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Abstract.

We propose a new method to compute connection matrices of
quantum Knizhnik-Zamolodchikov equations associated to integrable
vertex models with super algebra and Hecke algebra symmetries. The
scheme relies on decomposing the underlying spin representation of
the affine Hecke algebra in principal series modules and invoking the
known solution of the connection problem for quantum affine Knizhnik-
Zamolodchikov equations associated to principal series modules. We
apply the method to the spin representation underlying the ¢, (gA[(2| 1))
Perk-Schultz model. We show that the corresponding connection ma-
trices are described by an elliptic solution of the dynamical quantum
Yang-Baxter equation with spectral parameter.

§1. Introduction

1.1. (Quantum) Knizhnik-Zamolodchikov equations

Knizhnik-Zamolodchikov (KZ) equations were introduced in [41] as
a system of holonomic differential equations satisfied by n-point corre-
lation functions of primary fields in the Wess-Zumino-Novikov-Witten
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field theory [56, 46, 47, 57, 58]. Although they were introduced within a
physical context, it has since proved to play an important role in several
branches of mathematics. One of the reasons for that lies in the fact
that KZ equations exhibit strong connections with the representation
theory of affine Lie algebras. For instance, they are not restricted to
Wess-Zumino-Novikov-Witten theory and they can be used to describe
correlation functions of general conformal field theories [8] associated
with affine Lie algebras. Within the context of representation theory,
correlation functions are encoded as matrix coefficients of intertwining
operators between certain representations of affine Lie algebras. This
formulation is then responsible for associating important representation
theoretic information to the structure of the particular conformal field
theory. Moreover, one remarkable feature of KZ equations from the
representation theory point of view is related to properties of the mon-
odromies (or connection matrices) of its solutions along closed paths.
The latter was shown in [38] to produce intertwining operators for quan-
tum group tensor product representations.

The interplay between KZ equations and affine Lie algebras also
paved the way for the derivation of a quantised version of such equa-
tions having the representation theory of quantum affine algebras as its
building block. In that case one finds a holonomic system of difference
equations satisfied by matrix coefficients of a product of intertwining
operators [22]. The latter equations are known as quantum Knizhnik-
Zamolodchikov equations, or qKZ equations for short.

The fundamental ingredient for defining a qKZ equation is a solution
of the quantum Yang-Baxter equation with spectral parameter, also re-
ferred to as a R-matrix. Several methods have been developed along the
years to find solutions of the Yang-Baxter equation; and among promi-
nent examples we have the Quantum Group framework [29, 30, 31, 17]
and the Bazterization method [36]. These methods are not completely
unrelated and solutions having U, (gl(m|n)) symmetry [13] are known to
be also obtained from Baxterization of Hecke algebras [11, 14]. The par-
ticular cases Uy (gl(2)) and Uy (gi(1]1)) are in their turn obtained from the
Baxterization of a quotient of the Hecke algebra known as Temperley-
Lieb algebra [55]. Other quantised Lie super algebras have also been

~(2
considered within this program. Solutions based on the Z/lq(gl( )(m|n)),
U, (0sp(m|n)) and Z/{q(o/ﬁ\]J(Q)(m|n)) have been presented in [5, 23, 24].
The latter cases also originate from the Baxterization of Birman-Wenzl-
Murakami algebras [9, 45, 28, 26, 27], as shown in [24].
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1.2. Relation to integrable vertex models

The quantum inverse scattering method attaches an integrable two-
dimensional vertex model to an R-matrix. A well known example is
the six-vertex model, which is governed by the R-matrix obtained as
the intertwiner U(z1) ® U(z2) — U(z2) @ U(z1) of L{q(fsA[(Q))—modules
with U(z) the U, (s1(2)) evaluation representation associated to the two-
dimensional vector representation U of U, (s((2)). The qKZ equations
associated to this R-matrix are solved by quantum correlation func-
tions of the six-vertex model [32]. We will sometimes say that the gKZ
equation is associated to the integrable vertex model governed by the
R-matrix, instead of being associated to the R-matrix itself.

A large literature has been devoted to the study of integrable sys-
tems based on the Lie super algebra g?[(m|n), see for instance [1, 2, 16,
54, 50, 18]. The supersymmetric T-J model is one of the main exam-
ples. T/l’\lC associated R-matrix arises as intertwiner of the Yangian alge-
bra Y(gl(2]|1)). Another example is the g-deformed supersymmetric T-J
model [54, 3] whose R-matrix was firstly obtained by Perk and Schultz
[49]. The relation between the Perk-Schultz model and the Uq(gA[(2|1))
invariant R-matrix was clarified in [54, 42, 3].

1.3. Connection problems

A basis of solutions of the qKZ equations can be constructed such
that the solutions have asymptotically free behaviour deep in a particular
asymptotic sector §. The connection problem is the problem to explicitly
compute the change of basis matrix between basis associated to different
asymptotic sectors. The basis change matrix is then called a connection
matrix.

The connection problem for qKZ equations has been solved in special
cases. Frenkel and Reshetikhin [22] solved it for the qKZ equations
attached to the six-vertex model. Konno [39] computed for a simple
classical Lie algebra g the connection matrices for the qKZ equations
attached to the Uy (g)-intertwiner U(z1) ® U(z2) — U(z2) @ U(z1) with
U the vector representation of U,(g). In both cases the computation of
the connection matrices relies on explicitly solving the two-variable qKZ
equation in terms of basic hypergeometric series.

1.4. The goals of the paper

The aim of this paper is two-fold. Firstly we present a new ap-
proach to compute connection matrices of qKZ equations associated to
intertwiners RV (z1/22) : W (21)@W (22) — W (22) @ W (z1) when the as-
sociated tensor product representation W(z1)®- - -@W (z,) of evaluation
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modules, viewed as module over the finite quantum (super)group, be-
comes a Hecke algebra module by the action of the universal R-matrix
on neighbouring tensor legs [29, 30]. Adding a quasi-cyclic operator,
which physically is imposing quasi-periodic boundary conditions, W®"
becomes a module over the affine Hecke algebra of type A, _1, which we
call the spin representation. The spin representation thus is governed
by a constant R-matrix, which is the braid limit of the R-matrix R" (2)
underlying the qKZ equations we started with. In this setup the qKZ
equations coincide with Cherednik’s [12] quantum affine KZ equations
associated to the spin representation.

The new approach is based on the solution of the connection problem
of quantum affine KZ equations for principal series modules of the affine
Hecke algebra, see [53, §3] and the appendix of the present paper. To
compute the connection matrices of the qKZ equations associated to
RWY (z) it then suffices to decompose, if possible, the spin representation
as direct sum of principal series modules and construct the connection
matrices by glueing together the explicit connection matrices associated
to the principal series blocks in the decomposition.

Secondly, we apply the aforementioned approach to ‘compute the
connection matrices for qKZ equations attached to the U, (gl(2|1)) Perk-
Schultz model. We show that they are governed by an explicit elliptic
solution of the dynamical quantum Yang-Baxter equation. The latter
equation was proposed by Felder [20] as the quantised version of a mod-
ified classical Yang-Baxter equation arising as the compatibility condi-
tion of the Knizhnik-Zamolodchikov-Bernard equations [6, 7].

1.5. Relation to elliptic face models

Felder [20, 21] showed that solutions of the dynamical quantum
Yang-Baxter equation encodes statistical weights of face models. For
instance, the solution of the dynamical quantum Yang-Baxter equation
arising from the connection matrices for the qKZ equations associated to
the six-vertex model encodes the statistical weights of Baxter’s [4] eight-
vertex face model [22, 53]. More generally, for a simple Lie algebra g of
classical type X, and U the vector representation of U,(g), Konno [39]
has shown that the connection matrices of the qKZ equations associated
to the U(g)-intertwiner U(z1) ® U(z2) — U(z2) @ U(z1) are described by
the statistical weights of the Xﬁl) elliptic face models of Jimbo, Miwa
and Okado [33, 34, 35].

