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CORNER SINGULARITIES AND BOUNDARY INTEGRAL EQUATIONS

W. McLean

INTROBUCTION

It is well known that if U is the solution to an elliptic
boundary value problem (BVP) posed on a region § , then, in
general, U will not be smooth at any corner point of §). Because
of this, special care is needed when designing numerical methods for
solving the BVP , especially if high accuracy is needed near the
corners, see e.g. [8]. As might be expected, similar difficulties
arise when the BVP is reformulated as a boundary integral equation
(BIE) , that is, the solution to the BIE fails, in general, to be

smooth at the corner points of the boundary.

In this paper we discuss the double layer potential equation
for a polygon, a BIE which occurs as a reformulation of the Dirichlet
problem for Laplace's equation. With this simple example, we illustrate
some of the difficulties created by the presence of corners, and how
one might deal with them. A more detailed technical discussion of this

and similar problems can be found in papers such as [2], [3]1, [4] and [5].

1. THE INTEGRAL EQUATION

Let £ be a polygonal domain. That is, € is a bounded, connected,

open subset of ZRZ whose boundaxry I' = 92 is made up of a finite
number of straight line segments. Let xl,xz,...,xN be the vertices
of § , numbered so that xj+1 follows xj as one proceeds anticlockwise

around ['. We adopt the convention that subscripts are evaluated modulo N
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wherever necessary, so, for example, Xy = Xy We also rule out the
possibility that § has "cracks", that is, we require § to be a

Lipschitz domain (cf. (2.5) below).

The classical Dirichlet problem for the Laplace operator

L2, B2
A= (axl) * (Bx )

is to find, for a given g ECO(T) , a function U ECo(ﬁ) ncz(Q)

satisfying
(1.1a) Au = 0 on Q
(1.1b) U=g on Q .

The traditional way to reformulate this BVP as a BIE is as follows.

Let n(y) denote the unit inner normal at vy € T,y?ij , let ©
denote the usual surface measure on [ (i.e. d0 is the "element of

arc length”), and let

1 1
E(x) = o log '!?I"

be the logarithmic potential. The double layer potential with density

function u on ' is defined by

Wu(x) = J u(y) 5§%§5 E(x-y) do(y) .
T



Because E 1is a fundamental

dimensions, i.e.

-AE = &

where, as usual, § denotes
origin, one can easily show
(1.2) Awa 0

. 1
assuming only that u€rn (I').

at x €T, then
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solution to Laplace's equation in two

on

the Dirac measure or unit mass at the

co
wWwu€C (R) and
on

If one also assumes u is continuous

(1.3) lim Wu (z) =% (I+T)u(x) , x €T,
z+x,z€0
where
f 0 (x)
Tu (x) =J k(x,y)uly) do(y)+—— u(x)
T
3 1 (x-y)en(y)
k(x,y) = 2 35—, E(x-y) ==
an(y) i lx‘le
0 for x¢T , x?ij
B(x) =
ej for x=x

and 9j is the angle shown in figure 1. Notice “!T—ej is the

interior angle at Xj’
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If LLGCO(T) satisfies the second kind Fredholm integral equation
(1.4) (I+T)u = 2g on T

then we see from (1.2) and (1.3) that

Wu (x) for x€Q
U(x) =
g(x) for x¢€T

is a solution to (2.1), and the usual maximum principle argument shows
that this is the only solution. Thus, the problem of solving the BVP
(1.1) reduces to that of solving the BIE (1.4), and it is known, see

eg. [6], that the integral equation (1.4) is well posed on CO(T),

that is
I+ T: CO(F) - cO(F)

is an isomoxphism. Note that throughout the paper the term "“isomorphism"”
will mean "isomorphism of normed spaces", in other words an isomorphism

is a bounded, linear, onto mapping which has a bounded inverse.

2. AN EQUIVALENT SYSTEM OF INTEGRAL EQUATIONS

In this section we construct a system of integral equations on the

unit interval which is equivalent to the BIE (1.4).
Denote the part of [ 1lying strictly between xj_1 and Xj by

Tj' i.e.

