v-RADONIFYING OPERATORS — A SURVEY
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ABSTRACT. We present a survey of the theory of y-radonifying operators and
its applications to stochastic integration in Banach spaces.
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1. INTRODUCTION

The theory of y-radonifying operators can be traced back to the pioneering works
of GEL'FAND [40], SEGAL, [111], GROSS [42, 43], who considered the following
problem. A cylindrical distribution on a real Banach space F' is a bounded linear
operator W : F* — L2(2), where F'* is the dual of F and (§,.%,P) is a probability
space. It is said to be Gaussian if Wx* is Gaussian distributed for all * € F*. If T
is a bounded linear operator from F' into another real Banach space E, then T' maps
every Gaussian cylindrical distribution W to a cylindrical Gaussian distribution
T(W): E* — L*(Q) by

TW)z* :=W(T*z*), «* € E*.

The problem is to find criteria on T which ensure that T(W) is Radon. By this
we mean that there exists a strongly measurable Gaussian random variable X €

Date: Received 23 November 2009 / Accepted 27 February 2010.

2000 Mathematics Subject Classification. Primary: 47B10; Secondary: 28C20, 46B09, 47B10,
60B11, 60HO05.

Key words and phrases. y-Radonifying operators, stochastic integral, isonormal process,
Gaussian random variable, covariance domination, uniform tightness, K-convexity, type and
cotype.

Support by VICI subsidy 639.033.604 of the Netherlands Organisation for Scientific Research
(NWO) is gratefully acknowledged.



2 JAN VAN NEERVEN

L?(Q; E) such that
T(W)ae* = (X,2%), 2" € E*

(the terminology “Radon” is explained by Proposition 2.1 and the remarks following
it). The most interesting instance of this problem occurs when F' = H is a real
Hilbert space with inner product [-,-] and W : H — L?(Q) is an isonormal process,
i.e. a cylindrical Gaussian distribution satisfying

EW (h1)W (hy) = [h1,ha), h1,he € H.

Here we identify H with its dual H* via the Riesz representation theorem. A
bounded operator T : H — E such that T(WW) is Radon is called ~y-radonifying.
Here the adjective ‘y-’ stands for ‘Gaussian’.

GROSS [42, 43] obtained a necessary and sufficient condition for y-radonification
in terms of so-called measurable seminorms on H. His result includes the classical
result that a bounded operator from H into a Hilbert space F is 7y-radonifying
if and only if it is Hilbert-Schmidt. These developments marked the birth of the
theory of Gaussian distributions on Banach spaces. The state-of the-art around
1975 is presented in the lecture notes by Kuo [69].

~v-Radonifying operators can be thought of as the Gaussian analogues of p-
absolutely summing operators. For a systematic exposition of this point of view
we refer to the lecture note by BADRIKIAN and CHEVET [4], the monograph by
SCHWARTZ [109] and the MAUREY-SCHWARTZ seminar notes published between
1972 and 1976. More recent monographs include BOGACHEV [9], MUSHTARI [84],
and VAKHANIA, TARIELADZE, CHOBANYAN [118].

In was soon realised that spaces of ~-radonifying operators provide a natural
tool for constructing a theory of stochastic integration in Banach spaces. This
idea, which goes back to a paper of HOFFMAN-J@RGENSEN and PISIER [48], was
first developed systematically in the Ph.D. thesis of NEIDHARDT [93] in the con-
text of 2-uniformly smooth Banach spaces. His results were taken up and further
developed in a series of papers by DETTWEILER (see [29] and the references given
there) and subsequently by BRZEZNIAK (see [11, 13]) who used the setting of mar-
tingale type 2 Banach spaces; this class of Banach spaces had been proved equal,
up to a renorming, to the class of 2-uniformly smooth Banach spaces by PISIER
[99]. The more general problem of radonification of cylindrical semimartingales has
been covered by BADRIKIAN and USTUNEL [5], SCHWARTZ [110] and JAKUBOWSKI,
KWwAPIEN, RAYNAUD DE FITTE, ROSINSKI [55].

If E is a Hilbert space, then a strongly measurable function f : Ry — FE is
stochastically integrable with respect to Brownian motions B if and only if f €
L?(Ry; E). It had been known for a long time that functions in L?(R,; E') may fail
to be stochastically integrable with respect to B. The first simple counterexamples,
for E = ¢P with 1 < p < 2, were given by YOR [120]. ROSINSKI and SUCHANECKI
[105] (see also ROSINSKI [103, 104]) were able to get around this by constructing a
stochastic integral of Pettis type for functions with valued in an arbitrary Banach
space. This integral was interpreted in the language of y-radonifying operators by
VAN NEERVEN and WEIs [90]; some of the ideas in this paper were already implicit
in BRZEZNIAK and VAN NEERVEN [14]. The picture that emerged is that the space
v(L?*(R,), E) of all v-radonifying operators from L?(Ry) into E, rather than the
Lebesgue-Bochner space L?(R, ; E), is the ‘correct’ space of E-valued integrands for
the stochastic integral with respect to a Brownian motion B. Indeed, the classical
It6 isometry extends to the space y(L?(Ry), E) in the sense that

o0 2
EH/@ ¢dBH = lol3(r2m, . m)
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for all simple functions ¢ : Ry — H ® E; here qz : L?’(Ry) — E is given by
integration against ¢; on the level of elementary tensors, the identification ¢ +— 5 is
given by the identity mapping f ® x — f ® z. For Hilbert spaces, this identification
sets up an isomorphism

L*(Ry; B) =~ y(L*(Ry), E).

In the converse direction, if the identity mapping f ® x — f ® = extends to an

isomorphism L?(R; E) ~ v(L*(R, ), E), then E has both type 2 and cotype 2, so

E is isomorphic to a Hilbert space by a classical result of KWAPIEN [70].
Interpreting B as an isonormal process W : L2(R;) — L?(Q2) by putting

W(f):= /Ooode, (1.1)

this brings us back to the question originally studied by Gross. However, instead
of thinking of an operator T : L?(R) — F as ‘acting’ on the isonormal process W,
we now think of W as ‘acting’ on Ty as an ‘integrator’. This suggests an abstract
approach to E-valued stochastic integration, where the ‘integrator’ is an arbitrary
isonormal processes W : H — L?(Q), with H an abstract Hilbert space, and the
‘integrand’ is a ~y-radonifying operator from H to F. For finite rank operators
T = ny:l h ® x the stochastic integral with respect to W is then given by

N N
W(T)zW(Zh@m) =Y Wh e

n=1

In the special case H = L?(R;) and W given by a standard Brownian motion
through (1.1), this is easily seen to be consistent with the classical definition of the
stochastic integral.

This idea will be worked out in detail. This paper contains no new results;
the novelty is rather in the organisation of the material and the abstract point
of view. Neither have we tried to give credits to many results which are more or
less part of the folklore of the subject. This would be difficult, since theory of
~-radonifying operators has changed face many times. Results that are presented
here as theorems may have been taken as definitions in previous works and vice
versa, and many results have been proved and reproved in apparently different but
essentially equivalent formulations by different authors. Instead, we hope that the
references given in this introduction serves as a guide for the interested reader who
wants to unravel the history of the subject. For the reasons just mentioned we
have decided to present full proofs, hoping that this will make the subject more
accessible.

The emphasis in this paper is on y-radonifying operators rather than on stochas-
tic integrals. Accordingly we shall only discuss stochastic integrals of deterministic
functions. The approach taken here extends to stochastic integrals of stochastic
processes if the underlying Banach space is a so-called UMD space by following the
lines of VAN NEERVEN, VERAAR, WEIS [88]. We should mention that various alter-
native approaches to stochastic integration in general Banach spaces exist, among
them the vector measure approach of BROOKS and DINCULEANU [10] and DIN-
CULEANU [32], and the Doléans measure approach of METIVIER and PELLAUMAIL
[83]. As we see it, the virtue of the approach presented here is that it is tailor-made
for applications to stochastic PDEs; see, e.g., BRZEZNIAK [11, 13], DA PRATO and
ZABCZYK [27], VAN NEERVEN, VERAAR, WEIS [86, 89] and the references therein.
For an introduction to these applications we refer to the author’s 2007/08 Internet
Seminar lecture notes [85].
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Let us finally mention that the applicability of radonifying operators is by no
means limited to vector-valued stochastic integration. Radonifying norms have
been used, under the guise of l-norms, in the local theory of Banach space for
many years; see e.g. DIESTEL, JARCHOW, TONGE [30], KALTON and WEIS [62],
PISIER [102], TOMCZAK-JAEGERMANN [115]. In harmonic analysis, v-radonifying
norms are the natural generalisation of the square functions arising in connection
with Littlewood-Paley theory (see e.g. STEIN [112]) and were used as such in
KarToN and WEISs [63], HYTONEN [49], HYTONEN, McINTOSH, PORTAL [50], and
HYTONEN, VAN NEERVEN, PORTAL [51]. Further applications have appeared in
interpolation theory, see KALTON, KUNSTMANN, WEIS [60] and SUAREZ and WEIS
[113], control theory, see HAAK and KUNSTMANN [44], and in image processing, see
KAISER and WEIS [58]. This list is far from being complete.

This paper is loosely based on the lectures presented at the 2009 workshop on
Spectral Theory and Harmonic Analysis held at the Australian National University
in Canberra. It is a pleasure to thank the organisers Andrew Hassell and Alan
MeclIntosh for making this workshop into such a success.

Notation. Throughout these notes, we use the symbols H and E to denote real
Hilbert spaces and real Banach spaces, respectively. The inner product of a Hilbert
space H will be denoted by [-, ]y or, if no confusion can arise, by [-,]. We will
always identify H with its dual via the Riesz representation theorem. The duality
pairing between a Banach space E and its dual E* will be denoted by (,)g g
or simply (-, ). The space of all bounded linear operators from a Banach space E
into another Banach space F is denoted by .Z(F, F'). The word ‘operator’ always
means ‘bounded linear operator’.

2. BANACH SPACE-VALUED RANDOM VARIABLES

Let (A, <7, u) be a o-finite measure space and F a Banach space. A function
f:A— FEis called simple if it is a finite linear combination of functions of the form
1p®ax with B € & of finite p-measure and z € F, and strongly measurable if there
exists a sequence of simple functions f, : A — E such that lim,,_, ., f,, = f pointwise
almost surely. By the Pettis measurability theorem, f is strongly measurable if and
only if f is essentially separably valued (which means that there exists a null set
N € o and a separable closed subspace Fy of E such that f(£) € Ey for all £ ¢ N)
and weakly measurable (which means that (f,z*) is measurable for all z* € E*).

When (9, .%#,P) is a probability space, strongly measurable functions f : Q@ — E
are called random wvariables. Standard probabilistic notions such as independence
and symmetry carry over to the F-valued case in an obvious way. Following tradi-
tion in the probability literature, random variables will be denoted by the letter X
rather than by f. The distribution of an E-valued random variable X is the Borel
probability measure px on E defined by

px(B) :=P{X € B}, B e #B(E).

The set {X € B} :={w € Q: X(w) € B} may not belong to .#, but there always
exists a set F' € % such that the symmetric difference FA{X € B} is contained in
a null set in %, and therefore the measure px is well-defined.

For later use we collect some classical facts concerning F-valued random vari-
ables. Proofs, further results, and references to the literature can be found in
ALBIAC and KALTON [1], DIESTEL, JARCHOW, TONGE [30], KwAPIEN and WoOY-
€zYNSKI [73], LEDOUX and TALAGRAND [76], and VAKHANIA, TARIELADZE, CHOB-
ANYAN [118].

The first result states that F-valued random variables are tight:
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Proposition 2.1. If X is a E-valued random variable, then for every e > 0 there
exists a compact set K in E such that P{X ¢ K} < e.

Proof. Since X is separably valued outside some null set, we may assume that E
is separable. Let (z,)n>1 be a dense sequence in F and fix € > 0. For each integer
k > 1 the closed balls B(x,,, %) cover E, and therefore there exists an index Ny > 1
such that

Ny
1 €
IP’{X cU B(xn,E)} >1- o
n=1
The set K = (5, UgilB(;vn, 1) is closed and totally bounded. Since E is
complete, K is compact. Moreover, P{X ¢ K} < Zk>1 2 ke = ¢ O

This result implies that the distribution px is a Radon measure, i.e. for all
B € #(F) and € > 0 there exists a compact set K C B such that ux(B\ K) < e.
Indeed, the proposition allows us to choose a compact subset C' of E such that
ux(C) > 1— %6, and by the inner regularity of Borel measures on complete separable
metric spaces there is a closed set ' C B with u(B\F) < 3e. Theset K = CNF has
the desired properties. Conversely, every Radon measure p on E is the distribution
of the random variable X (x) = 2 on the probability space (E, B(E), u).

Motivated by the above proposition, a family 2~ of E-valued random variables
is called uniformly tight if for every € > 0 there exists a compact set K in E such
that P{X ¢ K} <eforall X € 2.

A sequence of E-valued random variables (X,,)n>1 is said to converge in dis-
tribution to an E-valued random variable X if lim, . Ef(X,) = Ef(X) for all
f € Cyw(E), the space of all bounded continuous functions f on E.

Proposition 2.2 (PROKHOROV’s theorem). For a family 2 of E-valued random
variables the following assertions are equivalent:

(1) 2 is uniformly tight;

(2) every sequence in £ has a subsequence which converges in distribution.

Excellent accounts of this result and its ramifications can be found in BILLINGS-
LEY [7] and PARATHASARATHY [96].
We continue with a maximal inequality.

Proposition 2.3 (LEVY’s inequality). Let Xi,...,Xn be independent symmetric
E-valued random variables, and put S,, := Z;’:l Xj forn=1,...,N. Then for all
r > 0 we have
< .
P{ max 1S, > r} < 2P{Sw]l > 1}

This inequality will be used in Section 4. It is also the main ingredient of a
theorem of ITO and NisiO, presented here only in its simplest formulation which
goes back to LEVY.

Proposition 2.4 (LEVY, ITO-NISIO). Let (X,,)n>1 be a sequence of independent
symmetric E-valued random variables, and put S, = Z?Zl Xj form = 1. The
following assertions are equivalent:

(1) the sequence (Sp)n>1 converges in probability;

(2) the sequence (Sy)n>1 converges almost surely.

Let (z;)ier be a family of elements of a Banach space E, indexed by a set I.
The sum ), ; x; is summable to an element s € E if for all £ > 0 there is a finite
subset J C I such that for all finite subsets J’ C I containing J we have

’S—Z.TjH<E.

jeJ
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Stated differently, this means that lim; sy = s, where sy :=>_
is taken along the net of all finite subsets J C I.

As we shall see in Example 3.2, this summability method adequately captures
the convergence of coordinate expansions with respect to arbitrary maximal or-
thonormal systems in Hilbert spaces. For countable index sets I, summability is
equivalent to unconditional convergence. The ‘only if’ part is clear, and the ‘if’
part can be seen as follows. Suppose, for a contradiction, that } ., ; z, = s uncon-
ditionally while Ziel Zr, is not summable to s. Let I = (i,)n>1 be an enumeration.
There is an € > 0 and an increasing sequence J; C Jo C ... of finite subsets of I
such that {i1,...,ix} C Ji and [[s — s, [| = . Clearly Uy, Jp = 1. I T = (i}, )n>1
is an enumeration with the property that Jx = {7},...,i%y, } for all & > 1 and
suitable Ny < Ny < ..., the sum Zn>1 Ty fails to converge to s. This contradicts
the unconditional convergence of the sum » ., z; to s.

Convergence of sums of random variables in in L”(€; E) has been investigated
systematically by HOFFMANN-J@RGENSEN [47]. Here we only need the following
prototypical result:

jes T and the limit

Proposition 2.5. Let 1 < p < oo, let (X;)ier be an indexed family of independent
and symmetric random variables in LP(Q; E) and let S € LP(Q; E). The following
assertions are equivalent:

(1) > ;e Xi is summable to S in LP(Q; E)

(2) > icr(Xi, ™) is summable to (S,x*) in LP(2) for all z* € E*.

Proof. We only need to prove the implication (2)=-(1).
Let [I] denote the collection of all finite subsets of I. For J € [I] set Sy :=
> jes Xj. From (2) it easily follows that for all J € [I] and 2* € E* the random

variables (Sy,z*) and (S — Sj,z*) are independent. If we denote by .%; the o-
algebra generated by {X, : j € J}, for all * € E* it follows that

(E(S77),2%) = E((S,2")|F 1) = (57, 27)

in LP(Q2). As a consequence,

E(S|Z5) =5
in LP(Q; E). Now (1) follows from the elementary version of the E-valued martin-
gale convergence theorem (see DIESTEL and UHL [31, Corollary V.2]). O

We continue with a useful comparison result for Rademacher sequences and
Gaussian sequences. Recall that a Rademacher sequence is a sequence of inde-
pendent random variables taking the values +1 with probability % A Gaussian
sequence is a sequence of independent real-valued standard Gaussian random vari-
ables.

Proposition 2.6. Let (1,)n>1 be a Rademacher sequence and (yn)n>1 o Gaussian
sequence.

(1) For all1 < p < oo and all finite sequences x1,...,xny € E we have

N
IEH Z Ty
n=1

(2) If E has finite cotype, then for all 1 < p < oo there exists a constant
Cp.r 2 0 such that for all finite sequences x1,...,xn € E we have

N
EH Z TYnTn
n=1

p

N
p
< (%ﬂ')gEH Z'Ynxn
n=1

p

N
P P
<CP7E]EH g TnTn
n=1
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For the definition of cotype we refer to Section 11. We will only need part (1)
which is an elementary consequence of the Kahane contraction principle (see KA-
HANE [57]) and the fact that the sequences (vn)n>1 and (7,,]vn|)n>1 are identically
distributed when (ry,),>1 is independent of (v, )n>1.

We finish this section with the so-called Kahane-Khintchine inequalities.

Proposition 2.7 (Kahane-Khintchine inequalities). Let (ry,),>1 be a Rademacher
sequence and (Yn)n>1 o Gaussian sequence.

