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Unipotent group actions on projective varieties

Rajendra V. Gurjar, Kayo Masuda and Masayoshi Miyanishi

Abstract.

The correspondence between G,-actions on affine varieties and
locally nilpotent derivations of the coordinate algebras is generalized in
the projective case to the correspondence between stratified GG,-actions
on smooth projective varieties V' and regular vector fields on V' which
are effectively locally nilpotent with stratification. These notions with
stratifications are inspired by explicit computations of G,-actions on
the projective space P™ as well as the Hirzebruch surface IF,, and the
associated regular vector fields. Using partly these observations, we
investigate the existence of Al-cylinders in Fano threefolds with rank
one.

§ Introduction

In studying algebraic varieties of higher dimension, one effective
approach is to decompose a given variety into algebraic varieties of lower
dimension via a fibration. To find a fibration via an algebraic group
action on the variety, it is expected that there exists the (algebraic)
quotient variety and the quotient morphism is a fibration whose general
fibers are the orbits of the algebraic group. The quotient variety exists
for a nice group like a reductive algebraic group, although the fiber tends
to have a complicated structure as a homogeneous space.

An algebraic group action on an algebraic variety X can be detected
if one knows the automorphism group Aut(X) and its subgroups. If X is
a projective variety, Aut(X) is given a group scheme structure, and the
connected component Aut’(X) of the identity element is an algebraic
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group. If the variety X is not projective, say affine, the automorphism
group does not necessarily have any algebraic group structure possibly
except an ind-affine group structure. But the structure of Aut(X) is
helpful to find elementary algebraic subgroups like the additive group
G, or the multiplicative group G,,.

Let X be a smooth projective variety and let Ty be the tangent
bundle. Then it is known that the Lie algebra of the algebraic group
Aut’(X) is T'(X, Tx k). For a smooth algebraic variety X, an element
v of I'(X, Tx,x) is a regular vector field on X. If X = Spec 4 is an
affine variety, this field corresponds to an element A of Dery(A), which
is a k-derivation of A. If A is locally nilpotent, exp(tA) with ¢t € k
defines a Gg-action on X. If an affine variety X = Spec A has a G,-
action defined in this way, one can think about the “algebraic quotient”
X//G, and the “quotient morphism” ¢ : X — X//G, if A® := Ker A
is finitely generated over k. Then X//G,, is defined as Spec A2 and gq is
the morphism associated to the inclusion A® — A. If dim X < 3, by a
theorem of Zariski, A® is finitely generated over k. Hence X//G, and
g exist, and the morphism ¢ is an A'-fibration. Here an A'-fibration
is a dominant morphism f : X — Y of algebraic varieties such that
general closed fibers as well as the generic fiber are isomorphic to A'. We
discussed A'-fibrations on affine threefolds in [16]. The correspondence
between G,-actions on affine varieties and locally nilpotent derivations
on the coordinate algebras has been successfully used in affine algebraic
geometry. Meanwhile, the results on G,-actions on projective varieties
are not abundant except for some basic ones in [2, 7, 20].

In the present article, we look into unipotent group actions on pro-
jective varieties. In the later sections, we restrict ourselves to G,-actions.
In order to develop some meaningful theory about this subject, we need
leading models (or examples) and we take the projective space P", the
Hirzebruch surface F,,, etc. Throughout the article, keywords are regu-
lar vector fields and stratifications on a given projective variety V', which
is a sequence of closed subsets

Vo=VoOoViD---DV,.1DV,, dmV;,=n—1i ()

In the sequence (x), strata consist of Vo \ Vi, Vi \ Va, ..., V1 \ V, and
each stratum satisfies some property varying from one situation to the
other.

In Section one, we determine explicitly the Lie algebra I'(X, Tx )
for X = P", X = F,, and a Danielewski surface X = {zy = 22 — 1}. In
the last case which treats an affine surface, I'(X, Tx/x) is seen to have
more complicated structure than in the first two cases. Furthermore,
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we observe the behavior of I'(X, Tx/;) under the blowing-up. Thus this
section is for preliminary results for the later developments.

In Section two, we introduce the notion of unipotent group orbit
stratification on a smooth projective variety V' which is the sequence
(*) such that each stratum is the finite union of orbits under the given
action of a unipotent group U (see Definition 2.5). In particular, since
Vo \ V1 is a single unipotent group orbit, the variety V itself is very
restrictive. In fact, if we simply assume that each V; is smooth and
®(V; — Viz1) = —oo, then V is isomorphic to P* (Theorem 2.8). So,
the unipotent group orbit stratification is thought to be a prototype of
stratifications of other kinds to be introduced in later sections. In fact,
the assumption that each stratum consists of finite unipotent orbits is
too strong, and some algebraic or topological substitutes are desirable.
For example, we may consider the condition that each stratum has as
many independent G,-actions as the dimension of the stratum or the
condition that each stratum is simply connected. In Theorem 2.9, we
look into the relationship between these conditions.

Section three deals with generalities of G,-actions on smooth pro-
jective varieties. Let V be a smooth projective variety with a nontrivial
Gy-action. Let H be a very ample divisor. Since H is G,-linearizable,
G, acts on the linear system |H | and hence there exists a G4-stable mem-
ber H; in |H|. The G,-action induces a locally nilpotent homogeneous
derivation of degree 0 on the graded domain @®,>oH°(V, O(nH)), which
in turn determines the G,-action on V' (Theorem 3.3). The stratum
V'\ H; has the induced G,-action, and the regular vector field A on V/
corresponding to the G,-action restricts to a locally nilpotent derivation
on the coordinate algebra of V'\ H;. This leads to the notion of stratified
G.-action (Definition 3.7) and the notion of a regular vector field being
effectively locally nilpotent with stratification (Definition 3.9). Theorem
3.10 shows that these two notions are dual to each other.

Section four is devoted to a study of a smooth projective threefold
such that Pic (V) = Z[H] for a smooth ample divisor H and V has
a Gg-action making H stable. Then V is a Fano threefold of Picard
rank one, and the structures of such threefolds are known (see [22]),
but we are interested in the structure or properties of the principal
stratum X := V \ H. We will treat basically the case V is P? or a
quadric hypersurface in P*. Especially noteworthy is Theorem 4.5, the
assertion (2). It gives a characterization of P? in terms of a G,-action
and the topological properties of X. Once X becomes isomorphic to A3
which is a conclusion of (2), the quotient surface X//G,, is isomorphic
to A% and the quotient morphism ¢ : X — X//G, is surjective. But,
in Theorem 4.9, this conclusion X//G, = A? is derived, without the
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topological properties on X, from the existence of the above G,-ation
and the assumption that the index of V' is greater than one and H is
smooth. But in the case where V is a smooth quadric hypersurface in
P*, though the same conclusion is obtained, the quotient morphism gq :
X — X//G, is not surjective (Theorem 4.6). Therefore these properties
reflect subtle differences of Fano threefolds of rank one equipped with
G,-actions.

The article is partly meant to free G4-actions from the framework
of affine varieties and to consider them in more general settings. As
explained above, a key is a regular vector field on an algebraic variety.
Though there are many results related to vector fields, most of them are
not written to fit our purpose and scattered in various references. So, we
chose our way to exhibit the idea by giving concrete examples (though
elementary). This might cause an impression that promising or original
ideas are buried in isolated examples. A task to develop the details
is perhaps left to our subsequent works and possibly to the interested
readers.