We expect that our elliptic solution of the dynamical quantum Yang-
Baxter equation, obtained from the connection matrices for the qKZ
equations associated to the Uq(al(2|1)) Perk-Schultz model, is closely
related to Okado’s [48] elliptic face model attached to gl(2]1).
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1.6. Future directions

It is natural to apply our tecllniques to compute connection matri-
ces when the R-matrix is the U, (gl(m|n))-intertwiner U(z1) ® U(z2) —
U(z2)®@U(z1) with U the vector representation of the quantum super al-
gebra Uy (gl(m|n)), and to relate the connection matrices to Okado’s [48]
elliptic face models attached to gl(m|n). Another natural open problem
is the existence of a face-verter transformation [4] turning our dynam-
ical elliptic R-matrix into an elliptic solution of the (non dynamical)
quantum Yang-Baxter equation with spectral parameter. If such trans-
formation exists it is natural to expect that the resulting R-matrix will
be an elliptic deformation of the R-matrix underlying the Z/{q(gAI(2|1))
Perk-Schultz model. Indeed, for gl(2) it is well known that the connec-
tion matrices of the qKZ equations attached to the six-vertex model is
governed by the elliptic solution of the dynamical quantum Yang-Baxter
equation underlying Baxter’s eight-vertex face model [22, 53]. By a face-
vertex transformation, this dynamical R-matrix turns into the quantum
R-matrix underlying Baxter’s symmetric eight-vertex model, which can
be regarded as the elliptic analogue of the six-vertex model. We plan to
return to these open problems in a future publication.

Outline. This paper is organised as follows. In Section 2 we give the
explicit elliptic solution of the dynamical quantum Yang-Baxter equa-
tion attached to the Lie super algebra gl(2|1). In Section 3 we discuss
the relevant representation theory of the affine Hecke algebra. In 4 we
present our new approach to compute connection matrices of quantum
affine KZ equations attached to spin representations. In Section 5 we de-
scribe the spin representation associated to the U, (5[(2|1)) Perk-Schultz
model and decompose it as direct sum of principal series modules. The
connection matrices of the quantum affine KZ equations associated to
this spin representation is computed in Section 6. In this section we also
relate the connection matrices to the elliptic solution of the dynamical
quantum Yang-Baxter equation from Section 2. In Section 6 we need to
have the explicit solution of the connection problem of quantum affine
KZ equations associated to an arbitrary principal series module, while
[53, §3] only deals with a special class of principal series modules. We
discuss the extension of the results from [53, §3] to all principal series
modules in the appendix.

Acknowledgements. We thank Giovanni Felder and Huafeng Zhang
for valuable comments and discussions.
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§2. The elliptic solution of the dynamical quantum Yang-
Baxter equation

This paper explains how to obtain new elliptic dynamical R-matrices
by solving connection problems for qKZ equations. The starting point
is a constant R-matrix satisfying a Hecke relation. We will describe
a method to explicitly compute the connection matrices of the qKZ
equations associated to the Baxterization of the constant R-matrix. In
pertinent cases we show that these connection matrices are governed by
explicit elliptic dynamical R-matrices.

We shall explain the technique in more detail from Section 3 on-
wards. In this section we present the explicit elliptic dynamical R-matrix
one obtains by applying this method to the spin representation of the
affine Hecke algebra arising from the action of the universal R-matrix of
the quantum group U, (gl(2[1)) on V ® V, with V' the (3-dimensional)
vector representation of U, (gl(2|1)).

2.1. The Lie super algebra gl(2|1)

Let V = Vg ® Vg be a Z/27Z-graded vector space with even (bosonic)
subspace Vg = Cv; @ Cvy and odd (fermionic) subspace Vy = Cvs. Let
p:{1,2,3} — Z/27Z be the parity map

(2.1) pli) = {g i jigm}’

so that v; € V) for i = 1,2, 3.
Let gl(V) be the associated Lie super algebra, with Z/2Z-grading
given by

gl(V)g={Aegl(V) | A(V5)
al(V)r ={Acgl(V) | A(Vg)

and with Lie super bracket [X,Y] := XY —(—1)* Y Y X for homogeneous
elements X,Y € gl(V) of degree X,Y € Z/2Z. Note that gl(V) =~
gl(2|1) as Lie super algebras by identifying gl(V) with a matrix Lie
super algebra via the ordered basis {vy,ve,v3} of V.
For 1 < i,j < 3 we write E;; € gl(V) for the matrix units defined
by
Eij(’l)k) = (5j,kvi, k= 1, 2,3.

The standard Cartan subalgebra b of the Lie super algebra gl(V) is

h:=CEj; ® CEg & CEsgs,
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which we endow with a symmetric bilinear (~, ) :hxbh—Chby

1 if i=je{1,2},
(Eii7Ejj) =< -1 if i=75=3,
0 otherwise.

In the definition of weights of a representation below we identify h* ~ b
via the non degenerate symmetric bilinear form (-, -).

Let W = W5 @ W5 be a finite dimensional representation of the Lie
super algebra gl(V') with representation map = : gl(V) — gl(W). We
call A € b a weight of W if the weight space

WA :={ueW |x(h)u=(h,\)u Yheh}

is nonzero. We write P(W) C b for the set of weights of W.

The vector representation of gl(V') is the Z/2Z-graded vector space
V, viewed as representation of the Lie super algebra gl(V') by the natural
action of gl(V) on V. Note that V' decomposes as direct sum of weight
spaces with the set of weights P(V) = {Ej1, Fas, —FE33} and weight
spaces V[E;;] = Cv; (i =1,2) and V[—E33] = Cus.

2.2. The dynamical quantum Yang-Baxter equation asso-
ciated to gl(2]1)
We present here Felder’s [20, 21] dynamical quantum Yang-Baxter
equation for the Lie super algebra gl(2[1).
Let W be a finite dimensional representation of gl(V) with weight

decomposition
W= @ W
AEP(W)
and suppose that G(u) : W™ — W is a family of linear operators on
W®" depending meromorphically on € h. For € Cand 1 <i < n
we write
G(p+ Bhy) : W& — Wen
for the linear operator which acts as G(u-+£)) on the subspace weli-g
WN@W®M=9 of W More precisely, denote by prf\i) W 5 yen
the projection onto the subspace W®U=1 @ W\ @ W9 along the
direct sum decomposition

wer = @ wei e W e W,
AEP(W)
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Then
Glu+Bh) = 3 Glut BN oy,
AeP(W)

Let R (z;p) : W@ W — W ® W be linear operators, depending
meromorphically on 2 € C (the spectral parameter) and p € b (the
dynamical parameters). Let x € C. We say that RW (x; 1) satisfies the
dynamical quantum Yang-Baxter equation in braid-like form if

RY5 (; po + kha)Rs ( + yi o — kha)RYY (y; p + Khs)

(2.2)
= RY; (yi it — £h1) RS (x + y; p + £h3)RYS (25 1 — khy)

as linear operators on W @ W @ W. We say that R" (z; ) is unitary if
RY (2; ) R (—; ) = Tdyyeo.

Remark 1. Let P € End(W ® W) be the permutation operator and
write

RY (w; 1) := PRY (z; )
with RW satisfying (2.2). Then R"Y (z; 1) satisfies the relation

Ras (w5 + £h)R1S (2 4+ y; 1 — Kha) Ry, (y; i+ kha)

(2.3) ) ! |
= R (y: 1 — wha)RYG (2 + s 1+ kha)RYS (w5 10 — rhy)

which is the dynamical quantum Yang-Baxter equation as introduced by
Felder [21] with dynamical shifts adjusted to the action of the Cartan
subalgebra b of the Lie super algebra gl(V).

2.3. The dynamical R-matrix

We present an explicit elliptic solution of the dynamical quantum
Yang-Baxter equation (2.2) for W = V the vector representation. Fix
the nome 0 < p < 1. We express the entries of the elliptic dynamical
R-matrix in terms of products of renormalised Jacobi theta functions

0(21,...,2:;p) H9 (25p),

oo

H (1—p™m2)(1—p™T1/2).
m=0
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The natural building blocks of the R-matrix depend on the additional
parameter k € C and are given by the functions

0(p2n’py—a:;p) p(%_y)w
0(p¥, p*<—*;p)

9(p2n7y7 piw; p) 2k(z—y)
0(p> ==, p=¥;p) ’

Ay((E) = ’

(2.4)
BY(z) :=

and the elliptic c-function
0(p**+*:p)
2.5 c(z) == pPre 2
25) (@) 0(p”; p)
To write down explicitly the R-matrix
Riz;p) =RY (z;0) : VRV VRV

it is convenient to identify h ~ C3 via the ordered basis (E11, Ea2, E33)
of b,

1E11 + ¢p2F92 + ¢3FE33 <+ ¢ 1= (d1, P2, $3).

Note that the weights {Fi1,FEa,—F53} of V correspond to
{(1,0,0),(0,1,0),(0,0,—1)}.
Recall the parity map p: {1,2,3} — Z/2Z given by (2.1).

Definition 2.1. We write R(z;¢): V@V =V @V for the linear
operator satisfying

O J C) B
R(II},?)’UZ ®UZ - ( 1) C((_l)p(i)x)vl ®/U’L>
R(z;9)v; @ v; = A%~ % (2)v; @ vj + (—=1)PD+P@) BP=%i (1), @ v,
for 1 < i # j <3, with the k-dependent coefficients given by (2.4) and
(2.5).
We can now state the main result of the present paper.