(1) For all1 < p,q < oo there exists a constant Cy, 4, depending only on p and
q, such that for all finite sequences x1,...,xNn € E we have
1

N » N g\ L
I3 ) < Bl S )
n=1 n=1

(2) For all1 < p,q < oo there exists a constant Cp 4 depending only on p and

q, such that for all finite sequences x1,...,xNy € E we have

N oy L N L
(B 2 men[)” < (B X2 20 |)
n=1 n=1

The least admissible constants in these inequalities are called the Kahane-Khint-
chine constants and are usually denoted by K, , and K .. Note that K, =1 if
p < ¢ by Holder’s inequality. It was shown by LATALA and OLESZKIEWICZ [74]
that K271 = \/i

Part (2) of the proposition can be deduced from part (1) by a central limit
theorem argument (which can be justified by Lemma 9.1 below); this gives the
inequality K . < K 4.

3. 7-RADONIFYING OPERATORS

After these preparations we are ready to introduce the main object of study, the
class of y-radonifying operators. Throughout this section H is a real Hilbert space
and F is a real Banach space. Gaussian random variables are always assumed to
be centred.

Definition 3.1. An H-isonormal process on a probability space (2, &#,P) is a map-
ping W : H — L?(Q) with the following properties:

(i) for all h € H the random variable W (h) is Gaussian;

(11) for all hl, ho € H we have EW(hl)W(hz) = [h1, hg]

Isonormal processes lie at the basis of Malliavin calculus. We refer to NUALART
[95] for an introduction to this subject. We shall use isonormal processes to set up
an abstract version of the vector-valued It6 stochastic integral. As the scalar 1t6
stochastic integral arises naturally within Malliavin calculus, the theory developed
below serves as a natural starting point for setting up a vector-valued Malliavin
calculus. This idea is taken up in MAAs [78] and MaAS and VAN NEERVEN [79)].

We turn to some elementary properties of isonormal processes. From (ii) we have

E|W (c1hy + caho) — (W (h1) + oW (ha))|? = 0,

which shows that W is linear. As a consequence, for all hq,...,hxy € H the random
variables W (hy),...,W(hy) are jointly Gaussian (which means that every linear
combination is Gaussian as well). Recalling that jointly Gaussian random variables
are independent if and only if they are uncorrelated, another application of (ii)
shows that W (hi1),...,W(hn) are independent if and only if hq,...,hx € H are
orthogonal.
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Ezample 3.2. Let H be a Hilbert space with maximal orthonormal system (h;);er
and let (;)ier be a family of independent standard Gaussian random variables with
the same index set. Then for all h € H, Y, 7i[h, h;] is summable in L*(Q2) and

h):=Y ~ilhhil, heH,
iel
defines an H-isonormal process. To see this let h € H be fixed. Given € > 0 choose
indices i1,...,i5 € I such that

Hh_ i[hvhin]hin

For any finite set J’ C I containing i1, ...,iy we then have, by the Pythagorean
theorem,

h = > 1yl | <ce.
jeJ’
This implies that ;. ; [k, h;]h; is summable to h. Since W clearly defines an isomet-
ric linear mapping from the linear span of (h;);cs into L?(€2) satisfying W (h;) = 7,
>ieq Vilhs hi] is summable in L?(2). Denoting its limit by W (h), the easy proof
that the resulting linear map W : H — L?() is isonormal is left to the reader.

Example 3.3. If B is a standard Brownian motion, then the It6 stochastic integral
o0
W (h) ::/ hdB, he L*(Ry),
0

defines an L?(R )-isonormal process W. Conversely, if W is an L?(R )-isonormal
process, then

B(t) = W(H[O,t])a t>0,
is a standard Brownian motion. Indeed, this process is Gaussian and satisfies
EB(s)B(t) = [L(o,s)> Lo,y 2my) = s At for all s, > 0.

Ezxample 3.4. Let B be a Brownian motion with values in a Banach space E and let
A be the closed linear span in L?(£2) spanned by the random variables (B(1),z*),
x* € E*. Then B induces an L?(R ;7 )-isonormal process by putting

W(f® (B / fd(B,z*), felL*R,), z*¢€ E*

To see this, note that since (B, z*) is a real-valued Brownian motion,

E[(B(t),")[* = tE|(B(1),2")[

for all t > 0. Hence by normalising the Brownian motions (B, z*), the It6 isometry
gives

W(f @ (B(1),z"))W(g® (B(1),y")) = E(B(1),z"}(B(1),y")[f, 9lr2(r})
= [f ® <B(1)7x*>vg ® <B(1)7x*>]L2(R+;=%”)'
Remark 3.5. In many papers, S¢-cylindrical Brownian motions are defined as a

family W = (W (t))i>0 of bounded linear operators from ¢ to L?(§) with the
following properties:

(1) for all h € S, the process (W (t)h);>o is a Brownian motion;
(ii) for all ¢1,t3 > 0 and hy, he € S we have

E(W (t1)h1 - W (ta)ha) = (t1 A ta)[ha, hal.
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Subsequent arguments frequently use that the family {W(¢t)h : t > 0, h € S} is
jointly Gaussian, something that is not obvious from (i) and (ii). If we add this as
an additional assumption, then every 7-cylindrical Brownian motion defines an
L?(R; #)-isonormal process in a natural way and vice versa.

In the special case s# = L%(D), where D is a domain in R, L?(D)-cylindrical
Brownian motions provide the rigorous mathematical model of space-time white
noise on D.

In what follows, W : H — L?(2) will always denote a fixed H-isonormal process.
For any Banach space E, W induces a linear mapping from H ® F to L*(Q) ® E,
also denoted by W, by putting

Whez)=W(h)x

and extending this definition by linearity. The problem we want to address is
whether there is a norm on H ® E turning W into a bounded operator from H @ F
into L?(Q; E).

Ezample 3.6. Let B be a Brownian motion and let W : L2(R;) — L?(Q2) be the
associated isonormal process. Identifying F-valued step functions with elements in
L*(Ry) ® E we have

W(]l(a’b) ®x) = / ]l(a,b) ® xdB.
0

Thus, W can be viewed as an FE-valued extension of the stochastic integral with
respect to B. In the same way, for isonormal processes W : L?(R; 5#) — L?*(Q)
we have

WLy @h) @) = / Ligp) ® (h®x)dW,
0

where the right-hand side is the side the stochastic integral for 7 ® E-valued
step functions with respect to ##-cylindrical Brownian motions introduced in VAN
NEERVEN and WEIS [90].

Suppose an element in H ® E of the form 25:1 hp ® z,, is given with hy, ..., Ay
orthonormal in H. Then the random variables W (h1), ..., W (hy) are independent
and standard Gaussian and therefore

2

)

N 9 N
EH S W(ha) @ = EH 3
n=1 n=1
where (7,))_; is any Gaussian sequence. The right-hand side is independent of the
representation of the element in H ® F as a finite sum Zgzl h, ® x,, as long as we
choose the vectors hq, ..., hy orthonormal in H. Indeed, suppose we have a second
representation

N M
n=1 m=1

where the vectors hf,...,h), are again orthonormal in H. There is no loss in
generality if we assume that the sequences (h,)Y_; and (h/,)M_, span the same
finite-dimensional subspace G of H. In fact we may consider the linear span of the
set {h1,...,hy, 0, ..., )} and complete both sequences to orthonormal bases,
say (hi)X_, and (h})E || for this linear span. Then we may write

K K
> s =Yt 0
k=1 k=1
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with 2y =0for k=N+1,...,K and 2}, =0 for k= M +1,..., K. Under this
assumption, we have M = N = K and there is an orthogonal transformation O on
G such that Oh), = hy, for all k=1,..., K. Then

K K

o = Y (W hilaly = 3 [Ohy, hyla;.

j=1 =1

Let O = (0j;) denote the matrix representation with respect to the basis (hy)& .
Then,

K 2 K K 2 K K 2 K
CPORRY ) o SO Dol o S o
k=1 k=1 j=1 j=1 k=1 j=1

2

b

where v} = Zszl 0jk Yk Writing v = (y1,...,7x) and 7 = (7{,...,7%), this
means that

7' =0r.
As Re-valued Gaussian random variables, v and 4/ have covariance matrices I (by
assumption) and OTO* = I (since O is orthogonal), respectively. Stated differently,

the random variables 7§ form a standard Gaussian sequence, and thereby we have
proved the asserted well-definedness.

Definition 3.7. The Banach space v(H, E) is defined as the completion of H @ F
with respect to the norm

N ) N
H q; fin © T ~(H,E) = EH ;%m”

where it is assumed that hq,...,hy are orthonormal in H.

2

)

The following example is used frequently in the context of stochastic integrals,
where H; = L?(Ry) and Hy = 5 is some abstract Hilbert space:

Ezample 3.8. Let H; and H, be Hilbert spaces and let Hy&Hs, denote the Hilbert
space completion of their tensor product. Then for all h € Hy and hy,...,hy € Ho,
Ti,...,xNy € F,

N
H > (h®hy) @y,
n=1

N
;hn(@xn R

The preceding discussion can be summarized as follows.

_ = [1All 1, :
’Y(H1®H2,E) (Hz,E)

Proposition 3.9 (It6 isometry). Every isonormal process W : H — L?(2) induces
an isometry, also denoted by W, from v(H, E) into L*(%; ).

For H = L?(Ry; ) this result reduces to the It6 isometry for the stochastic
integral with respect to J#-cylindrical Brownian motions of VAN NEERVEN and
WEIs [90].

We continue with some elementary mapping properties of the spaces y(H, E).
The first is an immediate consequence of Definition 3.7.

Proposition 3.10. Let Hy be a closed subspace of H. The inclusion mapping
io : Hy — H induces an isometric embedding ig : v(Ho, E) — ~v(H, E) by setting

t0(ho ® x) := ipho ® x.

The next proposition is in some sense the dual version of this result:
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Proposition 3.11 (Composition with orthogonal projections). Let Hy be a closed
subspace of H. Let Py be the orthogonal projection in H onto Hy and let By denote
the conditional expectation operator with respect to the o-algebra Fy generated by
the family of random variables {W(ho) : ho € Ho}. The operator Py extends to a
surjective linear contraction Py : v(H, E) — ~v(Hy, E) by setting

P()(h X ’JJ) = Poh X x

and the following diagram commutes:

vH,E) —L~  L2(QE)

n| =]
v(Ho, B) —%— L2(Q, %y; E)
Proof. For h € Hy we have EgW (h) = W(h) = W(Pyh). For h L Hy, the random

variable W (h) is independent of {W(hq),...,W(hn)} for all hy, ..., hx € Hy, and
therefore W (h) is independent of .%,. Hence,

EoW (h) = EW (h) = 0 = W(0) = W (Po(h)).

This proves the commutativity of the diagram

g Y. 12

P()J/ ]E()J/
Hy —Y— L*(Q, %)
For elementary tensors h ® x € H ® F it follows that
EW(h®z) =EW(h) @ x = W(Poh) @ z, = W(Py(h ® x)).
By linearity, this proves that the F-valued diagram commutes as well. That Py ex-
tends to a linear contraction from v(H, E) to v(Hy, F) now follows from the facts
that Eq is a contraction from L?(Q; E) to L*(Q, %o; E) and both W : v(H, E) —
L?(Q; E) and W : y(Hg, E) — L?(Q, %9; E) are isometric embeddings. The surjec-
tivity of Py follows from the surjectivity of Eg. O

Proposition 3.12 (Composition with functionals). Every functional z* € E* ex-
tends to a bounded operator x* : v(H,E) — H by setting
¥ (h®x) := (z,z*)h

and the following diagram commutes:

v(H,E) —Y— L[2(Q;E)

H Y 120

Proof. For elementary tensors we have
W(z*(h®z)) = (x,2")W(h) = (W(h®z),z").

By linearity this proves that W oz* = 2" o W on H ® E. That z* extends to
a bounded operator from y(H, E) — H now follows from the fact that both W :
H — L?(Q) and W : y(H, E) — L*(Q; E) are isometric embeddings. d

In particular it follows, for T € v(H, E), that the E-valued random variables
W (T) are Gaussian (cf. Definition 7.1). This point will be taken up in more detail
in Section 7.



12 JAN VAN NEERVEN

So far we have treated H ® F as an abstract tensor product of H and E. The
elements of H ® F define bounded linear operators from H to E by the formula

(h®2)h = [h, W]z, W €H,

and we have

HZh ®x

2

H hmhxn = sup H AnTn
"z .p) |\h|<1 Z @)y ll2<1 Z

= Pott ) o

where the inequality follows from the fact that for any x* € E* of norm one and
any choice (a,)N_; € £3 of norm < 1 we have

v(H,E)

N
POTRERECI IS I SIETEED TS
n=1 n=1

2 2
:]E‘Z'yn(xn,x*>’ gEHZ%’I”
n=1 n=1

This shows that the identity map on H ® F has a unique extension to a continuous
and contractive linear operator

j:v(HE)— Z(H,E).
To prove that j is injective let W : H — L?(Q2) be an isonormal process. For all
Tec HRE,sayT = 27]:[:1 h,®x,, as before, the adjoint operator (j7)* € £ (E*, H)
is given by (§T)*x* = Zg:1<xn,m*>hn, SO
s N
=D aa,a)? = GT) 2.

n=1
By approximation, the identity of the left- and right-hand sides extends to arbitrary
T € v(H,E). Now if jT =0 for some T € v(H, E), then

E(W(T),2")]> = [|(jT)"2"|* =0

for all 2* € E*, so W(T') = 0 and therefore T' = 0.

Definition 3.13. An operator T € Z(H, E) is called v-radonifying if it belongs to
V(H, E).

N
E|(W(T),a") = E| Y tn(@n

From now on we shall always identify v(H, E) with a linear subspace of Z(H, E).
Proposition 3.14. Every operator T € v(H, E) is compact.

Proof. Let lim,, o, T, = T in 7y(H, E) with each operator T;, of finite rank. Then
lim, oo T, = T in Z(H, E) and therefore T is compact, it being the uniform limit
of a sequence of compact operators. O

The degree of compactness of an operator can be quantified by its entropy num-
bers. Proposition (3.14) can be refined accordingly; see Section 13.

Under the identification of v(H, E') with a linear subspace of £ (H, E), Proposi-
tion 3.12 states that if W is an H-isonormal process, then for all T € v(H, E) and
z* € E* we have

(W(T),z") =W(T"z").
Similarly, Proposition 3.11 states that for all T € v(H, E) and orthogonal projec-
tions P from H onto a closed subspace Hy we have T'|g, € v(Ho, E) and

T | #2620, 2) < TNl (21,29
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As an application we deduce a representation for the norm of v(H, F) in terms
of finite orthonormal systems.

Proposition 3.15. For all T € v(H, E) we have

2

N
1715 115y = sup B[ Y- 3T
n=1

where the supremum is over all finite orthonormal systems h = {hy,...,hn} in H.

Proof. The inequality ‘<’ is obtained by approximating 7" with elements from HRF.
For the inequality ‘>’ we note that for all finite-dimensional subspaces Hy of H we
have |||y, 5) = IIT|w, |ly(Ho,5)- The operator T'|g,, being of finite rank from
Hy to E, may be identified with an element of Hy ® F, and the desired inequality
follows from this. U

Definition 3.16. An operator T € Z(H, E) satistying

2

N
sup ]EH ZvnThn < 00,
h n=1
where the supremum is over all finite orthonormal systems h = {hy,...,hny} in H,

is called y-summing.
The class of y-summing operators was introduced by LINDE and PIETSCH [77].

Definition 3.17. The space of all y-summings operator from H to F is denoted by
Yoo (H, E).

With respect to the norm

2
)

N
T, .5, = sup Ef| = 3T
n=1

Yoo (H, E) is easily seen to be a Banach space. Proposition 3.15 asserts that every
~-radonifying operator 7' is y-summing and

1Ty a2y = T |51, )
Stated differently, v(H, E) is isometrically contained in v, (H, E) as a closed sub-

space. In the next section we shall prove that if ¥ does not contain a closed subspace
isomorphic to ¢y, then

Yoo (H, E) = ~(H, E),
that is, every y-summing operator is -radonifying.
The next proposition is essentiall due to KALTON and WEIS [63].

Proposition 3.18 (y-Fatou lemma). Consider a bounded sequence (T,,)n>1 in
Yoo (H, E). If T € L(H, E) is an operator such that

lim (T,,h,z*) = (Th,z*) heH, x* € E”,

then T € 7o (H, E) and

1Ty a1,y < Himinf [Tl o1, -

Proof. Let hq,...,hk be a finite orthonormal system in H. Let (z},)m>1 be a se-
quence of unit vectors in E* which is norming for the linear span of {Thq,...,Thi}.
For all M > 1 we have, by the Fatou lemma,

K 2 K 2
E sup ‘< Z’chThk, a:fn>‘ < liminfE  sup ‘< Z’yanhk, x;>)
M
k=1 k=1

m=1,....M n—0oo m=1,...,

- 2
<liminf 7,12,
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Taking the limit M — oo we obtain, by the monotone convergence theorem,

K 2
E| Y- wThu|| <timinf T2 (7.5,
k=1

d

We continue with a useful criterion for membership of vo(H, E). Its proof
stands a bit apart from the main line of development and depends on an elementary
comparison result in Section 6, but for reasons of presentation we prefer to present
it here.

Proposition 3.19 (Testing against an orthonormal basis). Let H be a separable
Hilbert space with orthonormal basis (hp)n>1. An operator T € £ (H, E) belongs
to Yoo (H, E) if and only if

2
n|l < OC.

N>1

N
sup B 3"
n=1

In this situation we have

N
S||2 = sup IEH .
|| H’yp (H,E) N>1 ngl n

Proof. Let {h},...,h},} be an orthonormal system in H. For K > 1 let Px denote
the orthogonal projection onto the span of {hi,...,hx}. For all z* € E* and
K > k we have

k K
> (SPghf,a")? < |[PeS*a*|? = > (Shn,z*)?.
j=1 n=1

From Lemma 6.1 below it follows that

k 9 K
oS <5350
j=1 n=1

Hence by Fatou’s lemma,

N>1

2 N
< sup 1EH Z Tn
n=1

& 5 k 2 al
o] S on < s S s < sl 3o
j=1 o= h

It follows that

N
SI. .5y < 00 Ef| D0
” H%O(H’E) N>1 7;1 !

