)" GNZI # 0 for every dense open subset Z of P which is in V.

1.4A Definition. A subset G of P which satisfies requirements (1) and (2)’ is
called generic over V ( we usually omit V'), where this adjective means that G
satisfies no special conditions in addition to those it has to satisfy.

The forcing theorem will assert that for a generic G, V|[G] is as we intended it
to be.

Does (2)" imply that G ¢ V7 Not without a further assumption, since if P
consists of a single member p then G = {p} satisfies (1) and (2)' and G € V.
However if we assume that P has no trivial branch, in the sense that above
every member of P there are two incompatible members, then indeed G ¢ V

(incompatible means having no common upper bound). To prove this notice
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that if G € V, then P\ G is a dense open subset of P in V', remember that

G is downward closed, and by (2)’ we would have G N (P \ G) # §, which is a
contradiction.

1.5 The Forcing Theorem, Version A. (1) If G is a generic subset of P
over V, then there is a transitive set V[G] which is a model of ZFC, V C V[G],
G € V[G] and V and V[G] have the same ordinals and we can allow V as a
class of V[G] (i.e. in the axioms guaranting (first order) definiable sets exists

“x € V” is allowed as a predicate).

(2) P has a generic subset G, moreover for every p € P there is a G C P generic

over V,peG. Uis

1.6 Discussion. We shall not prove 1.5(1), but we shall prove 1.5(2). Since
V is countable, P has at most Ny dense subsets in V; let us denote them
with Zy,Z;,Z5, ... we shall construct by induction a sequence p,. We take an
arbitrary po. We choose p, 41 so that p, < ppy1 € Z,; this is possible since Z,,
is dense. We take G = {q € P : In(q < pn)}. It is easy to check that this G is
generic.

Since we want to prove theorems about V[G] we want to know what are
the members of V[G]. We cannot have in V' full knowledge on all the members
of V[G] since this would cause these sets to belong to V. So we have to agree
that we do not know the set G, but, as we want as much knowledge on V(G|
as possible, we require that except for that we have in V full knowledge of
all members of V[G], more specifically V' contains a prescription for building
that member out of G. We shall call these prescriptions “names”. We shall be
guided in the construction of the names by the idea that V[G] contains only
those members that it has to.

Remember:
1.7 Definition. We define the rank of any a € V:

rk(a) is U{rk(b) +1:bea}
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(note if a = 0,rk(a) = 0), the union of a set of ordinals is an ordinal, hence
rk(a) is an ordinal if defined, and by the axiom of regularly rk(a) is defined for

every a. So

1.8 Definition. We define what is a P-name (or name for P or a name in P)
7 of rank < o, and what is its interpretation 7[G]. If P is clear we omit it.

This is done by induction on a. 7 is a name of rank < « if it has the form
7 ={(pi,7:) : 1 < 1o}, pi € P and each 7; is a name of some rank < a.

The interpretation 7(G] of 7 is {7;[G] : p; € G,i <10}

1.9 Definition.
(1) Let rkn(7) = a if 7 is a name (for some P) of rank < a but not a name of
rank < § for any 8 < a.

(2) For a € V and forcing notion P, @ is a P-name defined by induction on
rk(a);

a={(p,b) :p€ Pbea}

(3) G ={(p,p) : p € P} (when necessary we denote it by (Gp).
(4) rky(7), the revised rank of a P-name 7 is defined as follows: rk,(7) = 0 iff

7 =2a for somea €V

Otherwise

k. (7) = U{rk,(c) + 1: (p, o) € 7 for some p}

1.9A Remark. 1) Usually, we use T, [a etc. to denote P-names not necessarily

of this form.

Eventually we lapse to denoting & (the P-name of a) by a, abusing our notation,

in fact, no confusion arrives.

1.10 Claim. Given a forcing notion P, and G C P generic over V, we have:

(1) rky(7) < rkn(7) and rk(7[G]) < rk,(7) for any P-name 7.
(2) foraeV,a[G] =a



§1. Introducing Forcing 7

(3) ¢lG] = ¢G.

(4) rk(7),rk,(7) are well defined ordinals, for any P-name 7.

Proof. Trivial. O1.10

1.11 Discussion. Notice that while every name belongs to V, the values of
the names are not necessarily in V since the definition of the interpretation of
a name cannot be carried out in V. It turns out that these names are sufficient

in the sense that the set of their values is a set V[G] as required:

1.12 The Forcing Theorem (strengthened), Version B. In version A, in
addition V[G] = {7[G] : 7 € V, and 7 is a P-name }. 0112

We want to know which properties hold in V[G]. The properties we are
interested in are the first order properties of V[G], i.e., the properties given by
formulas of the predicate calculus. We shall refer to the members of V|G| by

their names so we shall substitute the names in the formulas.

1.13 Definition. If 71 ..., 7, are names, for the forcing notion P, p(x1,...,zy)
a first-order formula of the language of set theory with an additional unary
predicate for V, then we write p IFp “o(71...,7,)“ (p forces p(71...,7,) for
the forcing P) if for every generic subset G of P which contains p we have:
@(11[G] ..., Tx[G]) is satisfied (=is true) in V[G],
in symbols V[G] |= “p(71(G], ..., [G])".

1.14 The Forcing Theorem, Version C. If G is a generic subset of P then (in
addition to the demands in versions A and B we have:) for every ¢(r; ..., 7,) as
above there is a p € G such that p lFp “—p(1...,7,) or plbp “o(11...,7)".
Therefore V[G] E “p(11[G] ..., ,[G])” iff for some p € G pltp “o(11...,m) .
Moreover |- (as a relation) is definable in V. 0114

This is finally the version we shall actually use, but we shall not prove this

theorem either.
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The forcing relation I-p clearly depends on P. If we deal with a fixed P
we can drop the subscript P. We refer to P as the forcing notion.
The rest of the section is devoted to technical lemmas which will help to

use the forcing theorem.

1.15 Definition. For p,q € P we say that p and q are compatible if they
have an upper bound. Z C P is an antichain if every two members of Z are
incompatible. Z C P is a maximal antichain if 7 is an antichain and there is
no antichain J C P which properly includes Z. We say Z C P is pre-dense
(above p € P) if for every ¢ € P (¢ > p) some ¢! € T is compatible with q.
We say Z C P is dense above p € P if for every ¢ € P such that ¢ > p there
is r, ¢ <r € T; we may omit “above p”. We define “Z C P is pre-dense above

p € P” similarly.

1.16 Lemma. Let G be a downward closed subset of P. Then: G is generic
(over V) iff for every maximal antichain Z € V of P we have |GNZ| = 1.

Proof. Suppose G is generic. Since G is directed it cannot contain two incom-
patible members and hence |G NZ| < 1. Given Z € V, a subset of P, let
J={peP:(3qel)p=>q}eV,ie, T is the upward closure of Z. So J is
obviously upward closed i.e. an open subset, we shall now show that if 7 is a
maximal antichain of P, then J is dense. For any r € P clearly r is compatible
with some member ¢q of Z (otherwise Z|J{r} would be an antichain properly
including the maximal antichain T), let p > r,q. Then, by the definition of 7,
p € J and we have proved the density of 7.
Since J is dense and open by Definition 1.4A we know GNJ # 0,letp € GNJ.
Since p € J, there is a ¢ € Z such that ¢ < p, and since p € G and G is geﬁeric,
g € G and so ¢ € GNZ, hence |GNZ| > 1. So (assuming G C P is generic over
V') we have proved: for every maximal antichain Z € V of P, |GNZ| =1, thus
proving the only if part of the lemma.

Now assume that for every maximal antichain Z € V we have |[GNZ| = 1.

First let J € V be a dense subset of P and we shall prove GNJ # 0. By Zorn’s
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lemma there is an antichain 7 C J which is maximal among the antichains in
J, i.e. the antichains of P which are subsets of 7. We claim that Z is a maximal
antichain. Let r € P, we have to prove that r is compatible with some member
of 7 (and hence Z cannot be properly extended to an antichain). Since J is
dense there is a p € J such that p > r. Since p € J and 7 is an antichain
maximal in J necessarily p is compatible with some member q of Z, hence r is
also compatible with ¢; so we have finished proving “Z is a maximal antichain
of P”. So by our present assumption [GNZ| =1hence GNJ D GNZT # 0.

Secondly to see that G is directed let ¢,7 € Gandlet 7 ={pe P:p>q,r
or p is incompatible with q or p is incompatible with r}. Clearly J € V, to
prove that J is dense let s € P. If s is incompatible with ¢ then s € 7.
Otherwise there is a t € P such that s,q < t. If t is incompatible with r then
t € J, and we know that ¢ > s. Otherwise there is a w € p such that w > ¢,r.
Since t > s,q we have w > ¢,r and hence w € J. Since w >t > s we know J
is dense. By what we have shown above, GNJ # 0. Let p € GN J. We shall
see that p cannot be incompatible with ¢ or with 7, therefore, since p € 7,
p > q,7. We still have to prove that no two members of G, such as p and g,
are incompatible. Suppose p,q € G and p and ¢ are incompatible. We extend
the antichain {p, ¢}, by Zorn’s lemma to a maximal antichain 7 € V. We have
ING 2 {p,q}, contradicting |Z NG| = 1.

As part of the assumption of 1.16 is “G C P is downward closed”, and we
have proved G is directed, and [J € V is a dense subset of P = G N J # 0],
we have proved that G is a generic subset of P over V (see Definition 1.4A).

Hence we have finished proving also the if part of the lemma. U116

1.17 Lemma. If J is a pre-dense subset of P in V and G is a generic subset
of P then GNJ # 0.

Proof. Let J1 = {p € P : (3¢ € J)p > q}. Let us prove that J' is a dense
open subset of P. Now J' is obviously upward-closed. Let r € P. Since J is
pre-dense there is a ¢ € J such that g is compatible with r. Therefore, there is
a p € P such that p > ¢,r. By the definition of J' we have p € Jt. Thus we
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have proved that for every r € P there is a p € J' such that p > r, and so J t
is dense. Since J € V and J' is constructed from J in V we have J! € V.
Since G is generic over V we have GNJ' # 0. Let p € GNJ'. By the definition
of J1 there is a ¢ € J' such that ¢ < p. Since G is downward closed we have
g € G and hence ¢ € GN J # 0, which is what we had to prove. 0117

1.18 Lemma. Let g € P, and let Z be a subset of P in V which is pre-dense
above q. For every generic subset G of P if ¢ € G then GNZT # 0.