Theorem 2. The linear operator R(x;¢) satisfies the dynamical
quantum Yang-Baxter equation in braid-like form

Riz(x; ¢ + kh3)Ras(x + y; ¢ — kh1)Ri2(y; ¢ + khs)

(2:6) = Ras3(y; ¢ = kh1)Raa (@ + 43 ¢ + wha)Raos (256 — rh),

and the unitarity relation

R(z; ¢)R(*$§@ = Idyez.
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The theorem can be proved by direct computations. The main point
of the present paper is to explain how elliptic solutions of dynamical
quantum Yang-Baxter equations, like R(x; ¢), can be found by explicitly
computing connection matrices of quantum affine KZ equations.

For example,

10 0 0
0 A¥(z) B~Y(x) 0
(2.7) 0 BY(z) A=¥(z) 0
0 0 0 1

is an elliptic solution of a gl(2) dynamical quantum Yang-Baxter equa-
tion in braid form, with = the spectral parameter and y the dynami-
cal parameter, which governs the integrability of Baxter’s 8-vertex face
model, see for instance [4, 22] and [53]. It was obtained in [22] by solving
the connection problem of the qKZ equations associated to the spin-%
XXZ chain. The associated spin representation is constructed from the
Uqy(gl(2)) vector representation.

In the following sections we show that our present solution R(z; ¢)
can be obtained from the connection problem of the quantum affine
KZ equations associated to the uq(§[(2|1)) Perk-Schultz model. In this
case the associated spin representation is V®" with V the U, (gl(2]1))
vector representation, viewed as spin representation of the affine Hecke
algebra by the action of the universal R-matrix on neighbouring tensor
legs [29, 30]. We expect that R(z;¢) is closely related to Okado’s [48]
face model attached to s[(2[1).

Remark 3. With respect to the ordered basis

(2.8) {v1 ® v1, 01 ® V2, V1 QV3, V2 ® V1, V2 @ Va,
Vg ® V3,03 ® v1,V3 @ V2,V3 @ v},

the solution R(z; ¢) is explicitly expressed as

1 0 0 0 0 0 0 0 0
0 AP=%2(z) 0 B?=%1(z) 0 0 0 0 0
0 0 AP1=93(g) 0 0 0 — B~ (g) 0 0
0 B%2(g) 0 A2=%1(g) 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 AP~ (z) 0 —B?s=92(z) 0
0 0 —B*193(x) 0 0 0 APs=91(z) 0 0
0 0 0 0 —B%~%(z) 0 A93=92 () 0
0 0 0 0 0 0 0 0 o(@)

T e(~x)

Note that the dependence on the dynamical parameters ¢ is a 2-dimen-
sional dependence, reflecting the fact that it indeed corresponds to the
Lie super algebra s[(2]1).
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83. Representations of the extended affine Hecke algebra

In this section we recall the relevant representation theoretic features
of affine Hecke algebras.

3.1. The extended affine Hecke algebra

Let n > 2 and fix 0 < p < 1 once and for all. Fix a generic x € C and
write ¢ = p~® € C*. The extended affine Hecke algebra H,,(q) of type
A, is the unital associative algebra over C generated by T1,...,T,_1
and ¢(*! with defining relations

TTia Ty = T T, 1<i<n—1,

T = 1513, li —j] > 1,
(T; —q)(T;+q¢")=0, 1<i<n,

(Cl=1=¢"¢

CT; = Tia G, 1<i<n-—1,
Ty =T ¢

Note that T; is invertible with inverse Ti_1 = T;—q+q~!. The subalgebra

H,(LO)(q) of H,(q) generated by Ti,...,T,_; is the finite Hecke algebra
of type A, _1. Define for 1 < i < n,

(31  Yi=Th TN T T € Halg),

Then [V;,Y;] =0 for 1 <4, <n and H,(q) is generated as algebra by
aY (¢) and the abelian subalgebra A generated by Y;=' (1 <i <n).

The Hecke algebra H,SO) (q) is a deformation of the group algebra of
the symmetric group S, in n letters. For 1 < i < n we write s; for the
standard Coxeter generator of S,, given by the simple neighbour trans-
position ¢ <» i + 1. The extended affine algebra H,(q) is a deformation
of the group algebra of the extended affine symmetric group S,, X Z",
where S, acts on Z" via the permutation action.

The commutation relations between T; (1 < i < n) and Y?* :=
YY) Y (A € Z7) are given by the Bernstein-Zelevinsky cross
relations

Y)\ _ Ysi)\
(3.2) TY* YT, = (g —q ') — 0
1Y, it
Note that the right hand side, expressed as element of the quotient field
of A, actually lies in A.
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3.2. Principal series representations

Let I C {1,...,n—1}. We write S, ; C S, for the subgroup
generated by s; (i € I). It is called the standard parabolic subgroup of
Sy associated to I. The standard parabolic subalgebra Hy(q) of H,(q)
associated to I is the subalgebra generated by T; (i € I) and A. Note
that Hy(q) = A.

Let € = (e;)ier be a #I-tuple of signs, indexed by I, such that ¢; = ¢;
if s; and s; are in the same conjugacy class of S,, ;. Define

Elei={y=(y1, --y7) €EC" | vi — vip1 = 26,k Vi € I}.

For v € E'< there exists a unique linear character X{f : Hi(q) — C
satisfying

X{«/’e(ﬂ) = quei = 6’L'pie,”{» AS I»

(3.3) e . .
Xy (V) =p 7, 1<j<n.

Indeed, (3.3) respects the braid relations, the Hecke relations (7;—q)(T;+
¢~ ') =0 (i € I) and the cross relations (3.2) for i € I and 1 < j < n.
We write C, 1. for the corresponding one-dimensional H 1(¢)-module.
The principal series module M*<(v) for v € EL:¢ is the induced H,,(q)-
module

€ Hn €
Mbe(y) = IndHI((g)) (X,Iy ) = Hn(q) @m,(q) Cyre

We write 7T,Iy’€ for the corresponding representation map and v%>(y) :=
1 ®p,(q) 1 € M'<(v) for the canonical cyclic vector of M*+(y).

To describe a natural basis of the principal series module M7%¢(~)
we need to recall first the definition of standard parabolic subgroups of
Sy,. Let w € S,,. We call an expression

(3.4) W= 8, Siy S

s

reduced if the word (3.4) of w as product of simple neighbour trans-
positions s; is of minimal length. The minimal length r of the word is
called the length of w and is denoted by I(w). Let SI be the minimal
coset representatives of the left coset space S, /Sy, ;. It consists of the
elements w € S,, such that l(ws;) = l(w) + 1 for all i € I.

For a reduced expression (3.4) of w € S,,, the element

Ty = ElTiQ T Til(w) € HT(LO) (q)
is well defined. Set

vhe(y) = mh e (Tu)v'e(7),  we Sk
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Then {v}*(7)}wesr is a linear basis of M*(v) called the standard basis
of MT:<(v).

3.3. Spin representations

Let W be a finite dimensional complex vector space and let B €
End(W ® W) satisfy the braid relation

Bi2BasBia = BazBi2Basz

as a linear endomorphism of W®3 where we have used the usual tensor
leg notation, i.e. Bis = B® Idy and Bz = Idy ® B. In addition, let B
satisfy the Hecke relation

(3.5) (B-q)(B+q ") =0

and suppose that D € GL(W) is such that [D ® D, B] = 0. Then there
exists a unique representation g p : H,(q) — End(W®™) such that

75,0(T3) := Biit1, 1<i<n,
78,p(C) := PiaPas - Po_1 2Dy

(recall that P € End(W ® W) denotes the permutation operator). We
call mg p the spin representation associated to (B, D). Spin represen-
tations arise in the context of integrable one-dimensional spin chains
with Hecke algebra symmetries and twisted boundary conditions, see
for instance [15]. The corresponding spin chains are governed by the
Baxterization

(3.6) RB(2) = Po (81_28)

gt —qz

of B, which is a unitary (i.e., RS (2)”' = RB(z71)) solution of the
quantum Yang-Baxter equation

(3.7) R () RT3 (zy) R35(y) = Ras(y)RY3(xy) Riy(x).

3.4. Quantum KZ equations and the connection problem

We introduce Cherednik’s [12] quantum KZ equations attached to
representations of the affine Hecke algebra H,(¢q). Following [53] we
formulate the associated connection problem.

Let M be the field of meromorphic functions on C*. We write F
for the field of Z"-translation invariant meromorphic functions on C".