T, ={(1-t)x, . +tx.: 0<t<1
5 {« Yy o+ ey Yo
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and choose a sufficiently small dj>>0 such that d,_

+d,<length of T..
-1 73 g J

Let x, 1 and x. 1 be the points lying on ['. and T, respectively
=3 Jt3 J J+

which are at distance dj from xj, and define parametrizations

1

1
L (B) = (1-t)x. + tx, 2
Y3 = oy v e 2
Y2(t) = (1-t)x, 2+ tx, 1 oses<1 .
3 =57 T3
Y2y = -t)x, + tx, 1
3 3 -3
Put
F? - {yrj‘.‘(t) :0<t<1} m=1(1)3 ,
then
r. =rtule 2}UI‘2.U{x. 1}ur3. , = 1w,
3 i V-3 03 -3 3

as illustrated in Figure 1. Notice Fi is oriented "backwards" so

Figure 1.
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Y;(O) =x. =Y _(0) .

To each function u on I , associate the vector of functions

defined on the unit intexrval by
(2.1) u‘;‘(t) = u[Yl;(t)] , 0Sts1i .

Introduce the 3NX3N operator T by putting

T u(s) = Tu(x) , x = Yi(S)
then
m .
T = (Tij) i,j = 1(1)N L2,m = 1(1)3
where
1
sz'm u“.‘(s) =J kﬂ'm (s,t) urfl(t) dt, 0<s<g1l,
1) 3 iJ J
6]
m
m _ ay. _ L _o.om
kij(s,t) = k(x,y) dt] ’ X—Yi(S), y = Yj (€).

Corresponding to our original integral equation (1.4), we have a

3N%X3N system of integral equations

(2.2) (I + Tu = 2g
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on the unit interval, the correspondence between the solutions u

and u being given by (2.1) .

If x,y EFj , then (x-y)°n(y) =0 so k(x,y) =0 and

T%‘;‘ -0 j = 1N 2m = 1(1)3 .
1

With this in mind it is clear that unless

(2.3) §=4i-1 and £=1 and m= 3
ox
(2.4) =4+l and 2=3 and m=1,

L
i.e. unless li and F? meet at a corner, the kernel k%? is
1
[0,11X[0,1]. On the other hand, one finds that
13 31
T341,5 = T334 T Re,
where
1
J ra(s,t)v(t)dt for 0<s<1
0
Rev(s) = o
— v (0) for s =0
i
with the singular kernel
1 se sin O

r (s,t) =
o 52+t2+25t cos 0

on
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Note that our assumptions on the domain § imply
(2.5) 0< |ej1< T, j = 1(1)N ,

and that, owing to a scale invariance property dj does not appear in Re .
j

Write

6 = (61,...,9N)

2
and gather together the Ti? satisfying (2.3) or (2.4), i.e.

those with singular kernels, to form the 3NX3N operator 56 . Then

Lm

gather together the remaining RiJ , i.e. those with smooth kernels,

to form a 3NX3N operator K. Thus we have the decomposition

T = R, + K.

Ry

The general form of 56 can be seen by looking at the case N = 3:

JDW

(Each block of the matrix is 3%X3 and only the nonzero entries are shown.)

If T were a smooth, closed curve (i.e. no corners), then the
kernel k of T would be smooth and T would be a regularising
operator so the principal part of I + T would be just the identity

operator I. However, in our case
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(2.6) I+T=2Aa,+K ,

where

is now the principal part, with K regularising.