Proof. Let I! = I\ J{p € P : pis incompatible with ¢}. Since Z € V also I € V.
Let us prove that Z' is a pre-dense subset of P. Let r € P. If r is incompatible
with ¢ then r € Z'. If r is compatible with ¢ then there is an s € P such that
s > 1,q. Since I is pre-dense above q, necessarily s is compatible with some
member of Z, and hence r is compatible with the same member of Z which
neccessarily is also in ZT. Thus we have shown that Z' is pre-dense. Let G be a
generic subset of P such that ¢ € G. Since Z' is pre-dense and Z' € V we have
GNI'#0.Lett e GNZI'. Sincet,q € G, t is compatible with g, hence by the
definition of Z' we must have t € Z and thus t € GNZT # 0. U118

1.19 Lemma. Let Z = {p; : i < io} be an antichain in P and {7; : i < io} a
corresponding indexed family of P-names (in V). Then there is a name 7 such
that: for every ¢ < ip and for every generic G, if p; € G then 7[G] = 7;[G] (and
TGl =0if GN{p; : i <ip} = 0). (We recall that a generic G contains at most
one member of Z and if 7 is a maximal antichain of P then G contains exactly

one member of 7).

1.19A Remark. This means we can define a name by cases.

Proof. Suppose 7; = {(ps,j,7i,j) : 7 < Ji}, (of course j; = 0 is possible) and let
7= {(r,Ti;) 3 <Ji i <io,” > pij and r > p;}. U119

‘We note also:
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1.20 Claim. Let G be a downward closed directed subset of P. The following

are equivalent:

(a) G is generic.

(b) GNT # 0 for every dense open subset Z of P.
() GNZ # 0 for every dense subset Z of P.

(d) GNZ # 0 for every pre-dense subset T of P.
(e) GNZI # ( for every maximal antichain Z of P.

1.20A Remark. Clearly for Z C P,
(1) Z is dense open = 7 is dense = T is pre-dense,

(2) 7 is a maximal antichain of P = T is pre-dense.

Proof. By Remark 1.20A(1) clearly (d)=(c)=(b), by 1.20A(2) clearly (d)=>(e)
by 1.16 (e)=-(a), trivially (a)=>(b); by the closing up of subsets of P clearly
(b)=(c)=>(d); together we have finished. 0190

§2. The Consistency of CH (The Continuum
Hypothesis)

Usually the consistency of CH, i.e., of 2% = Xy, is proved by showing that it
holds in L (the class of constructible sets) but we do not want to go in this

way. So

2.1 Theorem. Model A. There is a model of ZFC in which 2% = X;.

Proof. Let us first review the main points of the construction of the model. We
start with a countable transitive model V of ZFC in which 2%° is either X; or
greater. We shall extend it to a model V[G] in which G will essentially be a
counting of length R; of all sets of natural numbers, i.e. a function g from w;
onto the family of sets of natural numbers. Each condition, i.e., each member
of P, is an approximation of the generic object G and therefore will consist

of partial information about the counting. Since every two members of G are
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compatible, the members of G, taken together, yield a counting of subsets of w.

The three things about which we have to worry in the proof are the following:

a) How do we know that every subset a of w in V will occur in the counting

given by G7

This will be answered by showing that the set of all partial countings in which

a occurs is a dense subset of P, and hence G contains such a partial counting.

b) How will the new subsets of w, i.e., the subset of w which are in V[G] but
not in V', be counted when the members of P, being in V, can count only

subsets of w which are in V7
Here we shall make sure that V[G] has no new subsets of w.

c) Is Ry of V, which we have mapped on the set of all subsets of w in V[G]
also the R; of V[G]?

Here the answer is easily positive because V and V[G] have the same sets of
natural numbers.

In V[G] we want to obtain a function g from NY[G] (where NY[G] denotes
the ordinal which is the R; of V[G], i.e., the least ordinal a such that V[G] does
not contain a mapping of w onto a) onto P(w)Y ¢! (where P(w) is the power
set of w and the superscript V[G] means that P(w)" ¢ is the power set of w
in V[G]). It will turn out that NY[G] = RY, and the only subsets of w available
in V[G] are the members of P(w)V. By easy considerations for every countable
ordinal a, the function gfa has to belong to V' (as it can be coded by a set of
natural numbers). Therefore partial information about g is given by functions

from countable ordinals into P(w) in V. Thus it is natural to define
P = {f: f is a function from a countable ordinal into P(w)}

where the definition is inside V: with f < g iff f C g.
A member f of P is understood to “claim” that g is like f on the domain of f.
When does a member f! of P give us more information that f? When f C f1.

Therefore we take the partial order < on P to be proper inclusion.
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Let G be a generic subset of P. By the definition of the concept of a generic
object every two members of G are compatible, hence UG = J{f : f € G} is
a function, we shall denote it with fg. The domain of fg is the union of the
domains of the members of G and hence it is a union of ordinals < R} and
therefore the domain of fg is an ordinal < RY. If A is a countable set in V'
then in V there is a function r from w onto A. Since V is a transitive set, V
contains already all the objects which are members of A in the universe and
hence A has no new members in V[G]. Now V[G] has the same set w of natural
numbers as V and therefore 7 maps w on A also in V[G] and A is countable
in V[G]. In particular every ordinal which is countable in V' is also countable
in V[G]. Therefore, if RY is uncountable in V[G] then XY is the least ordinal
which is uncountable in V[G], i.e., R} = N}/[G]. If RY is countable in V[G] then
RY < NY[G], hence in either case R} < NY[G]. Therefore the domain of fg is

an ordinal < NY[G] (since it is < R}). We have in fact deal with

2.2 Definition. 1) A first order formula ¢(z) (in the language of set theory) is
upward absolute if when V' C VT are models of ZFC with the same ordinals (so
by our conventions both are transitive sets) and a € V, then: V F pla] = VI E
¢|a]. Note that properties and function are interpreted by first order formulas.

2) We say ¢ is absolute if both ¢ and —¢ are upward absolute (i.e. we have

“iff” above).

Obviously (or see [J]):

2.3 Lemma. 1) The following are upward absolute: “o an ordinal”, “a not an

ordinal” “

a is (not) a natural number”, “a =n”, “‘a #n”, ‘a=w", ‘a #w”,
“or is not a cardinal”, “a is not regular”, “A has cardinality < o”, “A C B”,
“AD B”, “f is (not) a (one-to-one) function from A to (onto) B”.

2) In fact any relation (function, property) defined by a 3, - formula, i.e., by
(Fy)e(xo ..., Tn-1,Tn,y) when ¢ has only bounded quantifiers i.e., of the form

(Vz1 € 23), (321 € z3) is upward absolute. (o3
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We have now to prove the following facts.
2.4 Fact. Every A € P(w)V is in the range of fg.
2.5 Fact. P(w)" (¢l = P(w)V.

Once these facts are proved we know that the range of fg is P(w)"[¢] and
in V[G] the function fg maps an ordinal < NY[G] onto P(w) hence in V[G] the
set P(w) has at most R; subsets, which establishes 2% = X; in V[G].

Remember that a subset Z of P is said to be pre-dense in P if every member
p of P is compatible with some member of Z. In particular Z is pre-dense if 7
is a maximal antichain or if Z is such that for every p in P thereisaq € 7

such that ¢ > p.

Proof of Fact 2.4. Let A € P(w)V; we want to prove that A € Rang(fg),
i.e., for some f € G we have A € Rang(f), or, in other words G N {f €
P : A € Rang(f)} # 0. For this purpose it suffices to show that the set
Z ={f € P: Ac Rang(f)} is dense, since this set is obviously in V. Let p € P
then p: a — P(w) in V, where a is a countable ordinal. Let f be the function
with domain « + 1, which is also a countable ordinal in V, into P(w)" given
by f(€) = p(€) for £ < o and f(a) = A. Clearly f € P,f > p and f € Z. Thus
T is dense and Fact 2.4 is established. oy

Now Fact 2.5 will follow from 2.7, 2.8 below, thus completing the proof of
Theorem 2.1.

2.6 Definition. 1) A forcing notion P is said to be R;-complete, or countably
complete if every increasing (by <) sequence (p, : n < w) of members of P,
i.e., every sequence (p, : n < w) such that pg < p; < pa < ..., has an upper
bound p in P (i.e., p > p, for every n < w).

2) A partial order P is A-complete if for any v < X and increasing (by <=<F)

sequence (p; : i < 7y) of members of P, the sequence has an upper bound in P.
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2.7 Lemma. Our present set P is countably complete in V.

Proof. Let (p, : n < w) be a nondescending sequence of members of P in V.
Since the py’s are pairwise compatible p = |J,, ., Pn is a function. The domain
of p is the union of the domains of the p,’s. Thus the domain of p is a countable
union of countable ordinals, and is therefore a countable ordinal. The range of
p is the union of the ranges of the p,’s and it consists therefore of members of

P(w)V. Thus p € P, and obviously p > p, for every n < w. 0.7

2.8 Theorem. 1) For every countably complete forcing notion P in V and
every generic subset G of P, V[G] contains no new w-sequence of members of
V,ie.,if (ap : n <w) € V|[Gland ap, € V forn < w then also (a, : n <w) € V.
In particular if a C w and a € V|G| then also a € V.

2) If the forcing notion P is A-complete, G C P is generic over V then V|G|
has no new (i.e.¢ V) bounded subsets of A, not even new sequences of length

< X of members of V.

Proof. 1) Let (a, : n < w) € V[G], then (a, : n < w) has a name 7. By the
forcing theorem (i.e. 1.14) there is a ¢ € G such that ¢ I+ “r is an w-sequence of
members of V”. We shall prove that the subset {p € P:pl- “7 € V”} of P is
pre-dense above ¢ and, by 1.18, therefore G contains a p such that p I “T € V”
and therefore 7[G] € V, ie., (an : n < w) € V is true in V[G]|. Here we use
the fact that {p € P : p - “7 € V”} is in V; this is the case since forcing is
definable in V.

Let us prove now that Z = {p €: p I “7 € V”} is pre-dense above q. Let
q' > g; it “knows” (i.e. forces) that every a, is in V, since already g forces this
statement, but even ¢! does not necessarily “know” the identity of a,,. We shall
see that we can extend ¢' to a condition which “knows” ag(=force a value),
then to a condition which “knows” a, and so on, and as a consequence of the
countably completeness of P, q' can be finally extended to a condition p which
“knows” all the a,’s. This will imply p “knows” that (a, : n < w) is some
particular member of V, and p I “7 € V| which establishes the pre-density of
7 above q.
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We define a sequence (p, : n < w) of conditions and a sequence (a, :
n < w) of members of V as follows. Let us mention now that the forthcoming
definition is carried out entirely within V' and therefore the obtained sequences
are members of V. We set po = ¢. For n > 0 we choose pn4+1 and a, so that
DPnt1 = Dn and ppyq IF “7(n) = a,”, where 7(n) = a, is an abbreviation of “the

)

n-th term of the sequence 7 is a,” and a, is the P-name of a, (see Definition
1.9(2) and 1.9A). Do such pp+1 and a, exist? To prove their existence we go
out of V, but this does not matter since once we know they exist the definition
proceeds entirely within V. Let G' be any generic subset which contains p,,.