Let {e;}?; be the standard linear basis of C", with e; having a
one at the ith entry and zeros everywhere else. We define an action
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o : Sy X Z™ — GL(M) of the extended affine symmetric group S,, x Z"
on M by

(O'(Sl)f) (Z) = f(Zl7 ey Ri—15Ri415 Ris Ri4 2y - - s Zn)7
(O’(T(ej))f) (z) == f(z1,-- -, 2j—1, 25 — L, Zj41, .., 20)

for 1 <i<mn,1<j<mnandf e M, where we have written z =
(#1,...,2yn) and 7(e;) denotes the element in S,, x Z™ corresponding to
ej € Z™. The element § := 51+~ Sp,_25,-17(ey) acts as (0(€)f)(z) =
fza,. o 2,21 — 1),

Let L be a finite dimensional complex vector space. We write o,
for the action o ® Idy, of S,, X Z™ on the corresponding space M ® L of
meromorphic L-valued functions on C".

Given a complex representation (7, L) of H,(g) there exists a unique
family {C7 }wes, xzn of End(L)-valued meromorphic functions CJ on
C™ satisfying the cocycle conditions

Cr, = Crop(u)Ciop(u™?), u,v € Sy X 2",
C;T = IdL,

where e € S, denotes the neutral element, and satisfying

T_*1 — pFiFitig(T;
C;(z):zﬂ(zi) P ult ), 1<i<mn,

gt — qpFiTEm
CE(z) == 7(().

It gives rise to a complex linear action V™ of S,, x Z™ on M ® L by

VT (w) = Chop(w), we S, x 2"
Remark 4. For a spin representation 7g,p : H,(q) — End(W®™),
CTEP(2) = P RE o (p775), 1<i<n

with RB(z) given by (3.6).

Definition 3.1. Let (7, L) be a finite dimensional representation of
H,(q). We say that f € M ® L is a solution of the quantum affine KZ
equations if

Cle @ f(z—e;)=f(z), j=1,...n

We write Sol™ C M ® L for the solution space.
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Alternatively,
Sol" ={feMSQL |V (r(\)f=[f YAeZ'}.

Observe that Sol™ is a F-module. The symmetric group S, acts F°n-
linearly on Sol™ by V7|g, .

In the limit R(z; — z;41) — —o0 (1 < i < n) the transport operators
CT\(z) tend to commuting linear operators m(Y*) on L for A € Z".

The commuting elements Y* € H, (q) are explicitly given by
YA .= p—(pv\)TwO ywokTujol
with wg € 5, the longest Weyl group element and
p=((n—=1)k,(n=3)K,..., (L =n)k)

(see [53] and the appendix).

For a generic class of finite dimensional complex affine Hecke alge-
bra modules the solution space of the quantum KZ equations can be
described explicitly in terms of asymptotically free solutions. The class
of representations is defined as follows. Write w; = e; + -+ + ¢; for
1=1,...,n.

Definition 3.2. Let 7 : H,(q) — End(L) be a finite dimensional
representation.

1. We call (w,L) calibrated if 7r(}~/j) € End(L) is diagonalisable
forj=1,....n, ie. if

L=EPLls|

with L[s] := {v € L|a(Y*)v = p&Nu (A € Z")}, where
s € C"/2n/—1log(p)~1Z™.

2.  We call (w, L) generic if it is calibrated and if the nonresonance
conditions

pE =) g POV e {1 n—1}

hold true for s and s’ such that L[s| # {0} # L[s'].
Set

n—1
Q+ == P Z>o(ei — einr).
=1

We recall the following key result on the structure of the solutions of the
quantum KZ equations.
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Theorem 5 ([43]). Let (w, L) be a generic H,(q)-representation
and v € L[s|. There exists a unique meromorphic solution ®T of the
quantum KZ equations characterised by the series expansion

7T sz) Z 1‘\7‘{' —(az Fg(O):U
a€Q

for R(z; — zi41) < 0 (1 < i <n). The assignment f Qv — fOT (f € F,
v € L[s|) defines a F-linear isomorphism

S™:F®L -~ Sol".

Remark 6. Let (7, L) and (7, L") be two generic H,,(q)-representations
and T : L — L’ an intertwiner of H, (¢)-modules. Also write T for its
M-linear extension M ® L — M ® L. Then

ToS™=S5"oT
as F-linear maps FF ® L — Sol™ since

T(®](2)) = 7,y (2)
for v € Lis].

Let (m, L) be a generic H,(q)-representation. For w € S,, we define
a F-linear map M™(w) : F® L — F ® L as follows,

M (w) = ((57) "'V (w)S™) o oy (w™h).

The linear operators M™(w) (w € S,) form a S,-cocycle, called the
monodromy cocycle of (,L).

If T: L — L' is a morphism between generic H,,(q)-modules (m, L)
and (7', L") then

(3.8) ToM™(w) =M™ (w)oT, wedSI,

as F-linear maps F ® L — F ® L' by Remark 6.

With respect to a choice of linear basis {v; }; of L consisting of com-
mon eigenvectors of the 7(Y*) (A € Z™) we obtain from the monodromy
cocycle matrices with coefficients in F, called connection matrices. The
cocycle property implies braid-like relations for the connection matrices.
We will analyse the connection matrices for the spin representation of
H, (q) associated to the vector representation of U, (gl(2|1)). It leads to
explicit solutions of dynamical quantum Yang-Baxter equations.
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§4. Connection matrices for principal series modules

First we recall the explicit form of the monodromy cocycle for a
generic principal series module M1<(v) (v € E1€), see [53] for the special
case ¢; = + for all 7 and the appendix for the general case. Fix the
normalised linear basis {by }oe s1 of M L€ (5), given by (7.2), specialised
to the GL,, root datum and with ¢ in (7.2) replaced by p. The basis
elements are common eigenvectors for the action of YA (AeZ"). We
write for w € Sn,

(4.1) M™ = > ml(zy)b,  VYmeS!
T1ES]
with mL%%(z;v) € F (as function of z). For w = s; with 1 < i <

n the coefficients are explicitly given in terms of the elliptic functions
AY(x), BY(x) and the elliptic c-function c(x) (see (2.4) and (2.5)) as
follows.

(a) On the diagonal: if o € SI and s,,_;0 ¢ SI then

I 651 Z: €5 M
(4.2) (z7) = e, cle, (zi — zig1))

with ¢, € I the unique index such that s,,_,0c = os;, . If o € S,Il
and s,_;0 € S then

(43) ml €8¢ (Z ’)/) Aot Yo tn—i+1) (Zl — Zi+1).

(b) All off-diagonal matrix entries are zero besides the entries
mb&si (z;7) with both ¢ and s,,_;o in SI, which are given

Sp—i0,0
by
(4.4) mbesi (z4) = Blo= -0 Yo~ =it (2 — 2;41).

Sn—i0,0

For w € S,, we write
(4.5) M5 () = (mg 2 (27)),, o

for the matrix of M’r#e(u}) with respect to the F-linear basis {50}065711.
The cocycle property of the monodromy cocycle then becomes

MO (g ) = MDY (2 )MD Y (e ) Vol €5,

and M-¢¢(z;~) = 1, where the symmetric group acts by permuting the
variables z. As a consequence, one directly obtains the following result.
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Proposition 7. The matrices (4.5) satisfy the braid type equations
M (25 ) M4 (525 7)MD ™ (51415023 7)

(46) I,e,s; I,e,s; 1,e,s;
= MO (25 ) MO (554025 )M (85834125 7)

for 1 <i<n—1 and the unitarity relation
(4.7) MESi (z; 4 )M (5,2;7) = 1
for1 <i<n.

In this paper we want to obtain explicit elliptic solutions of dynam-
ical quantum Yang-Baxter equations by computing connection matrices
of a particular spin representation (WB,D,W®"). To relate M™5-2 (s;)
to elliptic solutions of quantum dynamical Yang-Baxter equations act-
ing locally on the ith and (i + 1)th tensor legs of W™ one needs to
compute the matrix coefficients of M™5.P (s;) with respect to a suitable
tensor product basis {v;, ®- - - ®wv;, } of W™ where {v;}; is some linear
basis of W.