The converse inequality trivially holds and the proof is complete. O

We continue with two criteria for «-radonification. The first is stated in terms
of maximal orthonormal systems.

Theorem 3.20 (Testing against a maximal orthonormal system). Let H be a
Hilbert space with a maximal orthonormal system (h;)ic; and let (v;)icr be a family
of independent standard Gaussian random variables with the same index set. An

operator T € £ (H, E) belongs to v(H, E) if and only if

> Th

el
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is summable in L*(Q; E). In this situation we have

2
112 1.y = B|| D 2T |-
iel

Proof. We may assume that ~; = W (h;) for some H-isonormal process W.

We begin with the ‘if” part and put X := > ,;vTh;. Given ¢ > 0 choose
i1,...,ix € I such that for all finite subsets J C I containing iy,...,iy we have
E|X — X/||? < €2, where X := > jesViThy. Set Ty =3 ,c;hj ®Thy. Then for
all finite subsets J, J' C I containing i1, ...,iy we have

1Ty = Tyl ey = IW(Ts) = W)l 20i) = [1Xs — XurllL2im) < 2e.

It follows that the net (T'y) s is Cauchy in v(H, E) and therefore convergent to some
S e v(H,E). From

jeJ

W(S*z*) =Y 7i(Thy,a*) = W(T*z")
icl
it follows that S*a* = T*z* for all 2* € E* and therefore S =1T.
For the ‘only if’ part we note that ), [h;, T*2*|h; is summable to T*z* (cf.
Example 3.2) and therefore

(W(T),z*) = W(T*2*) = > [hi, T*2*|W(hi) = > ilhi, T*2*] =Y _ 7i(Thi, z*)

icl i€l icl
for all z* € E*. Hence by Proposition 2.5, .., vTh; = W(T) in L*(Q; E).
Finally, by Proposition 3.9, E|| Y, ., v:Thi||> = E[|[W(T)|? = ||TH3(H’E). O

For operators T' € Z(H, E) we have an orthogonal decomposition

H = ker(T) @ ran(T™). (3.1)

The following argument shows that for all T € v(H, E) the subspace ran(T*) is
separable. Let T;, — T in (H, E) with each T,, € H ® X. The range of each
adjoint operator T}, is finite-dimensional. Therefore the closure of |, ran(7;) is
a separable closed subspace Hy of H. By the Hahn-Banach theorem, Hj is weakly
closed. Hence upon passing to the limit for n — oo we infer that ran(7™*) C Hy
and the claim is proved.

If (hy)n>1 is an orthonormal basis for any separable closed subspace H' C H
containing ran(7*), then Theorem 3.20 implies that an operator T € Z(H, E)
belongs to v(H, E) if and only if the sum > -, v,Th,, converges in L?(; E), in

which case we have )

112 51y = E|| D 1T
n>=1
In particular, if H itself is separable this criterion may be applied for any orthonor-
mal basis (hy),>1 of H and we have proved:

Corollary 3.21. If H is a separable Hilbert space with orthonormal basis (hp)n>1,
and if (Yn)n>1 s @ Gaussian sequence, then a bounded operator T : H — E belongs
to y(H, E) if and only if Zn>1 YnThy, converges in L*(Q; E). In this situation we

have
2

112 1.y = E|| D_ 1T

n>=1

In many papers, this result is taken as the definition of the space v(H, E). The
obvious disadvantage of this approach is that it imposes an unnecessary separability
assumption on the Hilbert spaces H. We mention that an alternative proof of the
corollary could be given along the lines of Proposition 3.19.
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The next criterion for membership of v(H, E) is phrased in terms of functionals:

Theorem 3.22 (Testing against functionals). Let W : H — L?(2) be an isonormal
process. A bounded linear operator T : H — E belongs to v(H, E) if and only if
there exists a random variable X € L*(Q; E) such that for all x* € E* we have

W(T*z") = (X, z")
in L?(Q). In this situation we have W (T) = X in L*(Q; E).

Proof. To prove the ‘only if’ part, take X = W(T).

For the ‘if” part we need to work harder. Let G be the closed subspace in
L?(€)) spanned by the random variables of the form (X, z*), z* € E*. By a Gram-
Schmidt argument, choose a maximal orthonormal system (g;);cs in G of the form
gi = (X, x¥) for suitable zF € E*. Then (g;)ics is a family of independent standard
Gaussian random variables. Put h; = Tz} and x; = Th;. From

[hi, hy] = EW (hi)W (h;) = B(X, 27)(X,2}) = Egig; =0 (i # j)
we infer that (h;);c; is a maximal orthonormal system for its closed linear span Hy in
H. Expanding against (g;)ier, for all x* € E* we have (X, 2*) = >, ci(X,2]) =
>ies Cigi with summability in L2(Q) (cf. Example 3.2), where
¢ = B(X, 2" (X, a]) = [T*x", T x]] = (Thy, z*).

Hence, (X, z*) = Y_,c; 9i(Th;, «*) with summability in L?(£2). This being true for
all z* € E*, by Proposition 2.5 we then have X =, _; g;Th; with summability in
L?(%; E). Now Theorem 3.20 implies that T € v(Hy, F). Since T vanishes on Hg",
Proposition 3.10 implies that T € v(H, E).

The final assertion follows from (W(T),z*) = W (T*z*) = (X, z*). O

A bounded operator T from a separable Hilbert space into another Hilbert space
E is y-radonifying if and only if 7" is Hilbert-Schmidyt, i.e., for all orthonormal bases

(hn)n>1 of H we have
S I Tha||? < o

n>=1
The simple proof is contained in Proposition 13.5. Without proof we mention
the following extension of this result to Banach spaces F, due to KWAPIEN and
SZYMANSKI [72] (see also [9, Theorem 3.5.10]):

Theorem 3.23. Let H is a separable Hilbert space and E a Banach space. If
T € v(H,E), then there exists an orthonormal basis (hy)n>1 of H such that

> T hy|* < oo.

n>1

4. THE THEOREM OF HOFFMANN-J@RGENSEN AND KWAPIEN

In the previous section we have seen that every ~-radonifying operator is -
summing. The main result of this section is the following converse, essentially due
to HOFFMANN-J@RGENSEN and KWAPIEN: if E does not contains a closed subspace
isomorphic to ¢g, then every y-summing operator is y-radonifying.

We begin with some preparations. A sequence of F-valued random variables
(Y)n>1 is said to be bounded in probability if for every € > 0 there exists an r > 0
such that

sup P{||Y,|| > r} <e.
n>1

Lemma 4.1. Let (X,,)n>1 be a sequence of independent symmetric E-valued ran-
dom variables and let S, = Z;L=1 X;. The following assertions are equivalent:
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(1) the sequence (Sy)n>1 s bounded almost surely;
(2) the sequence (Sy)n>1 is bounded in probability.

Proof. (1)=(2): Fix e > 0 and choose r > 0 so that P{sup,,»; |[Sn| > r} < e. Then

PS> 7} < P{sup [|Snll > r} <&
n=1

for all n > 1, and therefore (S),)n>1 is bounded in probability.
(2)=(1): Fix € > 0 arbitrary and choose r > 0 so large that P{||S,| > r} < e
for all n > 1. By Proposition 2.3, for all n > 1 we have

IP{ sup [|Sk]l > r} < ZIP{HSnH > 7“} < 2.
1<k<n

It follows that P{sup;>, [|Sk|| > r} < 2¢ for all 7 > 0, so P{sup;,>, ||Sk|| = oo} < 2e.
Since € > 0 was arbitrary, this shows that (S,)n>1 is bounded almost surely. O

In the proof of the next theorem we shall apply the following criterion, due to
BEssaGA and PELCZYNSKI (see [1]), to detect isomorphic copies of the Banach
space ¢g: if (Yn)n>1 is a sequence in E such that

(i) Timsup,, o [[ynll > 0;
(i) there exists M > 0 such that || Zleajyjﬂ < M for all k > 1 and all
ai,...,a € {—-171},

then (y,)n>1 has a subsequence whose closed linear span is isomorphic to ¢.

Theorem 4.2 (HOFFMANN—J@RGENSEN and KWAPIEN [47, 71]). For a Banach
space E the following assertions are equivalent:

(1) for all sequences (X,,)n>1 of independent symmetric E-valued random vari-
ables, the almost sure boundedness of the partial sum sequence (Sp)n>1 im-
plies the almost sure convergence of (Sp)n>1;

(2) the space E contains no closed subspace isomorphic to cg.

Proof. We shall prove the implications (1)=(3)=(2)=-(3)=-(1), where

(3) for all sequences (xy)n>1 in E, the almost sure boundedness of the partial
sums of Zn>1 TnTn tmplies lim, . x, = 0.

(1)=-(3): This implication is trivial.

(3)=(2): Let u,, denote the n-th unit vector of cy. The sum _, -, rn(w)un fails
to converge for all w € Q while its partial sums are uniformly bounded.

(2)=(3): Suppose (3) does not hold. Then there exists a sequence (zy)n>1 in E
with limsup,,_, |7 > 0 such that the partial sums of }_, -, r,2, are bounded
almost surely.

Let ¢ denote the o-algebra generated by the sequence (r,,)n>1. We claim that
for all B € ¥,

nlLrI;OIP(B N{rn=-1}) = nan;oP(B N{r, =1}) = 1P(B).
For all B € ¥y, the o-algebra generated by rq,...,ry, this follows immediately
from the fact that 7, is independent of ¥y for all n > N. The case for B € 4 now
follows from the general fact of measure theory that for any B € ¢4 and any ¢ > 0
there exist N sufficiently large and By € ¥y such that P(BNAB) < ¢.

Choose M > 0 in such a way that

n
P{sup HZ T
j=1

1
5

gM}>
n>1
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By the observation just made we can find an index n; > 1 large enough such that
for all a; € {—1,1} we have

1

g (S50 <. e
Continuing inductively, we ﬁnd a sequence 1 < ny < ng... such that for all all
choices as,...,a; € {—1,1},

1
{sup HZTJ;UJH <M, rp,=a1, ..., T, :ak} > SR
n>=1

Now define

/._{ rj, j = ny for some k >1
A —r;, else.
Then by symmetry, for all k£ > 1 we have

{supHE r:z:jH\ , Tn1=a1,-~~,Tn,€=(lk}>2kﬁ-

n>=1

Since
1

P{rm =ai, ..., Tn, zak} = ok
it follows that for all k£ > 1 and all choices aq,...,ar € {—1,1}, the event

n
{sup HE ’I"jZIJjH\ y sup HE ’I"JJ]H\ y Th, = a1, ..., ’/'nk,:a,k}
j=1

n=1 n>1

has positive probability. For any w in this event,

HZajxn] = H2 er w)x; + Zr (w)x]H < M.
j 1

Since this holds for all choices a4, ..., a; € {—1,1}, the Bessaga-Pelczyniski criterion
implies that the sequence (z,,);>1 has a subsequence whose closed linear span is
isomorphic to cg.

(3)=(1): Suppose the partial sums of >_ -, X, are bounded almost surely.

Let 1 < ny < ng < ... be an arbitrary increasing sequence of indices and let
Y := Snyyy — Sy The partial sums of }°, -, Yy are bounded almost surely.

On a possibly larger probability space, let (7,,)n,>1 be a Rademacher sequence in-
dependent of (X,,),>1. By Lemma 4.1, the partial sums of Zk>1 Y}, are bounded in
probability on 2x, and because (Yy,)n>1 and (1,Y,)n>1 are identically distributed
the same is true for the partial sums of ) k>1 Tk Y. Another application of Lemma
4.1 shows that the partial sums of this sum are bounded almost surely. By Fubini’s
theorem it follows that for almost all w € €2, the partial sums of >, -, reYj(w)
are bounded almost surely. By (3), limg_,o Yi(w) = 0 for almost all w € Q. This
implies that limg_, o Y3 = limg_,o Sny,, — Sny, = 0 in probability.

Suppose now that the sequence (S,,),>1 fails to converge almost surely. Then
by Proposition 2.4 it fails to converge in probability, and there exists an € > 0 and

increasing sequence 1 < ny < ny < ... such that
P{||SHk+1 - nk” 5} Vk=1,3,5,...
This contradicts the assertion just proved. O

Now we are in a position to state and prove a converse to Proposition 3.15.

Theorem 4.3. Let H be a Hilbert space and E a Banach space not containing a
closed subspace isomorphic to cy. Then Yoo (H, E) = v(H, E) isometrically.
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This result implies that when E does not contain a copy of cg, results involving
~v-summing operators (such as the v-Fatou lemma (Proposition 3.18) and the 7-
multiplier theorem (Theorem 5.2) may be reformulated in terms of y-radonifying
operators.

Proof. Let T € v (H, E) be given and fixed; we must show that T € v(H, E).
Once we know this, the equality of norms ||T'||,_(a,5) = T |ly(#,E) follows from
Proposition 3.15.

We begin by proving that there exists a separable closed subspace H; of H such
that 7" vanishes on Hi-. To this end let Hy be the null space of T and let (h;)ier
be a maximal orthonormal system for H; := Hg. We want to prove that H; is
separable, i.e., that the index set I is countable. Suppose the contrary. Then there
exists an integer N > 1 such that ||Th;|| > 1/N for uncountably many i € I. Put
J:={iel: |[Thi]| > 1/N}. Let (jn)n>1 be any sequence in J with no repeated
entries. For all N > 1 we have

N
B[ " wrhs,
n=1

where M is the supremum in the statement of the theorem. This means that
the sequence of random variables Sy := 25:1 YTh;,, N = 1, is bounded in
L?(); E), and therefore bounded in probability. By Lemma 4.1, this sequence is
bounded almost surely. An application of Theorem 4.2 then shows that the sum
Zn>1 YnTh;, converges almost surely. Now Proposition 2.6 can be used to the
effect that the Rademacher sum Zn>1 rnThj, converges almost surely as well. But
this forces lim,, .o, Th;, = 0, contradicting the fact that j, € J for all n > 1. This
proves the claim.

By the claim we may assume that H is separable; let (hy,)n>1 be an orthonormal
basis for H. Repeating the argument just used, Zn>1 YT h,, converges almost

2
<M7

surely. To prove the L?(Q; E)-convergence of this sum, put Xy := Z;V=1 v; Th;
and X := Zn>1 YnThy. By Fubini’s theorem and Proposition 2.3,

o0
E sup ||Xn||2 :/ QTP{ sup || X,| > 7"} dr
1<n<N 0 1<n<N

INx

< / 4rP{|| X n]| > r}dr = 2E|| X x|
0

Hence Esup,,>; || X,||> < 2sup,,5; E|| X, ||* by the monotone convergence theorem,
and this supremum is finite by assumption. Hence lim,, ., E[ X, — X||? = 0 by the
dominated convergence theorem.

An appeal to Theorem 3.20 and the remark following it finishes the proof. [

The assumption that E should not contain an isomorphic copy of ¢y cannot be
omitted, as is shown by the next example due to LINDE and PIETSCH [77].

Ezample 4.4. The multiplication operator T : £2 — ¢y defined by

T((an)n>1) = (an/\/m)n>1

is y-summing but fails to be y-radonifying.
To prove this we begin with some preliminary estimates. Let « be a standard
Gaussian random variable and put

1
e 2Y

1 [V i 1 [
G(r) =P 2<r=—/ e_fzdsc:—/ dy.
=P <r= o [ =
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An integrations by parts yields for all > 0,

a(r) L[y
r)=1—-— —
Vo Jr f
1 . (4.1)
— 1 B 2 6757” + 1 6 2y 1 . 2 6757”
Ve v Ve, y\f o VT
Another integration by parts yields, for r > 2,
2 e 3" 2 e 3" 3 [ e by
G(r)=1- + — d
(r) Vor Jr NS VRO Y S T (7] Y (4.2)
2 e 2" 1 e 2" .
<l—-—=01-r""1 <l-—=
\/27T( ) T Vor VT

Let (up)n>1 be the standard unit basis of £2. We check that the assumptions of
Proposition 3.19 are satisfied by showing that
2 2

= sup E( sup L) < 00.

N
su EH TS
| 7;17 o N>1 “ign<n log(n+1)

N>1

Using (4.1) we estimate, for ¢t > 4,
2

[7n
P = >t =1- G(tl +1
{2 Gnrp Y (tlog(n + 1))

=

3
Il
-

N
[a—y
\
—=
/~
=

2 1 )
\/ﬂ\/(n+ 1)t tlog(n + 1)

i
Zb—l

\V]

nz: \/n—l—l ttlog(n—I— 1)
<—— ) .
V2w log 2 \/Qt—4t =~ (n+ 1)2
In the last line we used that for t > 4 we have (n +1)! = (n + 1)!"4(n + 1)4
2t=4(n + 1)*. Therefore,
|7n[?

2 1 <1
ST /
1gn£N log(n + 1) V2rlog?2 ; (n+1)2 ), o1

To prove that T is not v-radonifying we argue by contradiction. If T is -
radonifying, then the sum X := Zn>1 YnTu, converges in L2(£2;co). The relation

co = {(In)n>1 Eco: |xn| < 1}
Un

N>1n>N

dt < oo.

implies
ST Pl <togtn+1)} = o B{ () {IXal <1}} =1
N>21n>N N>1 n>N

where X, is the n-th coordinate of X. But for N > 7 we have log(n + 1) > 2 for
all n > N and (4.2) gives

2 L . -
,EVPM <log(n+1)} < EN (-7 Jn+ 1) log(n + 1>> "

noting that

1
I ~ 0.

SN 1) log(n+1)
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This is contradiction concludes the proof.

5. THE y-MULTIPLIER THEOREM

The main result of this section states that functions with vy-bounded range act
as multipliers on certain spaces of y-radonifying operators. This establishes a con-
nection between the notions of v-radonification and y-boundedness.

Definition 5.1. Let E and F be Banach spaces. An operator family 5 C Z(E, F)
is said to be «y-bounded if there exists a constant M > 0 such that

N 2 % N 2 %
n=1 n=1

foral N >1,allTy,..., Ty € Z,and all 21,...,xy € E.

