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w2 'P REGULJl.RITY FOR VJl.RIFOLDS WITH MEAN CURVATURE 

,John Duggan 

Suppose V = ~(M,El) is a rec·tifiable n-varifold in JRn+k with 

generalised mean curvature HE Lp(~, JRn+k) in U , that is 

(1) J divl!1 Xd)l -J X.~ d]l 

1 n+k 11 = Hn L ;:; _ for all X E c0 (U, JR" ) , where ,_. v. Then, if El :2: l]J-ae in U, 

p > n , 0 E spt )1 and B (0) c U , ·the regularity t.heorem ([A]) states 
p 

that there are y = y(n,k,p) , 0 = o(n,k,p) E (0,1) such that 

imp• ly that spt 11 n B (0) = q (graph u) n B (0) for some linear isometry 
~ yp - yp 

q of 1Rn+k and some u E c1 ' 1 - n/p (Byp (0), IRk) . (Here 

Bn (0) 
yp 

B (0) n 1Rn.) We show here that a higher regularity prevails, 
yp 

and that u is actually w2 'p and that the density function e is w1 'p " 

V?e write (l) in non-parame'cric form: 

' 
r 

6/Ci H -f i 

1 
I g DQ,ll e H n l ~ i ~ n 
) 

(2) 

J e 
ICi m.Q, D uj D ll -I e ,!g Hn+j 1 ~ j ~ k l g g m Jl, 

T) ' ' 

for 
1 n E c0 (S]) , rl a domain in Because the results we obtain hold 

quite generally, as well as in order ·to simplify the exposition, we 

consider, instead of (2), the following system: 

(3) 1 ~ s ~ n+k . 

Then "Je have 
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THEOREM: Suppose iP~ = lRnk-+- lR is c1 for eaah 1 :,; s :,; n+k , 1 :,; i :,; n , 

that iP. s has a c1 right inverse, that is there is ~j : lRnk -+- lR. whiah 
~ s 

for eaah 1 :,; s :,; n+k , 1 :,; j :,; n and satisfies 

{4) 
n+k . 
~ {p~ {p) ~) {p) = 0. . p E lRnk 1 

s=1 ~ s ~J 

that the following skew symmetry aondition hoZds: 

n+k 
!; HD t iP~ {p)) ~j {p) + {D t iPS {p) ~j (p)) 

s=1 p ~ s P m s 
m m 

{5) 0 I 

for aU p E lRnk, 1 :,; t :,; k , 1 :,; i 1 j 1m :,; n , and that the last k 

equations of {3) satisfy the Legend:l'e-Hadamard eUiptiaity aondition, that 

is 

k n 
iP~+s(p) t;il.f lz;l 2 lt;l 2 (6) ~ ~ D z;sz;t ~ A.P t ~ 

s 1t=l ilj=l n. 
J 

for aU p E lRnk with IPI :,; p , and aU z; E 
k 

lR , t; E .lRn, where A. > p 0. 

Suppose also that u = < 1 k> n k • u 1 ••• 1u : -+- lR -z..s in c11 a.d'i~ lRkl for 

some Cl. E (011) , with s~ploul :!:: p , and that u solves (3), with 
00 

6 E L (\1) , 1 :,; 
n 

6:,; L1 Ln-a.e. in 1 n+k p 0 lRn+k) n , and <H I ••• IH > E L m~ 

for Po> n ; then 

21Po k 
U E WlOC m1 lR ) 1 

lip 
6 E w 0 <m 1 

(7) D. 6 (x) = Hs (x) • iPj (Du (x)) 
J s 

Ln-a.e. inn. 

Proof: (Outline) Let no ccn with d = dist<nol am . Let 

r = 2( log a l + 1 1 

1og(l-CI.)J 

and ChOOSe domainS - ni 1 1 :,; i :,; r 1 With 
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dist (fll, am > _d_ j 
- r +1 ' 2, ••• ,r . 