The approach is as follows. Suppose we have an explicit isomorphism
of H,(¢q)-modules

(48) T - W@n L> @Ml(k)’e(k) (’Y(k))
k

Writing 7(%) for the representation map of M ('y(k)) we conclude
from Remark 6 that the corresponding monodromy cocycles are related
by

(4.9) M52 (w) = T~ o (@ M (w)) oT
k

as F-linear endomorphisms of FF ® L. If {v;}; is a linear basis of W and
{vi, ® -+ @ v; } the corresponding tensor product basis of W™, then
in general T' will not map the tensor product basis onto the union of the
linear bases {Eg}gel<k) of the constituents M1 " (y*)) in (4.8). Thus
trying to explicitly compute M52 (s;) with respect to a tensor product

“ (s;) with respect

basis, using (4.9) and using the explicit form of M™
to {gg}aeﬂk), will become cumbersome.

The way out is as follows. As soon as we know the existence of an
isomorphism (4.8) of H,,(g)-modules, we can try to modify T to obtain

an explicit complex linear isomorphism

Twen = @m0
k



Connection matrices of ¢KZ equations and Lie super algebras 173

(not an intertwiner of H,(g)-modules!), which does have the property
that a tensor product basis of W®” is mapped to the basis of the di-
rect sum of principal series blocks consisting of the union of the bases
{bg}aesﬁ(k). As soon as T is constructed, we can define the modified

monodromy cocycle {M7™5.7 (w)}pes, of the spin representation 75 p by

M”BvD(w) =T 1 (@ M”(k)(w)) oT, w e Sy,
k

(clearly the M™s.2(w) still form a S,-cocycle). Then the matrix of
I\\]I”B’D(si) with respect to the tensor product basis of W®" will lead
to an explicit solution of the dynamical quantum Yang-Baxter equation
on W ® W with spectral parameters.

We will apply this method for the spin representation associated to
the Uq(gT[(Q\l)) Perk-Schultz model in the next section.

Remark 8. The linear isomorphism T in the example treated in the
next section is of the form

T = (@G(k)) oT

k

with 7' an isomorphism of H,(q)-modules and with G(*) the linear

automorphism of MZ" " (7)) mapping the standard basis element

vé(k)’e(k) (v*)) to a suitable constant multiple of b, for all o € STILUC).

§5. The spin representation associated to gl(2|1)

Recall the vector representation V = Vg5 @ Vg with Vj = Cvy @ Coq
and V; = Cus of the Lie super algebra gl(V) ~ gl(2|1). The vector
representation can be quantized, leading to the vector representation
of the quantized universal enveloping algebra U, (gl(2|1)) on the same
vector space V. The action of the universal R-matrix of U, (gl(2|1)) on
V ® V gives rise to an explicit solution B : V@V — V ® V of the
braid algebra relation (3.3). With respect to the ordered basis (2.8) it
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is explicitly given by

(5.1)

¢ 0 0 00 0 0 0 0

0 g—qt 0 10 0 0 0 0

0 0 qg—q¢g* 00 0 -1 0 0

0 1 0 00 0 0 0 0
B:=10 0 0 0 ¢ 0 o o o |,

0 0 0 00 g—qg' 0 -1 0

0 0 -1 00 0 0 0 0

0 0 0o 00 -1 0 0 0

0 0 0 00 0 0 0 —q!

see [11, 14] (we also refer the reader to [40, 59]). It satisfies the Hecke
relation (3.5).
The Baxterization R5(2) of B gives

(5.2)
a(z) 0 0 0 0 0 0 0 0
0 b(z) 0 ci(z) 0 0 0 0 0
0 0 —b(z) 0 0 0 cy(2) 0 0
0 c_(2) 0 b(z) 0 0 0 0 0
RE(z)=| 0 o0 0 0 a(z) 0 0 0 0
0 0 0 0 0 —b(z) 0 cr(z) 0
0 0 c_(2) 0 0 0 —b(z) 0 0
0 0 0 0 0 c_(2) 0 —b(z) O
0 0 0 0 0 0 0 0 w(z)
with
-1
q " —qz 1—=2
= — b(z) = ———
o) = LB b= A
—1 —1
' —q (g =q)z
R E A

and w(z) = Z:Z:qz. Note that P o B can be re-obtained from R5(z)
by taking the braid limit 2 — oco. The same solution RP(z) is among
the ones found by Perk and Schultz through the direct resolution of the
quantum Yang-Baxter equation (3.7), see [49]. It can also be obtained
from the Uq(gT[(2|1)) invariant R-matrix with spectral parameter, see for
instance [11, 14, 37, 10, 13, 60]. Due to that the associated integrable
vertex model is commonly refereed to as U, (5[(2| 1)) Perk-Schultz model.
Also, it is worth remarking that R5(z) gives rise to a g-deformed version

of the supersymmetric T-J model [54, 3].
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Remark 9. We have written the R-matrix (5.2) in such a way that it
satisfies the quantum Yang-Baxter equation with standard tensor prod-
ucts. In order to make the gradation of V' explicitly manifested, and
thus having a solution of the graded Yang-Baxter equation as described
in [38], we need to consider the matrix R® := P, P RB where P, stands
for the graded permutation operator.

Remark 10. Due to small differences of conventions and grading,
one also needs to consider a simple gauge transformation in order to
compare (5.2) with the results presented in [11, 14, 13, 60].

Consider the linear map Dy : V. — V for a three-tuple ¢ :=
(¢1, ¢2, ¢3) of complex numbers, defined by

Dy (v;) = p~ i, 1=1,2,3.

It satisfies [Dy ® Dy, B] = 0. We write 754 : H,(q) — End(V) for the
resulting spin representation TB,Dy- a

We are interested in computing the connection matrices of the quan-
tum affine KZ equations associated to the spin representation 73 4. With
this goal in mind we firstly decompose the spin representation explicitly
as direct sum of principal series modules.

Let

Kni={a:=(,...,a,) | &y €{1,2,3}}

and write v 1= V4, @ Vg, @ - @y, € VO™ for a € K,,. We will refer
to {Vatack, as the tensor product basis of V®". Next write

Tn i ={r=(r1,ra,73) € 2320 | 11 + 7o+ 13 =n}.

Write /C,, [r] for the subset of n-tuples o € KC,, with r; entries equal to j
for j = 1,2, 3. For instance,

(5.3) a = (3,...,3,2,...,2,1,...,1) € K,[r]
—— Y~ —

T3 T2 T1
Write (V&™) := span{v,, | a € K,[r]}, so that
ver = B (vVen),.
reJn

Lemma 11. (V®"), is a H,(q)-submodule of the spin representa-
tion (7,4, VE™).

Proof. This follows immediately from the definition of the spin
representation and the fact that [Dg® Dy, B] =0 for all § € C3. Q.E.D.
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The permutation action a — wa of S,, on K, [r], with wa defined by
(wa); := ayy-1(;) for 1 <4 < n, is transitive. The stabiliser subgroup of
o) (see (5.3)) is S, ;o) with

I® = {1,...,n—1}\ ({rs,ra+7r3}n{l,...,n—1})
For instance, if 1 < r3,ry + 13 < n then

I(r):{1,...,’[“3—1}U{T‘3—|—1,...,T‘3—|—T2—1}
U{r3+r2+1,...,n71},

while 7 = {1,...,n — 1} if r; = n for some j. The assignment w
wa ™) thus gives rise to a bijective map

2SI = K.
Tts inverse can be described as follows. For o € K,,[r] and j € {1,2,3}
write A A _
1<k <k < <@ <

for indices k such that ap = j and denote

< 1 e T3 r3+1
Wq = a,(3) a,(3) a,(2)
k T k
(5'4) 1 3 1
rg+1ry T3+ro4+1 - n cs
k%(?) k:?’(l) . k;?l’(l) n
in standard symmetric group notations. Note that waa™ = «. In

addition, w, € S,Il(r) since
Hwgsi) > l(wy) Viel®,
which is a direct consequence of the well known length formula
(5.5) Ww) =#{@,5) [1<i<j<n & w(i)>w(j)}
It follows that
(E(r))_l(a)zwa, VaeC,lrl.
Let ¢*) = {egr)}iel(r) be given by

. . i<
6():—{ 17 T3

‘ + else,
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and define ry(r) c B e® as
0+ ds + 2in, —

’yl(r) = (r)+d)2—2(z_7n3) i T3<i§r3+r2’

(r)+¢1_2(l_r2_7'3) if 73472 <i<n,

Wlthn € C (j =1,2,3) given by

" = —rv/=TIrslog(p) ' + (r1 + s,
(5.6) (”) = —mV/~1rzlog(p) " + (ra + D,
<”) = —mV/=1(n—1)log(p) " — (r3 + 1)x.

