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Abstract. Any real hypersurface of a Kahler manifold carries a natural 
almost contact metric structure. There are four basic classes of real 
hypersurfaces of a Kahler manifold with respect to the induced almost 
contact metric structure. In this paper we study the basic classes of real 
hypersurfaces of a complex space form in terms of their Riemannian 
curvatures.

1. Introduction

Let M 2n+2( J, G) be an almost Hermitian manifold with almost complex struc
ture J  and Riemmannian metric G: J 2 =  —Id, G (J X ,  J Y )  =  G(X.  Y),
X , Y  E 3LM2n+2.
If M 2n+1 is a hypersurface in M 2n+2 with a unit normal vector field N,  then 
there arises naturally an almost contact metric structure (ip, (. 77, g) on M 2n+1 
in the following way [3,10,12]:

€ = - J N ,  g = G\M, ip = J  — T] ® N ,
V ( X ) = g ( ( , X ) ,

Let V and V' be the Levi-Civita connections on M 2n+1 and M 2n+2, respec
tively. We denote by (h the fundamental 2-form of the structure (p, £, 77, g)

$ (X , Y) = g(X, <pY) , G X M 2n+1

and by F' — — V '^ , F  — V^>. If A  is the shape operator and h ( X , Y ) =  
g( AX ,Y ) ,  X , Y  € %M2n+1 is the second fundamental tensor of M 2n+1,
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Riemannian Curvatures of the Four Basic Classes 239

then the Gauss and Weingarten formulas

=  X7x Y  +  h(X,  Y ) N , Vx N  = - A X  , X , Y e % M 2n+1 

imply immediately

( v » y  =  (v.v» ) F ,
(V i J ) Y  = (Xx p ) Y  + {h(X,  p Y )  +  (Xx g ) Y } N  -  V( Y ) A X  + h(X,  Y ) (  , 

F'(X,  Y, Z) = F(X ,  Y, Z) + ,](Z)h(X, Y )  -  V(Y)h(X,  Z ) .

For any point p e M  we have

TPM  = TPM  © Np , Np © TPM  ,

TPM  = Dp © -1 Dp .

D — {Dp,p E M } is the contact distribution, and ; p E A/} is the vertical
distribution of M.  There exists a second shape operator A,  acting in M.  The 
actions of the shape operators A  and A  are as follows:

TPM  -► TPM  TPM  ->
A ' X ^ A X  = -V 'x N ,  A '' X  h-> A X  — XxC ■

If M 2n+2(JyG) is Kahlerian (V 'J  — 0), then the following formulas are an 
immediate consequence from the above formulas [12]:

(Xx p ) Y  = v ( Y ) A X - h ( X , Y ) t ,
(Xxv)Y  = F(X,  pY , ( )  = - h ( X ,  p Y ) ,

A X  =  - i f  A X  +  h(X,  OS, p A X  =  A X  ,

2 dr, (X, Y)  = h ( Y , p X ) - h ( X , p Y )
= 2 d , , ( pX ,p Y)  + , , ( X ) h ( p Y , Q - r , ( Y ) h ( p X , 0 ,  ( ’

(C(g)(X, Y )  = - { h ( Y  <pX) + h{X, f Y ) }
=  - ( C iB) ( p X , p Y )  - v (X)h(pY, ( )  - V( Y ) h ( f X , 0 ,  ' ' 

d<h =  0 ,

N ( X ,  Y)  = [if, f \  (X, Y)  + 2dV( X , Y ) (
= r/(X)(i fAY -  Ai fY)  -  g ( Y ) (p A X  -  A p X ) ,

N ( X ,  Y , Z ) =  -  v(X){h(Y,  f Z )  + h(Z, pY)}
+ v (Y ) { h (X ,p Z )  + h ( Z , p X ) } ,

F(X ,  Y, Z)  =  r,(Y)h(X, Z ) -  r,(Z)h(X, Y ) , 

h ( X , Y )  = - F ( X , Y , t )  = ~ p ( X , Y ) ,  
h(t,  Z ) =  Z) = u>(Z) = (£(g)(pZ,C) =  - 2 dr, ( p Z , 0  .

(3)

(4 )
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The function v =  h(f. f )  cannot be expressed by F.
If, moreover, M 2n+2(c) is a complex space form, i. e. Kahler manifold with 
constant holomorphic sectional curvature c, then the equations of Gauss and 
Codazzi are [2]

R(X,  Y ,Z ,U)  = { \  \g(Y, *) A g(X,  *) +  $ (X  *) A 4>(X .)