We assume throughout the article that the ground field k is an
algebraically closed field of characteristic zero. Whenever topological
arguments are employed, we assume tacitly that k is the complex field
C. If V is an algebraic variety and V; a closed subvariety of V', the
complement V' \ V; is also denoted by V' — Vi, especially when V; is a
divisor of V.

Acknowledgments. We thank the referees for the critical reading of the
manuscript and many comments and suggestions which were helpful to
improve the manuscript.

§1. Preliminary results on vector fields on projective varieties

In this section, we consider global vector fields on P™ or on the
Hirzebruch surface F,, (n > 0) in terms of vector fields on the affine
space A" naturally embedded into P™ or A? into F,,. Perhaps these
computations are well-known but buried in the various references. We
will give them for our conveniences.

First of all, in the case where A" — P™ we consider a system of
homogeneous coordinates (Xg, X1,...,X,) on P* and set x; = X;/ Xy
for1 <i<n.

Lemma 1.1. Let A be a regular vector field on A™ and write

0 0 .
A_flaiml_'—“'_‘_f"% with f1,..., fn € klx1,... 2] .

n
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Then A extends to a regular vector field on P™ if and only if

n
2
127 + axx1 T2 + - -+ apT1 Ty + E biiw; + ¢

H =
i—1
n
2
fo = azizo+aszy; + -+ apzozy, + E baix; + c2
=1
n
2
o = a1T1%, + a2T07, + - 4 apT;, + E bniti + cn

i=1

where a;(1 < i < n),b;;(1 <i,5 <n),ci(l <i<n) are elements of k.
Hence dimT'(P™, Tpn) = n(n + 2).

Proof. To avoid complicated computations, we exhibit the idea in
the case n = 2. We set x = X1 /X and y = Xo/X,. Let U; = {X; #
0} (i = 0,1,2) be the open sets of P? isomorphic to A%, Hence Uy =
Spec k[x,y]. Let Uy = Spec k[u,v] with v = X¢/X; = 27! and v =
X5/X, = yx~!l. Assume that A is a regular vector field on P2. Write

0 0 0 0
A= f 4 g— —¢ = - k k .
faergay §50 Tgy Y €kl yl, &n € klu,v]
Since & = A(u) = —u?*"%ulf (L, 2) with d = deg,, f, we have

d < 2. Similarly, on Us = Spec k[z,w] with z = X/Xy = y~!
and w = X;/Xy = ay~!. Writing A = go% —1—1/)8%, we have
©=A(z) = -2 (2, 1) with e = deg, , g. Hence e < 2. Hence we
can write

f = ar® + a1y + axy”® + cox + 1y + ¢
g = bz’ + by + boy® + dox + dyy + da.
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Then we have

2
a v v c v
¢ = u2<g+a12+a22+0+01+02>
U U U U U
= - ((10 —+ aiv + a2v2 + cou + c1uv + 02u2)
v 5 (ao v v e v
n = ——-u —2+a1—2+a2—2+—+01—+02
U U U
1 b do v
+—-u ( O-‘rbl + be 2+—+d1—+d2>
U U
v v? v3
= —ap— —a1— —azs— — v(cy + c1v + cau)
U U U

b v v?
+2 by~ + by — + do + div + dau
u u u

Hence by = 0,b; = ag,bs = a1 and as = 0. Then it is easy to show that
A is regular on Uy as well. So, f and g are as stated above for n = 2
and x = x1,y = x2. Q.E.D.

Remark 1.2. There is an exact sequence of Opn-Modules
0 — Opn — Opn (1)) 5 T 0.

Since H!(P", Opn) = 0, we have dim H?(P", Tpn) = n(n + 2).

Let V = F,, be the Hirzebruch surface of degree n and let M be a
minimal section of the canonical P!-fibration p : V — P!. The affine
plane A? can be embedded into V as the complement V \ (M U {),
where ., is the fiber at infinity of p. We consider a regular vector field
A on A? and look for a condition with which A is extendable to a regular
vector field on V.

Write V' = Proj (Op: @ Op:(n)) and let M be defined by the projec-
tion Op1 ® Op1(n) — Op1. To be more precise, let P! = Uy U Uy, where
Uy = Spec k[z] and U; = Spec k[z~1]. Then Op:(n)|y, = Opy,e1 and
Op1(n)|y, = Oy, €}, where e} = 2"e;. We write the direct summand
Op: as Opieg to give a base ey. Then V is covered by four open sets
V =VoUVi UV, U V3, where
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Vo = Specklr,y], y=2
€1
1
Vi = Specklu,v], u_—,U:e_?:i
T e; "
1 €1
Vo = Specklz,z], z=-=—
Yy Co
1 1 ¢ an
Vs = Speckfu,t], uzf,t:,:il:xi
x v (0] Y

Write a regular vector field A on the open set Vj as

0 0
A—f%'f'gafy

with f,g € k[x,y]. Express A on the open sets Vi, V5, V5 in terms of
the above respective coordinate systems and find the condition for A to
be regular on each of the above open sets. The computations show the
following result.

Lemma 1.3. Embed A% into F,, (n > 0) as A2 =TF,, \ (M U/).
Let A = f% +g% be a regular vector field on A%. Then A is extendable
to a regular vector field on F,, if and only if

(1) fz,y) = a0 + a10® + ago,

(2)
gz, y) = { bnox" +- - +b10x+boo +bo1y+b11zy (b1 =naz) (n > 0)
’ boay® + bo1y + boo (n=0)

Hence dim HY(F,,, Tr, ) is equal to n +5 if n > 0 and 6 if n = 0.

Remark 1.4. Let V be P2 or F,,. In Lemma 1.1 and Lemma 1.3,
we tacitly used the coincidence of two k-vector spaces H°(V, Ty/) and

a regular vector field on A% which is ex-
tendable to a regular vector field on V'

I'= {A € T(A%, Ta2)

Since a given vector field on A2 is uniquely extendable to a rational
vector field on V', where only the coefficients are restricted if it is regular
on V, there is a natural correspondence which assigns A to itself

0:T — H(V,Tv).

Then the correspondence is an isomorphism. In fact, an element
A € HY(A?% Ty2) is identified with a k-derivation of the function field
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k(A2). So, H*(V,Ty/) is a k-derivation of k(A?) which is regular on V.
The extendability of a given vector field on A% onto V' depends on the
embedding A? < V. The above remark applies if one replaces A? — P2
by A" < P

Remark 1.5. The dimension of H°(F,,, Tg») can be also computed
by an exact sequence

0 — H(V,0y (2M +nf)) — H(V, T/) — HO(P', Op1(2)) — 0,

where hO(V, Oy (2M + nf)) = n+ 2 if n > 0 and = 3 if n = 0. This
sequence is obtained from the exact sequence

0— Ov(2M +nl) — Ty — p*Op1(2) — 0,
which is dual to
0— p*Q%u/k — Q%//k — Q%//]Pu — 0.