Proposition 12. Letr € J,. For generic parameters, there exists
a unique isomorphism

w(r) : M](r) e

(7)) = (V)
of H,(q)-modules mapping the cyclic vector pl et (v™) to
= ®r3 ®v§®72 ®v®” c (V®n) .

a(‘"

()
Furthermore, for w € SL™ we have

(5.7) R A CL G VAR
with
(5.8) ()= #{(04) |1 <5 <rs<i<n&wi) <w()}

Proof. From the explicit form of B it is clear that
_ _(r) ™ ()
(5.9) 7T57£(Ti)va(r) = Biﬂj.}rlva(r) =€ q“ Vo Vie I,

()
Next we show that WB,Q(Y}')VQ(Q =p % vom for 1 < j < n. By the
explicit expression of v the desired eigenvalues are

(_1)n+1q2i—r3—1p—¢3 if 4 < Ts,
()
p = (—1)T3qT2+2(r3 D)Hly=da if r3<i<rg+ry,
(—1)ragrit2ratra=i)tl,—d1 if 7341y <i<n.

We give the detailed proof of the eigenvalue equation for 1 < j < r3, the
other two cases r3 < j < r3+ 71y and r3 + ro < j < n can be verified by
a similar computation.
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Since j < r3, by (3.1) and (5.9) we have

75,6 (Vi)Vaw = (=4~ ) " 'mp6(T; 2 - Ty (Tuer -+ T Voo
Since B(vs ® vg) = —vg ® v3 we get
5,6(Yj) Vot =(=1)" (=g~
X 775,¢(T TN Ty Tryiry)u
with u := v®(T‘°’ 2 @v5"™ @uz@vP™. Then B(vz ®@v;) = —v; @3 gives

WB,Q(Y})VQ(M — (_1)r2+7-1 (_q_l)ra_jWB,Q(T]ill . Tflg)w
= (1) (=g ) T gamp (T, - T ) Vam
with w = 05" ) @092 @ ¥ @ vs. Finally, using (5.9) again we find

)
T8,6(Yj)Vaw = (=1)2F (=g~ )3 " ggv ) = p7 1 Vo

as desired.
Consequently we have a unique surjective H,(q)-intertwiner

¢(!‘) . MI(Y')7€(r) (’y(r)) . Hn(q)va(r) C (V®n)r

mapping the cyclic vector ol e (™)) to v . To complete the proof
of the proposition, it thus suffices to prove (5.7).
Fix a € IC,,[r]. We need to show that

v) (I O (p w
Y )( I (v ( ))) - (_1)n( v,

For the proof of this formula we first need to obtain a convenient re-
duced expression of w,. We construct an element w € waSi(r) (i.e., an

element w € S, satisfying wa*) = a) as product w = 84,85, S5,
of simple neighbour transpositions such that, for all u, the n-tuple
SjuirSiuga - 55,0 is of the form (8Y,...,8%) with 8% > B¢ . This

can be done by transforming a(*) to a by successive nearest neighbour
exchanges between neighbours (5, ') with 8 > ’. Then it follows that
l(w) = l(wa), hence w = w,. From this description of a reduced ex-
pression of w, it follows that the number of pairs (3} , B, +1) equal to
(t,5) is #{(1,7) | k" <k O} forall 1 <s <t <3.

Since Buz®vy = —v1 ®vz, Bug®@us = —v92 Qw3 and Bua®@vy = v1 Qg
we conclude that

0O (), (1) = 7 6TV = (~1)v
with n(w) given by (5.8). Q.E.D.
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Lemma 13. Let 1 <i<n and o € K,[r].

(a) Sn—iWq € STIL(Y) Zf and Only lf On—j 7£ Apt+1—i4-

(b)  If sp_ijwy € S{L(r> then l(sp—iwq) = l(we) + 1 if and only if
Qp—j > Opjl—i-

(¢) If sp_iws & S,Il(r) then iy, € {1,...,r3 — 1} if and only if
Qp—i = 3 (recall that iy, € I™) s the unique index such that
Sp—ile = WaSi, ).

Proof. The lemma follows directly from the explicit expression
(5.4) of w, and the length formula (5.5). Q.E.D.
§6. The elliptic R-matrix associated to gl(2|1)

6.1. The modified monodromy cocycle
By Proposition 12 we have an isomorphism

T Ve s @ M ()
reJn

of H,(¢g)-modules defined by
T(Vwa(r>) — (_l)n(w)%}(r)’em (’y(r)), YV e STILm’ VreJ,.

Write 58) for the basis b, element of MIT e () as defined in Sec-
tion 4, where w € S,Il(r). Let G™) be the linear automorphism of
M (7)) defined by

GO () =B, vwe s

and write

T .= (@ G(r)) oT VO @ ]\41(r)’€(r> (’Y(r))-

reJ, reJn
T is a linear isomorphism given explicitly by
T(Vopaw) = (1)@ vuwe SI” vre g,
Set

(6.1) M0 () =T o (EB M (u)) oT € End(V®")
rcJn
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for u € S,,, with 7™ the representation map of M1 <"’ (v™)). Then it
follows that

(62) M EP(u)vg= 3 (=L))o 0y

Wa ,WE
€, [r]

for 8 € K,[r] and v € S,. Using the expressions of the connection
() )
coefficients mfu s (z;7™)) (see (4.2), (4.3) and (4.4)) we obtain the

’
,Ww

following explicit formulas.

Corollary 14. Letr € J, and 1 < i <n.
(a) For = (B1,...,0n) € Kplr] with By—; = Bnt1—i we have

Yo v Zf ﬁn—i € {1a2}7
MTs.P (Si)VB = c(zi—zit1) . 3
T e(riri—=) VB if Bn-i = 3.
(b) For 8= (P1,...,0n) € Kyr] with Bp—; # Bny1—i we have

— Ay
MWB’D(Si)VB — A wg (n—1i) wg (n—i+1) (Zi _ Zi+1)vﬁ
'Y(rll LT (rl1 .
(=1 s s B 00 TS

Proof. (a) is immediate from the remarks preceding the corollary.
(b) If By—i # Pnt+1—i then s,_;wg € Si(r) by Lemma 13, hence s,,_;wg =
w,, for some v € K, [r]. Then

v =350 (s,,_wp) = (sn_swg)a® = s,_;,
hence s,,_;wg = ws, ,3. Using the fact that
n(ws) = #{(r.s) | k7 <kDPO}+ #{(r,9) [ k2O < k7O
we obtain
(_l)n(w/s)Jrn(wsn_m) = (=1)%n—i:3F08np1 i
if Bh—i # Bny1—i- The proof now follows directly from the explicit
expressions (4.2), (4.3) and (4.4) of the connection coefficients. Q.E.D.

6.2. Finding R(x;¢)

In this subsection we fix n = 2 and focus on computing the modified
monodromy cocycle of the quantum affine KZ equations associated to
the rank two spin representation 75 4 : Ha(q) — End(V®2). It will lead
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to the explicit expression of the elliptic dynamical R-matrix R(z; ¢) from
Subsection 2.3. -

From our previous results we know that the rank two spin represen-
tation V®2 splits as Ho(g)-module into the direct sum of six principal
series blocks

Ve = P V),

reJ>
=(V®) 200 ® (V) 0,20 @ (V¥) 0,02
2 (V®2)(1,1,0) S2) (V®2)(1,O,1) S2) <V®2)(0,1,1)7

where the first three constituents are one-dimensional and the last three
two-dimensional. Write s = s; for the nontrivial element of Ss.

Lemma 15. Forn = 2 we have M’TsvD(s) = R(z1 — 22;9) as linear
operators on' V@ V.

Proof. This follows by a direct computation using Corollary 14.

For instance, in the 9 x 9-matrix representation of R(x; @ the first, fifth
and ninth column of R(z;¢) arise from the action of M75.2(s) on the
one-dimensional constituents (V®2) 0.0y, (V%) (0.2,0) and (V¥%)(0,0.2)
respectively, in view of Corollary 14(a). The second and fourth columns

correspond to the action of M™5.0 (s) on
(V) (1,1,0) = span{vi ® va, v ® v1},

in view of Corollary 14(b). Similarly, the third and seventh column
(respectively sixth and eighth column) corresponds to the action of
M™5.2(s) on the constituent (V®2)( o1y (respectively (V®2)q 1 1))

QED.
Corollary 16 (Unitarity).
R(z;9)R(—x;¢) = Idyee.
Proof.  This follows from (4.7) and (6.1). Q.E.D.

6.3. The dynamical quantum Yang-Baxter equation

Next we prove that R(x; ¢) satisfies the dynamical quantum Yang-
Baxter equation in braid-like form (see Theorem 2) by computing the
modified monodromy cocycle of the quantum affine K7 equations associ-
ated to the spin representation 75,4 : H3(¢) — End(V®3) and expressing
them in terms of local actions of %(x,@ So in this subsection, we fix
n=3.
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Let ¥ e C3 for j = 1,2,3 and let Q(¢) : V® — V3 be a

family of linear operators on V2 depending on ¢ € C3. We use the
notation Q(¢ +iz) to denote the linear operator on V3 which acts on
the subspace V(=Y @ Cv; @ VEGB~) as Q(¢ + V) for 1 <i,j < 3.