In V[G'] we have 7[G'] is an w-sequence of members of V, since q < p,, €
G' and ¢ IF “7 is an w-sequence of members of V”. Let a,, be the n-th term of
the sequence 7[G'], then a,, € V and 7[G')(n) = a, is true in V[G']. By the
forcing theorem there is an r € G1 such that r IF “r(n) = a,”. Since r,p, € GI
they are compatible. Choose pp41 > 7, pp then also ppy1 IF “7(n) = a,”, and
Pn+1 and a, are as required. In order to choose a definite p,+; in P we assume
that we have some fixed well ordering of P in V' and p,4; is chosen to be the
least member of P in that well-ordering for which there exists an a, so that
DPrn+1 = Pn and ppyq b “7(n) = a,”. Note that a, is uniquely determined by
Pn1 since if also for some b # a, we have pp41 b “7(n) = b” then for every
generic G' which contains p, 4 we have that the n-th term of 7[G] is both a,,
and b, which is impossible.

Since P is countably complete there is a p € P such that p > p, for all
n < w. We have, obviously p > po = ¢! and for every n < w we know p > p,41
and hence p IF “T(n) = @,”. Thus for every generic subset G' of P which
contains p we have: 7[G] is an w-sequence and 7[G](n) = a, for every n < w,
hence 7[G'] = (a, : n < w) € V (note (a, : n < w) € V since this sequence was
defined in V). By the definition of the forcing relation we have p I “7 € V",
which is what we had to prove.

If a € V[G] and a C w then let (a, : n < w) be the characteristic function
of a. Since each a, is 0 or 1 we have (a, : n < w) is a sequence of members
of V and hence, by the present theorem (a, : n < w) € V and a can be easily

obtained from (a, : n < w) within V.
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2) Left to the reader. U2.8,2.5,2.1

§3. On the Consistency of the Failure of CH

We first prove a technical lemma, and then prove that 2% = R, is possible for

almost any o.

3.1 The Existential Completeness Lemma. 1) If py IFp “(3z)p(x)” then
there is a name 7 such that po IFp ¢(7), where ¢(z) is a formula which may
mention names.

2) Moreover for every formula ¢(x) as above for some P-name T

IFp “(3z)[p(2)] — ¢(7)” and Ikp “~(3z)[p(z)] = 7 =0".

Proof. 1) The idea of the proof is as follows. The condition py, “knows” that
(3z)¢(z) but this does not tell us directly that po knows a particular name of
a set = which satisfies ¢(z). However with more information than that in py we
know names of sets which satisfy ¢(x). What we have to do is to combine the
various names to a single name which equals each of those names just when
the name satisfies ¢(z).

Let

g {g: qlFp “=(3z)p(x)” or for some name 7 we have q I-p “p(1)"}.

J is defined in V, hence J € V. We shall now see that 7 is dense. Let r € P,
but r does not force —(3z)y(x). Then there is a generic G C P such that r € G,
and V[G] E “(3z)p(z)”, by r’s choice. Since every member of V[G] is the value
of some name we have V[G] F “p(7[G])” for some P-name 7. By the forcing
theorem there is an rf € G such that ' IFp “p(7)”. Since G is directed and
r € G without loss of generality 7 > r and by definition, r! € J. Now if
rIFp “=(3z)p(x)”, trivially r € J. Thus we have shown that J is dense. Let T
be a maximal subset of J of pairwise incompatible members. We shall see that

also Z is pre-dense. Let ¢ € P and suppose, in order to obtain a contradiction,
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that ¢ is incompatible with every member of Z. By what we proved about J
there is a ¢’ € J such that ¢' > ¢. Also q' is, clearly, incompatible with every
member of Z. Now Z | J{q'} is a subset of J of pairwise incompatible members
which properly includes Z, which contradicts our choice of 7.

Let 7 = {g; : i < o}, since T C J there is for every i < o a name 7; such

that ¢; I-p “p(7;)” or ¢; IFp “=(3x)¢(z)”. Let 7 be the name

;e {Ii if g; IFp “p(1:)”
- 0  otherwise

which we have proved to exist (1.19) for pairwise incompatible ¢;’s. We claim
that po IF “@(7)”. To prove that let G be a generic subset of P and py € G. Since
T is pre-dense we have GNZ # 0 and hence for some i < o we have ¢; € G. If 7;
is not defined ¢; IFp “—(3x)¢(x)”, but then ¢;, po are incompatible, but both are
in G, contradiction. So g; IF “¢(7;)” hence we have V[G] F ¢(7;[G]). Also since
¢; € G we have, by the definition of 7, 7[G] = 7;[G], hence V[G] E “p(1[G])”,
which establishes pg IF “o(7)”.

2) The second part in the lemma was really proved too. O34

3.2 Theorem. Model B. There is a model in which the continuum hypothesis
fails. Moreover, for every cardinal X\ there is a forcing notion P such that

IFp “2%0 > X and every cardinal of V is a cardinal (of V[G]))”.

Convention. We use the word “real” as meaning a subset of w or its character-

istic function.

Proof. We want to add to V ) real numbers ( i.e., functions from w into 2).
Each condition gives us some information about them, so we have to make sure
that the information contained in a single condition will not suffice to compute
one of the reals since in this case this real will be already in V. Therefore we
shall define the conditions so that each one will contain only a finite amount of
information, and therefore each condition is clearly insufficient for computing

any of the reals. We shall regard the X reals, each of which is an w-sequence of
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0’s and 1’s, as written in a long sequence one after the other to form a sequence
of length X\ of 0’s and 1’s. The members of P will be finite approximations to
this member of *2. Therefore we take P = {f : f is a finite function from A into
{0,1}} where by “ a finite function from \” we mean a function from a finite
subset of A. For the partial order on P we take proper inclusion, i.e., f < g if

f C g. This forcing is called “adding A Cohen reals.”

3.3 Lemma. IFp “there are at least A reals”.

Proof of the Lemma. We shall prove the existence of the reals by giving them
names. Since for every generic G there is a function g which satisfies g = | J fea f
we have IFp “(3z)(z = Ujeg, f)” and by the first lemma in this section, 3.1
there is a name g such that I-p “g = U fecp f7. Using again the same method
we get, for every i < A a name g; defined by g;(n) = g(i + n). Now a; is forced
to be a name of a real number provided g is a name of a function on A into

{0,1}. We shall prove it in the next sublemma.

3.4 Sublemma. g is a function from X into {0,1} (i.e., this is forced).

Proof of the Sublemma. g is a function since G is a directed set of functions,
hence its union g is a function. Also g is into {0, 1} since each member of G is
into {0,1}. Next Dom(g) C A since for every f € G we have f € P and hence
Dom(f) C A; we still have to prove that Dom(g) = A. Let i < J; it suffices to
prove that the set J; = {f € P : i € Dom(f)}, which is clearly is V, is pre-
dense. Let f € P, if i € Dom(f) then f € J;, otherwise let ft = f(J{(4,0)}
then f' € P and ft > f and ft € ;. O3 4

We return to the Lemma 3.3. Note that since we have proved that I-p ‘g is
a function from A into {0,1}”, it is enough to prove for each i # j < X that
lFp “a; # a;”. For this it suffices to prove that for every p € P there is an
r > p € P and an n < w such that r I-p “g;(n) # a;(n)”, since this proves

that the set of all p € P such that pl-p “a; # a;” is pre-dense.
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Let p € P. Since Dom(p) is finite there is an ng such that for every n > ny
i+n ¢ Dom(p) and an n; such that for every n > n; we have j +n ¢ Dom(p).
We set 7 = pJ{(: + k,0), (j + k, 1), where k > ng,n;. Clearly r is a function
since i + k,j + k ¢ Dom(p) and i + k # j + k since 7 # j. Obviously p < r and
(r forces that ) a;(k) =0, a;(k) = 1 hence g;(k) # a;(j). Os.3

Continuation of the Proof of 3.2. We started with A, which is a cardinal of V
and we proved that in V[G] there are at least A real numbers, but is A in V[G]
the “same” cardinal as it was in V'? As the matter stands now we do not even
know whether the continuum hypothesis fails in V[G] since even though A may
be a large cardinal in V' it may be countable or X; in V[G]. We shall now prove
that all the cardinals of V' are still cardinals in V[G] so for example if A = XY
then X is still the third infinite cardinal in V[G] and thus A = N;’ [ We shall
prove that the cardinals of V' are not collapsed in V[G] for forcing notions P
which satisfy the countable chain condition and that P satisfies this condition.
Le. the cardinals of V are still cardinals in V[G], and as V, V[G] have the
same ordinals and no non-cardinals of V' are cardinals of V[G] we have: V,
V[G] have the same cardinals; this is done in 3.6, 3.8 below. This is important

general theorem which we shall use a lot. This will finish the proof of 3.2.

3.5 Definition.

(1) A forcing notion Q satisfies the countable chain condition (c.c.c.) if @
has no uncountable subset of pairwise incompatible members, i.e., if every
uncountable subset of Q contains two compatible members.

(2) A forcing notion Q satisfies the A-chain condition (A-c.c.) if there are no

) pairwise incompatible members of P.

3.6 Lemma. If a forcing notion @ satisfies the c.c.c. then
(i) forcing with @ does not collapse cardinals and cofinalities, (i.e., IFq “every

cardinal of V is a cardinal (of V[G])), and the cofinality is preserved”.
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(ii) For every ordinal a and every Q-name 7 there is, in V, a function F from
a (to V) such that for every 8 < a we have |F(8)| < No and IFg “if 7 is a
function from « into V then (VB8 < a)[r(B) € F(B)].

Proof of Lemma 3.6. Proof of (i): We define the function F on a by F(8) =
{a € V: (3¢ € Q)(g kg “r is a function from a and 7(8) = a”)}. We have
to prove that the right hand side is a set, and not a proper class of V and
moreover is countable. We shall assume it now and prove it later. The right
hand side is the set of all possible values of () in all the V[G]’s in which 7[G]
is a function from o into V. To see this suppose G is a generic set such that
7[G] is a function from o into V. Then for some a € V V|G| F “r is a function
from a and 7(8) = &”. By the forcing theorem there is a ¢ € Q such that
q kg “7 is a function from o and 7(8) = . Hence a € F(f) and therefore
VIG] E “(VB < a)[1(B) € F(B)]”. Since this is the case for every generic G we
have what is claimed in (ii).

Now we shall prove not only that the class {a € V : (3¢ € Q)(q IFq T
is a function on « and 7(8) = @”)} is a set but even that it is a countable
set, and thus |F(8)| < No. Suppose {a; : i < w;} is a subset of this class.
For each such a; there is a ¢; € Q such that g; g “r is a function on o and
7(B) = a;”. Since Q satisfies the c.c.c. there must be some i # j such that g;
and g; are compatible. Let ¢ > ¢;,q; and let G C Q be a generic subset of
Q which contains g. We have ¢;,q; € G and hence, since ¢; Fg “7(8) = a;”
and g; kg “7(B8) = a;”, we have V[G] F “a; = 7(8) = a;”, hence a; = a;.
Thus we have shown that at least two of the a;’s must be equal therefore the
class {a € V : 3¢ € Q(q IF¢ “T is a function from a and 7(8) = a”)} must be
countable. The proof that F(3) is a set is similar.