The least admissible constant M is called the v-bound of 7, notation: ~v(.7).
Every y-bounded family .7 is uniformly bounded and we have

sup [T} < (7).
TeT

Replacing Gaussian random variables by Rademacher variables in the above defi-
nition we arrive at the related notion of R-boundedness. By a simple randomization
argument, every R-bounded family is y-bounded; the converse holds if E has finite
cotype (since in that case Gaussian sums can be estimated in terms of Rademacher
sums; see Proposition 2.6). The notion of R-boundedness plays an important role
in vector-valued harmonic analysis as a tool for proving Fourier multiplier theo-
rems; we refer to CLEMENT, DE PAGTER, SUKOCHEV, WITVLIET [24] and the
lecture notes of DENK, HIEBER, PRUSS [28] and KUNSTMANN and WEIS [68] for
an introduction to this topic and further references.

It is not hard to prove that closure of the convex hull of a y-bounded family in
the strong operator topology is v-bounded with the same «-bounded. From this one
deduces the useful fact that integral means of y-bounded families are y-bounded;
this does not increase the v-bound.

Let (A, 7, ) be a o-finite measure space. With slight abuse of terminology,
a function ¢ : A — ZL(E,F) is called strongly measurable if gz : A — F is
strongly measurable for all z € E. For a bounded and strongly measurable function
¢: A— Z(H,E) we define the operator T, € £ (L?(A; H), E) by

Tof = [ ofdu

Note that if ¢ is a simple function with values in H ® E (such a function will be
called a finite rank simple function), then T, € y(L?(A; H), E).

Now we are ready to state and prove the main result of this section, due to
KALTON and WEIS [63] in a slightly simpler formulation.

Theorem 5.2 (y-Bounded functions as y-multipliers). Let (A, <7, u) be a o-finite
measure space. Suppose that M : A — ZL(E,F) is strongly measurable and has
~v-bounded range M = {M(t): t € A}. Then for every finite rank simple function
¢ : A— y(H,E) the operator Tary belongs to vyeo(L*(A; H), F) and

T2y (z2am0),7) < AVA) (| Tolly(L20a300), B)-
As a result, the map M : Ty — Thrrg has a unique extension to a bounded operator
M 4(L2(A; H), E) = 7o (L2(A; H), F)
of norm | M|| < 4(4).
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Proof. The uniqueness part follows from the fact that (L?(A) ® H) ® E is dense in
V(L*(A;H), E).

To prove the boundedness of M we let ¢: A— H® FE be a finite rank simple
function which is kept fixed throughout the proof. Since we are fixing ¢ there is
no loss of generality if we assume H to be finite-dimensional, say with orthonormal
basis (h,))_,. Also, by virtue of the strong measurability of M, we may assume
that the o-algebra &7 is countably generated. This implies that L?(A) is separable,
say with orthonormal basis (gm)m>1-

Step 1 — In this step we consider the special case of the theorem where M is a
simple function. By passing to a common refinement we may suppose that

k k
¢=ZlBjUj7 M:Z]]-Bijv
J=1 J=1
with disjoint sets B; € &7 of finite positive measure; the operators U; € H ® E are
of finite rank and the operators M; belong to .#. Then,

k
M¢ =Y 1p M;U;.

j=1
This is a simple function with values in H ® F' which defines an operator Thsy €
V(L*(A; H), F), and

E N
||TM¢||'2y(L2(A;H),F) = ]EH Z Z Yiny/ u(B;)M;®;h,
j=1n=1
k N
< (VA))?E|| S 3 v/ 6(By) @5k

j=1n=1

= (’Y(///))z||T¢||»2y(L2(A;H),E)~
>1 be a generating collection of sets in &7 and let, for all £ > 1,
. Define the functions My : A — Z(E, F) by

ka = E(MZL’|.Q/]€)

Since 47}, is a finite o-algebra, M}, is a simple function. It is easily checked that for
all f € L*(A; H) we have Thy, o f = TasE(f| %), and therefore

kllilélo T f = Thef

2

2

Step 2—Let (4;);
Wk = U(Al,..., k)

strongly in F. By the 7-Fatou lemma (Proposition 3.18) it follows that Thsy €
Yoo (L*(A; H), E) and

| Tarllyoo (L2 (a5, E) < lim inf | Targllyp2 sy, my < YA)NTolly (L2 A1), B) -
O

It appears to be an open problem whether the operator M actually takes values
in y(L?(A; H), E) even in the simplest possible setting A = (0,1) and H = R. Of
course, an affirmative answer for Banach spaces F not containing an isomorphic
copy of ¢p is obtained through an application of Theorem 4.2.

We continue with some examples of v-bounded families. The first two results
are due to WEIs [119].

Ezample 5.3. Let (A, o7, 1) be a o-finite measure space and let 7 be a y-bounded
subset of Z(FE,F). Suppose f : A — Z(E,F) is a function with the following
properties:

(i) the function & — f(&)x is strongly p-measurable for all x € E;
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(ii) we have f(§) € .7 for p-almost all £ € A.
For ¢ € L'(A) define T{ € Z(E, F) by

Tfoi= [ 6©f©raute).  weF.

The family ff‘b = {T;ﬁ5 : |l¢lli <1} is y-bounded and 7(9]?) <(9).

Ezample 5.4. Let f : (a,b) — Z(E, F) be continuously differentiable with

b
/ 1£/(s)llds < .

Then JF := {f(s): s € (a,b)} is y-bounded and v(F7) < || f(a)|l + f: /()| ds.

The next example is taken from HYTONEN and VERAAR [53]. A related example,
where Fourier type instead of type is used and the cotype is not taken into account,
is due to GIRARDI and WEIS [41].

Ezxample 5.5. If X has type p and cotype ¢, then the range of any function f €
ny/lr(Rd;f(X, Y)) is 4-bounded. Here BZ/{ (RY; £(X,Y)) is the Besov space of
exponents (r,1,d/r).

The next example is due to KAISER and WEIs [58] (first part) and HYTONEN
and VERAAR [53] (second part).

Ezample 5.6. Define, for every h € H, the operator Uy, : E — v(H, E) by
Upr:=h®zx, xz€kE.
If E has finite cotype, the family {Up, : ||h|| < 1} is y-bounded. Dually, define, for
every h € H, the operator M}, : v(H,E) — E by
MyT:=Th, Te~(H,E).
If E has finite type, the family {M} : ||| < 1} is v-bounded.

The final example is due to HAAK and KUNSTMANN [44] and VAN NEERVEN and
WEIS [92]; it extends a previous result for LP-spaces of LE MERDY [75].

Ezample 5.7. (A, o/, 1) be a o-finite measure space, let E have property («) (see
Definition 13.11 below) and let ¢ : A — Z(F) be a strongly measurable function
with the property that integral operators with kernel ¢z belong to v(L?(A), E) for
all z € E. For g € L?(A) we may define an operator T, € £ (E) by

Tyx := / g oxdpu.
A
Then the family {7}, : ||gl|z2(a) < 1} is 7-bounded.

This list of examples could be enlarged ad libitum. We refrain from doing so and
refer instead to the references cited after Definition 5.1.

6. THE IDEAL PROPERTY

Our next aim is to prove that v(H, F) is an operator ideal in .Z(H, E). The
proof of this fact relies on a classical domination result for finite Gaussian sums in
E. Although a more general comparison principle for Gaussian random variables
will be presented in Section 8, we shall give an elementary proof which is taken
from ALBIAC and KALTON [1].
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Lemma 6.1 (Covariance domination I). Let z1,...,zp andyy,...,yn be elements
of E satisfying
M N
> fwm @) <D (ynse
m=1 n=1

for all x* € E*. Then for all 1 < p < o0,

N
P P
SEH E YnYn
n=1

Proof. Denote by F the linear span of {x1,..., 2, ¥y1,...,yn} in E. Define Q €
L(F*,F) by

N M
* * *
Qz": § Yn, 2 § T, 2 xrm ZFer.
n=1 m=1

The assumption of the theorem implies that (Qz*,z*) > 0 for all z* € F*, and it is
clear that (Qz7,25) = (Qz3,2]) for all 2}, 25 € F*. Since F is finite-dimensional,
by linear algebra we can find a sequence (x]);\i '}'\f 41 in F'such that @ is represented
as

M+k
QzF = Z (xj,2")x;, 2" €F".
J=M+1
Now,
M+k N
Z (T, 2%)? = Z(yn,z*>2, z* e F*.
m=1 n=1

The random variables X := Z%ﬂk YmTm and Y 1= 25:1 vy, have Fourier trans-

forms
M+k

Eexp(—i(X,2*)) = exp (— % Z (T, 2*)?),
1 njv*
Eexp(—i(Y,z*)) = exp (— 3 Z(yn, z*>2)
n=1

Hence by the preceding identity and the uniqueness theorem for the Fourier trans-
form, X and Y are identically distributed. Thus, for all 1 < p < oo,

Noting that

M p
| 3 e
m=1

the proof is complete. This inequality follows, e.g., by noting that if X and Y are
independent E-valued random variables, with Y symmetric, then for all 1 < p < oo
we have E||X||? < E||X + Y||P. Indeed, since X —Y and X + Y are identically

distributed, by the triangle inequality we have (E[|X|[P)* < LE|X - Y|P)r +
LE|X +Y|P)7 = (B]|X +Y[?). O

We continue with a result which describes what is arguably the most important
property of spaces of «-radonifying operators, the so-called ideal property. It can
be traced back to GROSS [42, Theorem 5].
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Theorem 6.2 (Ideal property). Let H and H' be Hilbert spaces and E and E’
Banach spaces. For all S € L(H' H), T € 7o(H,E), and U € Z(E, E") we have
UTS € voo(H', E") and
IUTS |y o,y < NUNNT llyoo (1,8 1S1]-
IfT e y(H,E), then UTS € v(H',E") and
IUTS|| < [UHITS]-

Proof. The left ideal property is trivial. Thus the first assertion it suffices to prove
that if T' € yoo (H, E), then T'S € yoo (H', E) and || TS|y (a,5) < IT|l1o (a2 IS

Let (R} ) 1 be any finite orthonormal system in H’. Denote by H', H, E the
spans in H’ H E of (R} )] 1 (Sh; )] 1 ( (TSh})%_, respectively. Then T and S

restrict to operators T:H—Fand S: H —>~H N
Let (hm)M_, be an orthonormal basis for H. For all z* € E* we have

k M
D ATSH, %) = |5 T 2" (1% < |S*P 1T 2|15 = ISI* D (Thm.2*)*.
Jj=1 m=1
Hence, by Lemma 6.1,
k
|| S rsw|| < IsIPE| Z | < ISIZ T 1.y
j=1

The desired inequality follows by taking the supremum over all finite orthonormal
systems in H'.

Next let T € v(H,E) be given. If T € H ® F is a finite rank operator, say
T = 25:1 hp @ Tp, then TS = Zﬁle S*h,, ® x,, belongs to H' ® E. Hence T'S €
v(H', E), and by Proposition 3.15 and the estimate above we have ||T'S||, g/, 5y <
| Tz, |IS||. For general T' € v(H, E) the result now follows by approximation.

U

As a first application we show that arbitrary bounded Hilbert space operators
S € £(Hy, Hs) extend to bounded operators S € Z(v(Hi, E),v(Hz, E)) in a
natural way.

Corollary 6.3 (KALTON and WEIS [63]). Let H; and Ha be Hilbert spaces. For
all S € ¥(Hy, Hy) the mapping

S:h®@z— Sh®x, heH, z€F,

has a unique extension to a bounded operator S € £(y(Hy, E),v(Haz, E)) of the
same norm.

Proof. For rank one operators T = h ® x we have STh' = [h, S*h/Ja = TS*h'.
By linearity, this shows that for all T € H ® E we have ST = T o S*. The
boundedness of S now follows from the right ideal property, which also gives the
estimate || S]] < ||S||. The reverse estimate is trivial. O

If ¥ C ¥(Hy, Hs) is a uniformly bounded family of Hilbert space operators,
the family 7 C Z(y(H1, E),y(Hz, E)) is uniformly bounded as well. If E has the
so-called property (a) (see (see Definition 13.11), then s actually y-bounded
(see Section 5 for the definition). This result is due to HAAK and KUNSTMANN
44|.
| l?Ve continue with two convergence results, taken from COxX and VAN NEERVEN
[26] and VAN NEERVEN, VERAAR, WEIS [88].
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Corollary 6.4 (Convergence by left multiplication). If E and F are Banach spaces
and U,,U € Z(E,F) satisfy lim,_., U, = U strongly, then for all T € v(H, E)
we have U,T =UT iny(H, F).

Proof. Suppose first that T is a finite rank operator, say T = Zle hj ® x; with
hi,...,h, orthonormal in H and z1,...,z; from E. Then

2
zj|| =0.

k
Tim [[ULT = UT2 ., _nILII;OE“Zyj(U
j:

The general case follows from the density of the finite rank operators in y(H, E),
the norm estimate [|U,T — UT|ya,ry < ||Un — U|[IT|ly(m,E), and the uniform
boundedness of the operators U,,. O

Corollary 6.5 (Convergence by right multiplication). If H and H' are Hilbert
spaces and Sy, S € L (H', H) satisfy lim,_,o S = S* strongly, then for all T €

n

~v(H, E) we have lim,_,o TS, =TS inv(H',E).

Proof. By the uniform boundedness principle, the strong convergence lim,,_.o, S} =
S* implies sup,,»; [[Sn| < oo. Hence by the estimate ||T o (S, — S)|y(a,E) <
| Tz, |1Sn — S|| it suffices to consider finite rank operators 7' € (H, E), say

T = Zi\r{:l hm @ . If B, ..., hj, are orthonormal in H’, then by the triangle
inequality,

(2| iij o (S — Sy,
j=1

N

2 1 Mk 2
)= (6] 35 3t - s )
@Hiw o 5= 5010 )
men( ‘Z% S5 ) 5]

N

VAN
NE

1

3
I

N|=

)

M

< NmlllS* b = Sy b
m=1

Taking the supremum over all finite orthonormal systems in H’, from Proposition
3.15 we obtain

1T o (S = Su)lly(ar, 1) lemeIHS* — S5 hu-

The right-hand side tends to zero as n — oo. O
Here is a simple illustration:

Ezample 6.6. Consider an operator R € v(H, E) and let (hy,),>1 be an orthonormal
basis for (ker(R))* (recall that this space is separable; see the discussion preceding
Corollary 3.21). Let P, denote the orthogonal projection in H onto the span of
{h1,...,hy}. Then lim, ., RP, = Rin v(H, E).

Corollary 6.7 (Measurability). Let (A, <, u) be a o-finite measure space and H
a separable Hilbert space. For a function ¢ : A — vy(H, E) define ph : A — E by
(¢h)(t) :== ¢(t)h for h € H. The following assertions are equivalent:

(1) ¢ is strongly p-measurable;
(2) oh is strongly pu-measurable for all h € H.
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Proof. Tt suffices to prove that (2) implies (1). If (hy,),>1 is an orthonormal basis
for H, then with the notations of the Example 6.6 for all £ € A we have

n

$(6) = lim ¢(&)P, = lim D [ hjlé(E)h;,
j=1

with convergence in the norm of v(H, E). The result now follows from the measur-
ability of the right-hand side. O

7. (GAUSSIAN RANDOM VARIABLES

An R%valued random variable X = (Xi,...,Xy) is called Gaussian if every
linear combination 2?21 ¢; X; is Gaussian. Noting that Z?Zl ¢; X; = (X, ¢) with
¢=(c1,...,cq), this suggests the following definition.

Definition 7.1. An FE-valued random variable is called Gaussian if the real-valued
random variables (X, z*) are Gaussian for all z* € E*.

Gaussian random variables have good integrability properties:

Proposition 7.2 (FERNIQUE). Let 2" a uniformly tight family of E-valued Gauss-
ian random variables. Then there exists a constant 3 > 0 such that

sup Eexp(8]|X|?) < oo.
Xex

Proof. We follow BOGACHEV [9] and FERNIQUE [37].
For each X € 2 let X’ be an independent copy of X. Then X — X’ and X + X’
are identically distributed. Hence, for all ¢t > s > 0,

PIXI < s} P{IX| > ¢}
X+ X' X -X
= < .
Ul R R i B
<P{IXI = 1X') | < sv2, X1+ IX) > +v/2 )
*)

t—s t—s
<P{Ix|> =2, x| > —=}

(7.1)

—

V2 V2
=p{ixi > =2} r{ > 2

where in (*) we used that
t—s t—s
—nl<sV2 and £+ >tV/2 Q{ > —— and >—}.
{lg =l £+ FEE> 5 ">

By the uniform tightness of 2", there exists r > 0 such that P{||X|| < r} > %
for all X € Z°. Then

P
o = PUXI>r} 1
P{|X[|<r} =3
Define ty := r and t,41 == r + V2t,, for n > 0. By induction it is easy to check
that ¢, = r(1+v2)((v2)" ™! —1). Put
_ PLIXN > tnga}
Apy1 = )
P{IX| <7}
By (7.1) and the fact that X and X’ are identically distributed,

P{IX| > r+ V263 _ (PUX] > 3\
I < = Vn > 0.
fnt P{IX] <r} P{x[<ry) "

n > 0.

no



28 JAN VAN NEERVEN

Therefore, a, < 0" < 372" and P{||X| > t,} = P{||X| < 7} an < g3r. With
B = (1/(24r2)) log 3 we have, for any X € 2,

Eexp(A]1X[1*) < P{IX] < to} - exp(865) + D P{tn < | X|| < tuga} - exn(B5 1)

n=0
< exp(er) + 3 sy exp (Br7(1 4V (VD)™ - 177))
n=0
< exp(er?) + Z exp(2” {— log 3 + 48r%(1 + \/5)2} ),
n>=0

where we used that to = r and 4(1 + v/2)? < 24. By the choice of 3, the sum on
the right-hand side if finite. U

It is known that )
2

if and only if a? > 0%, where

o% = sup E[(X,z")]?
=~ lI<1
is the weak variance of X; see MARCUS and SHEPP [80] and LEDOUX and TALA-
GRAND [76, Corollary 3.2].

Fernique’s theorem (or rather the much weaker statement that E[|X|? < oo)
allows us to define the covariance operator of a Gaussian random variable X as the
operator Q € Z(E*, E) by

Qr* =E(X,z")X.
Noting that E(X, 2*)? = (Qx*, z*), the Fourier transform of X can be expressed in
terms of @ by
Eexp(—i(X,z*)) = exp(—3(Qz*, z%)).