-  24>(X, y ) .$ ]  +  h(Y, *) A h(X,  *)} (Z, £ /), 

g((Vx A )Y  -  (Vy AL)X, Z ) =  (Vx ft)(y, Z) -  (Vyft)(X , Z)

= |[»? A $ (z , *)](AT, y )  +  2I)( z )$ p r ,  y ) .

Alexiev and Ganchev introduced in [1] twelve basic classes Wi} i =  1 , . . . ,  12, 
of almost contact metric manifolds with respect to the symmetries o f the tensor 
field F.  By using this classification Ganchev and Hristov obtained in [6 ] the 
sixteen classes o f real hypersurfaces of a Kahler manifold and described them 
in terms of their second fundamental tensor.

Theorem 1.1. ([6 ]) Let M 2n+2(J , G),(n  >  2) be a Kahler manifold. Any real 
hypersurface M 2n+1 ((/?,£, 77, g) o f M 2n+2 is in the class

Wi © W2 © W4 © Wq .

The four basic classes W A, W2 , W4 and We generate sixteen classes o f real 
hyper surf aces, which are characterized in terms o f their second fundamental 
tensor h as follows:

i)

ii)
iii)

iv)

v)

vi)-xi)

xii)-xv)

xvi)

W0: (Wo C W„ i =  1 , 2 ,4 , 6 ) h = h0,
K ( X , Y )  = v (17 © v)(X,  Y);

Wii h — hi +  Hq, t h ( X , Y ) = {rj © w +  lv © rj)(X, Y);

W2: h =  h2 +  ho, h2( X ,Y ) = - ^ g ( h X , h Y ) , Tr h 7  ̂ 0;

W4: O+ h t ( X . Y ) = i m g( h X , h Y ) ~ d g(v x , h Y ) ,
Tr h =  0;

W6: h = hG + h0, he(X,Y) = \ (Ctg){g,X,hY)-

W i@ W f .  h = hi + h j + h Q, i , j  6  { 1 ,2 ,4 ,6 } , i  f  j;

Wi © Wj  © Wk h = hi + hj + hk + ho, z, j , k  E { 1 , 2 ,4 , 6 }, 
i f j f k ;

Wi  © W 2 © W4 © ~Wq : h =  h\ © h2 © h4 © /15 © Hq.
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Remark 1.1. I f  n  =  1, then it follows that the class W4 is empty [4J. In 
this case there arise 8 classes o f real hypersurfaces o f a 4-dimentional Kahler 
manifold.

Remark 1.2. With respect to the theory o f almost contact metric manifolds, the 
class:
• Wo is exactly the class o f cosymplectic manifolds, characterized by

F  = 0 , W0 c W i ,  i =  1 , 2 , . . . ,  1 2 ,

•  W 2 is exactly the class o f a-Sasakian manifolds, characterized by

N  — 0 , dry =  ertb , a f  0 ,

•  W 2 © W4 is exactly the class o f quasi-Sasakian manifolds, characterized by

N  = dT> =  0 ,

•  WG®Wn is exactly the class o f almost cosymplectic manifolds, characterized
by

dry =  d<f> =  0 ,

•  W 2 © W3 © W4 © W5 © W9 © W w is exactly the class o f normal manifolds, 
characterized by N  — 0.

Similar questions were considered in [4,5].

2. Preliminaries

In this section we shall use the notion of a complexification of an almost contact 
metric vector space and of the tangent bundle of an almost contact metric 
manifold. We shall consider the complex linear extension of real tensors and 
their essential components (which may not be zero) with respect to the standard 
complex coordinates (e. g. [8 ]).
The following results are the odd-dimensional analogues of the well known 
decomposition of the curvature tensor in an almost Hermitian manifold [11]. 
Let V 2n+1 (p, £, ry, g) be an almost contact metric vector space and V c = D c © 
{£} =  D 1’0 © D 0,1 © {C} be its complexification. D 1’0 and D 0’1 are (+ i)- and 
(—i)-eigenspaces o f p. D 1,0 — span{ZQ — ea — ipea}, D 0,1 — span{Z-^ — 
ea +  ipea}, Z0 =  £, where {ea, pea, a  =  1, . . .  n} is an orthonormal basis 
of I© U  denotes the set of all Riemannian-like curvature tensors:

71 = { R e  ©4y * ; R(X, Y, Z, U) = - R (Y , X, Z, U) = - R ( X ,  Y, U, Z ) ,
, W R { x ’Y ' z ' u ]  = o h
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Further pR. pR. p*R are the Ricci-type contractions associated with R  e  1Z and 
tr , tr , tr are the corresponding scalar curvatures:

2n+l
Pr ( X , Y )  = £  R ( e „ X X , e , ) = g ( Q R ( X ) , Y )

i = 1

tr ■■
2ra+l
Y , R ( e 11 ® j i ® j i j
i,j=l

Pr (x , y )
2n+l
V  R(et, X , Y ,  ipei)
i = 1

9(Q r ( X ) X )
2n+l

Tr =
*0 = 1

PR (X, Y ) =  i j ( e ,x ,  Y ( ) = g  ( Q r (x ) , y )
2n+l

T r  =  J 2  
2=1

where {ei} e2n+i =  £} is an orthonormal basis of TpM ,p  £ M.
Let C be the vector space of all (0, 2)-tensors over TPM.  In [9] it is proved that 
C =  0 !/!_ 1 Ci, where Ct are mutually orthogonal, U(n) x 1 -invariant and irre
ducible spaces. Ci are described by the following symmetries for the essential 
components for L  € C with complex contraction // =  ga;jL (Rj\

C i :

A :
C3:

C4:

C5: 
Cq : 
C7 :

Cg: 
Cg:

Raft R  pa Pap i P P i  n
Rap Rpa i P Pi

RaP Rpa
T _  T _ - P f o

■ PPa 1 ®aP i Pn
Rap Rpa i P P i

RaP Rpa i

Rat0 Roa i

R a0 Roa i

-̂ 00 •

P t

By using appropriate involutive isometries, commuting with the Lie group 
U{n) x 1 , analogously to [1 1 ], we obtain the following
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Theorem 2.1. (partial decomposition) The space 1Z is decomposable into mu
tually orthogonal and U(n) x 1 -invariant factors as follows

1Z =  hlZ\ ® hlZ \ © hlZ2 © hlZ3 © ©Ri © vlZ{ © vlZ2 © wlZ\ © w lZ\ .

The characteristic conditions for the factors in terms o f the essential compo
nents, are

hlZ hlZ3 © hlZ3 }R  E R-, R a0ry§̂ Rappsi R «© 5  5 Ra© 5  essential)-,

hlZ3 =  {R e hlZ] Raf3'y5 — essential}, 

hlZ3 — hlZ2 © hlZ2 — {R  £ hlZ] R^pps — 0}, 

hlZ2 =  {R  E hlZ3 ; R af3l5 — essential},

ITR2 — hlZ\ © hlZ{  ̂ — {R  E hlZ3 ] RappS ~  0};

hlZ 1 }R  S hlZ2 , RappS ^hiappS Ra©^ Ra©/?})
hlZ1 }R  ^ hlZ2 , RappS 0 '' Ray© <5 Ra©/3}j

^R =  uR 2 © vR}- =  {R  E R ; R0a© , Roa©, Roa© — essential}, 

vlZ2 =  {R  E ©R; Roa© — essential}, 

uR 2 =  ©Ri © vlZ}■ =  {R  G ©R; R0a©  =  0 },

vlZ1 }R  ^ vlZ2 , Roapp 2 R g <f—— Roa© Rc/Sa^})
vlZ\ {R  G vlZ2Z  ̂ Roapp 0 7' Roapp Ro pap} i

wlZ = wlZ1 © w lZ\ =  { R g R;  Roapo, Roapo — essential}, 

w R i = { R e  w lZ ; Roapo = 0 , R 0apo ~  essential}, 

wlZi =  {R  G tuR; Ro©o =  0, R0a© — essential}.

By using the self-conjugate projections r© 7© i =  1, 2, s , t ,u,  commuting 
with Z7(n)xl, we describe their kernels and images, and following the scheme 
in [7,11] we get

Theorem 2.2. (complete decomposition) The space 1Z is decomposable into 18 
mutually orthogonal, U(n) x 1 -invariant and irreducible factors:

1Z — hlZ 11 © hlZ \2  © /1R13 © hlZ{~j © ITIZ12 © hlZ^3 © hlZ2 
© hlZ31 © hlZ32 © hlZ{3 

© ©Rn  © vlZ12 © vlZ^ © vlZ{;2 © vlZ2 
© wlZ\\ © wlZ\ 2 © wlZ^ ,

describing by the essential components and equalities in the following table:
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Factor E ssen tia l com p on en ts and eq u a lities for R

K R .i l  =  k e r ( p i)
n(n +  l)  ‘̂ ’[Sa.pP'yS 9-yd9cx5^ 

PR  G C l  , p R  G £ 4 , PR =  0

K R . 1 2  =  k e r (p 2 ) 

C I m ( p i )

R a 0 7 J — ‘̂ [ 9 a s {P R )p 1 +  9 p j ( P R ) a S  +  9 1&{PR)ap  +  9 a 0  (Pr ) j s }’ 