3. THE BASIC SCALAR INTEGRAL EQUATIONS

We begin by diagonalising A, . Once again, the general case is

£
illustrated by taking N=3 . If
-1 17
/2
1 1
1 -1
Q= /:;‘ V2
1 1
1 -1
V2
L1 : 1
then
(3.1) Qa0
= diag(I—Re3,I,I+Rel,I—Rel,I,I+R92,I—R62,I,I+R63) '

so we turn to consider the scalar integral equations

(3.2) (IiRe)v = f on [0,1]
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Let 1<psw® and o€ R. For functions v € Lioc(o,ll , put

Q,
= ||t t t
vl o = Nem vl

where ”.”P is the usual norm on 1P(0,1) , and for functions w € LiOC[O,w)

put

-y
= b
ol g = Nyt e Famll,

where H*HP is the usual norm on LP(O,w) . Denote the corresponding

Banach spaces by Lg(o,l) and Lg(o,w) respectively, then

J e_y/Pv(e_y) if 1< p<ew

Jpv(y) =

v(e_y)

defines a linear isometry

3, Lg(o,l) > Lg(O,OO) , 1l<psw .

Notice that \Lg =1 . a simple calculation reveals that

_ -1
(3.3) Re,l/p = JPRSJP

is the Wiener-Hopf operator defined by

Re,uW(X) = Jo he,u(x—y)W(y)dy ' 0< x< o

—ux .
/l.e (X)=%X—e_xi‘ri— , X € R.
s e +e +2cosf

Using the results in [7], many of the essential properties on RG u can be

’

deduced from a knowledge of the Fourier transform of its kernel:

. _ (7 -iEx _ sinh[0(E+iw)]  _
R J T T (S T N I

—00
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For our purposes, it suffices to know that the norm of Re u as an
’

operator on Lg(o,w) satisfies

{oo]
A

© -ox _ _
IRy ullp, o J-m |e Ry, ) | ax = J_m o] e P =g e (©)

that is,
sin[|0] (u+0) ] .
I Sinlm () ] if 0< |u+a|<1
3.4 R <
(3.4) R LMl o [
% if p+o = 0 .
Since Jp is an isometry, we see from (3.3) that the norm of Re as an
operator on Lg(o,l) satisfies
(3.5) IRgll,, 0 = Ry, 1 /pllp,0
and therefore:
THEOREM:  If |a+1/p| < (1+[8]/m ™, then
Ssmneha+uml

|mﬂp@"mmnm+1mn <t
and so

(x+r ) : 12(0,1) » P (0,1)

0 o a
is an isomorphism with
-1 -1
IfR < (1-]R

I« 9) ”P,a = I GHP,a)

Proof: This is just a matter of checking
-1 sin{le[U]
;U] < (1+'|6¥/ﬂ) = sin[mul <1

then using (3.4) and (3.5), and writing (I * Re)_1 = Z (T-Re)n . L]

n=0
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By developing a suitable regularity theory for the corresponding
Wiener-Hopf equation, one can show that if £ in (3.2) is smooth on

[0,1], then the solution v satisfies
(3.6) Dmv(s) = 0(sa_m) as s ¥+ 0

for m € {1,2,3,...} and

a < (1+16|/1r)_1 ,

cf. [3].

If we define the product space
3J
=1 P,

then it is clear from (3.1) and the theorem above (with o= 0) that

is an isomorphism for 1/p < min (1+|6j|/1r)—1 . sSince K : LP » EP is
i
compact (1£psgw) , it is easy to show from (2.6) that

I+T: P> 1P
is an isomorphism for

max (l+|9j|/ﬂ) <pge.
J
By considering I + T as an operator on a suitable product of weighted
Sobolev spaces, one can show that the solution of (2.2) also satisfies
(3.6) near the corner xj (with 6=6j) , provided g is smooth on

Fj and Fj+1 .

In section 1, when discussing the Dirichlet problem, we assumed the

data g to be continuous. If, for example, g is only assumed to be in



209

L2(F) , then (1.3) holds only O-almost everywhere and the limit must be
taken nontangentially. A solution to the Dirichlet problem, in this
generalized sense, is still furnished by (1.5). (Some recent results in
this direction for Lipschitz domains may be found in [9].) In practice,

one is mostly interested in the case of piecewise smooth data. By
considering the obvious corresponding system of integral equations, one
easily sees that jumps in g cause no real problems, it is only the presence
of corners in the region § that gives rise to singularities in the

derivatives of the density u .