If T € v(H,FE) is a y-radonifying operator and W is an H-isonormal process,
then W(T') is a Gaussian random variable. We shall prove next that every Gaussian
random variable X : 2 — FE canonically arises in this way. To this end we define
the Hilbert space Hx as the closed linear span in L?(Q) of the random variables
(X, x*). The inclusion mapping Wy : Hx — L?(f2) is an isonormal process.

Theorem 7.3 (KARHUNEN-LOEVE). Let X be an E-valued Gaussian random vari-
able. Then the linear operator Tx : Hx — E defined by
Tx(X,z") = E(X,z") X,
is bounded and belongs to v(Hx, E), and we have
Wx(Tx) = X.
Proof. For all x*,y* € E* we have
(Tx (X, "), y*)| SE[X, 2")(X,y")| < (X, 2" | 2@ (X, 4" | 22(0)
= (X, 2 [ X ™) |22 ) < Mx X 2") ey |

where My is the norm of the bounded operator from E* to L%() defined by z*
(X, x*). This proves that T’x is a bounded operator of norm || Tx || < Mx. To prove
that Tx € v(Hx, E) we check the assumptions of Theorem 3.22: for all 2* € E*
we have Tha* = (X, z*) and therefore Wy (Txz*) = Wx((X,2%)) = (X,z*). O

These results are complemented by the next characterisation of y-radonifying
operators in terms of Gaussian random variables.
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Theorem 7.4. For a bounded linear operator T € Z(H,E) the following are
equivalent:

(1) T €y(H, E);
(2) there exists an E-valued Gaussian random variable X satisfying
E(X,z*)? = |T*2*||?, z* € E*.
In this situation we have | T||2 p gy = E||X|*.

Proof. (1)=(2): Take X = W(T'), where W is any H-isonormal process.

(2)=(1): Let G be the closure of the range of T* in H. Then W (T*z*) := (X, z*)
defines a G-isonormal process, and Theorem 3.22 implies that T € (G, E). Since
T =0 on G+ it follows that T € v(H, E).

To prove the final identity we note that for all z* € E* we have E(W (T), z*)? =
E(X,2*)2. This implies that the Gaussian random variables W(T) and X are
identically distributed. Therefore by Proposition 3.9, E||X||? = E|W(T)|? =

2 — 2
1715w = I1T1 .y -
8. COVARIANCE DOMINATION

Our next aim is to generalise the simple covariance domination inequality of
Lemma 6.1.

We begin with a classical inequality for Gaussian random variables with values
in R? due to ANDERSON [2]. The Lebesgue measure of a Borel subset B of R? is
denoted by |B].

Lemma 8.1. If C and K are symmetric convex subsets of R?, then for all x € R?
we have
[(C—z)NK|<|CNK].

Proof. By the Brunn-Minkowski inequality (see FEDERER [36, Theorem 3.2.41]),
L(C+2)NK+ L(C—2)NK]|7 > L(C+a2)nK|i + L|(C—2)n K]d.

Now (C —2)N K = —[(C + z) N K] and therefore |(C' —x) N K| = |(C + z) N K|.
Plugging this into the estimate and raising both sides to the power d we obtain

L(C+2)NK+[(C—=z)NK]| >|(C—z)NK]|
Since $[(C+2)N K]+ [(C—2)N K] C CNK this gives the desired inequality. [
Recall our convention that Gaussian random variables are always centred.

Theorem 8.2 (ANDERSON). Let X be an Re-valued Gaussian random variable
and let C C RY be a symmetric convex set. Then for all x € R* we have

P{X +z€C} <P{X €C}.

Proof. If K is symmetric and convex, then by the lemma,
/ Lo—o(y)1x(y)dy < / Lo(y)1k(y) dy.
R4 Rd

Approximating y — exp(—3y?) from below by positive linear combinations of in-
dicators of symmetric convex sets, with monotone convergence we conclude that

P{X+zeC)= \/(;T)d /R Lo () esp(-BlyP) dy

exp(—3ly*)dy = P{X € C}.

1
< \/(QT)d/Rd ]10(?/)
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As an application of Anderson’s inequality we have the following comparison
result for E-valued Gaussian random variables (see NEIDHARDT [93, Lemma 28]).

Theorem 8.3 (Covariance domination II). Let X7 and X9 be Gaussian random
variables with values in E. If for all x* € E* we have

E(X1,2*)? < E(Xo,z*)?
then for all closed convex symmetric sets C' in E we have
Pi{X1 ¢ C} <P{X, ¢ C}.

Proof. We proceed in two steps.

Step 1 - First we prove the theorem for £ = R%. Let @, and Q» denote the
covariance matrices of X; and X5. The assumptions of the theorem imply that
the matrix Q2 — @7 is symmetric and non-negative definite, and therefore it is the
covariance matrix of some Gaussian random variable X5 with values in R?. On
a possibly larger probability space (Q, F ,]f”) let X ; be independent copies of Xj;.
Then X; + X3 has covariance matrix Q1 + (Q2 — Q1) = Q2. Hence, by Fubini’s
theorem and Anderson’s inequality,

P{XQ S C} = P{Xl +)~(3 S C} < P{Xl S C}

Step 2 - We will reduce the general case to the finite-dimensional case by a
procedure known as cylindrical approximation. Let X; and X be Gaussian random
variables with values in a real Banach space E. By strong measurability, X; and
X, take their values in a separable closed subspace of F almost surely and therefore
we may assume that F itself is separable.

For each u € CC there exists an element z7, € E* such that (u,z}) > 1 and
(x,2k) < 1 for all z € C. Since C' is symmetric, we also have —(z,z}) < 1 for all
x € C. Choose balls B,, with centres u such that (v,z}) > 1 for all v € B,,. The
family {B, : u € CC} is an open cover of CC and by the Lindelsf property of E it
has a countable subcover {B,,, : n > 1}. Let us write B, := B,,, and z;, := z, .

Put

Cy:={ze€FE: [(z,z})| <1, n=1,...,N}, N > 1.

Each Cy is convex and symmetric, we have C; O Cy D ... and, noting that u & Cy
for all u € By, ﬂN}l Cy=0C.

Define RY-valued Gaussian variables by X, x = Ty X, for j = 1,2, where
T : E — RY is given by Tyz := ((z,27),..., (x,2%)). The covariances of X; y are
given by TnQ;T%, and for all £ € RY we have

(Tn@1TNE, ) = (QTNE TRE) < (Q2TNE TRE) = (TnQ2TRE, §).
Hence, by what we have already proved,
P{X, € Cn} =P{Xon € [-1, 1)V} <P{X1n € [-1,1]V} =P{X; € Cn}.
Upon letting N — oo we obtain P{Xs € C} < P{X; € C}. O

Corollary 8.4. Let Xy and X5 be Gaussian random variables with values in E
and assume that for all x* € E* we have

E(X1,2*)? < E(Xq,z*)%
Suppose ¢ : E — [0,00) is lower semi-continuous, convex and symmetric. Then,

E¢(X1) < E¢(Xs).
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Proof. By the assumptions of ¢, for each r > 0 the set C,. := {x € E: ¢(x) < r}
is closed, convex and symmetric. Therefore, by Theorem 8.3,

P{¢(X1) <1} =P{X; € C,} > P{X; € C,} = P{(X3) < r}.

Hence,

oo

Eo(Xy) = /OOO P{p(X1) > r}dr < /0 P{p(X2) > r}dr =E¢(X3).
O

In particular we obtain that E||X1]|? < E||X2||? for all 1 < p < oo; this extends
Lemma 6.1.

Our next aim is to deduce from Theorem 8.3 a domination theorem for Gaussian
covariance operators (Theorem 8.8 below). The proof is based on standard repro-
ducing kernel Hilbert space arguments; classical references are ARONSZAJIN [3] and
SCHWARTZ [108]. We have already employed reproducing kernel arguments implic-
itly with the introduction of the space Hx in the course of proving Theorem 7.3. In
the absence of Gaussian random variables X, a somewhat more abstract approach
is necessary.

The starting point is the trivial observation that covariance operators @ €
Z(E*,E) of E-valued Gaussian random variables are positive and symmetric, i.e.,
(Qx*,z*) 2 0 for all z* € E* and (Qz*,y*) = (Qy*, z*) for all 2*,y* € E*.

Now let Q@ € Z(E*, E) be an arbitrary positive symmetric operator. On the
range of (), the formula

[Q'I:*a Qy*]HQ = <Q'1:*7 y*>

defines an inner product [-,-]g,. Indeed, if Qz* = 0, then [Qz*, Qy*]n, =
(Qz*,y*) = 0, and if Qy* = 0, then [Qz",Qy*|n, = (Qz",y*) = (Qy*,2*) =0
by the symmetry of Q. This shows that [-,-]g, is well defined. Moreover, if

Qz*,Qz*|g, = (Qz*,z*) = 0, then by the Cauchy-Schwarz inequality we have,
for all y* € E*,
Q") < (Qa",a")*(Qy",y")* =0.
Therefore, Qz* = 0.
Let Hg be the real Hilbert space obtained by completing the range of ) with
respect to [-,-]m,. From

1Qz" 17, = (Qx",2") = [{Q", 2")| < [|Qll.z (&5 ll2"||*
1
we see that @ is bounded from E* into Hg, with norm < [|Q|% - ). From

(Qz",y")| < Q™ || 1, 1QY 1o < Q2™ (|1 QN2 1) 1Yl
it then follows that
1Qz"[| < Q|2 (p, 1) Q2" || g -

Thus, the identity mapping Qz* — @Qz* on the range of () has a unique extension
to a bounded linear operator, denoted by ig, from Hg into £ and its norm satisfies
lioll < [1Qlz (e my)-

The pair (ig,Hg) is the reproducing kernel Hilbert space (RKHS) associated
with Q.

Remark 8.5. In the special case where () is the covariance operator of an E-valued
Gaussian random variable X, then Hg and the space Hx introduced in the proof
of Theorem 7.3 are canonically isometric by means of the mapping ina* (X, z*).

The next proposition has its origins in the work of GROSs [42, 43]; see also
BAXENDALE [6], DUDLEY, FELDMAN, LE CAM [34], KALLIANPUR [59], KUELBS
[64], and SATO [107].
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Proposition 8.6. Let (ig, Hg) be the RKHS associated with the positive symmetric
operator Q € L (E*,E). The mapping iq : Hg — E is injective and we have the
identity

As a consequence, Q is the covariance operator of an E-valued Gaussian random
variable X if and only if ig € v(Hg, E). In this situation we have

IEHX”Q = ||iQ||?,(HQ,E)-
Proof. Given an element x* € E* we denote by h,- the element in Hg represented
by Qz*. With this notation we have ig(hy-) = Qz* and

e g = (@a",7).
For all y* € E* we then have

[h$*7hy*]HQ = <Q!L'*,y*> = <lQ(hI*>7y*> = [hw*ai*Qy*]HQ'
Since the elements h,« span a dense subspace of Hq it follows that hy- = igy".
Therefore,
Qy" =iq(hy-) = iq(iqy”)
for all y* € E*, and the identity @ = iq o i, follows. Finally if igg = 0 for some
g € Hg, then for all y* € E* we have

[g?hy*]HQ = [97222?/*]11(9 = <2ngy*> = 07
and therefore g = 0. This proves that ¢ is injective. O

For an interesting addendum to the second part of this theorem we refer to
MATHIEU and FERNIQUE [81]. Using a deep regularity result for Gaussian processes
due to TALAGRAND, they prove that if @ € Z(E*, F) is positive and symmetric,
then ig € v(H, E) if and only if there exists a sequence (hy,),>1 in H such that the
following two conditions are satisfied:

(i) lim,— oo [|An]|? logn = 0;
(ii) [lighll < sup,,>1 |[h, hn]| for all h € H.

Proposition 8.7. If Q,R € Z(E*, E) are positive symmetric operators such that
(Rz™,z") <(Qx",2"), a" € E",
then as subsets of E we have ir(Hg) C iq(Hg), and this inclusion mapping induces

a contractive embedding Hr — Hg.

Proof. By the Cauchy-Schwarz inequality, for each z* € E* the mapping i5y* —
(R*z*,y*) extends to a bounded linear functional ¢+ on Hg of norm |[¢.+| <
li5z*||. By the Riesz representation theorem there exist a unique element h,- € Hg
such that [it)y™, he-] = (Ra™,y*) for all y* € E*. Then

(iQha=,y") = (Rz",y") = (irika",y").
This shows that igh,« = iripx*. The contractive embedding Hr — Hg we are
looking for is therefore given by i3z* — hg-. O

Theorem 8.8 (Covariance domination III). Let Q € Z(E*, E) be the covariance
operator of an E-valued Gaussian random variable X. Let % be the set of positive
symmetric operators R € L (E*, E) satisfying

(Rx™*,z") < (Qzx*,z*), " € E™.
Then each R € X is the covariance operator of a E-valued Gaussian random vari-
able X and the family {Xr : R € Z} is uniformly tight. Moreover, for all R € #

and all 1 < p < 0o we have
E| Xg[P <E[|X]?.
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Proof. By the second part of Proposition 8.6 we have ig € y(Hg, E). By the
right ideal property, for all R € % we have ir = ig oirg € Y(Hgr,E), where
ir,Q : Hr — Hg is the embedding of Proposition 8.7. Hence by the second part
of Proposition 8.6 there exists an E-valued Gaussian random variables Xz with
covariance operator R.

Let € > 0 be arbitrary and fixed, and choose a compact set K C E such that
P{X € K} > 1 —e. By replacing K by its convex symmetric hull, which is still
compact, we may assume that K is convex and symmetric. In view of

E(Xg,2*)? = (Ra*,2") < (Qa”,2") = B(X,2"),
from Theorem 8.3 we obtain that P{Xr e K} > P{X € K} > 1 —=¢. O

9. COMPACTNESS

Recall that a sequence of E-valued random variables (X,,)»>1 is said to converge
in distribution to an E-valued random variable X if lim, .. Ef(X,) = Ef(X)
for all f € C,(E) (see Section 2). As it turns out, it is possible to allow certain
unbounded functions f.

Lemma 9.1. Let (X,)n>1 be a sequence of E-valued random variables converging
in distribution to a random variable X. Let ¢ : E — [0,00) be a Borel function
with the property that

sup E¢(X,,) < oo.
n>1

If f: E — R is a continuous function with the property that
[f(@)] < clzl)¢(z),  xe€E,

where ¢(r) | 0 as r — oo, then

lim Ef(X,)=Ef(X).

n—o0

Proof. Put
R, if f(x) >R,
fr(x) = flz), if —R<[f(z)<R,
—R, if fr(z) < =R,
Then fr € Cy(F) and
lim Efp(X,) = Efa(X). (9.1)

We also deduce that
. B < T
lim (Sglf;]mf(xn) fR(Xn)\) < Rll_{nw(:il;E(]lﬂf(Xn)bR}|f(Xn)D)

< Rhinoo c(6(R)) 51;1; E(Lgsx.)1>ry9(Xn)),

where

O(R) :=sup{d 2 0: |f(z)] <R forall ||z]| <}
From limp_,o 6(R) = oo we see that the right-hand side of (9.2) tends to 0 as
R — oo. Combined with (9.1), this gives the desired result. O

The main result of this section gives a necessary and sufficient condition for
relative compactness in the space v(H, F). In a rephrasing in terms of sequential
convergence in v(H, E), this result is due to NEIDHARDT [93].

Theorem 9.2. Let W be an H-isonormal process. For a subset  of v(H, E) the
following assertions are equivalent:

(1) the set T is relatively compact in v(H, E);

(2) the set {W(T): T € T} is relatively compact in L*(;E);
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(3) the set {W(T) : T € T} is uniformly tight and for all x* € E* the set
{T*x*: T € T} is relatively compact in H.

Proof. (1)<(2): This is immediate from the fact that W is isometric.

(1)=(3): By the continuity of T' — T*x*, {T*z* : T € J} is relatively compact
in H. Tt remains to prove that the set {W(T) : T € .7} is uniformly tight. For
this it suffices to prove that every sequence in this set has a subsequence which is
uniformly tight. Let (T),),>1 be a sequence in 7 and set X,, := W(T,,). By passing
to a subsequence we may assume that (73,),>1 is convergent in v(H, E).

We shall prove that the sequence (X,,)n>1 is uniformly tight. Fix ¢ > 0 and
choose mg > 1 so large that 22720 < ¢, For every m > mg we choose N,, > 1 so
large that

1T — TN, lye,B) < 92m Vn > N,,.

Let X, := W(T,, — Th,,). By Chebyshev’s inequality, for n > N,,, we have
P{| Xnml =27"}) < 22El| Xnm|? = 22| T, — T, |13

m ’y(

gy <277

For m > mg we also choose compact sets K, C E such that
P{X, € K} >1-27%™ 1<n< N,
and let V,,, :={x € E: d(z,K,,) <27 ™}. For n > N,, we have
P{Xy & Vi } P{I Xy~ Xn,. || = 27"} +P{XN,, & Kn} <277 4272m = 2172,
On the other hand, for 1 < n < N, we have
P{X, & Vi,} <P{X, ¢ K,,} <272 2172,
It follows that the estimate P{X,, & V,,} < 2'72™ holds for all n >

Let
= (] V-

m>=mg

If finitely many open balls B(x;,2™™) cover K,,, then the open balls B(x;,3-27™)
cover V,,. Hence K is totally bounded and therefore compact. For all n > 1,

P{X, ¢ K}< Y P{Xo gV} < D 20720 < 2272m0 < ¢

m>=mg m2>=mg

This proves that (X,,),>1 is uniformly tight.

(3)=(1): Let (T)n>1 be a sequence in 7. We must show that its contains a
Cauchy subsequence.