Proof of (i). Let A be an uncountable cardinal of V and suppose A is not a
cardinal in V[G]. Then there is an ordinal o < X and a function f € V[G]
which maps a onto ). Let 7 be a name for f in V[G]. By part (ii) of our lemma
(already proved) there is a function F from a in V such that f(8) € F(8) and
|F(B)| < Ry for every B < o We have therefore A = Rang(f) C Ug<q F(e).
But in V we have | U, F(8)| < |aRo < A, since A is an uncountable cardinal
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of V and a < A, and therefore also || < A. Thus we have proved that the
uncountable cardinals are not collapsed in V[G]. Also Ry is not collapsed since
the finite ordinals and w of V' are also finite ordinals and w in V[G].

The preservation of the cofinality is proved similarly. Os6

Similarly one can prove for uncountable A.

3.7 Claim. If @ satisfies the A-c.c. then
(i) forcing by @ preserve cardinals and cofinalities which are > A.
(ii) for every @Q-name and ordinal o there is a function F with domain «,
(F € V) such that IFg “if 7 is a function from o to V then 7(8) € F(B)
for every 8 < a”, and |F(B)| < A for 8 < a.

3.8 Lemma. The forcing notion P which we use here for Model B satisfies the

c.c.c.

3.8A Remark. Once we prove this lemma we know that all the cardinals in
V here are cardinals also in V[G] and therefore X is a cardinal also in V[G],
and if ) is the a-th infinite cardinal R, in V' it is also the a-th infinite cardinal
in V[G].

Proof. Suppose {f; : i < R;} C P, in order to prove Lemma 3.8, it is enough
to prove that two of the functions are compatible. By 3.10 below for some
uncountable A C w; and finite w for every ¢ # j from A, we have Dom(f;) N
Dom(f;) = w. The number of possible f;[w is finite (i.e. < 2!*!), so without
loss of generality f;[w = f* for every i € A. Now for any i # j € A, we know
fiU fj € P is a common upper bound of f;, f;. Os.s

We have promised the so called A-system lemma.

3.9 Definition. A family F of finite sets is called a A-system if there is a set
w such that for any A, B in F we have AN B = w.

In this formulation our problem reduces to:
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3.10 Lemma. Given an indexed family F of finite sets, |F| = R; there is

F! C F;|Ft| = R; such that F' is a A-system.

Proof. The cardinality of each A in F is a member of w but there are ¥,
elements in F, so by the pigeonhole principle some n is obtained uncountably
many times. In similar cases in the future we will just say: w.Lo.g. |A| = n for
any A in F (since all we need is a family of X, finite sets.)

Now we proceed by induction on n:

For n = 1: this is the pigeonhole principle for R;.

For n > 1 we distinguish two cases.

1) Thereis a € [J{A : A € F} such that there are uncountably many B in F
such that a € B, then you have an easy induction step ( you take a “out”
and put it back after using induction hypothesis).

2) If there is no such a then we build a sequence (A, : @ < wi) such that
a# = AsNAsg =0 (Ay € F); suppose Ag is defined for B < a. Now
Up<q Ap is countable. The subfamily of F' of members which contain an
element of this union is clearly countable so there is A € F, such that
ANUpgcads =0, let Ay = A and we are done (in this case w = 0).

Us.10,3.2

§4. More on the Cardinality 280
and Cohen Reals

Now we want to find what is exactly the power of the continuum in V[G] for

the model from Theorem 3.2.

4.1 Theorem. Let P = {f : f is a finite function from A to {0,1}}. We have
already shown that IFp “2%¢ > X\”_ we shall show now that if AR = ) then
”_P u2N0 = \".

Proof. The idea is to construct a family of AR canonical names for the real

numbers and then prove that for every name 7 there is a canonical name 7/ of
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a real such that I-p “if 7 is a real then 7 = 7. Since a real is a function from
w into {0,1}, a real r is given by telling for each n < w whether 7(n) = 0 or
r(n) = 1. For a P-name 7 of a real the answer whether 7(n) = 0 or 7(n) =1
depends on which condition is in G therefore we shall have a maximal antichain
(Pn,i 1t < ap) in P, where a,, <w (because of the c.c.c.), and a function f, on
o, which tells us that if p, ; € G then 7(n) = f,(4). Since each generic G C P
contains exactly one of the py ;, for ¢ < ay, this will give, for any given G, the
value of 7(n) in a unique way. For any pair of sequences ((pn; : i < an) : n < w),
(fn : » < w) where for every n < w, f, is a function from a,, into {0,1}, and
(Pn,i : 1 < an) a maximal antichain of P we can construct a P-name, which
we shall denote with 7((fn, : n < w), ({Pni : ¢ < @) : 1 < w)) such that 7
is a name of a function from w such that for every n < w if pp; € G then
r(n) = fn(i). There is no difficulty in obtaining such a name by the methods
we described above (or by 3.1). A name of this form is called, in this proof,
canonical.

Let us estimate now, in V, the number of the canonical names. For a
fixed n, and a given oy,, there are 2/%»! < 2% different suitable f,,’s. Therefore
there are < II,,2% = 2% possibilities for (f, : n < w). P is included in
the set of all finite subsets of A x 2 and |A x 2| = A and so, obviously, also
|P| = A. The number of countable sequences from P is therefore A*°, thus the
number of possibilities for (p,; : i < ay) is at most ARoand for sequence
((Dns : 4 < an) : n < w) the number is at most (AR¢)¥e = AR, For each
sequence ((Pn; : i < ay) : n < w) we have at most 2% corresponding sequences
(fn : m < w), thus the total number of possibilities is at most 2% - ARo = \Xo,

Since AR = ) there are at most A canonical names.

4.2 Lemma. For every P-name 7 there is a canonical name 7 (as defined in the

beginning of the proof of 4.1 above) such that IFp “if 7 is a real then 7 = 1.

Proof of the Lemma. For every n let J, = {p € P : pIFp "7 is not a real ”
orp lFp “r is a real and 7(n) = £” for some £ € {0,1}}. For each n the set

Jn is a dense subset of P, since every q¢ € P can be extended to a p € J,. (If
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G is a generic subset of P which contains ¢ then in V[G] either 7[G] is not a
real or 7[G] is a real in which case 7[G](n) = 0 or 7[G](n) = 1. By the forcing
theorem some member p of G forces the statements mentioned above which
hold in V[G], and, without loss of generality, we can assume p > ¢. This p is
in 7,,). Let Z,, be a maximal antichain contained in J,. Since P satisfies the
c.c.c. we have |Z| < Ry and we take a, = ||, Zp, = {Pn,i : © < an}. We define
fn on ay by: .
fuli) = {0 if pn g '.Fp “r(n) =0
1 otherwise

Let 7* = 7((fn : n < w), ({Pn,i 1 i < ap) : n < w)), and we shall prove that for
every generic G C P we have V[G] F “if T is a real then 7 = 7*[G]”. Assume
that 7[G] is indeed a real. Since 7* is a name of a real, by its construction
7[G] = 7*[G] will be established once we prove that for every n < w we have
7[G](n) = 7*[G](n). Since {pn; : i < an} is a maximal antichain in P (in V)
G contains py, ; for a unique ¢. Since p, ; € J, and since Pr,i cannot force that
7 is not a real (as 7[G] is a real in V[G]), we have p, ; IFp “T(n) = £”, for some
¢ € {0,1}. By the definition of f,(i) we have f,(i) = £ for the same £. By the
definition of 7* we have 7*[G](n) = fn(3) if pn; € G. Since p,; IFp “T(n) = £"
we have V[G] F “r[G](n) = £ = fn(i) = 7[G](n)” which is what we have to
prove.

Ca.2

Continuation of the proof of 4.1. To prove IFp “2%0 < X we shall show that for
every generic G C P we have V[G] £ “2% < \”. Suppose V[G] £ “2%0 > 17
then in V|G| there is a one-to-one function f from A" into the set of reals.
Let ¢ be a name of this function. For every i < At there is a canonical
name 7; of a real such that I-p “if g(i) is a real then ¢g(i) = 7¥” (since we
can either regard ¢ (i) itself as a name and use the lemma above, or else use
an earlier lemma, 3.1, which establishes the existence of a name 7 such that

Ikp “g(i) = 7" whenever IFp “(3z)(g(t) = z)” and then use the lemma to

%93
1

VI[G] is also > A* of V there is a j # 4 such that 75 = 7}. Now in V[G] we

obtain IFp “7r = 73".) Since there are at most A canonical names, and At of
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have f(i) = ¢[G](i) = 17[G] = 1}[G] = ¢[G](4) = f(4), contradicting the fact

that f is one-to-one. So we have proved 4.1. Oy 1.

4.3 Definition. Cohen Generic Reals. Let us take P = {f : f is a finite
function from w into {0,1}}, with p < q being defined as p C q. This is called
Cohen forcing. It is easily seen that if G is a generic subset of P then | JG is a
real. Let us see now that we can reconstruct G from | G by taking G to be the
set of all finite subsets of | JG. If p € G then p is obviously a finite subset of | G.
If p is a finite subset of |JG then p = {(k;, ;) : i < n} for some n < w. Since
(ki £;) € G there is a p; € G such that (k;,¢;) € p;. Since G is directed there
is a ¢ € G such that ¢ > p; for all i < n. Obviously p = {(k;,£;) : i <n} <gq,
and since G is downward-closed we have also p € G. Since G and |G can be
constructed from each other we can identify them and speak of a generic real
UG. Given V, we shall call a real number g a Cohen real over V if for some

G C P which is generic over V we have g = JG.

4.3A Discussion. When we talk here about reals we talk about members of
the cantor set “2, given an open subset A of “2 in V this A is also a set of reals
in the (true) universe, but we are interested not in A itself in the universe but
in the subset of “2 in the universe that has there the same description that A
has in V. For example, suppose A is {r € “2: V E r D p} for some p € P, then
we are interested in the set A* = {r € “2:r D p}.