Determination of regular vector fields on a smooth algebraic surface
is not so easy as for A2, As an example, we determine those for a
Danielewski surface X = {zy = 2% — 1} C A3. For a similar direction
of research, one can refer to [28]. Let K = k(X) and let A be a regular
vector field on X. Then, as a derivation of k(X)/k, A is written as
0 0

where g = A(x) and h = A(z). Since y = 71(2? — 1), we have
1 2z
f=Ay)=——= zyg+ —h,
x x

whence zf + yg = 2zh. Since A corresponds to § € HomR(Q}%/k,R)
by A=§-dwithd: R — Q}%/k being the universal derivation of R,
where R is the coordinate ring of X [19, Definition, p.172]. We have
f=46(dy), g =9d(dx) and h = d(dz), whence f,g,h € R.

Lemma 1.6. Since R = k[x,y| + k[z,y|z is a free k[x,y]-module,
write
f=lo+ iz, 9=90+ g1z, h=ho+ hz,
where f;,gi,h; € klx,y] fori=0,1. Then we have:
(1) ho=5(zfi +yg1)-
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(2)  There exist L, M, F € k[z,y] such that

fo=2(wy + 1)L +yF, go =2(zy+ )M — aF, hy = zL +yM,
where L, M, F, f1 and g1 are chosen arbitrarily.

(3)  With the choice of these elements, A is written as

9]
A={2xy+1)M —zF + glz}%

+{(%f1 + Lz)x + (%gl + Mz)y}%-

Proof. Since zf + yg = 2zh, we have
(xfo +ygo) + 2(xfi +yg1) = 2h1(zy + 1) + 2hoz,

whence
zfo+ygo = 2hi(xy + 1) (i)
and 1
ho = i(xfl +yg1). (ii)

Let (x,y) be the maximal ideal in k[z,y|. Since zy + 1 € (z,y), (i)
implies hy € (x,y). Hence we may write

hi = xL + yM. (i)
By (i), we have an equality in k[z,y],
o — 2oy + DL} = y{2(ay + )M — go}.
Since ged(z,y) = 1, we have
fo=2(xy+1)L+yF, go=2(xy+1)M —aF

for some F € k[z,y]. Tracing the above computations backward, it is
clear that the choice of L, M, F, f1,¢1 in k[z,y] is arbitrary. Q.E.D.

Let o : W — V be the blowing-up of a smooth algebraic variety V'
with a smooth center Z. Let A be a vector field on V' which is regular
along Z. If V' is a variety birational to V, then A is viewed as a rational
vector field on V’. So, we use the same symbol A to denote the rational
vector field on W. The regularity of A near the exceptional subvariety
o~Y(Z) is given by the following.
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Lemma 1.7. With the above notations, let P be a point of Z and
let {x1,22,...,2n} be a system of local parameters of V. at P such that
Z is defined by v1 = x9 = -+ = xq = 0, where d = codim v (Z). Write
A near P as

0 0 0
A*flaixl+f287xz+'“+fnaixna

where fi,...,fn € Ov.p. Then A is reqular near o~ (P) if and only if
fi(P)=---= fa(P) =0.

Proof. Since 0~1(Z) is a P?~!-bundle over Z, c~(P) is a projec-
tive space P4~1 with a system of homogeneous coordinates { X1, ..., Xy}
Fix ¢ with 1 < ¢ < d. Then, on the open set U; = {X; # 0}, it holds
that Xj/Xz = ZL'j/ZL'i for 1 S j S d andj 7é 1. Set U; = I’j/l’i if
1<j<dandj+#iand u; = ;. For any point Q € o~ 1(P), the set
{u1 —u1(Q), ..., ug—ug(Q), Tay1, - .., Ty} is asystem of local parameters
of W at Q. Hence we can write

0 0 0 0
A=g 2 4. -z it e,
& 3y + +§daud + fat1 Drums + -+ f oz,
where & = f;. If 1 < j <d and j # i, we have
€T T 1
& = Aly)=A (;Z) = _;v_j? H‘x—ifj
1
= ;{fj(ulxi,...7xi7...,udxi,md+1,...,:cn)
—ujfi(ula:i,...,a:i,...,uda:i,xd+1,...,xn)} .

If f;(P) # 0, then &; has a simple pole along 0~!(Z). So, &; is regular
only if f;(P) = 0. This implies that A is regular along o~ (Z) only if
f1(P) =---= fq(P) = 0. The converse is clear by the above expression
of the §;. Q.E.D.

Example 1.8. Let o : F; — P2 be the blowing-up with center P.
By Lemma 1.7, T'(Fy, Tp:) is identified with
a regular vector field on P? which van- } )

- {A :
ishes at P

Hence dim I'(Fy, 7, ) = dim (P2, Tpz) —2 =8 — 2 = 6.

Lemma 1.7 implies the following result.

Lemma 1.9. Let 0 : W — V be the blowing-up of a smooth pro-
jective variety V- with center P. Assume that dimV =n > 1. Then we
have

dimI(V, Ty) > dim T(W, Ty ) > dim T'(V, Ty) — n.
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Proof. Let A be a regular vector field on W. Let E = o~ 1(P).
Then Z\W\ g is a regular vector field on V' \ {P}. Hence it extends
to a regular vector field A on V such that A = 0 at P. Indeed, let
{z1,...,2,} be a system of local parameters of V at P. As a ratio-
nal vector field on V, we can write A = S | fla%l Then fi,..., fn
are elements of k(V') which are regular on an open neighborhood of P
punctured the point P. Then f1,..., f, are regular at P as well because
V is smooth at P and n > 2. Hence A is regular at P and A is the
extension of A on W. Then A =0 at P by Lemma 1.7. The condition
that A vanishes at P imposes on ['(V,Ty/) the condition of dimension
by at most n. Hence we obtain the stated inequalities. Q.E.D.

Example 1.10. Consider F,, (n > 0) as V. With the notations of
Lemma 1.3, let P be defined by u = ¢t = 0 (the point of origin of the
open set V3). Let A be a regular vector field in Lemma 1.3. Then the
condition that A vanishes at P imposes the condition of dimension 1
(resp. 2) if n > 0 (resp. n = 0), i.e., agp = 0 (resp. agy = bp2 = 0) if
n > 0 (resp. n = 0). Furthermore, by the computation in Lemma 1.7
repeated for the blowing-up at P, we conclude that

. _ [ dimI(F,,7p,) =142 (n>0)
dim (1, T, p0) = { dimI'(Fy,, Tr,) —2+2 (n=0)

Hence dimI'(Fy, 11, Tf,,) = n + 6.
We shall give one more result (see also [25, pp. 225-226]).

Example 1.11. Let V be a del Pezzo surface of degree d. If d < 5,
then there are no regular vector fields on V.

Proof. The surface V' is obtained by blowing up (9 — d) points
Pi,..., P, (m=9-d) on P? in general position, i.e., no three of them
lie on a line and no five of them lie on a conic. We can choose the line at
infinity £~ so that none of Py,..., P,, lies on £,,. Suppose there exists
a nonzero regular vector field AonV. Then, by the proof of Lemma
1.9, there exists a regular vector field A on P? such that A vanishes at
points Pi,..., P,. We may choose a system of coordinates {x,y} on
A% = P2\ [, so that P; = (0,0), P, = (1,0) and P; = (0,1). With the
notations in Lemma 1.1 (the proof in the case n = 2), it follows that
co =do = 0,dg = 0,a1 +dy = 0,a0 +co = 0 and ¢; = 0. Hence we
have f = ag(2® — ) + ayzy and g = agry + a1(y? — y). Suppose that
Py = (a, B) is involved. Then af # 0 because no three of Py, Py, P, Py
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lie on a line. Since f(a, ) = g(a, §) = 0, we have

o — afs

af B -p

For otherwise ag = a1 = 0 and A = 0 everywhere. The above deter-
minant gives « + § = 1. Then P,, P; and P, are colinear, which is a
contradiction. So, P, cannot be involved, and 9 —d < 3. Q.E.D.