PR £  £ 2 , p*R £  £ 5 , PR =  0 , t r  =  T r  =  0

h R . 1 3  — p 2 ( I m ( p i ) ) ^ 'a p R b  — [(P2 ° P i ) - R ] a ,37 j ,  P m ' =  P m ' =  P m ' =  0

h l Z i i  =  k er((? i) - '̂a'/B'yS n ( n — 1 ) ^‘(.9o:p9'yS 9  7  {3 9  ad) > 

Pr  G C \  , /?# G £45 PR — 0

h U i 2 =  ker(<72 ) 

C I m ( g i )

^cxp'yS 3(n —2) [̂ a<5 9  Pj ^Pr ) a.6 9-j $ (,P r ) ap 9  o.(3 ,̂Pr ) ̂ {d\  ̂

Pr  G C 2 , p #  G £ 5 , P k  =  0 , Tk  =  Tr  =  0

=  q2 ( I m ( q i ) ) =  0 ^1 ) ^ ] qP7 6 > P m " =  P m "  =  P m "  =  0

h K i 2?a ^7 5 — essen tia l p R =  p*R =  p R =  0

K R .i i  =  k e r ( n )
R afj^S  — n — 1 \9olS{Pr )[3^ 9oci {pR)  ,35\-> 

Pr  =  PR  =  0  , p n  G C 3

h lZ 3 2  =  k e r (r 2 ) 

C  I m ( r i )

RaP'yS — — ^“jT[ [^a&{PR.)pl  — ^ « 7  {Pr ) p S ~  2 4 >a (3 (Pr )'-/5], 

Pr  — Pr  — 0 , p*R £  £ e

hTZi3 =  r 2 ( I m ( n ) ) W & 0 lS  =  [ (r 2 0 r i ) R \ a 0 1 s, P w ’"  =  P m '"  =  P m '"  =  0

v l Z n  — k e r (s )
R oa0i '  = n + 1  \dap i^Pr ) dP 9P p {p R )  Oa] 

Pr  £  £ 7 , P*r  £  £ 8 , Pr  =  0

v l Z i 2 =  Im(s)
kcia/37 =  RoaPp  + T̂pi [pa7(pr?)op  + P/97 (p-fOoa]

Pv> =  P m  =  P v  = 0

v l Z i i  = k e r (t)
R o a P i  — 3(n —1) [S'Q7 (P ^ )o P  P/37  (P-R)oa] 

Pr  £  £ 7 , P*r  £  £8, Pr  =  0

II 1—
1 

3
^ c*+»

koce/37 — R o a P i  + 3(n _ i )  [Pa7(pr?)op <7/37 (P-R)oa;] 

PV" =  P y // =  P V " — 0

v K i RoaPi' — essen tia l pR = p*R =  pR = 0

w R . i i  — k e r (n ) R oapo  =  ~p£' 9ap  PR £  £9, PR £  £ l , P*R =  0

wRi2 =  Im(n) W oapo — R oapo  ~ 9ap  PW  — P w  ~ 0 , p m  £  £2 , TW — 0

wRi R oapo —  essen tia l, pR = p*R =  0 , pR £ £3
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3. Riemannian Curvature Identities in the Basic Classes of Real 
Hypersurfaces of a Complex Space Form

In the sense of [8 ], we give the following

Lemma 3.1. The characterization conditions for the basic classes o f real hy
persurfaces M 2n+1 (pf f ,g ,  g) o f a Kahler manifold in terms o f the essential 
components and essential complex equalities for the fundamental tensors, are
as follows:
• W i: haO = L C

•  W 2: ha(3
i

_  2

• W 4 :
i

“  2

• W6: ha/3
i

“  2

*a00

m
2 n 9otf3

/3a0 ?

i ,

m  =  Tr ft =  0 

L =  0' 0 a/3 5

where L is the Levi form.

Using the relations between the shape operators, we get

Lemma 3.2. The characterization conditions for the basic classes Wit i =  
1 , 2 ,4, 6  with respect to the shape operators A  and A are as follows:
W i : A  =  pA, g ( A X , Y)  =  —{g ® to o p){X, Y), A* =  —(cu o p) ® f  

Tr A  =  0, Tr(„4 o pj  =  0

W2 : A  = —A* — p o A  o p  

or equivalently: poA

— — “ 7 T~ T ’ Tr^l =  0, A v { A o p ) f { )
2n

Aop  =  —  - — —  p ,  Tr A =  Tr h =  — Tr A + v  
2 n

W4 : A  = — A* — p  o A  o p  \  Tr A  — 0, Tr(^l o p) =  0
or equivalently: p o A — A o p  Tr A — Tvh — v

W6 : A  — A* — —p  o A  o p~x, Tr A  — 0, Tr(^l o p) — 0
or equivalently: p  o A  =  —A o p  Tr A  =  Tr h =  a.