Obviously A = A* NV and A* contains reals which are not in V' (since,
in the universe, |A*| = 2% while |V| = X¢) and hence not in A. The analogous
situation for the real line R is when we look at a rational interval (a,b)V = {z €
RY : a < x < b}, and the corresponding set in the universe is (a,b) = {z € R :
a < z < b}. Obviously (a,b)V = (a,b)NV and (a, b) contains reals which are not
in V ( since |(a,b)| = 2% and |V| = Ro) and hence not in (a,b)V. Let us denote
with B,, the basic open set {r € “2:r 2 p} in the Cantor space, and with BY
the corresponding set {r € “2 : V E r D p} in V. Obviously BX =B,NV.
Given an open set AV in V we define A* = J{B, : p € P, Bz‘,/ c AV}

A* is obviously an open subset of “2 and AY = A* N V. For a closed set
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CV we take A = “2NV \ CV and C* = “2\ A*, we can write it also as
C* ={rev2:(Vn <w) [BY%,NCY # 0]}. One can easily see that if AV is
a clopen (i.e. closed and open) set then A* is the same set whether we regard
AV as an open set or as a closed set.

We shall use AV only when AY € V; in fact for every Borel set 4 € V
there is a unique Borel set A* in the universe such that they have a common
definition (in V) and then A*NV = A.

The close connection between Cohen forcing and Cohen (generic) real is a

quite universal phenomena for the forcing in use.

4.4 Theorem. A real number r is a Cohen real (or Cohen generic real) over
V iff r belongs to no C* where CV is a closed nowhere dense subset of “2 in
V, or in other words, if r belongs to every set A* for every set A € V which is

a dense open set of “2 in V.

Proof. Let 7 be a Cohen real and let AV be a dense'open set in V. We
have r = |JG for some generic subset G of P where P is from 4.3. Let
Z={peP: BX C AV}. Since AV is a dense open set, clearly T is a
dense subset of P, and hence GNZ # 0. Let p € GNZ. Since p € G clearly
r=JG D p, ie., r € Bp. Since p € Z we have BX C AV hence B, C A* and
rE A*.

Now assume that for every dense open set AY,r € A*. Let G be the set
of all finite subsets of r, then r = | JG. We shall prove that G is a generic
subset of P over V and hence r is a Cohen real (over V). Let Z be a dense
subset of P. Then 4V %' U{BY : p € I} is a dense open subset of (“2)", and
therefore r € A*, hence r € B} for some ¢ € P such that BY C AY. Since
B;/ is a closed set in the compact space “2 NV and {Bz‘zl :p € I} is an open
cover of AV and hence of B;’ there is a finite subset {Bz‘,/i :1 <i < n}, with
{pi : 1 < i < n} C T which covers BY. Let m be such that m includes the
domains of all p;, 1 <4 < n, and q. Let r' be such that r1(j) = r(j) for j <m
and rf(j) = 0 for j > m. Since r € B, also r' € B} and since rf € V also
rte B;/. Therefore for some 1 <i < n, rf € B},’i and 7' [Dom(p;) = p;. But 7'
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coincides with 7 on m which includes Dom(p;), hence r[{Dom(p;) = p;. Lastly
rDom(p;) € G since it is a finite subset of r, hence p; € G. Since p; € T we
have GNZ # 0 and G is generic. Oaq

4.5 Corollary. The set of all Cohen reals over a model V' is a comeager subset
of “2.

Proof. The reals which are not Cohen reals are exactly the reals which do not
belong to some set A* where AV is a dense open subset of “2NV in V. Let
I={peP: BX C AV}. Since AV is a dense open subset of “2NV in V,
clearly T is a dense subset of P and A* = | J{B, : p € I} is a dense open subset
of “2. The set of the reals which are not Cohen reals is [ J{#2\ A* : AY € V, AV
is dense open in (¥2)V'}. This is the union of Xy nowhere dense sets (2 \ A* is
nowhere dense since A* is dense open, the union is countable since V is ) and

is thus a meager set. Therefore the set of all Cohen reals is comeager. [

Remark. Does the Cohen forcing collapse cardinals? No, since P is countable

and hence, obviously it satisfies the c.c.c. See Lemma 3.6 (i).

85. Equivalence of Forcings Notions, and
Canonical Names

We deal with forcing with a subset of P.

5.1 Lemma. Let (P, <) be a forcing notion in V and let Q be a dense subset
of P.

(a) If G is a generic subset of P over V then H en Q is a generic subset
of Qover Vand G={pe P:(3¢ge H)p < q}.

(b) If H is a generic subset of Q over V then G Lef {peP:(3ge H)p<gqg}is
a generic subset of P over V and H = GN Q.
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(c) The assertion (a) and (b) above establish a one-one correspondence be-
tween the generic subsets of P and those of Q. If G and H are correspond-
ing generic sets then V[G] = V[H] and therefore the same statements are
forced by the forcing notions P and Q (they are equivalent - see Definition
5.2 below).

(d) Any Q-name is a P-name, and if 74,...,7, are Q-names, ¢(z1,...,7,) a
first order formula then IFp ©(71,...,7s) iff kg ©(T1,...,Tn)-

(e) For any P-name 7 there is a Q-name ¢ such that IFp “T = g”.

Proof of the Lemma. (a) It is obvious that G N Q is downward closed in Q.
Let p,p' € GN Q. Since G is directed there is a p” € G such that p” > p,p'.
Now @ is dense, and hence {q € Q : ¢ > p”} is dense above p”. Since p” € G
clearly GN{q € Q : ¢ > p"} # 0; let ¢ be such that p” < ¢ € GNQ,
so g > p” > p,pt. Thus we have seen that G N Q is directed. Let Z € V
be dense in Q, then, as easily seen, 7 is also dense in P. Therefore we have
INQNG)=(IZNQR)NG=ING # 0. We can conclude by 1.20 that G N Q
is a generic subset of Q (over V).

Obviously {p € P : (3¢ € GNQ)p < ¢} C G. In the other direction, if
r € G then, as we have seen for p” above, there is a ¢ € GNQ such that ¢ > p.
Therefore r € {p€ P: (g€ GNQ)p < ¢} and so

{peP:(3geGNQ)p<q}=G.

(b) G is obviously downward closed and directed. Let 7 be a dense upward
closed subset of P, then Z N Q is obviously a dense subset of Q. Then @ #
HN(IZINQ)=HNICGNZ. Lastly H= GnNQ is obvious by the definition

of G as H is downward closed.

(c) Since we have G € V[H], because G can be easily computed from H, we can
evaluate all the P-names in V[H| and we get therefore V[G] C V[H]. Similarly
H € V[G] implies V[H] C V[G], hence V[H] = V[G].

(d),(e) are left to the reader. Os.1
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In fact in 5.1 we have proved that P,Q are equivalent where

5.2 Definition. The forcing notions P,Q are equivalent if there are 7,0, a

P-name and a @Q-name respectively such that:

(1) IFp “7 is a generic (over V') subset of Q.
(2) kg “g is a generic subset of P”
(3) for G C P generic, G = ¢[7[G]]
(4) for G C Q generic, G = 1[g(G]]

Clearly equivalence of forcing notion is an equivalence relation.

5.3 Definition. (1) A function f from P into Q is called a complete embedding
if: for any maximal antichain Z C P, f(Z) = {f(p) : p € I} is a maximal
antichain of @ and f[Z is one to one of course and PF “p < ¢” = Q F “f(p) <
f@)”.

(2) We write P < Q if P C Q (which mean: pe P = p € Q, for p, ¢ € P we
have PE “p < ¢” & Q F “p < ¢”), and the identity mapping is a complete
embedding of P into Q.

5.4 Lemma. 1) If f is a complete embedding of P into Q, then there is a
Q-name ¢, lFg “g is a generic subset of P”. If in addition the range of f is a
dense subset of @), then P, Q) are equivalent.

2) If P < Q, and p;, p2 € P then: p;, py are compatible in P iff p;, py are
compatible in Q.

3) Assume P C Q. Then P < Q iff every pre-dense Z C P is pre-dense in Q

too.
Proof. Easy. Uss
5.5 Definition. (1) For a forcing notion P, and p,q € P, we say p =~ q (p,q

are equivalent ) if any 7 € P is compatible with p iff it is compatible with q.

Clearly =~ is an equivalence relation on P.



§5. Equivalence of Forcings Notions, and Canonical Names 31

(2) We define P/~ as follows: the members are p/~ (for p € P) and we define
a partial order: (p/~) < (q/ ~) iff there are p' € p/~ and ¢! € ¢/~ such that
every r € P compatible with ¢' is compatible with p!.

5.6 Claim. (1) In Definition 5.5 we have:

(a) (p/=) < (a/~) iffqlrp “p€ Gp”.

(b) = is an equivalence relation.

(c) in 5.5 (2), “there are p! € (p/~),q' € (g/~)” can be replaced by “for every
p! € (p/=) and ¢' € (¢/~)”

(d) (/=) = (a/~) iff (p/=) < (a/) & (a/~) < (/).

(e) P/~ is a partial order.

(2) The function p — p/~ is a complete embedding of P into P/~ with a

dense range ; hence P, P/~ are equivalent. The function preserves “p < ¢”,

“p, q compatible”, “p, ¢ incompatible” (though not necessarily “—p < ¢”).

Proof. 1)(a) If the right side fails, let G C P be generic over V such that ¢ € G

but p ¢ G. Choose a maximal antichain Z such that p € 7 € V, then for some r

we have GNZ = {r} and q,r are compatible (because they are in G) while p,r

are not compatible (because r # p as one is in G the other not and {r,p} C 7).

By clause (c) of 5.6(1) this implies the failure of the left side, so we have proved

the only if direction. The other direction in the “iff” is proved similarly.

(b), (c) Easy.

(d), (e) Left to the reader.

2) Easy. Os.6
It is interesting to note that in each equivalence class of equivalent forcing

we can choose canonically a representative (unique up to isomorphism), which

is essentially a complete Boolean algebra (without the one).

5.7 Definition. For any forcing notion P let:

(1) A set A C P is called open-regular if it is open and for every p € P\ A
there is ¢ > p incompatible with 4, i.e., (Vr € P)(r > ¢ — r ¢ A).
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(2) RO(P) is the partial order whose set of elements is the nonempty open
regular subsets of P, and A < B (for A,B € RO(P)), if B C A, equiv-
alently if every p € P incompatible with A (i.e. incompatible with every
q € A) is incompatible with B.

(3) For p € P let ro(p) = {q € P : there is no r > ¢q incompatible with p}.

5.8 Theorem. (1) The mapping p — ro(p) is a complete embedding of P into
RO(P);
(2) RO(P)/=, if we add to it a maximal element 1, becomes a complete Boolean
algebra;
(3) If B is a complete Boolean algebra, and P = B\ {1g}, (with the usual
ordering of a Boolean algebra ) then RO(P)/= is isomorphic to P, moreover,

we can use the isomorphism p — ro(p).

Proof. Well known. Us.s

5.9 Theorem. The forcing notions P, Q) are equivalent iff
RO(P)/= and RO(Q)/~ are isomorphic.

Proof. The proof is easy, using:

5.10 Claim. Suppose A € RO(P) and Z a maximal antichain such that for
every p € 7 either p € A or p is incompatible with A. Then A, UpE anz To(P)

are equal (in RO(P), union as in a complete Boolean algebra). Os.10,5.9

5.11 Definition. For any a € VI and V C V' we define rky (a): rky (a) = 0
iff a € V, and rky (a) = U{rkv(b) + 1 : b € a} otherwise.