=0.

This implies that there is no Gg-action on V if d = 5. The last
result follows from the following two facts.
(i) HO(V,Ty) is the Lie algebra of the algebraic group Aut®(V).
(ii) Let ¢ be an element of Aut’(V). Then ¢ comes from an auto-
morphism of P? fixing the points P, ..., P,,. Hence if m > 4

then ¢ =id. In fact, no three of P, ..., P,, lie on a line. Hence
any automorphism of P? fixing four of them is the identity au-
tomorphism.

§2. Unipotent group orbit stratifications

Let X be a smooth algebraic variety with an algebraic group G
acting on it, whence there is a group homomorphism o : G — Aut(X).
Taking the Lie algebra homomorphism, we have

do:g—T(X,Tx),

where Tx is the tangent bundle of X and g is the Lie algebra of G. If
(X, D) is a pair of a G-variety X and a G-stable effective divisor D with
simple normal crossings and further if G is connected, then G stabilizes
each of the irreducible components D = Dy +---+ D,,. Let x € X and
let {t1,...,t,} be a system of local parameters at © € X such that D
is defined by ¢; ---t, = 0. Then an infinitesimal automorphism exp(gd)

with 6 € T, acts on (5)(’1; = k[[t1,...,t,]] as
1 1 .. )
exp(ed)(a) = a+ d(a)e + 562(@52 + 4 F(V(a)sj + -

Hence that exp(ed) preserves each irreducible component D; means
d(t;a) € t;0x 5. If we write § as

0
6 =1c101 +co0s + - +¢0; +-+¢,0, with 81‘:%,
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the above condition is that t1 | ¢1,...,¢. | ¢.. Thus, é belongs to the
stalk

Tx(—log D)y = Oy (t101) + -+ + Op(t:0r) + Op(Ors1) + - - + O (0n),

where Tx (—log D) is the dual bundle Hom(Q4 (log D), Ox) of the bun-
dle of logarithmic 1-differential forms Q% (log D) along D and hence a
subbundle of the tangent bundle Ty !. Hence the above Lie algebra
automorphism do factors through a homomorphism

g— I'(X,Tx(—log D)) — I'(X, Tx).

We consider an orbit of a unipotent group U, which is a homogeneous
space U/H, where H is the isotropy group of a base point of the orbit.
We recall first the following well-known results [37, Corollary, p. 1043]
and [41].

Lemma 2.1. Let U be a unipotent group and X = U/H be a homo-
geneous space. Then X is isomorphic to A™ with n = dim X. In partic-
ular, the underlying scheme of U is the affine space A? with d = dim U.

The following result follows from the closedness of orbits of unipo-
tent group actions on quasi-affine varieties (see [4, Prop. 4.10, Chap. 1]).

Corollary 2.2. Let U be a unipotent group and let X be a U-variety
containing an open U-orbit. Then the following assertions hold.

(1)  Assume that X is affine. Then X coincides with the open U -
orbit and hence isomorpbic to the affine space A™.

(2) LetY be a U-stable open set of X. Then'Y contains the open
orbit.

Let V be a smooth projective variety which is a U-variety and let
X be an open U-orbit. Since X is affine by Lemma 2.1, the comple-
ment D =V \ X is a U-stable subvariety of pure codimension one. Let
D = Dy + ---+ D, be the irreducible decomposition. Since U is con-
nected, each irreducible component is U-stable. We shall see in concrete
examples what takes place in the boundary D.

Example 2.3. (1) Embed A% = Spec k[z,y] into P? in the stan-
dard way (z,y) — (1,z,y). Let D = { be the line at infinity. Then
I'(P2, Tp2(log D)) is a k-module generated by the elements

0 0
A= (Cox+01y+02)% + (d0$+d1y+d2)a—y»

ISee [23] for the definition, where it is denoted by T (log D).



132 R.V. Gurjar, K. Masuda and M. Miyanishi

where ¢;,d; € k. Hence dimT'(P?, Tp2(log D)) = 6. Let U be the upper
triangular unipotent subgroup of SL(3), which consists of matrices of
the form

1 S1 S92
0 1 s3 , 81,892,583 € k.
0 0 1

Then U acts from the right on P? as (Xo, X1,X2) — (Xo, X1 +
$1X0, X2 + $3X1 + $2X) with the line at infinity ¢ = {Xo = 0}
stabilized under this action. With the inhomogeneous coordinates x =
X1/Xo,y = X5/ Xy, the action is given as (z,y) — (T + 51,y + S3T + $2).
The Lie algebra u of U is generated by the matrices

0 1 0 0 0 1 0 0 0
o= 0 0 0 ), d=| 00 0|, =10 0 1
0 0 0 0 0 0 0 0 0

The Lie algebra homomorphism do : u — I'(P?, Tp2(log D)) is given by

o 0 0
(01,02,03) — (895’ 8y’x(9y>

(2) Let O = (1,0,0). Since U acts from the right on P2, the orbit
O -U is {(1,s1,s2) | $1,s2 € k} and the isotropy group at O is

1 0 0
H= 0 1 s3 ‘836/6
0 0 1

The homogeneous space H\U is the ordinary (z,y)-plane. The line at
infinity £, has a U-action

(O,Xl,XQ) — (07X1,X2 + 83X1).

Hence /o, contains an U-orbit Oy - U = {(0,1,s3) | s3 € k}, where
01 = (0,1,0) and the isotropy group is

1 S1 S22
H, = 0 1 0 S1,82 € k
0 0 1

The point Oz = (0,0,1) is a unique U-fixed point. So, there exist a
decomposition of P? into strata of U-orbits P2 = O -U U Oy - U U{Os}.
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(3) The observation made in (2) above can be easily generalized to
the case of P" and the group U, of upper triangular unipotent matrices
in SL(n + 1). The decomposition into U,-orbits

P"=0-U,UO0; -UyU--UOy_y U, U{O,}

is also the decomposition into the B,-orbits, where B, is the Borel
subgroup of SL(n + 1) consisting of upper triangular matrices.

We prove only the first statement of the assertion (1). The rest
are obvious. By Lemma 1.1, T'(IP?, Tp2) is a k-module generated by the
elements

0 0
A= (GO$2+01$Q+CO$+612/+C2)£ +(aoxy+a1y2+d0x+d1y+d2)a—y,
where a;,cj,d¢ € k. Meanwhile, ¢, is defined by 27! = 0 near the
point (0,1,0) and by y=' = 0 near the point (0,0,1). Hence A €
['(P?, Tp2 (log D)) if and only if A(z~1) (resp. A(y~1!)) is divisible by
271 (resp. y~!). Hence we obtain the above expression of A.