Let 0 < h < h0 = 
d 

6(r +1) 
, 1 :,; j :,; n , and replace n in (3) by 

<P~(n~ln for each 1 :,; s :,; n+k , where for any f € Ll(Q) , fh denotes 

its mollification. -Then, using (4) and (5), we have 

(8) 

j 1 1, ••• ,n , n € co (Ql) , where 

(9) 

fj 8(<li~(DQ) - <li~(Du)) D ~Js. (DQ) 
h 1 n 1 x. n 

1 

We digress here to develop some general results concerning functions 

which satisfy (8) and (9). For 0 < h:,; h0 we let 

Qh = {x € Q dist(x, an> > h} , 

and for f € Lq(Q) , 1:,; q:,; oo, y € (0,1) and z € B1 (0) we let 

f(x + hz) - f(x) 

and 

sup .l._ llt.hfll 0 < oo} • 
z € aB1 (0) hy z q,.h 

h>O 
(The spaces Hy,q are known as Nikolskii spaces.) The following 

inequalities are easy to prove: 

(10) llt.hfli :5 h tf ll(.l._ f f (y)Dyp (X -hyJdyJ • Z lq dx )J 1/q 
z q,Q2h 0 hn B (x) 

o ·n0 h 

+ 2 l nf f(y)D f(x. -y.)p[x-ty))dyll O. dt 
tn+l B (x) Yi. 1 1 q,.n 

t 0 
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(11) sup jll:h f(x) I :;:; h sup ~h~ [JB {x) f(y) Dyp(x ~y) dy) .zj 
n z 

X Enh 2h0 0 
h 

n I: 1 If f(y) D [<x. -y.)p(x~yl)dy,dt. + 2 ~ n+l sup 
i=l t X Enh B (x) yi ~ ~ · J 

0 
t 

Using (10) and (11) we can prove 

fj ,i fj fj 
q 

LEMMA 1: If f € Lq<m • 1 :;:; q :;:; 00 • € Lq<m • € L 0 cm • h , h h 

1 :;:; i,j :;:; n • 0 < h :;:; ho with n 
ilfall n :;:; c • qo=1-y• qo, 

(12) 

for eaah 1 :;:; i,j :;:; n and eaah o < h :;:; h 0 , where y E (0,1) and c is 

independent of h and with 

1 for eaah n E c 0 <n> • 1 :;:; j :;:; n and o < h :;:; h0 , then 

Also, by a simple variation of the difference quotient method, we have 

LEMMA 2: Let vs E c 1 (n) , 1 :;:; s :;:; k , be a solution to the system 

Jn w(x) ~~(Dv) oin = Jn gsn , 

for n E c 0
1 <n> , where w E c<n> • w ~ 1. gs E L2 (Q) • 1 :;:; s :;:; k, ~s is 

i 

c1 in all its variables, 1 :;:; i :;:; n , 1 :;:; s :;:; k and 

for aU 1;; E JRk, 1; E JRn and p E JRnk with 

A > o • Then, if w E Hy' 2 <n> , we have 

IPI :;:; sup lovl , where 
n 

1 :;:; i :;:; n , 1 :;:; s :;:; k , 

for any no cc n • 
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We return to the proof of the theorem: Lemma 1, with q = oo , and (8) 

and (9) immediately imply the H3lder continuity of 6 with exponent 

min(CI., 1 _..E.) 
Po 

(13) l 
From ( 9) we have 

Ufi'jll 
h 2,n1 

$ 

llfj -j 
$ + fhll2 n h , 1 

cllouh - Dull 2 n 
, 1 

a.-1 
llouh - oull2 n ch + c , 

, 1 

so that replacing h by 

1 
1-a. h and using Lemma 1, we have 

provided Cl. s ~ . Lemma 2 now implies that 

_a._,2 
s 

D.u 
J. 

E H1 - a. m > 
3 

1 s i s n , 1 s s s k . 

a. 

Again replacing h by h1 -a. in (13) we see that 

a. 

provided This procedure can be iterated t ~ 1- log a. l 
- ~og(l- a.l_ 

times (so that a. S 1 and 
(1 -a.) t 

a. t + a. > 1 ) to obtain 
(1 -a.) 

s 
D.u 

J. 

Letting h + 0 in (8) and noting that none of the quantities depends on 

n0 , gives (7). The regularity of u follows by standard elliptic theory. 

It is straightforward to check that the Euler-Lagrange equations 

arising from arbitrary c2 elliptic parametric integrands satisfy the 

hypotheses of the theorem. Thus we have the regularity as stated. 

Furthermore we see that the theorem readily implies a constancy theorem for 

any varifold, stationary with respect to a c2 elliptic parametric 

integrand, whose support is contained in a c1 'a. manifold for some a. > 0 • 
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