Choose a separable closed subspace Ej of E such that each X,, = W(T,,) takes
values in Fy almost surely. Noting that the weak*-topology of the closed unit ball
in Ej is metrisable, we can choose a sequence (acj*) j>1 in E* whose restrictions to
Ey are weak*-dense in the closed unit ball of Ej. After passing to a subsequence we
may assume that for all j > 1 the sequence (T,fz *)j>1 converges in H and that the
sequence (X, )n>1 converges in distribution. We claim that limy, ;00 Xp—Xm =0
in distribution. To see this fix arbitrary sequences ny — oo and my — co. After
passing to a subsequence of the indices k we may assume that (X, — X, )k>1
converges in distribution to some FEjy-valued random variable Y. Taking Fourier
transforms we see that for all j > 1,

Eexp(_i<K x;k>) = kILI&EeXp(_i<Xnk - ka,.’b;»
Tr o —Tr xf||) =

:klggoexp(_QH nij mg*j

It follows that exp(—i(Y,z*)) = 1 for all * € E*, and therefore Y = 0 by the
uniqueness theorem for the Fourier transform. This proves the claim.
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Thus, for all f € C,(E) we obtain
lim Ef(X, — Xm) = EF(0).

By Lemma 9.1 combined with Proposition 7.2 and Theorem 7.4,
lim T, — T3 my = lim  E[| X, — X[ = 0.

m,n— oo

Here is a simple application:

Theorem 9.3. Let T be a subset of £ (H, E) which is dominated in covariance
by some fized element S € y(H, E), in the sense that for all T €  and x* € E*,

[T < [[S*2"].
Then the following assertions are equivalent:

(1) the set T is relatively compact in v(H, E);
(2) the set {T*z* : T € T} is relatively compact in H for all x* € E*.

Proof. By Theorem 8.8 the family {W(T) : T € .7} is uniformly tight and therefore
the result follows from Theorem 9.2. O

Corollary 9.4 (y-Dominated convergence). Suppose lim, oo Toiz* = T*z* in H
for all x* € E*. If there exists S € yv(H, E) such that

0< [T | < 572" ||
foralln 21 and z* € E*, then lim, .o T, =T in v(H, E).

10. TRACE DUALITY

In this section we investigate duality properties of the spaces v(H, E). As we
shall see we have a natural identification (y(H, E))* = ~(H, E*) if E is a K-convex
Banach space. In order to define the notion of K-convexity we start with some
preliminaries.

For a Gaussian sequence v = (7,,),>1 we define projections 7}, in L2(); E) by

N
X =Y Y E(ynX). (10.1)
n=1

Identifying L?(; E*) isometrically with a norming subspace of (L?(£); E))*, for all
X* € L*(; E*) we have

N
(X)X = B X"). (10.2)

Lemma 10.1. If v = (Yn)n>1 and v = (7}, )n>1 are Gaussian sequences, then for
all N > 1 we have

Il = [l
Proof. Define the bounded operator 7y on L?(Q; E) by
N
TN X =Y E(mX), X e L*OE). (10.3)
n=1

On the closed subspace L?(Q; E*) of (L?(2; E))*, the adjoint operator 77 is given
by

N
TRXT =D WmE(,XT), X*eL(%EY). (10.4)
n=1
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Now let X € L?(Q; E) be given. Given £ > 0 choose Y* € L?(£2; E*) of norm one
such that (1 +¢&)[(mrnX,Y™)| > [[7n X z2(0;p)- Then, first comparing (10.1) and
(10.3), and then (10.2) and (10.4),

[{mn X, Y7)]|
(X, TN YY)l

T3 X2 0m) = 7 Xl L2 (0m) < ( )
=1+
< T+ o)X Lzum TN Y [ L2+
=(1+e)
<(1+¢)

L+ o)IX L2l (78 )Y "Ml 2 (i)
L+ ) [lmy X 2 eim) -
Since € > 0 was arbitrary this shows that ||7}] < H7r7vl l. By reversing the roles of

~ and " we also obtain the converse inequality ||7r;<,/ | < I7 %1l O

This allows us to define
Kn(E) = |lmy -
Clearly, the numbers Ky (FE) are increasing with N.

Lemma 10.2. For any closed norming subspace F' of E* we have

N 2
EH Z'Ynxn
N
< ]2\] Sup {‘ Z Ly X n

Proof. Put X := anl YnTy. Since L2(Q; F) is isometric to a norming closed sub-
space of (L?(Q; E))*, given ¢ > 0 we may choose X* € L?(Q;F) of norm one
such that (1 + ¢)|(X,X*)| > || X|r2(.r). Noting that 7}, X = X and putting
xk = E(y,X*) we obtain

X122y < (L4 )X, X7)| = (1 4€)|(my X, X))

= (T+o)lX, (my) X" = (1 +6)’ > (wn )

2
<1}.

N
xy,...,xN € F, IEHZ’ynmfl
n=1

Since € > 0 was arbitrary, the proof is concluded by noting that =} € F and

N 2
n=1

N
2
= B[S B X )| = Bl X < 12 = K3 (B).
n=1

Definition 10.3. A Banach space FE is called K -convez if

K(E):= ;u>p1 Kn(E)

is finite.

Closed subspaces of K-convex spaces are K-convex. The next result shows that
K-convexity is a self-dual property:
Proposition 10.4. A Banach space E is K-convex if and only if its dual E* i
K -convez, in which case we have K(F) = K(E*).

Proof. The identity (10.2) shows that (75)* = 75 . As an immediate consequence
we see that if F is K-convex, then E* is K-convex and K(F) = K(E*). If E* is K-
convex, then E** is K-convex, and therefore its closed subspace E is K-convex. []
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The notion of K-convexity has been introduced by MAUREY and PISIER [82] and
was studied thoroughly in PISIER [101, 102]. Usually this notion is defined using
Rademacher variables rather than Gaussian variables. In fact, both definitions are
equivalent. In fact, one may use an argument similar to the one employed in Lemma
10.1 to pass from the Gaussian definition to the Rademacher definition, and a
central limit theorem argument allows one to pass from the Rademacher definition
to the Gaussian definition. For the details we refer to FIGIEL and TOMCZAK-
JAEGERMANN [38] and TOMCZAK-JAEGERMANN [117].

Ezample 10.5. Every Hilbert space E is K-convex and K(FE) = 1.

Ezample 10.6. Let (A, o7, 1) be a o-finite measure space and let 1 < p < co. Then
LP(A) is K-convex, and more generally if E is K-convex then then LP(A;FE) is
K-convex and

ngK(E), if 2 < p < oo,

P(AE)) < , :
K(L (A’E))\{ KLK(E), ifl<p<2andi+l=1

Here K, and K, are the Gaussian Kahane-Khintchine constants.

First let 2 < p < co. The projections defined by (10.1) in E and LP(A; E) will be
denoted by 7} and WZ’LP(A;E), respectively. For X € L?(Q; LP(A; E)) we obtain,
using Jensen’s inequality, Fubini’s theorem, the Kahane-Khintchine inequality, and

the K-convexity of E,

2
P

Bl X e = (] | ZN:%E(%X(S))deu(é“))
n=1

2
p

N p
< (5] | X nBnxe)] )

N 2
<22 ( [ (B X wEax©))

P
2

P 2
2 P

au(©))

<P ( [ EIX©OP) au)’

= (K]l 12 [Elx )1

L5 (A)

< (K] I IPE | Ix @11

L5 (A)
= (7 PIm PR ( [ IX (@I duce))
= (K2 IPEN X 2o

2
P

This proves the result for 2 < p < co.

Next let 1 < p < 2. We can identify (L9(A4; E*)) isometrically with a closed sub-
space of (LP(A; E))*, %—i—% = 1. Since E* is K-convex, by what we just proved the
space L1(A; E*) is K-convex. Hence LP(A; E), being isometrically contained in the
dual of L(A; E¥), is K-convex, and K (LP(A; E)) < K(LY(A; E*)) < K ,K(E*) =
K], K(E").

Ezample 10.7. The space ¢ fails to be K-convex. To see this, let (7,)n>1 be a
Gaussian sequence and let (uy,),>1 be the standard basis of ¢p. Set

N

Xy = Z sgn (Y )t

n=1
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We have || Xn||z2(0:c0) = 1 and E(v, Xn) = E|lyn|un = /7/2un, so

N
2 ™ 2
I} XNEIZ, = ZE| >,

Arguing as in Example 4.4, the right hand side can be bounded from below by a
term which grows asymptotically like log N. It follows that |7} | > C'log N.

A deep theorem of PISIER [101] states that a Banach space E is K-convex if and
only if E has non-trivial type (the notion of type is discussed in the next section).
The following simple proof that every Banach space with type 2 is K-convex was
given by BLASCO, TARIELADZE, VIDAL [8]; see also CHOBANYAN and TARIELADZE
[19] and MAUREY and PISIER [82].

Proposition 10.8. If E has type 2, then E is K-convex and K7 (E) < Ty (E).

Proof. Let X = Zle 1o, z; be simple, with the measurable sets {2; disjoint and of
positive probability. Let y; := \/P(2;)z;, so

k
EN X% = lly;lI®
j=1
and
k
Z Yj, )%, x* e E*.

¥nX). Then, by the orthonormahty of Gaussian sequences in L2,

(
N N k
Y (ana™)? = E(m(X,2"))* < Z Yjs®

Hence by covariance domination,
k 2
< EH Z V3Yi

Z ly; |1 = (T3 (B))*E[ X ||*.

N 2
Bl X = B 3 e

It follows that ||7}|] < Ty (E). Since N > 1 was arbitrary this gives K(E) <
T3 (E). O

The next result is essentially due to PISIER [102]; its present formulation was
stated by KALTON and WEIS [63]. It describes a natural pairing between v(H, E)
and y(H, E*), the so-called trace duality.

Theorem 10.9 (Trace duality). For allT € H® E and S € H ® E* we have

tr(S*D)| < Tl ) 151 (21,4 -
As a consequence, for all S € v(H,E*) the mapping ¢s : T — tr(S*T) defines an
element ¢g € (y(H, E))* of norm
sl < ISl (o, E%)-

If E is K-convex, the mapping ¢ : S — ¢g is an isomorphism of v(H, E*) onto
(v(H, E))* and

1SNy (a,67) < K(E)|¢s]|-
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Proof. For the proof of the first assertion we may assume that 7' = 22;1 hy @ p,
and S = 227:1 hn @z} with hq,..., hy orthonormal in H. Then,

N N N
3 > (s ) @ | = [ 3 (@)
n=1

m=1n=1
N N
= ‘IE< Z YT, Z vnﬂc;>
m=1 n=1

Lemma 10.2, applied to the Banach spaces E* and the norming subspace £ C E**,
shows that

I8 < K(B) sup {[6n(S"T)| = Tl ) < 1} = K(B)]gs]l

This shows that ¢ is an isomorphic embedding of v(H, E*) into (y(H, E))*.

It remains to prove that ¢ is surjective. To this end let A € (y(H, E))* be given.
We claim that the bounded operator S : H — E* defined by (z, Sh) = (h® z,A)
belongs to y(H, E*) and that S = A in (y(H, F))*. Fix any finite orthonormal
system (h,))_, in H. By Lemma 10.2, applied to E* and the norming subspace
E C E**

[tr(S°T)] =

<N TNy a,2) 1SNy 21,27y

N 2
EH Z%Shn
n=1

N
2
< K*(E) sup ] > (@, Sha)
n=1

2
| = K2E) A

N
= K?(E)sup ’ Z(hn ® Xy, A)
n=1

Example 10.7 shows that a K-convex subspace cannot contain an isomorphic copy
of ¢y, and therefore an appeal to Theorem 4.3 finishes the proof. (]

Our final result relates the notion of K-convexity to isonormal processes.

Theorem 10.10. Let E be K-convex and let W : H — L%*(Q) be an isonormal
process. The closure of the range of the induced mapping W : v(H, E) — L?*(Q; E)
is the range of a projection PV in L*(Q; E) of norm |PY| < K(E).

Proof. Let (h;);er be a maximal orthonormal system in H. We claim that the
projection Py is given as the strong operator limit lim ; P}/V, where

PYX =Y yE(y;X),
jed

with v; = W (h;). Here the limit is taken along the net of all finite subsets J of I.

To see that the strong limit exists, recall that every X € L?(Q; E) can be ap-
proximated by simple functions of the form X = ZZ: ~ 14, ® x,. By the uniform
boundedness of the projections P}V and linearity it suffices to show that the limit
lim; PV X,, exists for each X, := 14, ® z,,. But in L?(Q), the limit lim; PV1,,
exists by standard facts about orthogonal projections in Hilbert spaces.

From || P}V|| < K(E) for all finite subsets J C I we infer |[PV|| < K(E). O

11. EMBEDDING THEOREMS

As we have seen in Example 3.6, if W : L*(R; H) — L?(2) is an isonormal
process, then the induced isometric mapping

W :y(L*(Ry; H),E) — L*(Q; E)
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can be interpreted as a stochastic integral. Indeed, the stochastic integral of the
H ® E-valued function f ® (h ® z) can be defined by

/oof®(h®x)dW::W((f®h)®a:),
0

and this definition extends by linearity to functions ¢ € L?(Ry) ® (H ® E). The
isometric property of the induced mapping W then expresses that

00 2
E| / S| = 1012 12z ).
where T: L?(R,) ® (H ® E) — (L*(R,) ® H) ® E is the linear mapping
T(fekhez) =(foh) .

Since (L?(Ry) ® H) ® E is dense in v(L?(R,; H), E), the stochastic integral has
a unique isometric extension to y(L*(R,; H), E). It is therefore of considerable
interest to investigate the structure of the space v(L?(Ry; H), E). In this section
we shall prove various embedding theorems which show that suitable Banach spaces
of v(H, E)-valued functions embed in y(L?(Ry; H), E).

The simplest example of such an embedding occurs when E has type 2.

Definition 11.1. A Banach space FE is said to have type p € [1,2] if there exists a
constant C, > 0 such that for all finite sequences z1,...,zy5 in E we have

N 2 % N 1
(B Xrazal| )" < 0o (X lanl) "
n=1 n=1

The space E is said to have cotype ¢ € [2, 00] if there exists a constant C; > 0 such
that for all finite sequences x1,...,xy in E we have
2) 3

N 1 N
(Z ”In”q>q < CQ(EH Zrnzn
n=1 n=1

For ¢ = oo we make the obvious adjustment in this definition.

The least constants in the above definitions are denoted by T,(E) and C,(E),
respectively, and are called the type and cotype constant of E.

Remark 11.2. In the definitions of type and cotype, the Rademacher variables may
be replaced by Gaussian random variables; this only affects the numerical values
of the type and cotype constants. The Gaussian type and cotype constants of a
Banach space E are denoted by T))(E) and C) (E), respectively.

It is easy to check that the inequalities defining type and cotype cannot be
satisfied for any p > 2 and ¢ < 2, respectively, even in one-dimensional spaces E.
This explains the restrictions imposed on these numbers.

Ezample 11.3. Every Banach space has type 1 and cotype co.

Example 11.4. Every Hilbert space has type 2 and cotype 2. A deep result of
KWAPIEN [70] states that, conversely, every Banach space with type 2 and cotype
2 is isomorphic to a Hilbert space.

Ezample 11.5. Let (A, 7, u) be a o-finite measure space and let 1 < r < co. If
E has type p (cotype q), then L"(A; E) has type min{p,r} (cotype max{q,r}). In
particular, L"(A) has type min{2,r} and cotype max{2,r}.
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Let us prove this for the case of type, the case of cotype being similar. If r < p
we may replace p by r and thereby assume that 1 < p < r < oo; we shall prove
that L"(A; E) has type p, with

Ko, Tp(E), if1<r<2
T,(L"(A; E)) < Ko, K, 5T, (E) = T,(E), ifr=2;
K, 2T,(E), if2<r<oo.

Here K3, and K, are the Kahane-Khintchine constants.
Let f1,..., fnv € L"(A; E). By using the Fubini theorem, the Kahane-Khintchine
inequality, type p, Holder’s inequality, and the triangle inequality in L» (4),

N . % N
EIE sl ) = (LB
<8l [ (] Srunio]) ae)’

<KaTyE)( | (ann ) du(e))

= K,aTy(B)| Z 1 £all”

< KTy (E ( s

1

au(€))”

1
s

1
P
L

1
P

Lp (A))

= K,2T,(E) ( Z ”anir(A;E)) ’
n=1

An application of the Kahane-Khintchine inequality to change moments in the left
hand side finishes the proof of the first assertion.

If a Banach space has type p for some p € [1,2], then it has type p’ for all
p’ € [1,p]; if a Banach space has cotype ¢ for some ¢ € [2, o], then it has cotype ¢
for all ¢’ € [¢,00]. A simple duality argument shows that if E has type p, then the
dual space E* has cotype p/, zl) + 1% = 1. If F is K-convex and has cotype p, then
the dual space E* has type p/, % + ; = 1. The K-convexity assumption cannot be
omitted: ¢! has cotype 2 while its dual £>° fails to have non-trivial type.

The next theorem goes back to HOFFMANN-J@RGENSEN and PISIER [48] and
ROSINSKI and SUCHANECKI [105]; in its present formulation it can be found in VAN
NEERVEN and WEIS [91].

Theorem 11.6. Let (A, o7, 1) be a o-finite measure space.

(1) If E has type 2, then the mapping (f @ h) @ x — f ® (h® x) has a unique
extension to a continuous embedding

L*(A;y(H, E)) — ~(L*(A; H), E)

of norm at most To(E). Conversely, if the identity mapping f @ x — fQx
extends to a bounded operator from L>=(0,1; E) to v(L?*(0,1), E), then E
has type 2.

(2) If E has cotype 2, then the mapping f @ (h®@z) — (f @ h) @ x has a unique
extension to a continuous embedding

Y(L*(A; H), E) — L*(A;7(H, E))
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of norm at most Ca(FE). Conversely, if the identity mapping f @ © — f®
extends to a bounded operator from v(L?(0,1),E) to L*(0,1;E), then E
has cotype 2.

Proof. We shall prove (1); the proof of (2) is very similar.