Example 2.4. (1) With the notations before Lemma 1.3, identify
A? = Spec k[z,y] with the open set Vy of F,,. Let D = fo, + M. Then
I'(F,,, T, (log D)) is a k-module consisting of vector fields

0 0
(@102 + apo) 5= + (bnox™ + - - - + biox + boo + bo1y)=— (n > 0)
A= oz dy

0 0
(@10 + aoo)% + (bo1y + boo)afy (n=0)

Hence dimI'(IF,,, 7, (log D)) = n + 4 for n > 0.
(2) Assume that n > 0. By [29], the automorphism group G :=
Aut®(F,,) satisfies an exact sequence

(1) = H — Aut’(F,) — PCGL(2) — (1),
where H consists of automorphisms
(z,y) = (z,cy +do +diz+ -+ + dpa™)

with ¢ € k* and dg,dy,...,d, € k. Hence H = Uy x G,,, where Uy is
the unipotent subgroup with ¢ = 1 in the above expression and Uy =
G Let ug be the Lie algebra of Uy. Then the natural G-action o
on [, induces a Lie algebra isomorphism

da:u0—>{A

0
A:(d0+d1$—|—...—|—dnl‘n)a—y, do,dl,...,dnEk}.
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Let U be a maximal unipotent subgroup of G containing Uy. Then
U/Up is a unipotent subgroup of PGL(2). For the Lie algebra u of U,
(do)(w) = k2 + (do)(u). So, F,, is a G-variety and Vj is a U-orbit.
However G is not a reductive algebraic group if n > 0.

(3) The Up-action on £, U M is given by

b @+ ur—u, v=v+dou+---+dy
z
M : z—2z 2z~

1+doz+dixz+ - +dy,xnz

This shows that s \ {Ps} with Py = (u = 0,t = 0) is an Up-orbit
and all points on M are Up-fixed points. However since U/U, moves
the z-coordinate, M \ { Py} is a U-orbit and P, is the unique U-fixed
point. Thus the decomposition into U-orbits is

= Vo U (oo \ {Poc}) U (M \ {Poc}) U {Poc}
These examples suggest the following definition.

Definiton 2.5. Let U be a unipotent group and let V' be a smooth
projective variety of dimension n equipped with a nontrivial U-action.
A sequence of closed subsets

Vo=VoViD---DV,.1DV, ()

is the unipotent group orbit stratification if the following conditions are
satisfied.

(1) Each V; is a (possibly reducible) subvariety of pure dimension
n — i and V; — V41 is affine.

(2) Each irreducible component of V; is the closure of a single U-
orbit.

Note that V,, consists of a single point because the U-fixed point
locus of V' is connected (cf. [7]).

If a smooth projective variety V' has the unipotent group orbit strat-
ification (x), we may ask if the stratification determines the ambient va-
riety V. In order to answer the question, we first recall a result of C.P.
Ramanujam [38].

Lemma 2.6. Let V be a smooth projective variety of dimension
n > 2 and let H be a divisor of V isomorphic to P"~1 such that V — H
is affine and H\(V — H;7Z) is torsion free. Then V is isomorphic to P™.

We can easily obtain the following result.
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Corollary 2.7. Let V be a smooth projective variety of dimension
n equipped with a nontrivial action of a unipotent group U. Assume that
V' has the unipotent group orbit stratification (x) such that every V; is
smooth and irreducible. Then V is isomorphic to P™.

Proof. If n =1, it is clear that V = P!, If n = 2, then V; = P!
and V —V; = A%, Then V =2 P? by the classification of minimal normal
completions of A% [33]. Assume now that n > 3. By induction on n,
we may assume that V3 = P*~! and V — V; is an open U-orbit. Then
V — V3 2 A" by Corollary 2.2. Hence Hy(V —Vy;Z) = 0. Then V = P
by Lemma 2.6. Q.E.D.

In the unipotent group orbit stratification (x) with smooth and irre-
ducible V;, we have the pair (V;, V;41) of logarithmic Kodaira dimension
®(V; = Viy1) = —oo. If we assume this property instead of a unipotent
group action, we can obtain a similar characterization of the projective
space P as we will see in Theorem 2.8 below. A stratification like (x) is
obtained from a very ample divisor H on a smooth projective variety V'
of dimension n. Namely, V and H satisfy the following two conditions.

(1) The linear system |H| has no base points and contains a smooth
member.

(2) There exist members Hy, Hy,..., H, of |H| such that V; =
HiyNHyN---N H; is a smooth and irreducible subvariety of
dimension n — ¢, where 0 < ¢ < n and Vy = V. In particular,
H™ =1.

We consider a descending chain of log pairs (V;, Vi41) for 0 <i <n—1.

Theorem 2.8. With the above notations and conditions (1) and
(2), we assume that the pair (V;,Viy1) has log Kodaira dimension —oo
for0<i<n-—1. ThenV is isomprphic to P" and H is a hyperplane.

Proof. We consider first the case n = 2. Then V; is a smooth
irreducible curve with ®(V; — V) = —oo. Hence Vi = P! and V5 is
a point. This implies that the self-intersection number H? is equal to
one. Let X = V \ V4. Since H is ample, X is an affine surface with
#(X) = —oo. Hence there exists an Al-fibration p : X — C, where C
is a smooth curve. Suppose that p extends to a P'-fibration p : V — C.
Then V; = C, and hence V is a rational ruled surface and Vi is a
cross-section of p. If V' is not minimal, there exists an irreducible fiber
component which is disjoint from V. This is absurd because H is ample.
So, V' is a Hirzebruch surface F; of degree d. Let M be a minimal section
of Fy. Then H ~ M +s(, where { is a fiber of p. Since 1 = H? = —d+2s,
we have d = 2s — 1. Meanwhile, H- M =s—d=—-s+1>0and d > 0,
whence s = 1 and d = 1. Then H - M = 0, which contradicts the
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ampleness of H. This implies that the closures of the fibers of p in
V form a linear pencil A with a base point, say P. The curve Vj is a
member of A. Since H? = 1, the pencil A becomes free of base point after
a single blowing-up with center P. Then the blown-up surface becomes a
Hirzebruch surface Fy and the exceptional curve is the minimal section.
Here we note that if there is a reducible member, say F, of A, then
F- Vi =1 and hence there exists an irreducible component of F' which is
disjoint from V;. This contradicts the ampleness of H. By contracting
the exceptional curve back to the point P, we know that V = P2 and H
is a line.

Suppose that n > 2. We assume by induction that V; is isomorphic
to P*~! and Vs is a hyperplane. We consider a Z-cohomology exact
sequence for a pair (V,V7):

H22(V;2) 25 B2V Z) — H* " (V, Vi3 Z) — H27Y(V;2)

where 7 : V7 — V is the canonical inclusion. Since Vo = V3 N Hy for a
general member Ho of |[H| and V5 is a hyperplane of P"~1, Hy is also
P"~! and V5 is a hyperplane of H,. Then there exists a line L on Ho
such that L intersects V; transversally in one point P. By the Poincaré
duality, H*"=2(Vy;Z) = Ho(V1;Z) = Z. We may assume that Ho(V7;Z)
is generated by the point P. Similarly, H?"~2(V;Z) = Hy(V;Z). The
class [L] in Hy(V;Z) gives rise to an element o of H*"~2(V;Z) which
is mapped by i3, 5 to the element of H*"~2(V;;Z) corresponding to
[P]. By the Poincaré duality, this mapping is simply the intersection
LNV, = {P}. Hence the mapping i3, o is surjective. On the other
hand, H?"~1(V;Z) is isomorphic to Hy(V;Z) by the Poincaré duality,
and Hy(V;Z) = Hy(V1;Z) by the Lefschetz hyperplane section theorem.
Then H;(Vi;Z) = (0) because Vi = P"~1. Hence H*"~1(V;Z) = (0).
The above exact sequence shows that H*"~1(V,Vi;Z) = (0). By the
Lefschetz duality, it follows that Hy(V — V4;Z) = (0). Now we can use
Lemma 2.6 to conclude that V' = P™ and V; is a hyperplane.  Q.E.D.