5.12 Definition. We define when a P-name 7 is canonical by induction on its
rank a: if 7 = {(ps,7:) : © < ip}, then 7 is canonical if:
(1) If kp “ck(r) < B”, then B8 > @, and if IFp “rky(7) < 5”7 then
B >1+rk.(7)
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(2) if IFp “ 7 has power < A7, A is a regular cardinal and P satisfies the
A-c.c. then ig < N

(3) each 7; is canonical, moreover: if p; IF “rk(r;) < 6” then rky(7;) < 3,
and if p; I+ “tky(7;) < B” then § > 1+ rk.(7;) and if IFp “7; has
power < A”, A a regular cardinal and P[{p : p > p;} satisfies the A-
c.c. then |74 < A.

5.13 Theorem. For every P-name 7 there is a canonical P-name ¢ such that

"_P “I = g”'

Proof. We prove by induction on the rank of 7, that

(x) if r € P, r It “rky (7[G]) < a and rky (7[G]) < B, and 7[G] has power
< X, and ) is a regular cardinal, and P[{r' : r <’ € P} satisfies the A-c.c.,
then we can find a canonical P-name ¢ such that: 7 IF “7 = ¢” and rk,(¢) < &
and rk,(¢) <1+ 3, and if ¢ = {(¢s,0:) : 1 <o} then ig < A.
If rk, (1) = 0, let ¢ = 7 and there are no problems. If not, but IFp “r € V”
let 7 be a maximal antichain of P above r such that for every p € T for some
ap €V, plkp “T = ap”. We then let o = {(p, b):peZbe ap}. So assuming
neither occurs, we can find a maximal antichain Z of P above r, so that for
each p € Z, for some ordinals o, and B, and A, we have p I “rk(7[G]) = oy
and rky (7[G]) = Bp, and the power of 7[G] is Ap, (which is a cardinal in
VIG])". Let f, be a P-name such that p I “f, a function from X, onto 77,
for each p € 7 (use Lemma 3.1). Let 7 = {(ps,7s) : © < i}, and let J, for
7 < sup{A, : p € T}) be a maximal antichain of P above r, so that each ¢ € 7,
is above some member p of Z, and if v < A, for some i = i(q,v), ¢ > pi,
gk “fp(v) = 7" and qbp “tk(7i[G]) = 037, tky (1[G]) = 53 and the power
of 7;(G] is A7 (which is a cardinal in V[G])”.

Now apply () by the induction hypothesis for 7;(.), ¢ for any ¢ € 7, and

get canonical ¢, . Let

g ={(q,0~,) : ¥ <sup{Ap,:pe€Z}and qec J,}
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As Pi{r' : r < r' € P} satisfies the A-c.c., |Z| < A, and as 7 I+ “7[G] has
power < A", each A, (p € I) is < . As A is regular, Upez Ap is < A, so we can
finish. Us.13

5.14 Theorem. If Py, P, are equivalent and disjoint, then there is Q, P, < Q,
P, a dense subset of Q, (for £ =1,2). Os.14

5.15 Claim. The A-c.c. property is preserved by equivalence. Os.15

5.16 Definition. (1) T'c(z) (the transitive closure of z ) is defined by induction

on the rank of z,

Te(z) = {z} U | Te(y)

YyET
and it is the minimal transitive set to which = belongs
(2) H\) = {z : |Te(x)| < A}

5.17 Claim. Let A be an uncountable regular cardinal.
(1) If 7 is a canonical P-name, P € H(\) and V |= cf(X) > |P|
then:

(2) (H()),€) satisfies all axioms of ZFC except possibly the power set

axiom.

Proof. (1) If 7 € H(\) we can prove by induction on rk,(7) that 7[G] €

H(\)VIS! hence obviously IFp “7 € H ()\)V[G]

condition and H(A) = U{H(p") : p < A} so w.l.o.g. A is a successor cardinal;
clearly |P| < X (by the definition of H(\)). By Claim 3.7, X is a cardinal also
in V[G] so Definition 5.12(1) gives the other direction.

" Now P satisfies the | P|*-chain

(2) Is obvious. Furthermore if \ is strongly inaccessible (H()), €) is a model of
all ZFC. Us.17
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5.18 Claim. 1) If P is a forcing notion satisfying the c.c.c. then the number
of canonical P-names of an ordinal < u is < (|P|+ p + Ro)¥o.

2) In (1) the number of canonical P-names of a function from g to A, is
< (|P| 4+ p+ X+ Ro)».

3) If P satisfies the k-c.c., k regular, the numbers in (1) and (2) should be
(1P| + 1+ Ro)<F, (IP] + 4+ A + Ro)<5+#") respectively.

Proof. Included, essentially, in the proof of 4.1. Os 18

§6. Random Reals, Collapsing Cardinals
and Diamonds

Random Reals.

6.1 Definition. Let C be the set of all closed subsets of the real line, B the set
of all Borel subsets of the real line and M the set of all (Lebesgue) measurable
subsets of the real line. For X € {C,B, M} we take Px = {A € X : Ais of
positive Lebesgue measure }, and p < g if ¢ C p. We use here the real line, but
we could have used also the Cantor space “2 as the real line. For A € M, let

Leb(A) be the Lebesgue measure of A.

6.1A Discussion. Every measurable set of positive measure includes a closed
set of positive measure, and thus Pc is dense in Pyq. Since C C B C M, the
three notion of forcing P, Pg, and P are interchangeable (in fact equivalent
see 5.1(c) and Definition 5.2). We shall work mostly with Pz and when we do
not care with which of these notions we work we shall write just P.

First we shall prove that Pa satisfies the c.c.c. Let p;, 1 < Ry be pairwise
incompatible conditions. For each i < R; we know Leb(p;) > 0, where Leb
denotes Lebesgue measure. Therefore there is a positive integer n; such that
Leb(p; N (—n4,n4)) > -:— Since there are X; i’s and Ng positive integers there
is an uncountable subset S of Xy and an n < w such that n; =n for all i € S.
Since for i, j < Ny, @ # 7, p; and p; are incompatible we have Leb(p; Np;) = 0.
Let T C S contain 2n? + 1 members, then Leb((—n,n)) > Leb(U;crpi N
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(-=n,n)) = Yier Leb(®i N (-n,n)) = Y ,cr L = (2n2 + 1)L = 2n + L, which
is a contradiction.

For every positive real € in V' the set {[ne, (n + 1)e]: n is an integer } is
obviously a maximal antichain, therefore G contains a closed interval of length
e. For p € P¢ let p”1C] denote the closed set with the same description in VI[G]
asphasinV.If p; € GC Pe fori=1,...,n we have Leb(([_, pY) # 0. Since
py 6l 5 pY we have (_; py[G] # 0. Let us consider the set {pVIG!: pV € G C
Pc}. The intersection of every finite subset of it is nonvoid and its members
are closed sets, some of them bounded, hence ﬂpech[G] # 0 by compactness.
Moreover, since for every positive integer m the set {pV[G] :p¥ € G} contains
an interval of length % (since if the length of p¥ is % so is the length of pV(G])
necessarily the set ﬂpech[G] consists of a single real g. A real obtained in this
way is called a random real (over V). We shall see that we can reconstruct G
from g. Now let us mention that since P is dense in Pp, we have, for every
p € PgNG a condition ¢ > p such that g € P NG, i.e., ¢ C p. Since the generic
real g belongs to ¢V[¢), and since ¢ C p implies ¢VIG! C pVI6] also g € pVI6).
Thus for every Borel set p¥ in G we have g € pV[Cl.

To reconstruct G from g it suffices to tell which closed sets belong to G,
since if we deal with Pg or Paq, G will consist of all members, of P or Pyq which
are < these closed sets. Now we shall see that in V[Gp,|, G ={AY € P-: g €
AVIGl}. We have already seen that if AY € G then g € AVIS]. Now we assume
that g € AVIC! and prove that AV € G. Assume AV ¢ G and extend {4Y}
to an antichain S of P which is maximal among the antichains which consist
of pairwise disjoint sets. We shall see that S is a maximal antichain of P¢. If
this is not the case there is an E € P such that E is incompatible with every
member of S, i.e., Leb(ENB) = 0 for every B € S. By the c.c.c. S is countable,
hence Leb(E\|J S) = Leb(E) \Leb(EN S), but Leb(ENUS) < D> gcg0=0
hence Leb(E \ S) = Leb(E) > 0.

Now E \ |JS is a Borel set of positive measure, hence it includes a closed set
W of positive measure. For every B € S we know that WNB CWnlJS =90,
contradicting the maximality of S. Now that we have proved that S is a

maximal antichain we know that G contains some member BY of S, which
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is different from A" (since AY ¢ G) and therefore BV NAY = (. Since BY € G
we have g € BVIG] hence g € BVICI n AVICl. Let [n,n + 1]VIC] be an interval
which contains g, then BVl n AVICI N [n,n + 1]VIC] £ .

On the other hand, since (BY N[n,n+1]V)N[AY N[n,n+1]V) = 0 the
distance between BY N [n,n + 1]V and AV N [n,n + 1}V is some d > 0. Let
e be a rational number < d. There is a finite number of intervals of length e
which separate V¥ N [n,n + 1]V from AY N[n,n + 1]V. The “same” intervals
separate also B[ n [n,n + 1]V[6] from AVl N [n,n + 1]V contradicting
BVIGIn AVIGI N [n,n + 1)VIC] £ 0.

6.2 Theorem. A real number r is random over V iff for every Borel set AV € V
such that Leb(AY) = 0 we have r ¢ A* iff this holds for every G, set AV (where

A* is the Borel set in the universe with the same description as A.)

Proof. Assume that r is random over V, r € N{BVI¢l : BV ¢ G C Pg}. Let
AV be a Borel set with Leb(AY) = 0. As easily seen the complement RV \ A"
where RV is the set of all reals in V, is such that {RY \ AV} is a maximal
antichain in Ps and hence RY \ AV € G. Therefore r € RVICI\ AVIGl C R\ 4%,
ie,r¢ A*.

Now assume that r ¢ A* for every G, - set AV (i.e. countable intersection
of open sets) such that Leb(AY) = 0. Define G C Pc by BY € G iff r € B*.
If AY D BY € G then also A* D B* and r € BY, hence r € A* and AY € G.
If AV,BY € G then r € A* N B*. If Leb(AY N BY) = 0 then since AY N B
is closed and therefore is a G,-set, we would get r ¢ A* N B*. Therefore
Leb(AY N BY) > 0, and since r € A* N B*, we get AY NBY ¢ G. Finally, let S
be a maximal antichain in Pe, we have to prove GN.S # 0 in order to prove that
G is generic. Let EV = RV \|J{A: A € S}, so E is obviously a G, - set. Since
S is maximal Leb(E") = 0, therefore r ¢ E*. Since EY =RV \ | J{A: 4 € S},
so we have E* =R\ Upcg B*. Since r ¢ E* we have r € B* for some B € S,
and therefore B € G and GN S # 0. Oe.2
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The Levy Collapse.