Let (fm)M_, and (h,))_, be orthonormal systems in L?(A) and H, respectively,
with f, = ¢4, for suitable disjoint sets A, € o; here ¢, 1= 1//p(A4y) is a
normalising constant. Let (Vmn)m,n>1 be a Gaussian sequence on (Q, .#,P) and
let (7],)m>1 be a Rademacher sequence on a second probability space (Q,.Z',P').
For each w' € € the Gaussian sequences (Vmn)m.n>1 and (7m (W )Ymn)m.n>1 arve
identically distributed. Averaging over (', using Fubini’s theorem and the type 2
property of L?(Q; E), we obtain

| szj zNj(fm ® ) ® Tonn

m=1n=1

2
(L2 (A;H),E)

M N

m=1n=1
M N
/
E Tm § TYmnTmn
m=1 n=1

M N
m=1 1=1

2

= EE’ ’

2

m=1 n=1
M 2
=T3(B) Y, cAa(An)E| Y nmn
m=1 =
M N 2
= T2(E H 2 ® (i ® T .
2 (E) ;;f ® (o @ Tmn)|| 0\

It is easy to check that elements of the form 2%21 ny:l(fm ® hp) ® Ty and
SN SN (fm @ (hn ® Tpy) are dense in y(L2(A; H), E) and L2(A;~(H, E)),
respectively. This gives the first assertion.

The proof of the converse relies on the preliminary observation that in the def-
inition of type 2 we may restrict ourselves to vectors of norm one. To prove this
we follow JAMES [56]. Keeping in mind Remark 11.2, suppose there is a constant
C such that for all N > 1 and all x1,...,zxy € E of norm one we have

1

N o0 1 N 1
(B[ 3= ]| ) * < (X lheal?) "
n=1 n=1

Now let x1,...,2zny € E have integer norms, say ||z,| = My, and let (Ymn)m,n>1 be

2
a doubly indexed Gaussian sequence. Since Zf‘f;l Ymn and My, are identically
distributed, we have

N 9 N M 9 N M} N
Tn T 2 2
n=1 n=1m=1 n n=1m=1 n n=1

Upon dividing by a large common integer, this inequality extends to x1,...,2xy € E
having rational norms, and the general case follows from this by approximation.
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Suppose now that E fails type 2, and let NV > 1 be fixed. By the observation
(and Remark 11.2), there exist @1, ...,z € E of norm one such that

M 2 M
E[ Y vmm| = N2 llaml®
m=1 m=1

Let I, ..., Iy be disjoint intervals in (0,1) of measure |I,,| = 1/M?2.
Then, using that the functions vV M1y, are orthonormal in L?(0,1),

M 2 1 M 2 CN2 M
Lo @ =578 2 e[ 2 57 2 bl
| 32 10 @] gy = 375 25 e 3 2 el

M
= N2 = N2H 1 "’H .
mz::l O L>2(0,1:E)

This shows that the identity mapping on L?(0,1) ® E does not extend to a bounded
operator from L*°(0,1; E) into v(L?(0,1), E). O

Note that if ¢ := f ® (h ® z), then T, := f ® (h ® z) is the operator given by
Tog = / dgdu, g€ L*(A;H). (11.1)
A

Corollary 11.7. If the identity mapping f @ x — f®x extends to an isomorphism
L*(Ry; E) ~ 4(L*(Ry), E),
then E is isomorphic to a Hilbert space

Proof. By Theorem 11.6, E has type 2 and cotype 2 and E is isomorphic to a
Hilbert space by KWAPIEN’s theorem cited earlier. O

We continue with an example of VAN NEERVEN and WEIS [91] which shows
that in certain spaces without cotype 2 there exist bounded strongly measurable
functions ¢ : (0,1) — Z(H; E) such that the operator T}, defined by (11.1) belongs
to v(L?(0,1; H), E), even though ¢(t) € v(H, F) for all t € (0,1).

Ezxample 11.8. Let H = (%2 and E = (P with 2 < p < oo. For k = 1,2,... choose

sets Ay C (0,1) of measure 1 in such a way that for all ¢ € (0,1) we have

#{k>1: te Ay} =oc. (11.2)

Define the operators ¢(t) : 2 — (P as coordinate-wise multiplication with the
sequence (a1 (t),az(t),...), where
B 1, ifte Ag,
ak(t) = { 0, otherwise. (11.3)
Then ||¢(t)]] = 1 for all t € (0,1) and none of the operators ¢(t) is y-radonifying.
Indeed, this follows from Proposition 13.7 below, according to which we have ¢(t) €
(€%, ¢P) if and only if
Yl (@eillze < oo,
k=1
where e}, denote the k-th unit vector of 14 (% + = =1). By (11.2) and (11.3), the
sum Yo7 [[¢*(t)ei||h. diverges for all ¢ € [0,1].
The associated operator Ty : L?(0,1;¢%) — (7 is well-defined and bounded, and
we have

1
q

1
X 1
Tl = [ ayar =140 = 1.
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Consequently,
STl = Y <o
k>1 k>1

and T} is y-radonifying.

Using the scale of Besov spaces, a version of Theorem 11.6(1) can be given for
Banach spaces E having type p € [1,2]. In VAN NEERVEN, VERAAR, WEIs [87], it
is shown by elementary methods that if £ has type p, then for all Hilbert spaces
H the mapping f @ (h®@ ) — (f @ h) ® x extends to a continuous embedding

Bp, ?(0,1;7(H, E)) — v(L*(0,1; H), E).

Conversely, by a result of KALTON, VAN NEERVEN, VERAAR, WEIs [61], if the
identity mapping f ® x — f ® z extends to a continuous embedding

1_1
B;f,l ’ (05 1; E) — V(Lz(oa 1)7E)a

then E has type p.

The first assertion is a special case of the main result of KALTON, VAN NEER-
VEN, VERAAR, WEIS [61], where arbitrary smooth bounded domains D - Rd are
considered. In this setting, the exponent ~— = has to be be replaced by &_2 Ttis
deduced from a corresponding result for D Rd which is proved using thtlewood—
Paley decompositions. This approach is less elementary but it leads to stronger
results. It also yields dual a characterization of spaces with cotype ¢ € [2, o0].

12. p-ABSOLUTELY SUMMING OPERATORS.

Let 1 < p < 0o. A bounded operator T': E — F' is called p-absolutely summing
if if there exists a constant C' > 0 such that for all finite sequences z1,...,zy in F

we have
Z |IT2z,||P < CP sup Z| (Tn,x

lz*lI<1 =
The least admissible constant C is called the p-absolutely summing norm of T,
notation (| 1|, (z,r)-

It follows in a straightforward way from the definition that the space 7,(E, F') of
all p-absolutely summing operators from E to F' is a Banach space with respect to
the norm ||-[| (z,r). We have the following two-sided ideal property: if S : E' — E
is bounded, T : E — F is p-absolutely summing, and U : F — F” is bounded, then
UTS : E' — F’ is p-absolutely summing and

IUTS|x, 2,77y < NUWT Iy, 1S]]-

We shall prove next that p-absolutely summing operators are ~y-radonifying.
The proof is an application of the Pietsch factorisation theorem (see DIESTEL,
JARCHOW, TONGE [30]) which states that if T is p-absolutely summing from F
to another Banach space F, then there exists a Radon probability measure v on
(Bg~,weak™) such that for all z € E we have

1T ]” < I\Tllfrp(E,F)/B [(, 27) |Pdv (7).
-

Recall that K}, denote the Gaussian Kahane-Khintchine constants.

Proposition 12.1 (LINDE AND PIETSCH [77]). If T € mp(H, E) for some 1 < p <
oo, then T € v(H, E) and

1Ty m,m) < max{Ky ,, K)o HTlx,m,E)
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Proof. Let hi,...,hxy be an orthonormal system in H. Then, by the Pietsch fac-
torisation theorem and the Fubini theorem,
)

N 2\ 1 N
(] o mren[)" < 23, (] X0
" n_N » 1
KLyt (B [ [ 0mm],[“avi)”

N 1
([, (i) i)’
(S o)

=

< K3,K

P

N|=

< Kj

P
= K3, K o[ Tl (11, ) -

Since the finite rank operators are dense in m,(H, E), this estimate implies that
T is v-radonifying with ||T(|yec s,y < K3 K)ol T|lx,(z,5)- Finally observe that

K K, =max{Kj , K] ,} such at least one of these numbers equals 1. O

We also have a ‘dual’ version:
Proposition 12.2. If T € v(H, E), then T* € mo(E*, H) and
1T | 7a 1y < T M|y, ) -

Proof. Let (hj);>1 be an orthonormal basis for the separable closed subspace
(ker(T))* of H. For all a%,..., 2% in E* we have

N N N
STl = 3 Sy =B (S Ty )
n=1

n=1j;>1 n=1 j>1
N
QEHZVJ'T}LJ-H sup Z
j>1 H$H<1
N
||T||7(H E) Sup Z >2-

lz*=]I<1,,

O

Our next aim is to prove that, roughly speaking, a converse of Proposition 12.2
holds if and only if F has type 2, and to formulate a similar characterisation of
spaces with cotype 2. These results are due to CHOBANYAN and TARIELADZE [19];
see also DIESTEL, JARCHOW, TONGE [30, Chapter 12, Corollaries 12.7 and 12.21].
For further refinements we refer to KUHN [65].

Theorem 12.3. For a Banach space E the following two assertions are equivalent:

(1) E has type 2;
(2) whenever H is a Hilbert space and T € £ (H, E) satisfies T* € mo(H, E),
then T € v(H, E).

In this situation one has
1Ty a2y < K(E)T) (BT (224 11

where Ty (E) is the Gaussian type 2 constant of E.
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Proof. Suppose first that E has type 2 and let T € Z(H, E) be as stated. The
dual space E* is K-convex by Propositions 10.4 and 10.8, and therefore by Theorem
10.9 we have a natural isomorphism (y(H, E*))* ~ v(H, E**) given by trace duality.
The idea of the proof is now to show that T' defines an element of (v(H, E*))* via
trace duality. Once we know this it is immediate that T € v(H, E).

Given S € v(H, E*), define

N
or(S) := = [T*Shn, ha) (12.1)

n=1

Since E* has cotype 2, the implication (1)=(2) of Theorem 12.4 below shows that
S is 2-absolutely summing and

151wy (21.2%) < C3 (EO)ISly(ar,2+) < T3 (B[Sl (or.) -

It follows that TS, being the composition of two 2-absolutely summing operators,
is nuclear and therefore the sum in (12.1) is absolutely convergent and

g7 (S Z ([T* Shp, hnll S N TN lry(e i) 1SNl 7o (21,24

ST (BS54

This shows that ¢r is a bounded linear functional on v(H, E*) of norm |¢r| <
T (E)T*| x, g+, m)- This proves the implication (1)=(2) and the norm estimate.

The proof of the implication (2)=-(1) is based on the observation that a bounded
operator S : ' — (2, where F is a Banach space, is 2-absolutely summing if for all
bounded operators U : £> — F the composition SU : ¢? — ¢2 is Hilbert-Schmidt.
To prove this, given a sequence (x,),>1 in F which satisfies Zn%(xn,x*)Q < 00

||7r2(E*,H)~

for all z* € F* we need to show that 3 -, |Szn||Z < co. An easy closed graph

argument then shows that S € my(F, £?).
Let (up)n>1 de the standard unit basis of 22 and consider the operator U : (2 — F
defined by Uu,, := x,,. The operator U is bounded; this follows from

|UR|* = sup (Uh,z")

BN
= sup Z[h,un]2<Uun,x> |hlZ. sup an,
le*ll<1 5 S

By assumption, SU is Hilbert-Schmidt, so >°, o, [SUunl|f = 32,51 [[Szall7z < oo
as desired, and we conclude that S € my(F, £2).
By the closed graph theorem, there is a constant K > 0 such that

[Sllza(rezy) S K sup [|SU|| 2, (e2,e)-
lUf<1
Now assume that for all T € Z((%, E) with T* € my(E*, (?) we have v({?, E).
By a Baire category argument we find a constant C' > 0 such that |||, gy <
CT*||xy (= ,e2)- Let z1,...,2n in E be arbitrary and given, and define Tyu, = z,
and Tyu =0 if u L u, foralln=1,..., N. Then,

N 2 N 2
EH Z'ynxn ZEHZ’ynTNUn
n=1

C2HTN||7r2(E* 2y < CPK? HIS}LI}p ITNU %, 62 02y

= 17w |2 (42, )

N

= C?K? sup |U* TN||32(@2 oy =C 2K? sup Z |U* T ||72

lul<t i<t ;.=
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N
— C2K? sup ZHU*xnnzz C*K2 Y .

i<t n=1

This shows that E has type 2 with constant 7)) (F) < CK. O

Theorem 12.4. For a Banach space E the following two assertions are equivalent:
(1) E has cotype 2;
(2) whenever H is a Hilbert space, T € v(H, E) implies T € ma(H, E).

In this situation one has

1Ty 1,y < CF (BT || (21,205
where C3 (E) is the Gaussian cotype 2 constant of E.

Proof. (1)=(2): We may assume that H is separable. Let (hy)n>1 be an or-
thonormal basis for H, let (v,)n>1 be a Gaussian sequence on a probability space
(Q, #,P), and let (r! )n>1 be a Rademacher sequence on another probability space
(Q, 7', ). Fix vectors z1,...,zy € H and define U : H — H by Uh,, = x, for
n=1,...,N and Uhn:()forn2N+1. Then,

N N
S Twal2 =B [Tzl
n=1 n=1
N
< (C3(E))*EE/ Zrmen = (C3(E QEHZ%TUhn
= n>1
= (C3(E)’ITU N 1,5y < (C3 (BTN 1,1y U1
Moreover,
N
U= sup [Uh,h']= sup (7, | [Uh, W]
IR, |WH<1 NAILIR NI =
: - : :
< sup ( [h, )] ) sup ( [Uhn,h]) < sup ( T, B ) )
hllI<1 Z Ip]I<1 nz;l Ih1I<1 Z
Combining the estimates we arrive at
N
D o Tzal® < (CFE)ITI 1, ) HSIﬁngxm
n=1

(2)=(1): If T € v(¢*, E) implies T € m5(¢?, E), then a closed graph argument
produces a constant C' > 0 such that | T[], 2, ) < C||T||y(e2,g) for all T € v(¢%, E).
Now let z1,...,zy € E be arbitrary and define T € ~(H, E) by Tu, := z, for
n=1,...,N and Tu, := 0 for n > N + 1. Then

N N
S lzall? = ST 1T unl < ITIZ, o
n=1 n=1

N
2
< T ) = C°E|| Y- T
n=1

2 N
= CQEH Z TnTn
n=1

Thus E has cotype 2 with constant CJ (E) < C. O
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13. MISCELLANEA

In this final section we collect miscellaneous results given conditions for - and
examples of - y-radonification.

Hilbert sequences. We have introduced vy-radonifying operators in terms of their
action on finite orthonormal systems and obtained characterisations in terms of
summability properties on orthonormal bases. In this section we show that if one is
only interested in sufficient conditions for y-radonification, the role of orthonormal
systems may be replaced by that of so-called Hilbert sequences. This provides a
more flexible tool to check that certain operators are indeed y-radonifying.

Let H be a Hilbert space. A sequence h = (hy,),>1 in H is said to be a Hilbert
sequence if there exists a constant C' > 0 such that for all scalars ay,...,ay,

N N 1
< 2)”.
|2 autal, < O 1oP)
The infimum of all admissible constants will be denoted by Cj,.

Theorem 13.1. Let (hy)n>1 be a Hilbert sequence in H. If T € ~(H, E), then
> ns1¥nThy converges in L?(Q; E) and

IEH Sy Th, ’

< CAITIE b, ) -
n>1

Proof. Let (Tzn)n21 be an orthonormal basis for the closed linear space Hy of
(hn)n>1. Since (hy)n>1 is a Hilbert sequence there is a unique S € Z(Hy) such

that Sh,, = h,, for all n > 1. Moreover, ||S|| < Cy. Indeed, for h = - a,h, we
have

N
ISRl = || > ann
n=1

and the claim follows from this.
By the right ideal property we have T o S € v(Hy, E) and

EH Z rYnThn ’ = EH Z 7nTST717L ’
n>1 n>1

2 N ~
L SCEY " lanl? = GRIRIG,
n=1

<|To SH?y(HO,E) < C}gHT”'Qy(HO,E)'

A sequence is a Hilbert sequence if it is almost orthogonal:

Proposition 13.2. Let (hy)nez be a sequence in H. If there exists a function
¢ : N — Ry such that for all n > m € Z we have |[hn, hn]| < ¢(n —m) and
> j50@(d) < 00, then (hn)nez is a Hilbert sequence.

Proof. Let (an)nez be scalars. Then

N
H Z anhy
n=—N

N
2
= Z ‘an|2”hn”2+2 Z Qi [Py o]
n=—N

—N<n<m<N

<30 Y Janl +2 Y Jaullamlé(n —m)

nez n<m

=0(0) > lan* +2~ 0(5) Y lan| lans;]

nez j=1 nez
< (60 +2326()) X lawl?,
=1 neL

where the last estimate follows from the Cauchy-Schwarz inequality. O
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For some applications see HAAK, VAN NEERVEN [45] and HAAK, VAN NEERVEN,
VERAAR [46]. We continue with some explicit examples of Hilbert sequences. The
first is due to CASAZZA, CHRISTENSEN, KALTON [17].

Ezample 13.3. Let ¢ € L?(R) and define the sequence (hy,)nez in L2(R) by hy(t) =
e?™i¢(t). Let T be the unit circle in C and define f : T — [0, 00] as

27rzt Z|¢t+k

kEZ
From

2 k+1 ) 2
H Z anhyl| = Z/ ) Z ane%mt(b(t)‘ dt
neZ
_ Z/ Z an eQﬂ'znt t + k dt / ‘ Z ane 27mnt

keZ neZ

27rit) dt

we infer that (h,)nez is a Hilbert sequence in L?(R) if and only if there exists a
finite constant B such that f(e?™*) < B for almost all ¢ € [0,1]. In this situation
we have C? = esssup(f).

Ezample 13.4. Let (A\y)n>1 be a sequence in C; which is properly spaced in the
sense that N )

Am + A

fu(t) := VRede Mt =1,
define a Hilbert sequence in L?*(R.); see NIKOL'SKIT and PAVLOV [94] or JACOB
and ZWART [54, Theorem 1, proof of (3)=(5)]. From this one easily deduces that
for any a > 0 and p € [0, 1) the functions

fn(t) — efat+27ri(n+p)t7 nez,

define a Hilbert sequence in L?(R ). The following direct proof of this fact is taken
from HAAK, VAN NEERVEN, VERAAR [46, Example 2.5].
For all ¢t € [0, 1),

>0

inf
m#n
Then the functions

omit 2 N
F(e™) =) |f(t+ k)P =) e =

keZ k>0
Now Example 13.3 implies the result, with constant C, = 1/v/1 — e—24.