In Lemma 2.6, the condition that H(V — H;Z) is torsion free is cru-
cial and the condition is satisfied if V' — H is simply connected. Instead
of an open orbit of a unipotent group in V' — H, we can think of inde-
pendent G,-actions o1,...,0, on V — H. We shall make the situation
more precise.

Let X be a smooth affine variety of dimension n. Let 0, : G, x X —
X be an action of G, for 1 < i < m. We say that the actions o; (1 <@ <
m) are independent if there exists a point P such that the vector fields
A; associated with o; span a vector subspace of dimension m in the
tangent space Tx, p. It is clear that we can choose as P any point from
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an open set U of X. In fact, let A; be the vector field associated with
the action ;. Then the mapping P +— (A1)p A---A(Ay)p € A2 Tx,p
defines a section

AL A AAp: X = A Ty,

which is nonzero at the point P by the assumption. Then it is non-zero
in an open neighborhood of P. We then prove the following result.

Theorem 2.9. Let X be a smooth affine variety of dimension n
defined over C with n independent G, -actions o; (1 < i <mn). Then the
following assertions hold.

(1)  The fundamental group of X is a finite group and (X, Ox)* =

C*.

(2)  Assume that n = 2 and X is factorial. Then X = A% and

hence X 1is simply connected.

(3) Ifn=3, X is factorial and the (algebraic) quotient surface of

X with respect to one of the actions o;, say o1, is smooth, then
X is simply connected.

Proof. (1) We denote the group scheme G, by G; if G, acts on X by
oi. The corresponding vector field A; is a locally nilpotent derivation
of the coordinate ring A of X. Let B; = Ker A;. By slice theorem,
Ay = A[b~'] is a polynomial ring in one variable over By := B;[b™]
for some nonzero element b € By. Then the inclusion By < A; defines
an A'-bundle morphism g, : X;, — Y} := Spec By .

Let P be a general point of X;. Hence Gy P = Al is a fiber of ¢;,. Let
7:G9 X -+ X Gy = Y}, be a rational mapping defined by (g2, ..., gn) —
ap(gn(- -+ (g2P)--+)). Then 7 is a dominant mapping and holomorphic
in a small analytic neighborhood of the point of origin (es,...,e,) of
Gox-+-xGy. Infact, if &; (2 < ¢ < n) moves a complex number with |e;]|
small, then exp(e,Ay,) - --exp(e2A2) P is considered to be a transversal
section of a tubular neighborhood of the orbit G;P. This implies that
0: Gy x - x Gy — X defined by (g1,...,9n) = gn(---(92(q1P)) )
is a dominant morphism. In fact, if |e1] is small, exp(e1A1)P is a disc
neighborhood of P in the orbit G1P. Hence exp(e,A,) - - exp(e2sg) -
exp(e1A1)(P) gives a ball-like, analytic, open neighborhood of the point
P. Since G1 x---xG, has A" as the underlying space, o gives a dominant
morphism ¢ : A" — X. Let ¢ : Z — X be a connected topological
covering. Then the fiber product ga» : Z xx A™ — A" is a topological
covering. Since m(A") = (1), Z xx A™ contains A" as a connected

component. Then the morphism o splits as o : A" — Z 4 X.
In fact, Z has locally the same complex structure as X since Z is a
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topological covering of X. Hence Z is a smooth connected complex
manifold of dimension n. Since Z xx A™ is a disjoint union of the
connected components isomorphic to A", the canonical projection pry :
Z xx A" — Z yields a morphism of complex manifolds A™ — Z which
factors o : A — X. By counting the number of points in A™ (resp. Z)
lying over a general point P of X, we infer that degq < dego. Hence
q: Z — X is a finite covering of X and Z is a smooth affine algebraic
variety of dimension n. Hence |7 (X)| < dego. Since 0 : A" — X is a
dominant morphism, it follows that A* =T'(X,Ox)* = C*.

(2) By an algebraic characterization of the affine plane, X is iso-
morphic to A% because X is factorial, I'(X,0x)* = C* and X has a
G ,-action.

(3) Since n = 3, By = KerA; is a normal affine domain of dimension
2. Hence we can think of the algebraic quotient Y = X//G; and the
quotient morphism ¢ : X — Y instead of the morphism ¢;. In fact,
the restriction of ¢ onto X, is the morphism ¢;. Further, the mapping
T : Gy x G3 — Y, extends to a dominant morphism 7 : A2 — Y.
Assume that X is factorial. Then Y is factorial because I'(Y, Oy) is
factorially closed in I'(X,Ox) as the kernel of A;. Since 7 : A2 — Y

is dominant, it follows that %(Y) = —oo and there are no non-constant
units in I'(Y, Oy ). In fact, Y is smooth by the assumption, and hence
we have %(Y) < K(A?) = —oo. Then Y is isomorphic to A%, Since

the general fiber of ¢ is isomorphic to A! and the factorial closedness
of T'(Y,Oy) in I'(X, Ox) implies that the fibers over codimension one
points of Y are all reduced, we can apply Nori’s lemma [35, Lemma 1.5]
to obtain an exact sequence

(A = 1 (X) = (V) = (1) .

This implies that m1(X) = (1). In fact, if there is a point @ € Y such
that the fiber ¢=(Q) has all non-reduced irreducible components, let
Y° =Y\ S, where S is the finite set

{Q €Y | every component of ¢~*(Q) is non-reduced}

and let X° = ¢~ 1(Y°). Since m(Y°) = 71 (Y) = (1), we can apply Nori’s
lemma to ¢° : X° — Y° to obtain 71 (X°) = (1). Since codim x (X \
X°) > 2, we have m (X) = m(X°) = (1). Q.E.D.

For the X in Theorem 2.9, the universal covering space Xof Xisa
smooth affine variety of dimension n such that X is simply connected and
has n independent G,-actions. In fact, any locally nilpotent derivation
of an affine domain extends uniquely to a locally nilpotent derivation of a



Unipotent group actions on projective varieties 139

finite étale extension of the domain (cf. [31]). It is an interesting problem
to find out what kind of structure the variety X has. In the surface case,
let X be a smooth affine surface which is an MLg-surface (i.e., whose
coordinate ring has trivial Makar-Limanov invariant; see [13] for the
definition and relevant results) and simply connected. In general, 71(X)
for an MLg-surface X has order bounded by the intertwining number of
two G4-orbits corresponding to two independent G,-actions [30, Lemma
1.3]. If X is further a Q-homology plane, or equivalently if X has the
Picard number 0, then X is isomorphic to A?. If the Picard number is
positive, the structure of such surface X is described in [13].