Here A* is the operator, g-conjugate to A and Tl> is the codifferential o f  T.

The equation of Codazzi implies:

Lemma 3.3. The essential components o f the covariant derivatives o f the 
shape operator A  and o f the second fundamental tensor h o f a real hyper
surface o f a complex space form M 2n+2(c) satisfy the following equalities:
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i) (VaA)^ — ( V p A ) a — 0 ( V a h ) p c  ~  (V(g/l)Qc — 0, C  6 {7 j 7> 0}>‘

ii) (VaA)p — (V,gA)a = -& ap£, 4=>- (Vah)p0 — (Vph)a0 — - & ap —
c .
2 9̂ap’

iii) (VaA ) 0 — (V0v4)a — — — p Z a — —i - Z a 4=>- (Vah)op ~  (V0h)ap —
c c .

The Gauss equation and Lemma 3.1 imply

Lemma 3.4. Let M 2n+1 g) be real hypersurface o f a complex space
form M 2n+2(c). Then the Riemannian curvature tensor R  satisfies in terms o f 
the essential components the following identities:

q
!■ -̂ ap'yS 2 (dapd'yS T 9p"/9a8̂ ) T hp~/̂ otS h'a'yhpS

c
~  2 (7ri 7r2 )a ^ 7 5  +  hp~fhas — h a lllps

2- Raps5 ha^llpg
3- Rdtp'yS hpryhf^ghf r̂yhpg

4. R apjS hp^/haS h'a~fh'P5
5- Roap"f h'aph'Ô f ha l̂lQp

6 . T^Qa/37 ^ 'a /3 ^ ’07 ^a ^ /^O P

'l• Roap̂ y hf^phy)  ̂ ha l̂lQp
Q

8- RoaPO =  ^ 9aP +  Vflap — h-aÔ-O/3

9- Roapo ^hap ha0h0p.

Using Lemma 3.1, Lemma 3.4 and Theorems 2.1 and 2.2, we express the es
sential components and the decomposition of the Riemannian curvature tensor 
R:

Theorem 3.1. Let M 2n+1 (p, £, 77, g) be in one o f the basic classes W\, W 2, 
W4, W6 o f real hypersurfaces o f a complex space form M 2n+2(c). Then the 
Riemannian curvature tensor R  satisfies the following identities:
• W i:1 c

-Rdtp'yS 2 (T l T" ^"2)otp'yS 1
C

-*K)a/30 ~^9aP  ^ a ^ P  i

ROapO ^a^p
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and M  E hlZn 
• W 2:

(r = c ^ p i ) ® wn ;

R a P ' - f S  —  2 C71"! +  ^2)q/375 +

RaP'yS

Roa/30 ~

m
4 712
c

9 P'y 9a~/ 

9pS 9aS

m \
4 ^ 2n  / ^

/ 2 ( 0  ,  _
4 n 2 9jp9a5 5

and M  E /i7̂ 2 © wt7^n(f =  
W4 :

RapjS

73 _ _**yap'Y S

R-OapO ~

cn
8

2(7T! +  7T2 )ap1s ~  diPda.5 5

dap dpp

daS dpS 
C^ 9ap +  l l / dap

and M  E hlZ2 © wlZi;
• W6 : 1

c 1
Rap-yS ~  2 C71”1 +  7T2)aP'1S ~  ^ (R£9 )a'y(£'£g)pS 5

(^ csO/a  i.R̂ d̂ oL'y 
( A d)ps (£zg)aS

RoaPO ~̂ 9aP J

RoaPO 2 /̂̂ \£(,9 ')ctP

and M  E MZi © hlR,^ © tn7£n(f =  ^p) © tnT^j1.

RaP'yS a
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	F = 0, W0cWi, i = 1,2,..., 12,

	2. Preliminaries

	71 = {Re ©4y*; R(X, Y, Z, U) = -R(Y, X, Z, U) = -R(X, Y, U, Z),

	,WR{x’Y'z'u] = oh



	Y,R(e

	V R(et,X,Y, ipei)


	PR (X, Y) = ij(e,x, Y()=g (Qr(x),y)

	C3:

	3. Riemannian Curvature Identities in the Basic Classes of Real Hypersurfaces of a Complex Space Form
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	i)	(VaA)^ — (VpA)a — 0 (Vah)pc ~ (V(g/l)Qc — 0, C 6 {7j 7> 0}>‘
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