Lemma 17. Let n = 3. For the simple reflections s1 and sy of Ss
we have

Mﬂg,D(Sl) = R23(Zl — 2’2;? + i(ﬁ?)l)7

(6.3) — ~
MT™5P (s9) = Ria(22 — 233 ¢ + ¥(—K)3)

as linear operators on V3, where

(705703 77T\/j110g(p)71) Zf Jj=1
64 U9 ={0 0 -/ Tlos)) i j=2.
0,0, a) if j=3.

Proof. The proof of (6.3) is a rather long case by case verification
which involves computing the action of the left hand side on the tensor
product basis elements using Corollary 14. As an example of the typical
arguments, we give here the proof of the first identity in (6.3) when
acting on the tensor product basis vectors v; ® v3 ® vy and ve ® V3 ® vs.
This will also clarify the subtleties arising from the fact that V®3 has
multiple principal series blocks,

VO3 — @ (V®3)r-

reJs

Consider the tensor product basis element v; ® v3 ® vo. Note that
V1 ® V3 Q vy = V3 S (V®3)(1’171)

with 3 := (1,3,2) € K3[(1,1,1)]. Note that 1M1 =, (L1 = ()
(1 2 3
Ws=\2 3 1
(1,1,1

NCERIN (77:(»,1’1’1) +ds+ ZH,nél’l’l) + g — 2,7t ) Ly — 2k)
= (=27 —1log(p) ™t + ¢3,
— my/~1log(p) ' + ¢, —mv/~Llog(p) ' + ¢1).

and
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Consequently,

11,1 1,1,1 1,1,1 1,1,1 _
7(—1 ) 7’7(71 ) :'Yi )775 ):¢3*¢2*7ﬂ/*110g(p) L
wg " (2) wg(3)

Hence Corollary 14(b) gives

M™5.D (s1)(v1®v3 ®wg) = M™5.D (s1)vg
= Ata—de=mV/=Tlog(®) " () _ 29)Vg
— B2V Tlos () () o)y, g
=01 @R(21 — 220 + E(l)(n))(v;; ® v2),
which proves the first equality of (6.3) when applied to the vector v; ®
V3 X Va.
As a second example, we consider the validity of the first equality
of (6.3) when applied to vo ® v3 @ V3 = v, € (V®3)(0’2)1), where o =
(2,3,2) € K3[(0,2,1)]. This time we have 1021 = {2} 021 = {41

/1 2 3
Wa=19 1 3
(0,2,1

A(0:2.1) — (n§0’2’1) + @3 + 2/%,7750’2’1) + @2 — 2K, 1), )+ ¢2 — 4K)
= (—2mv—1log(p)~" + ¢s,
— mv/=1log(p) ™" + ¢2 + K, —mv/—1log(p) " + ¢2 — k).

and

Hence

vfﬁ’g) - quoﬁ’(?) = 702N 02D — g gy — v/~ Tlog(p) ! + k.

Therefore, Corollary 14(b) gives

M’“B'D(sl)(vg@m ® vy) = M”BWD(sl)Va

= A®s—t2=mVTlog(0) R (4 o)y

_ B¢3—¢2—7r\/—7110g(p)71+m(21 — )

VSQOL
= vy @ R(z1 — 22,0 + E(Q)(K))(US ® va),
which proves the first equality of (6.3) when applied to the vector v ®

v3 ® vo. All other cases can be checked by a similar computation.
Q.E.D.
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Corollary 18. The linear operator R(x; ¢) : V? — V©? satisfies

Ria(2;6 + W (—k)3)Raz(@ + 13 6 + W (k)1)Raz(y; ¢ + ¥ (—k)3)
= Ras(y: ¢+ U(k)1)Raz(a + y: ¢ + U(—r)3)Raz(z; ¢ + U(k)1)

as linear operators on V&3,

Proof. The braid type relation (6.5) is a direct consequence of
(6.3) in view of the cocycle property of the modified monodromy co-
cycle {M™8:2 (u)}yes, (cf. (4.6) for the unmodified monodromy cocycle).

Q.E.D.

We are now ready to obtain the proof of Theorem 2. It suffices to show
that R(z; ¢) is satisfying the dynamical quantum Yang-Baxter equation
(2.6) in braid-like form. We derive it as consequence of (6.5).

First of all, replacing ¢ in (6.5) by ¢ + (0,0,7v/—1log(p)~!) we
conclude that B B

Ria(w; ¢ + B(—r)3)Ros(z +y; ¢+ P(k)1)Ri2(y; ¢+ D(—k)3)

6.6 N N ~
(66) = Ra3(y; ¢ + (k)1)Ri2(x + y; ¢ + (—k)3)Roz(x; ¢ + L(k)1)

with respect to the shift vectors

<—Oé,0,0) if .7: 1a
(6.7) 9 (a) :={ (0,—a,0) if j=2,
(0,0, + m/—11log(p)~1) if j=3.

Now note that the dynamical quantum Yang-Baxter equation (2.6) is
equivalent to the equation

Ria(2;6 + E(—r)3)Raz(@ + 35 6 + Z(k)1)Ri2(y; ¢ + E(—r)3)

6.8 . ~ ~
05 = Ra3(y; ¢ + E(k)1)Ria(x + y; ¢ + E(—k)3)Raz(2; 0 + E(k)1)

with shift vectors

(=, 0,0) it j=1,
E9V(a) =4 (0,~0a,0)  if j=2,
(0,0, ) if j=3.

So it remains to show that the mv/—1log(p)~! term in <I>§3)(a) may
be omitted in the equation (6.6). Acting by both sides of (6.6) on
a pure tensor v; ® v; ® vy, the resulting equation involves the shift

@g?’) () only if two of the indices i, j, k are equal to 3. In case (i, J, k) €
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{(1,3,3),(3,1,3),(3,3,1)} the dependence on the dynamical parameters
is a dependence on

(614 @1 (£5)) = (@5 + 57 (£8)) = ¢1 — 63 F 1 — m//~ T log(p) ™.

Thus replacing ¢3 by ¢3 — mv/—11log(p) !, it follows that the equation

is equivalent to the equation with @ég)(a) omitted. A similar argument
applies to the case

(i’j7 k) 6 {(27 37 3)’ (37 273)7 (37 3’ 2)}'

This proves (6.8) and thus completes the proof of Theorem 2.

§7. Appendix

The computation of the connection matrices of quantum affine K7
equations associated to principal series modules in [53, §3] only deal with
principal series modules M7¢(v) with ¢; = + for all i. We describe here
the extension of the results in [53, §3] to include the case of signs ¢;
(¢ € I) such that ¢; = ¢; if s; and s; are in the same conjugacy class of
Sy, 1. Following [53] we will discuss it in the general context of arbitrary
root data.

We forget for the moment the notations and conventions from the
previous sections and freely use the notations from [53, §3.1]. In case of
GL(n) initial data, these notations slightly differ from the notations of
the previous sections (for instance, our present parameter p corresponds
to ¢ in [53]). At the end of the appendix we will explicitly translate the
results in this appendix to the setting and conventions of this paper.

Fix a choice of initial data (Rg, Ag, e, A, A) (see [53, §3.1] for more
details) and a subset I C {1,...,n}. Write Wy for the finite Weyl group
associated to Rg and Wy C Wy for the parabolic subgroup generated
by s; (i € I). Fix a #I-tuple € = (¢;);er of signs such that ¢; = ¢; if s;
and s; are conjugate in Wy ;. We write

EL:={y € Ec | (@i,7) = ¢i(Ra, + Faa,) Viel}

with E¢ the complexification of the ambient Euclidean space E of the
root system Ry. The definition [53, Def. 3.3] of the principal series
module of the (extended) affine Hecke algebra H,, (k) now generalises as
follows,

MDe(y) = IndH('(Q))((CXé,E), v € EL*,
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with Xi‘ : Hr (k) — C being the linear character defined by

X,IY’E(TZ-) = ;g ", 1e1,
XoeyY) =g, veA.
We write M(v) for MT:¢() when I = (.

We now generalise the two natural bases of the principal series mod-
ules. Fix generic v € Eé’e. For w € Wy set

v (7) = T Oy () Cyr.c € MI(7).