In the threefold case, let X be the product of a Danielewski surface
{xy = 2% — 1} and the affine line A'. Then X has three independent
(G4-actions because the Danielewski surface has two independent G-
actions and the direct product factor A' has a third G,-action making
the Danielewski surface invariant. Furthermore, X is simply connected
because the Danielewski surface is isomorphic to P! x P! — {diagonal}.
Meanwhile, the Picard number of X is 1. A similar example is a
hypersurface X = {xyz = v® — 1} in A*. X has three G,-actions
which are defined by locally nilpotent derivations ¢; (i = 1,2, 3), where
d1(x) = 01(y) =0, 61(2) = 3u? and &1 (u) = xy with J, and 3 defined in
a similar fashion by changing the roles of =, y, z. X is simply connected,
but the Picard number is nonzero. So, we can ask if a smooth factorial
affine threefold X is isomorphic to A% provided it has three independent
Gy-actions. But there are again many counterexamples to this question.
A typical one is SL(2) which is the hypersurface 2z — yu = 1 in A (see
[8, Remark 5.15]).

83. (,-actions on projective varieties

Let V' be a smooth projective variety of dimension n defined over k.
Let A be a regular vector field. We say that A has a locally nilpotent
stratification if V' has a decomposition V = [, W; into locally closed
subsets satisfying the following conditions:
(1) Wy is an affine open set of V', W; is an affine open set of the
closure W; and W, \ W; is the union of closures W ; of several
W; with j > i.
(2) For every i, Alw, is a locally nilpotent derivation on
(W, Ow,) unless W; is a point.
The locally nilpotent stratifications used in the subsequent argu-
ments are constructed in such a way that V' \ Wy is supported by an
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ample divi&r7 and for i >0, W, \ W; is also supported by an ample
divisor on W, provided W; is smooth (cf. Definition 3.9).

Lemma 3.1. Let U = Spec R be an affine open set. Then Aly, the
restriction of A onto U, is a k-derivation D of R.

Proof. Since A € T(V, Ty ), it follows that Aly € T'(U, Ty i) =
Derk(R). Q.E.D.

Lemma 3.2. Let U = Spec R and let D be as above. Let U’ =
Spec R’ be an affine open set such that U' C U and let D' be the k-
derivation corresponding to Aly:. Then D is the restriction of D' to R.
If D' is locally nilpotent, then so is D on R.

Proof. Note that R and R’ are subalgebras in the function field
k(V) and hence that R C R’ in k(V). Define a k-algebra homomorphism
®p : R — R[[t]] by

Opla) =) %Di(a)ti.
i>0

Then we have a commutative diagram

R —22 R[]

li Ji[[tn

R —— R[]

where i and i[[t]] are the canonical inclusions. If D’ is locally nilpotent,
O splits via R'[t]. Then ®p splits via R[t] because R[t] = R'[t]|NR[[t]].
Hence D is locally nilpotent. Q.E.D.

This result implies that if A is locally nilpotent on a non-empty
affine open set, there exists a maximal affine open set Uyax of V' such
that A induces a locally nilpotent derivation on Uy ,y.

Let A = ®n>04n, be a graded affine domain over k with Ay = k
and generated by A; and let A be a nonzero locally nilpotent derivation
of A which is homogeneous of degree 0. Let V = Proj (ﬁ) which is
identified with (Spec (A) \ {9M})//Gpn, where M is the irrelevant ideal
of A and G,, acts on Spec (ﬁ) via the grading. Then the G,-action
on Spec (ﬁ) induced by A commutes with the G,-action and hence
induces a G4-action on V. This G,-action is described as follows. Since
A restricted on A is a nilpotent linear endomorphism, there exists an
element sy # 0 of A; such that A(sg) = 0. Then A induces a locally
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nilpotent derivation A on g[sa o and it gives rise to a G-action on the
affine open set V'\ V4 (sg). This G,-action coincides with the restriction
of the above-obtained G,-action on V restricted to V' \ Vi(sg). The
Gq-action on V4 (sg) is described by the locally nilpotent homogeneous
derivation A (mod (sg)) induced on A/(sg).

Conversely, a G,-action on a smooth projective variety is obtained
via G4-linealization from this construction.

Theorem 3.3. Let V' be a smooth projective variety which has an
algebraic G4 -action and let A be the reqular vector field associated with
the G,-action. The following assertions hold:

(1) Let H be an effective ample divisor such that the subset Hyoq
of codimension one is G-stable and let Wy = Spec Ry be the
complement of Hyeq. Then Do = Alw, is a locally nilpotent
derivation.

(2) Let H be an effective ample divisor. Then H is G4 -linearizable.
Hence there exists a member of |H| which is G,-stable. If Hy
is a Go-stable member of |H|, then V'\ Hy is a G,-stable affine
open set.

(3) Let H be a Gg-stable effective very ample divisor and let
A= @n>0H(V,O(nH)). Then there exists a - locally nilpo-

tent, homogeneous derivation A of degree 0 on A such that A
induces the Gg-action on V.

Proof. (1) Since H is ample, the complement Wy = V \ Hyeq is
an affine open set and has the induced G,-action. Hence the restriction
Alw, gives rise to the induced G, -action on Wy. This implies that Dy
is locally nilpotent.

(2) Since Pic (G,) = (0), H is G,-linearizable by [24, Prop. 2.4
and its remark]. Hence G, acts linearly on H°(V, Oy (H)), and hence
acts on the projective space |H|. Since the fixed point locus on |H]| is
connected and non-empty (see [7]), there exists an element of |H| which
is GG4-stable.

(3) Since H is very ample, H°(V,O(nH)) is generated by
H°(V,O(H)). Hence the extended G,-coaction on H°(V,O(H)) (cf.
[34, p. 32]) extends to a locally nilpotent homogeneous derivation A on
the graded domain A. Since A(H(V,O(H))) C H°(V,O(H)), A has
degree 0. Let Hy be a G,-stable member of |H| and let {sg, s1,...,sn5}
be a basis of H(V,O(H)) such that Hy = {so = 0}. Then A induces
the G,-action on V' — Hy = Spec k[s1/50, . .., Sn/so] which is the given
Gg-action on V' by construction. By repeating the same argument to
Hy and H|p,, it is now easy to conclude the assertion. Q.E.D.