More on this topic can be found in Youna [121].

Conditions on the range space. For certain range spaces, a complete charac-
terisation of v-radonifying operators can be given in non-probabilistic terms. The
simplest example occurs when the range space is a Hilbert space.

If H and E are Hilbert spaces, we denote by % (H, E) the space of all Hilbert-
Schmidt operators from H to F, that is, the completion of the finite rank operators
with respect to the norm

thm e —annn?

where hi,...,hy are taken orthonormal in H.

Proposition 13.5 (Operators into Hilbert spaces). If E is a Hilbert space, then
Te~(H,E) if and only if T € £ (H, E), and in this case we have

1Tl a,2) = 1Tl 2o, E)-
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Proof. This follows from the identity

m,n=1

The next two results are taken from VAN NEERVEN, VERAAR, WEIS [88].

Theorem 13.6 (Operators into LP(A; E)). For all 1 < p < oo the mapping h ®
(f®z)— f®(h®x) defines an isomorphism of Banach spaces

V(H, LP(A; E)) ~ LP(A;y(H, E)).
For p = 2 this isomorphism is isometric.

Proof. Let f € LP(A)® (H® E), say f = Z%:l ¢m ® T By a Gram-Schmidt
argument may assume that the operators T,,, € H®QFE are of the form ij:l By, @Lom
for some fixed orthonormal systems {h1,...,hny} in H. Denoting by U the mapping

feh®z) — he(f®z) from the Kahane-Khintchine inequalities and Fubini’s

theorem we obtain, writing fh,, = Z%:l Om @ T,

1
2
LT’(A;E)>

1 a2 asmy) = (E)]i ol hn
o (o]
-(/, EHZ%
< (/&% )% )’
(/. ||f||7(HE) TP

The result now follows by observing that the functions f of the above form are dense
in LP(A;~v(H, E)) and that their images under U are dense in y(H, LP(A4; E)). O

1
P

1
L (A; E))
)

The equivalence (1)< (3) of the next result shows that an operator from a Hilbert
space into an LP-space is y-radonifying if and only if it satisfies a square function
estimate. The equivalence (1)< (2) was noted in BRZEZNIAK and VAN NEERVEN
[15].

Proposition 13.7 (Operators into LP(A)). Let (A, &) be a o-finite measure space
and let 1 < p < oo. Let (hi)ier be a mazimal orthonormal system in H. For an
operator T € L (H, LP(A)) the following assertions are equivalent:

(1) T e~(H, LP(A));
(2) there exists a function f € LP(A; H) such that Th = [f,h] for all h € H.
(3) (X;er|Thi|?)? is summable in LP(A).

In this case we have

Nl

1Ty, 4)) =p

(X rnt)’])

iel
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Proof. The equivalence (1)<(2) is a special case of Theorem 13.6. To prove the
equivalence (1)< (3) we apply the identity

N 2 N
2 Y com| = lenl®
n=1 n=1

with ¢, = fn(£), £ € A. Combined with the Khintchine inequality, Fubini’s the-
orem, and finally the Kahane-Khintchine inequality in LP(A), for all f1,..., fy €

L?(A) we obtain
N 1 N o 1 N .
OADN R [CPIEADN K (CPIETADL
n=1 P n=1 P n=1 p
N 1 N 1
Sl ) S )

The equivalence as well as the final two-sided estimate now follow by taking f, :=
T'h;, and invoking Theorem 3.20. g

Here is a neat application, which is well-known when p = 2.

Corollary 13.8. Let (A, o) be a finite measure space. For allT € £ (H,L*(A))
and 1 < p < oo we have T € v(H, LP(A)) and

TNy crz, 2o ay) Sp I TN 2,5 (A))-

Proof. Let (h;)icr be a maximal orthonormal system in H. For any choice of finitely
many indices i1,...,ix € I and ¢ € %, for p-almost all £ € A we have

N N
[ eaThi )@ < | X eaThs,
n=1 n=1

oo

N
<IT i soean|| D enhi | = TNz o can el
n=1

Taking the supremum over a countable dense set in the unit ball of R? we obtain
the following estimate, valid for p-almost all £ € A:

1

N =
(S 1Th)OF)" < Tl 0,1 (-
n=1

Now apply Proposition 13.7. O

New ~v-radonifying operators from old. The next proposition is a minor
extension of a result of KALTON and WEIS [63].

Proposition 13.9. Let (a,b) be an interval and ¢ : (a,b) — v(H, E) be continu-
ously differentiable with

b
6= 166w ds < o,
Define Ty, : L*(a,b; H) — E by
b
Tofi= [ o0
Then T, € y(L?*(a,b; H), E) and

b
1 1
ol a2y < = ) 6@ + [ (5= )2 16/6) sy d.
a
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Proof. For notational simplicity we shall identify v(H, E)-valued functions on (a, b)
with the induced operators in Z(L?(a,b; H), E).

The integrability condition implies that ¢’ is integrable on every interval (a’,b)
with a < a’ < b. Put 9(s,t) := Ly)(s)¢'(s) for s,t € (a,b). Then, by the
observations just made,

b
o(t) = () — / (s ) ds

By Example 3.8, for all s € (a,b) the function ¢t — (s,t) =

for all t € (a,b).
= L(a,5)(t)¢’(s) belongs to v(L*(a,b; H), E) with norm

Lty (5)9'(s)

1
1Ty (8)8 ()22, 2y = L(a,o)ll2[l¢" ()l a2y = (5 = )2 |19 (8)lly(m,E)-

It follows that the y(L2(a,b; H), E)-valued function s ~ 1(s,-) is Bochner in-
tegrable. Identifying the operator ¢(b) € ~(H,FE) with the constant function
Liapo(b) € v(L?(a,b; H), E), we find that ¢ € y(L?(a,b; H), E) and

b
1
J6ll w20t < (b= V10 + | 106 aston. oy ds
a

b
= (b= )6y + [ (5= )H166) o d.
[

The next result is due to CHEVET [18]; see also CARMONA [16]. We state it
without proof; a fuller discussion would require a discussion of injective tensor
norms (see DIESTEL and UHL [31] for an introduction to this topic).

Proposition 13.10. For all Ty € v(Hy, E1) and Ty € v(Hs, E2) we have
Th®T e ’Y(H1®H27 E1®5E2)a

where HQH' denotes the Hilbert space completion of H® H' and E1®.F5 denotes
the injective tensor product of E1 and Fs.

In view of the identity C[0,1]&.F = C([0,1]; E), the interest of this example lies
in the special case where one of the operators is the indefinite integral from L?(0,1)
to C[0,1] (see Proposition 13.17).

The final result of this subsection is a Gaussian version of the Fubini theo-
rem. For its statement we need to introduce another Banach space property. Let
(Vi )m>1 and (7, )n>1 be Gaussian sequences on probability spaces (£, . #',P') and
(Q", ", P"), and let (Ymn)m,n>1 be a doubly indexed Gaussian sequence on a
probability space (Q, %, P).

It is easy to check that (7,7, )mn>1 is not a Gaussian sequence. The following
definition singles out a class of Banach spaces in which it is possible to compare
double Gaussian sums with single Gaussian sums.

Definition 13.11. A Banach space E is said to have property («) if there exists a
constant 0 < C' < oo such that for all finite sequences (T )1<m<Mm, 1<n<n 0 E
we have

1 M N M N ) M N
@EH Z Z’Ymn-’lfmn Z ny’;n,y’gxm" < CZEH Z Z'Ymnxmn
m=1n=1 m=1n=1 m=1n=1

In an equivalent formulation, this property was introduced by PISIER [100]. The
least possible constant C' is called the property («) constant of E, notation a(E).

2 ] 2
<EE
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Let 1 < p<oo From

1
E'E Z Z%n,%{ymn < (JE E” Z va%ymn )
m=1n=1
N
EREIC] Dop wRrer | o
m=1n=1
= K, |[E Z Z%%ymn
m=1n=1 Lr(Q)
N
g Kp11]E Z Z’ym’ynymn Lp(s)/;E)
2 "
E
2_:1 nZ:l Vi Yn Y L)
= 2E E" Z Z 7m7nymn
m=1n=1

and another application of the Kahane-Khintchine inequalities (in order to prove

similar estimates for the sums Zﬁf:l Zﬁ[:l YmnTmn), We see that the moments of
order 2 in the Definition 13.11 may be replaced by moments of any order p. The
resulting constants will be denoted by «,(E). Thus, a(E) = asz(E).

Ezample 13.12. Every Hilbert space H has property (a), with constant a(H) = 1.
This is clear by writing out the square norms as inner products.

Ezample 13.13. Let (A, o/, 1) be a o measure space and let 1 < p < oo. The space
L?(A) has property («), and more generally if F has property («) then LP(A; E)
has property («), with constant

ap(LP(A; B)) = oy (E).
Indeed, forfmnGLp(A'E) m=1,...,M,n=1,...,N, we have

Z Z%ﬂ Frn (€ H dp(€

< al(E) / E'E”

=1ln=1
= of(E)E'E” Z Z’ym’y fmn
m=1n=1

The other bound is proved in the same way. This gives a,(LP(4; E)) < a,(E); the
opposite inequality is trivial.

The next result is due to KALTON and WEIS [63]. For further results and refine-
ments see VAN NEERVEN and WEIS [92].

Proposition 13.14 (v-Fubini theorem). Let E have property («). Then the map-
ping h®@ (K @ x) — (h® L) @ x extends uniquely to an isomorphism of Banach
spaces

v(H, ’V(H/, E)) ~ 7(H®HI7 E).
Proof. For elements in the algebraic tensor products, the equivalence of norms is
merely a restatement of the definition of property («). The general result follows
from it by approximation. U
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Entropy numbers. Following PIETSCH [98, Chapter 12], the entropy numbers
en(T) of a bounded operator T' € Z(FE, F) are defined as the infimum of all ¢ > 0
such that there are x1,...,x9,-1 € T(Bg) such that

277,71
T(Bg) C U (zj +eBr).

j=1
Here B and Bp denote the closed unit balls of E and F'. Note that T" is compact
if and only if lim,, o €,(T) = 0. Thus the entropy numbers e, (T) measure the
degree of compactness of an operator T.

The following result is due to KUHN [66]. Parts (1) and (2) of can be viewed as a

reformulation, in operator theoretical language, of a classical result due to Dudley
[33] and the Gaussian minoration principle due to SUDAKOV [114], respectively.

Theorem 13.15. Let T € £ (H, E) be a bounded operator.
(1) If 0% n2e,(T*) < oo, then T € y(H, E);
(2) If T € v(H,E), then sup,,»; nze,(T*) < co.

If fact one has the following quantitative version of part (2): there exists an
absolute constant C' such that for all Hilbert spaces H, Banach spaces F, and
operators T' € y(H, E) one has

1 *
sup n*en(T7) < ClITlly ..
In combination with a result of TOMCZAK-JAEGERMANN [116] to the effect that
for any compact operator 7' € £ (¢?, E) one has
1
S—Qen(T*) < en(T) < 32e,(T7),
this yields (recalling that ~-radonifying operators are supported on a separable
closed subspace, see (3.1)) the inequality
1
sup nzen(T) < O|T|ly(m,k)
for some absolute constant C'. See CoBOs and KUHN [25] and KUHN and SCHON-
BECK [67], where these results are applied to obtain estimates for the entropy
numbers of certain diagonal operators between Banach sequence spaces.

KUHN [66] also showed that Theorem 13.15 can be improved for Banach spaces

with (co)type 2:
Theorem 13.16. Let T € .Z(H, E) be a bounded operator.
(1) If E has type 2 and (Zle(en(T*))Q)% < oo, then T € v(H, E);
(2) If E has cotype 2 and T € v(H, E), then (E;’o:l(en(T*))Q)% < 00.

It appears to be an open problem whether these properties characterise spaces
with type 2 (cotype 2) and whether they can be extended to spaces of type p (cotype
a)-

The indefinite integral. The final example is a reformulation of WIENER’S
classical result on the existence of the existence of Brownian motions. The proof
presented here is due to CIESIELSKI [20].

Proposition 13.17 (Indefinite integration). The operator I : L*(0,1) — C[0,1]
defined by

W= [ fe)as,  Feron, tepn)
0
is y-radonifying.
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The proof is based on the following simple lemma (which is related to the esti-
mates in Example 4.4).

Lemma 13.18. For any Gaussian sequence (Vn)n>1,

e
lim su
Nﬂoopz v2log(n+1

Proof. For allt > 1

P{|yn| >t} = i/ e 7 du < L/ we W dy = — 3
V2 t\2m t\/ 21

Fix o > 1 arbitrarily. For all n > 1 we have 2alog(n + 1) > 1 and therefore

IP){|P)/n| > \/m} < \/2/7(”4— 1)704

The Borel-Cantelli lemma now implies that almost surely |y,| > /2alog(n + 1)
for at most finitely many n > 1. O

Let (xn)n>1 be the L?%normalised Haar functions on (0, 1), which are defined
by h1 = 1 and ¢, = x?* for n > 1, where n = 2/ + k with j = 0,1,... and
k=0,...,2 —1, and

k=221, k+1/2 —21/%1 k41/2 kil
(57755) (2]‘72]‘)
Note that the functions x7* are supported on the interval [£=1, 21,

Proof of Proposition 13.17. 1t suffices to prove that the sum

SO vIX*),  telo1],

>0 k=1

converges uniformly on [0, 1] almost surely.
Fixing j > 0, for all ¢ € [0,1] we have Ix/¥(t) = 0 for all but at most one
ke {1,...,27}, and for this k we have

0< IF(t) <2792 telo,1].
Using this, for all jo > 0 we obtain the following estimate, uniformly in ¢ € [0, 1]:

2.7 2.7
SO S @I (1) < Cw) 3 S Vioa (@ + Bk (1)

Jj=jo k=1 Jj=jo k=1
oo 27 [}
W) Y D VI IR = Cw) Y 272N+,
Jj=jo k=1 J=jo
where
C(w) := sup _bm@l
nz1 y/log(n+ 1)
is finite almost surely by Lemma 13.18. This proves the result. (]

It is straightforward to show that Q) := I o I'* is given by

(Qu)(t) = / satdu(s),  pe M0,

Here M[0,1] = (C[0,1])* is the space of all bounded Borel measures p on [0, 1].
The unique Gaussian measure on C[0, 1] with covariance operator @ is called the
Wiener measure.
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Refining the proof of Proposition 13.17, one can prove that the indefinite integral
is y-radonifying from L?(0,1) into the Hélder space C[0,1] for 0 < o < %; this
reflects the fact that the paths of a Brownian motion are C'*-continuous for all
0<a< % Alternatively, this can be deduced from the Sobolev embedding theorem
combined with fact that the indefinite integral is v-radonifying from L2(0,1) into
the Sobolev space H*P(0,1) for all 2 < p < oo and a € (%, 1); see BRZEZNIAK [12].

Concerning the critical exponent a = %, it is known that the paths of a Brownian

1
motion B belong to the Besov space Bg(0,1) for all 1 < p < oo and there is a
strictly positive constant C' > 0 such that

IP{HBH s > O} ~1. (13.1)
B2 (0,1)

see CIESIELSKI [21, 22], CIESIELSKI, KERKYACHARIAN, ROYNETTE [23], ROY-

NETTE [106], HYTONEN and VERAAR [52] for a discussion of this result and further

refinements. As a consequence of this inequality one obtains the somewhat sur-

prising fact that the indefinite integral fails to be y-radonifying from L2(0,1) into
1

B2 «(0,1); the point is that (13.1) prevents B from being a strongly measurable
(i.e. Radon) Gaussian random variable. A similar phenomenon in ¢*° had been
discovered previously by FREMLIN and TALAGRAND [39)].

An application to stochastic Cauchy problems In this section we shall briefly
sketch how the theory of y-radonifying operators enters naturally in the study of
stochastic abstract Cauchy problems driven by an isonormal process. For unex-
plained terminology we refer to ENGEL and NAGEL [35] and Pazy [97] (for the
theory of semigroups of operators) and VAN NEERVEN and WEIS [90] (for a discus-
sion of stochastic Cauchy problems).

Suppose A is the infinitesimal generator of a strongly continuous semigroup
S = (S(t))i>0 of bounded linear operators on a Banach space E, let Wy be an
L?(R; H)-isonormal process, and let B € .Z(H, E) be a bounded linear operator.
Building on previous work of DA PRATO andZABCZYK [27] and VAN NEERVEN and
BRZEZNIAK [14], it has been shown in VAN NEERVEN and WEIS [90] that the linear
stochastic Cauchy problem

dU(t) = AU(t) dt + BdWg(t), t >0,
U(O) = Ug,

admits a unique weak solution U if and only if for some (and then for all) T > 0
the bounded operator Ry : L?(0,T; H) — E given by

T
Rpf = /O S(HBF() dt

is y-radonifying from L2(0,T; H) to E. Here we give two sufficient condition for
this to happen.

Proposition 13.19. Fach of the following two conditions imply that Ry is -
radonifying:

(1) E has type 2 and B € v(H, E);
(2) S is analytic and B € v(H, E).

Proof. (1): By the strong continuity and Corollary 6.4 the v(H, E)-valued function
t — S(t)B is continuous on [0, T]. In particular it belongs to L?(0,T;~(H, E)) and
therefore, by Theorem 11.6, the induced operator Ry belongs to v(L*(0,T; H), E)).
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(2): By the analyticity of S the v(H, F)-valued function ¢ — S(t)B is continu-
ously differentiable on (0,7T) and

T T
1 _1 1
/0 t2||S/(t)B||A/(H)E) dt < CT/O t 2||B||'7(H,E) dt < 2CTT2||B||7(H7E)~

where we used the analyticity of S to estimate ||S'(¢)|| = ||AS(¢)|] < Crt~? for
t € (0,T). Now Proposition 13.9 implies that Ry belongs to v(L?(0,T; H), E)). O
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