4. REMARKS ON NUMERICAL METHODS

The decomposition (2.6) of I+ T into a principal part é@ and a
compact perturbation K is especially useful for the analysis of numerical
methods of solving (2.2). Indeed, the usual collective compactness

arguments, see e.g. [1l], effectively reduce the problem to that of solving

the simplified system of equations

pials =
and of course the diagonalization (3.1) reduces this to the problem of
solving the scalar equations

(4.1) (IiRe)v = f on [0,1] .

If (4.1) is considered as an operator equation on a Banach space X ,
then a projection method for obtaining an approximate solution consists
in choosing a (finite dimensional) subspace Xn of X and a projection

operator

Pn : X > Xn v
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i.e. P~ = Pn , then looking for Va € Xn such that
+ =

(4.2) (I_PnRe)vn Pnf .

For example, if one chooses mesh points

=t <t <...< =
0 to tl tn 1

then one might take

Xn = {v:v 4is a function on [0,1] which coincides on each
subinterval (ti~1'ti) with a polynomial of

degree <k-1} .

In the Galerkin method, X=12(0,1) and P = Pi is the Hilbert space
projection onto Xn . In the collocation method, X=C[0,1] and Pn==P§
is the interpolation operator for the chosen collocation points (k on
each subinterval). After expressing v in terms of a basis for Xn '
(4.2) reduces to an nkXnk system of algebraic equations; see [1].

The coefficients of this system involve integrals which will nearly always

be approximated by numerical quadratures, and evaluating these coefficients

may require more computing time than solving the linear system.

One can think of the standard error analysis for v in terms of
stability and consistency. The stability part is a matter of showing that
(Iﬂ:'nRe).l exists and of estimating its norm as n =+ ® ., The consistency

part is a matter of estimating the norm of
+ - = -
(I_PnRe)(vn v (Pn v ,
and it is clear that the two results imply an error estimate for Voo viz.
1
I

(4.3) v =vlly < lh@ze )7l l@-p )vlly -
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The consistency part is reasonably simple once one knows the qualitative
behaviour (3.6) of the derivatives of v . A suitable type of mesh is given

by
£, = (i/m)%, i=0o(L)n , qg21.

If g=1 , then the points ti are equally spaced, but as g is increased
the mesh points are concentrated near zero where the solution is changing

rapidly. One finds, see [3], that for the Galerkin projection

G -k k-o._k 1
[ (x-P v, scn sup |s %"y (s) | =05
0<s<l n

provided q> r/(a+3) , where the constant ¢ is independent of u and n .

Similarly, if one chooses points gj satisfying

-1< g1< g2< ceo < gk< 1
and takes the collocation points on (ti_l,ti) to be

= Y- i = j =
x5 =500gt; )+ AreNE} . i=1Mn, J=1Mk,

i.e. the x, are the §, shifted to the i*™ subinterval, then

IA
Q

k - 1
I (I—Pi)v”oo n sup |s" "D v (s) | = 0 ()

0<ss<l

provided gq > r/a .

The question of stability, on the other hand, is much deeper, owing

to the fact that since R is not compact we cannot appeal to collective

6

compactness. If one can show that there is a § > 0 for which

olly = 176

(4.4) e R

unformly in n sufficiently large, then the simple geometric series bound

1 -1
Iy s 8

IA

H(Iiane)"
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follows immediately. In the case of the Galerkin method, (4.4) is easy
because HPEH2 = 1 , however for the collocation method HPEH> 1 in
general. In [2], (4.4) was established by ad hoc techniques for some
particular collocation schemes, as well as certain stability results
based on the matrix analogues of (4.3) and (4.4). A disadvantage of
stability analyses based on (4.4) is that this condition is sufficient
but not necessary, and indeed there are probably stable schemes for which
(4.4) does not hold. A further complication is that the use of numerical
quadratures effectively modifies the projection operator Pn , so the
easy stability proof for the Galerkin method is not as useful as it may

appear.
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