Note that vL<(y) = x2<(T,)vl<(y) if w = wo with u € W and v € Wy ;.
We write vy, (y) for vf¢(y) if I = 0. Let ¢ : M(vy) — M"¢(v) be the
canonical intertwiner mapping v, () to v1¢(y) for w € Wy. Then [53,
Prop. 3.4] is valid for M1+¢(v), with the unnormalised elements 2™ ()
replaced by

by (y) = oL (AL (Mve(wThy)),  w e W

Indeed, as in the proof of [53, Prop. 3.4], one can show by a direct
computation that

SL (AL (Y v, (s7)) =0, VT €Wy

if i € I and ¢; € {£} (despite the fact that the term Dg, () appearing
in the proof of [53, Prop. 3.4] is no longer zero when i € I and ¢; = —).
Similarly as in [53, §3.2], the normalised basis {b2*, ()}, ey of MT<(7)
can be defined by

b (7)== Dyer (7) 710N (), o e W,

see [53, Cor 3.6].

Following [53, §3.4] we write, for a finite dimensional affine Hecke
algebra module L, V¥ for the action of the extended affine Weyl group
W on the space of L-valued meromorphic functions on E¢ given by

(VEw)f)(z) = C(2) f(w™'2), weW

for the explicit W-cocycle {CL}, e as given by [53, Thm. 3.7]. Chered-
nik’s [12] quantum affine KZ equations then read

VETO)f=f  VA€EA,
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see [53, (3.7)] in the present notations. In the limit that R((c, z)) — —o0
for all o« € Ry, the transport operators Cf()\) (z) tend to w(Y?) for A € A,
where 7 is the representation map of L and

V= ¢ 0T, YrorT

with wg € Wy the longest Weyl group element.
An F-basis of solutions of the quantum affine KZ equations

(VMO () F) () f(z), YAeR

for M1+¢(~)-valued meromorphic functions f(z) in z € E¢ (see [53, Def.
3.8]) is given by

O (2,7) == L (Ag1 (1)BY,(2(2,07))) o €W

for generic vy € Eé’e, where we freely used the notations from [53, §3]
(in particular, (b}’,y is the linear isomorphism from V = @, cy, Cow
onto M (o) mapping v, to v,(o7y) for w € Wy, and ®(z,7) is the
asymptotically free solution of the bispectral quantum KZ equations
from [53, Thm. 3.10]). The characterising asymptotic behaviour of
&1, (2,7) (0 € W) is

(7.1) ¢£-751(Z;’y) _ q(wop—w(W%Z) Z F{',e,'y(a)q—(ayz)
aEQ4

if 91%(( )) < 0 for all o € R , with Q4 = ZZOR(J{ and with leading
coeﬁiment

7 € € I,e
bs ::f‘é’ 7(0) = CStZW{/ (Twy)b, 55 (7),

(Pp—07)
(72) esty =T ([T (a2 ia2) ),

S(o7) acRF
where 77#6 is the representation map of M%<(v), see [53, Prop. 3.13].
Note that

T (Y Mby = g~ A Twor ), YA€ A

For generic v € Eé’e, there exists unique mﬁf;ﬁé(gy) € F (o0 € Wy,
1,72 € W{) such that
I,e
(73) VMO0l () = Y mE () ()
7'1€W0
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for all o € Wy and 71 € W{. The connection matrices
I,e,0 N I.e,0
M (a')/) T (m71772(.’7))71,7'2€W01’ (S WO
satisfy the cocycle properties
M9 (7,7) = MDY (2, 7) M (5712, )

for 0,0’ € Wy, and M1¢(z,~) = Id. Now [53, Thm. 3.15] generalises
as follows.

For ¢ € {1,...,n} we write i* € {1,...,n} for the index such that
o+ = —woay, where wg € Wy is the longest Weyl group element. The
elliptic c-function is defined by

0(aaqxabaqmacaqmadaqz;q ) L (kat )
7.4 Col) = - a qua FaTh,(1))T
(74) (@) 0(q**; ¢2)
for a € Ry, where {aq,bqa,Ca,ds} are the Askey-Wilson parameters, see
[53, §3.1].

Theorem 19. Fizx a generic v € Eé’e satisfying in particular the
generic conditions -
q2(67’y) ¢ qu

for all B€ Ry. Let o € W{ andi € {1,...,n}. If sp~m0 ¢ W{ then
Ca, (@i, 2))

2 Ca,(€ir (@i,2))

I,E 84
me (2,7) = 0ry 7y €ix

s VTl S WOI,
with iy, € I such that s =75 (e ). If si=mo € W thenm5i (-, )
0 if 71 & {72, 8i+T2} while
I.e,s; Gy ((ai’ Z)7 (&l* ’ 7—27)) B ECW ((&1" ) 7—27)7 (aiv Z))
o (z,y) = —
’ eai((ai*aTQ’y)v _(aivz))
I,e,s; ( ’Y) eal((Oé ) *(ai*;TQ’Y))
§i% T2,T2 I eal((a w TQ’Y) (ai7 Z)) 9

with the functions ¢ (z,y) and ¢o(x,y) given by
1
m

m

)

(m y) =q 7 51 (Katr2a—T)(katr, (1) —Y)

y 0(30q, 00, Caq’, dag?™" [da; q2)
0(q?, daq=";¢2) ’

(katr, 1) =) (Katr2a—Y)

~ __1
ea($7y) =q e
y 0(a0q?,bag?, caq’, dug? " aq; ¢2)

0(q*, dug=";¢2)
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Here {Zia,ga,ga,c?a} are the dual Askey-Wilson parameters, see [53,
§3.1].

Proof. Repeating the proof of [53, Thm. 3.15] in the present gen-
eralised setup we directly obtain the result when 7 € W{ satisfies
SixTy € WOI. If 510 & WOI then the proof leads to the expression

m‘ll_;e);s; (Z7 fY) = 57’1,7’2”3—;,7—2 (z,7)7 T1 € W({

with
Ca; ((ai7 Z)7 <&i12 ) ’7)) - Eai (<&i2‘.2 ’ ’7)7 (ai7 Z))
Eai((ai%?’y)v_(aiaz)) .

nf—;,‘rz (Z’ ’7) =
So it suffices to show that

. ( ) {1 lf 67;: = +7
N, ., \2,7) = co,; ((@i,2)) if €. ’ =
e (o) ifei;, ==

if s;«m2 & Wd. The case €, = + is proved in [53, Thm. 3.15] by
applying a nontrivial theta-function identity. If €z, = — then

eaqﬁ((aia Z)v (&i%:'}/)) = eai((ai’ Z)’ _%&i - %2&«;) =0,

hence
vy Fo(@z, ). (002
e b, (@rr, ), —(@1,2))
_ ¢, (—Fa, — Kaa,, (i, 2)) _ Ca, ((i,2))
¢, (—Fa, — Raa,, —(i,2)) Co; (—(viy2))’
where the last equality follows by a direct computation. Q.E.D.

In this paper we have used this general result in the special case of the
GL(n) initial data (Ro, Ap, e, A, A), with root system

Ry = {61' — e‘j}lgnggn CR"=: F of type A,—1

(here {e;}?, denotes the standard orthonormal basis of R™), with

A ={o,...,an—1} = {e1 —ea,...,en_1 — en}, with @ = u (hence
to =1 and @ = a for all @ € Ry), and with lattices A = Z™ = A. In this
case i* =n —i for i € {1,...,n — 1} and the multiplicity function & is

constant and equal to the dual multiplicity function k. The correspond-
ing Askey-Wilson parameters, which coincide in this case with the dual
Askey-Wilson parameters, are independent of o € Ry and are given by

{CL, b7 c, d} = {q2’ia _15 q1+2na _Q}
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Then the elliptic e-function (7.4) reduces to

9(q2n+x. Q)
2KT )
Cal\T) = q —_—
(@) 0(q":q)

for « € Ry, and

I,e,s; a(qQ’qu(ai*’m"/)_(a“z); Q)

m (z fy) = (26— (an—i,m27))(ai,z)
T2,T2 ’ )

O(glen-imm), g2r=(@i2); q)

Les: 0(q2n—(an,i;rz'y)7q—(ai,z);q)

_ 26((a,2)—(n—i,727))
Sn—iT2,T2 (Z”y) 6(q21€7(ai,z)’ q*(anfi»TZ’Y); q)

m

if » € W{ and s,,—;72 € W{ by [52, (1.9) & Prop. 1.7].

The precise connection to the notation in the main text is given as
follows: if ¢ is replaced by p in the above formulas, then the principal
series modules coincide with the ones as defined in Subsection 3.2 and

the connection matrices M1 <" (z,~) become the matrices M’ <" (z, )
as defined by (4.5).
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