6.3 Definition. 1) Levy(Ro,\) = {f : f is a finite function from w into A},
where ) is an uncountable cardinal. For the partial order on Levy(Ro, A) we
choose inclusion.

2) Levy(s,\) = {f : f is a partial function from & to A such that |Dom(f)| < x}

ordered by inclusion.

6.4 Discussion. In V|G|, where G is a generic subset of Levy(Ro, A) it is easily
seen that g = |JG is a function on w onto A. Therefore |A|VIC] = R,.

Since in V[G] there are no cardinals between A and A* all the ordinals
< At are countable in V[G] so (\*)V = NYIG] provided At is a cardinal in
V'[G], thus we must check what is the fate of the chain condition for Levy(Rg, A).
Levy(Ro, A) has X pairwise incompatible members, for example {(0, ) : & < A}.
However, it is easy to see that |Levy(Ro, A)| = A and hence Levy(Ro, A) satisfies
the AT-chain condition and the cardinal A* is not collapsed by forcing with
Levy(Ro, A).

We define

6.5 Definition. 1) Levy(Ro, < A) = {f : f is a finite function from A x w into
A such that f(0,n) = 0 and for a # 0 we have f(a,n) < a}. The partial order
on Levy(®o, < A) is inclusion.

2) Levy(k,< A) = {f : f is a partial function from X x & into X such that
|Dom(f)| < x and f(0,a) =0 and a > 0= f(a,i) < a} ordered by inclusion.

6.6 Discussion. Let G be a generic subset of Levy(Rg, < \) over V, and let
fa = UG. Obviously for every 0 < o < A the function fg(a, —) is a mapping of
w onto a, and hence a is countable in V[G]. What about ), is it, too, countable
in V[G] or else is it N}/[G]? If X is singular in V' it stays singular also in V[G],

hence it cannot be N}/[G] and it is countable.

6.7 Theorem. If A is regular then Levy(Ro, < ) satisfies the A-chain condition,
and hence A = R} in V[q).
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We shall prove the following more general version.

6.8 Theorem. Let A be a regular uncountable cardinal, |W| = ), let (4, : z €
W) be such that |A;| < A for x € W and let P = {f : f is a finite function on
W such that f(z) € A, for each z € Dom(f)} be a forcing notion such that: if
f, g € P agree on Dom(f) NDom(g) then f, g are compatible. Then P satisfies

the A-chain condition.

Proof. Without loss of generality we can assume that W = X\ and A; C A for
each z € W. Let (f, : @ < A) be a sequence of members of P. For oo < A we
define h(a) = Max[{0} |(Dom(fa) N a)]. Since f, is a finite function we have
h(a) < a for @ > 0. Thus h is a regressive function on X\ {0} and therefore it
has a fixed value, 7o on a stationary subset S of A by Fodor’s Lemma. Let P?
be the set of all members of P whose domain is included in v + 1. For every

finite subset u of yp + 1
[{f € P': Dom(f) = u} = |{f € P: Dom(f) = u}| =

= aeu|Aa] € Ro + Maxgeu|Aal < A

The number of finite subsets u of o+ 1 is < |y0|+No < A hence, since A is
regular [P =37 .\ s finite [{f € P : Dom(f) = u}| < A. For each g € Pf
let Sg = {a € §: fal(v +1) = g}. Clearly Uycpt Sy = S since for every
a € S we have a € Sf_j(yo+1)- Since |PT| < X one of the S,’s say S, must
be stationary (since the union of < X nonstationary sets is nonstationary). Let
C = {6 < X : 4 a limit ordinal satisfying (Va < §)[Dom(f,) C 4]}, clearly C
is a closed unbounded subset of A, hence S’ = Sy, N C is a stationary subset
of \. Let o € Sy, and let 3 € Sy, be such that o < 3 € S hence S is a strict
upper bound of Dom(f,), we shall see that f, and fz are compatible. Since
B € Sq, C S, clearly Max(Dom(fz) N 8) = o and since Dom(f,) C B we
have Dom(fo) N Dom(fg) C 7o + 1. Since o, B € Sy, we have fol(yo + 1) =
fal(v0 + 1) = go, hence f, and f3 are compatible. Oe.8,6.7
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On Diamonds.

6.9 Theorem. If ) is regular uncountable cardinal, S C ) stationary, then for
some forcing notion P:
(1) IFp “Os holds ” (see below)
(2) forcing with P, preserve the cardinals p < A (in fact it is A-complete
and hence add no new a-sequences of ordinals for a < A.
(3) IP] £ X,cn 2" s0 if A<* = X forcing with P does not change
cardinalities and cofinalities,
where: “Qg holds ” means: there is a sequence (4, : a € S), A, C &

such that for any A C A the set {a € S: ANa = A,} is stationary.

Proof. Now the idea is as usual to construct a generic object, by approximations
inside V.

So we define: P = {(4; :i € SNa) :a < Xand 4; C i for every i € SNa},
ordered by: being an intial segment.

Part (3) is easy by the definition of P.

Part (2) holds as P is obviously A-complete (take union) and the inequality
stated in (3) is straigthforward - [the fact that no new a-sequences are added
follows from regularity of A]. Now what we are left with is:

(%) if G is P-generic then V[G] F “0g holds”

Let A be included in A, and let C be closed and unbounded subset of
A, both in V[G], then C, A have names C, A repectively and for some f in
G, f IF “C is a club of A and A is a subset of \”. Let f < p € P. All we
have to do is find ¢ > p such that ¢ = (A; : 1 € SNa), a < A\ 4; C i
and ¢ F “ € C&ANi = A;” for some i € SN «; this will prove that
the set of such ¢’s is dense above f hence that G contains one of them so
VIGIE 4ae S: AnNa= A, and @ € C} # (" and as this holds for any club
C e V[G] clearly V|G| E “{a € S: ANa = A,} is stationary” i.e., V]G] F “Og
holds as exemplified by A” where A = |J{f : f € G}.

So let us find ¢, we define by induction on ¢ < X\, a¢ < A\, pc = (4;: i €
S Nac), B¢ and B¢ such that

1) for £ <, ag < o¢,pe <p¢,and po =p
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2) per1 k- “BeeC”

3) pe+1 Ik “ANa¢ = Be” for some B¢ € V such that B, C ag.

4) for limit ¢, we have p¢ = (e pe = (Ai:i € SNag).

5) a¢ < X is (strictly) increasing continuous and f is strictly increasing

continous.

6) o < ,6(_,_1 < Q4.

The definition is easy, remember for ¢ successor f I “C is an unbounded subset
of A7, so there is 3 € C, 8 > a¢. For ¢ limit remember f I+ “C is closed ”.

For (3) remember that P is A\-complete hence does not add new bounded
subset of A.

Note that for ¢ limit ax = B¢ (by clauses 5),6)) and that £ < ¢ =
B¢ = B;Nag. In the end {B; : ( < A} is a club in V, but S is a stationary
subset of A (in V') hence for some limit ¢, 5; € S, but then p; I+ “for £ < ¢,
ANa. = B: and B € C hence AN B¢ = B¢ = (g Be and G € C”. Let
qg=(A; 1€ SN (B; +1)), where A4; is: A; if i < ¢ and B¢ if i = ;. Easily
p < ¢, and q is as required.

Note that we also have proved that S remains stationary. Os.9

§7. & Does Not Imply &

Note: & is a weak version of the diamond.

7.1 Definition. For a regular uncountable cardinal A and stationary S C A

set of limit ordinals let us state the combinatorial principle &:

&(S) = “there exists a witness i.e. a sequence (A, : a € S) such that for every
a € S we have A, C «a and supA, = a and for every unbounded subset X of
) there exists an a € S such that A, C X”.

When (S) is omitted, it is (N1).

7.2 Observation. This form of stating & implies the apparantly stonger form

of &:
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“(Aq : a € S) is as above, and for every unbounded X in X there are stationarily

many points a € S such that A, C X”.

Proof. Assume the first form holds, let X be unbounded and let C be an
arbitrary club in A. We must show that there is a point & € C' N S such that
A, C X. Define by induction an increasing sequence (83; : i < ) of ordinals in
X as follows: ; is the first member of C greater than all (3; : j < i), and B; is
the first member of X greater than 7;. As both C and X are unbounded, this
is well defined. Now X’ 4 (B; : i < A) is unbounded, therefore there exists an
a € S such that A, C X’. But the demand supA, = o implies that « is also
a limit of members of C - as between two consecutive members of X' there is

a member of C. By closeness of C, a € C. U7.o

Next we prove

7.3 Fact. if CH + &g hold, then also {5 holds, where S is a stationary subset
Of Nl .

Proof. suppose that (A, : a € S) is a witness that &g holds. Using CH let
(B; : i < Np) be a list in which every bounded subset of R; appears R; times,
and such that sup(B;) < i. To get such a list start with a function g from R
onto S<x,(N1) x Ny (this is where CH comes in, where S<x, (A4) is the family of
countable subsets of A). Define i : Ry — S<x,(R1) by cases as follows: suppose
9(i) = (Ba,B). Set B; to be B, if sup(By) < 4, and ) otherwise. So it is
easy to check that i is a listing of all bounded subsets of R; which satisfies
our requirements. Now define a sequence (Do : a € S) as follows: z € D,
iff there is an 1 € A, such that z € B;. Let us verify now that this sequence
demonstrates 5. Let X be a subset of R;. If X is bounded, let X' be the set
of indices of X in our list, namely all i such that B; = X. From our assumption
that each bounded set appears R; times in the list, X’ is unbounded, and so
there are stationarily many points a € S such that A, C X'. This implies that

D, is X. Now suppose X is unbounded, and define by induction a function
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j : Ry — Ny as follows: j(a) = minimal j greater than all the ordinals in
{4(B) : B < a} such that B is the bounded set X Nsup{j(8) : B < a}. Now as
j is strictly increasing, for every a we have j(a) > a (the first counterexample
yields an immediate contradiction). So there is a club C whose members are
closed under j. Set X' as the range of j. This is clearly an unbounded set by
the monotonicity of j. So there are stationarily many § € S for which A5 C X".
Hence there are stationary many § € S N C for which As C X’. For each such
d, let us prove that Dj is exactly X Nd: As As contains only members of X',
which are in particular indices of bounded subsets of the form X Na, it is clear
that Ds - which is the union of these sets - is contained in X Nd. To see equality,
fix an arbitrary 8 < 4. It suffice to show that in the union Ds appears an initial
segment of the form X Na with @ > §. As § € C, clearly ¢ is closed under
the function j so j(8) < 4, and since A; is cofinal in J, there is an ordinal ~y
such that § > v > j(8) and v € As. But A5 C X' hence v = j(a) for some a,
now by the monotonicity of j, a > 3. So by definition of j, Bj() is an initial
segment of X which is obtained by cutting X somewhere higher than j(3), but
the latter is greater or equal to 8. So Djs includs X N G for arbitrarily large
B < 6, hence Dy include X N §; hence equality follows. O3

7.4 Theorem. & does not imply <.

Discussion.

It is clear that the principle <) implies &, and under CH, we have seen that
& implies ¢. It was asked whether & — <. As we shall now see, the answer is
negative. We shall build a model of ZFC in which & holds, but CH fails. As
trivially & — CH, this necessarily implies that < also fails.

Proof. Out intention is to begin with a ground model satisfying GCH (or just
2R0 = Ry, 2% = Ry; for example a model of V = L) which has a {-sequence
on Ng. Using the ¢ we will define a &-sequence on R, which is immune to Ni-
complete forcing, i.e. is still a &-sequence in the universe after forcing with an
N;-complete forcing notion. The next step is adding N3 subsets to N; using an

Ni-complete forcing notion. The last stage will be collapsing R;, thus making
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of the cardinal that previously was Ry our present X;. Although this will not
be done by an Ns-complete forcing, our &-sequence on Ny, which has has now
dropped to R;, will remain a &-sequence, while there will be R, subsets of Rg
(which were formerly Rs subsets of R;). So we change our universe three times.

We will present each stage of our plan in detail:

Stage A: defining a &-sequence on R using $(Rg)

We first note here that a {-sequence can guess not only ordinary subsets
of Ng, but also elementary substructures of any structure over R,. Suppose
a structure M over Ry (in a countable language) is given. For each relation
symbol or a function symbol R fix a subset of Ag R of size Ny and a 1-1
function Fg : leg B 4 r such that two different Ar’s are disjoint where we
let £g(R) = n if R is an n-place relation symbol, and g(R) =n + 1 if R is an
n-place function symbol. Thus the set Fr(RM) codes the relation RM. Let A
be the union of all Fr(RM). So A codes the structure M. If (A; :i € S) is a
{-sequence, then A is guessed stationarily often, namely for stationarily many
i € S we have ANi = A;. Clearly, the set C = {i < Ry: for all R we have
Fr(RM'") C i} is closed unbounded in Ry. Moreover, the set of a such that
M« is an elementary substructure of M is a club by the Skolem-Lwenhein
theorem and the continuity of elementary chains. So the intersection of the
two clubs with our stationary set is the stationary set SM of all a such that
M« is an elementary substructure of M and for all R we have Fr(RM!*) C a
and A, = |JFr(RM'®) (that is, M[a contains its own coding and A, equals
this codingf In short we say that for every o in SM, A, guess the elementary
substructure M [a.

Let S be the subset of Ry of all ordinals having cofinality Rg. We wish to
make use of {5. Why does this principle hold in our ground model? Because,
e.g. we could have forced it easily by a preliminary forcing which appeares in
6.9.

Now we come to defining the &-sequence. Let us choose coding for a
language with two relation signs, <* and a two place relation R( , ), and

let (M, = (a,<%,Ra) : @ € S) be a diamond sequence for such models. So
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for every structure M with universe Rq for this language, for stationarily many
§ € S the substructures M |4 of it are guessed by our {-sequence i.e. M |6 = M;.
Restrict attention now only to those places in which the guessed substructure

satisfies the following sentences (the set of such ¢ € S will be called S’):

(i) <* is a partial order.
(ii) if B <* v then R(B,z) — R(v,x)
(iii) (Ve)(VB)(Fy > a) (3 > B) [R(7, )]

Note that there are stationarily many such places (by guessing one such struc-
ture on Ng, for example). In each such place § we define now a subset of §
of order type w which we call D;s : let § be fixed, and let (8] : n < w) be a
cofinal increasing sequence in §; we define by induction on n < w a sequence

(v8,€3 : n < w) such that

L5 <5 Yo
2., > B,

So let 7§, £§ < & be such that R(v§,£8) & B3 < &§, exists by clause (iii) above,
and the induction step i.e. choosing 3, £, such that 5 <} Vi1 & B <
€1 & R(7%,1,€5,1) is handled using (iii). Set Ds = {£% : n < w}.

Our &-sequence will be the sequence (D5 : § € S').

Claim B. (D5 : 6 € S’) is a &-sequence.

Proof. Suppose X is unbounded in ;. Define a structure (X2, <*, R) with <*
be the natural order on Xy, and R(y,z) iff z € X. So for stationarily many &
in S’ the model is guessed by A;, namely (4, As) is an elementary substructure

of our structure. So each &, € X - which implies that Ds C X.

Stage C: adding N3 subsets to N;.
We will force now with P; = {countable functions from Rj to 2}, ordered
by inclusion. The advantage of our &-sequence to other d-sequences is that

it is preserved under the forcing notions we are about to apply, and this is
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what we are about to check now. We must check first, however, the weaker
condition, that this forcing preserves stationarity of stationary subsets of N,
namely that a subset S of Ry which intersects every “old” club (“old” meaning
“in the universe before the forcing”) intersects also every “new” club. This

follows from the following couple of claims:

Claim D. P, satisfies the Rs-.c.c.

Claim E. Every P that satisfies the R,-.c.c preserves the stationarity of subsets
of Ng .

Proof of Claim D. let x be any regular cardinal which is large enough to have
the power set of P; in H (). Suppose that 7 is a maximal antichain of P; whose
cardinality is greater than X;. Now define an increasing sequence of elementary

submodels of (H(x), €) of length R; called (NV; : i < ®y), as follows:
(i) Py, Z are members of Ny, and Ny is countable, has cardinality N;.
(ii) every countable subset of N; is an element of N;;1.

There is no problem to carry out the construction, because at each stage in
the construction the cardinality of the model at hand is at most N;, therefore
it may have at most R; countable subsets (we have CH in the ground model).
So close these X; elements together with everything you already have in an
elementary submodel of cardinality N; using the Skolem-Léwenheim method.
At limits take unions, for example. Let us denote the union of the increasing
chain as N. So N is an elementary submodel of (H(x), €) of cardinality X;.
Furthermore, every countable set of elements of N is a subset of one of the
models along the construction (say N;) by the regularity of X;, therefore it is
an element of N, 1, and therefore of V. In short we say that “N is closed under
countable subsets”.

We recall that P1, Z € N. As T is greater in cardinality than N, there

must be an element p of Z which is not a member of N. (Remember that p is a
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countable function from R3 to 2.) Look at p’, which we define as p N N. From
the countability of p, p’ is clearly countable, and as N is closed under countable
sets and p’ is certainly a countable subset of N, we have p’ € N. Now (H(x), €)
satisfies the sentence “there is a member of Z which extends p’” (it is p). As
N is an elementary submodel of it, and contains as members all the constants
mentioned in this sentence - therefore there must be an element ¢ € TN N
which according to N extends p’. We lack only one more detail to derive a
contradiction: the domain of g is countable, therefore there is an enumeration
of it #n N. This implies that Dom(q) is contained in N. So inspect the union
q U p. Clearly g extends the part of p which is in N, and contradicts nothing
that is outside of N, as we just saw. Therefore p and ¢ are compatible members

of T.

Proof of Claim E. Let S be a stationary subset of R, in V, and suppose C is
a Pj-name for a club of Ry with the condition p in the generic set forcing p I+
“C is a club in Ry”. Attach to each ordinal @ < Ry a maximal antichain Z, of
extentions of p such that for each ¢ € Z, there is a (q) such that q IF “B(q)
is the minimal member of C above o”. Define as B, the set of all ordinals
for which some member of Z, forces that -y is the first member of C' above a.
Clearly B, has cardinality < |Z,| which is < R, hence B, is bounded in Rj.
Using our standard argument, we see that C* := {0 < X, : for all & < § the set
B, is included in 6} is a club of R,. But this club, being defined in V, is an old
club! Therefore it meets S, let us say in 6. As for each Z,, a < § the generic
set must choose a condition from Z,, and B, is contained in §, ¢ is a limit of

the realization of C, therefore in it.

Stage F. So we know now that our S’ from the definition of the &-sequence is
still a stationary subset of Ry after forcing with P;. But is the sequence still a
&-sequence? We verify this now.

Let X be a Pi-name, p € Py and p IFp, “X C X, is unbounded and C
is a club of Ry”. We show that the set of conditions which force “there exists

d € §NC such that Ds C X” is dense above p. Fix an elementary submodel
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N of (H(x),€), |[N| =Rz, N closed under subsets of size < Ry, with p, P;, X
and C' members of N. Enumerate in the sequence (p; : i < N;) the member
of P N M which are > p and define a structure M with the same language
as above with universe Ry with: i <* j iff P, F p; < p;, and R(i,z) iff as
pi Ik “c € X”. From the definition of our diamond sequence (M, : a € §’),
stationarily many elementary substructures of this structure are guessed by it
ie. 8" ={a € S : M, = Nla} is stationary. Let o be one such coordinate
$0 Do = {& 1 n < w} where £ < €3, <a= U &, N E~Z <& 7244,
and N F R(vg,£€%). Then we have at hand now anni<n“():reasing sequence in P
of conditions (g;; : n < w) such that g, IF “¢y € X", just let ¢% = py=. From
elementaricity, this is really an increasing sequence of conditions, and let us
bound it by ¢, which existed by N;-completeness. So q IF “D, C X” and q is
certainly an extention of p.

So we have added N3 subsets to N; forcing with P; without destroying out

&-sequence nor collapsing cardinals.

Stage G: collapsing N;.

We collapse now R;, P, being the finite functions from Ry to X;. This is a
forcing notion of size R; and therefore leaves the cardinals above R; unchanged.
To show that our sequence, which was formerly on Ry is now on R; still a &-

sequence, it will suffice to prove the following.

Fact H. In the world after the collapse every new unbounded set of (the new)

N; contains an old unbounded set of (the old) Rs.

Proof. Suppose p is a condition and p I “X is an unbounded subset of R,”. So
for every i < Ry there is an ordinal 7(i) and an extention ¢(i) of p such that
q(i) IF “Ry > 7(¢) > ¢ and 7(i) € X”. By the pigeon hole principle there are
R, coordintes 7 with a fixed g(x) = ¢(i). Set X & {7(i) : q(x) = q(i)} - then
surely X is unbounded, so q(*) is an extention of p which forces that X is an

unbounded subset of X.
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From the lemma we easily deduce both the preservation of stationary sets
(in a new club there is an old unbounded set, the closure of which is an old
club; alternatively use Claim E) and the preservation of our &-sequence, for

instead of guessing a new set, it is enough to guess an old subset. O7.4