142 R.V. Gurjar, K. Masuda and M. Miyanishi

Remark 3.4. Let V be a smooth projective variety with a nontriv-
ial G,-action. Let H be a very ample divisor. If we assume that the
irregularity ¢ := h'(V,Oy) = 0 and the G,-fixed point locus consists of
a single point, we can take a sequence of closed subvarieties

Vo=VoViD---DV,.1DV,

as considered before Theorem 2.8 in a G4-equivariant way provided the
smoothness condition on V; is guaranteed. In fact, by Theorem 3.3, (2),
there is a G,-stable open set Wy such that Wy = V' \ H; with a G,-
stable member H; € |H|. If V; := H; is smooth, then we consider a very
ample divisor H|g,. Since the induced G,-action on V; is nontrivial if
dim V4 > 0, we find a G,-stable member of |H |y, |. Suppose further that
the irregularity q := h'(V, Oy) = 0. Then the exact sequence

0— Oy — Oy(H) — O, (H) — 0

induces the surjection HY(V, Oy (H)) — H°(Hy, O, (H)). So, the G,-
stable member of | H| g, | is written as H; N H,. Note that the irregularity
of Hy vanishes. In fact, if dim V' > 3, then the exact sequence

HY(V,0y) — H'(H,0p,) — B3V, Oy (—H))

implies the assertion because H?(V, Oy (—H)) = 0 by the Kodaira van-
ishing theorem. If dimV = 2, then H3(V, Oy (—H)) = H(V,O(Ky +
H)) = 0 because the existence of a G,-action implies ®(V \ H;) = —c0.
Since the G,-fixed point locus on V consists of a single point by assump-
tion, we proceed the above construction inductively under the assump-
tion that H; N HyN---N H; is smooth for 1 <4 < dimV — 1. Then the
Gg-action on V; := Hy N---N H; is nontrivial if i < dimV — 1. Thus
we reach to the set-up of Theorem 2.8. Since the nontrivial GG,-action
on V; — V4 implies that ®(V; — V;11) = —o0, the theorem shows that
V=Pt IfV 2 P it fails to hold that Hy; N---N H; is smooth for some
1<i<dimV —1.

Given a regular vector field A on a smooth projective variety V', an
irreducible subvariety W of codimension one is called integral if for every
smooth point P of W and for a system of local parameters {uy, ..., u,}
of V' at P such that W is defined by u; = 0, we have A(u1) € u1Ov,p.
If dimV= 2, we call W an integral curve of A.

Example 3.5. With the notations in Lemma 1.1, we consider the
case V = P? = Uy [[ Hy with Hy = {Xo = 0}, where Uy = Spec k[z, ].
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Write a regular vector field A on P? as A = f a% + ga%, where

f = aor®+aizy +cor + 1y +c2
g = aozy+ary’ +dox+diy+ds .

In terms of the coordinates {u,v} on Uy = {X; # 0} and {z,w} on
Us = { X5 # 0} (cf. Lemma 1.1), we compute Al|y, and Aly, as follows.

Aly, = —(ao+a1v+ cou+ cruv + cQUQ)%

+(do + dyv + dou — cov — c1v* — czuv)%

0
Aly, = —(a1+diz+aow+ doz? + dozw)a
0
+(c1 + oz + (o — di)w — dozw — dowQ)—aw .

We assume that Hj is an integral curve of A. By the above expression
of Aly, and Aly,, where Hy is defined by w = 0 and z = 0 respectively,
Hy is an integral curve if and only if ag = a; = 0. Hence we have

0 0
A= (00$+01y+62)% + (dox+d1y+d2)a—y )

Namely we have

»(5)-(360)- (2 2) (D) (%)

Furthermore, we have

n n—1
n X o Cp C1 X Co C1 C2o
»o)=Ga ) ()i a) (3)

for all n > 1. This implies that A is locally nilpotent if and only if the
Co C1
do dy
P € GL(2, k) such that

_1 co €1 (0 «
(e a )=o)

). By a change of coordinates (Xo, X1, X2)

matrix is a nilpotent matrix. Hence there exists a matrix

1 O
0 P
ﬁ_lt(Xo,Xth), we may assume that

Letﬁ:(

0 0
A= (ay+02)87x+d287y ,
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whence A(z) = ay + ¢z and A(y) = do2. Now we define a G,-action on
P2 by

X 1 0 0 X
t- X1 = CQt + %Oédgt2 1 ot X1
X, dot 0 1 X,

It is now clear that A is the vector field associated to the G,-action.
Consider a regular vector field A = (c1y + 02)8% with ¢; # 0. Then
Alvynm, =1 6%' This implies that the G,-action is effective on Uy N Hy
and the fixed point locus T' consists of a single point (0,1, 0). In fact, the
decomposition Uy [[(U2 N Hy) [T is a locally nilpotent stratification of

A.

A similar thing holds in the case n > 2. With the notations in
Lemma 1.1, we have the following.

Remark 3.6. Assume that the hyperplane Hy is integral for A as
in Lemma 1.1. This implies that A(%) is divisible by % for every

i # 0. This condition is equivalent to a; = a2 = --- = a,, = 0. Hence we
have
T T C1
T2 T2 C2
A =B . +
T T Cn
Since
T 1 C1
T2 T2 1 C2
An . = Bn . + B’I’L* . 9
Tn Tn Cn

A is locally nilpotent if and only if B is nilpotent. Hence, after a suitable
base change of (21, . ..,z,), we may assume that B is an upper triangular
matrix (¢;;) with all the diagonal entries zero. Then the vector field A is
associated with a G,-action on P™ which stabilizes the hyperplane Hy.

Modeled after the above examples, we introduce the following two
definitions, where we note that the stratifications stop at the second
strata.

Definiton 3.7. Let V be a smooth projective variety of dimension
n. A Gg-action on V is called a stratified action if there exists a re-
duced effective divisor H = H; + --- + H, (irreducible decomposition)
supporting an ample divisor satisfying the following two conditions.
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(1) H is G4-stable, whence there exists the induced effective G-
action on X = V' \ H. Further, there is an induced G,-action
on each H;.

(2) For each irreducible component H;, there exists a reduced ef-
fective divisor K; supporting an ample divisor on H; such that
K; is G4-stable and the induced G,-action on H; \ K; is effec-
tive.

Remark 3.8. In view of Remark 3.4 and the argument therein, if
V' is a smooth projective variety with a nontrivial G,-action and if the
G,-fixed point locus has codimension greater than or equal to 2, then
the G4-action is a stratified G,-action.

Definiton 3.9. Let V' be a smooth projective variety of dimension n
and let A be a regular vector field. We call A effectively locally nilpotent
with stratification if there exists a reduced effective divisor H = Hy+- - -+
H, supporting an ample divisor satisfying the following two conditions.
(1) A induces a nontrivial locally nilpotent derivation on X =
V' \ H and each irreducible component H; is A-integral in the
sense that, for each smooth point P of H;, A(u;) is divisible
by u; in Oy, p, where u; = 0 is a local defining equation of H;.

(2) For each H;, there exists a reduced effective divisor K; on H;
supporting an ample divisor such that A|z,\ g, induces a non-
trivial locally nilpotent derivation.

It is well known that a G,-action on an affine scheme corresponds
bijectively to a locally nilpotent derivation on the coordinate algebra of
the scheme. The following result will correspond partly to this result for
affine schemes and explain when a given regular vector field comes from
a Gg-action on a smooth projective variety.

Theorem 3.10. Let V' be a smooth projective variety of dimension
n > 2. Then the following assertions hold.

(1) A stratified Gq-action o on V induces the regular vector field
A on V which is effectively locally nilpotent with stratification.

(2) Let A be a regular vector field on 'V which is effectively locally
nilpotent with stratification. Then there exists a stratified G-
action on V' which induces the vector field A.

Proof. (1) By the hypothesis, the G,-action o on X (see the no-
tations in Definition 3.7) is effective, whence the associated vector field
is nontrivial on X. Similarly, we can extend this vector field, say A,

to H; \ K; for each i because it is associated to the induced G,-action
on H; \ K;. Then A is an element of I'(V \ (Uj_, K;), Ty ), where
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codim vy (Ul_; K;) > 2. Then A is defined on V as a regular vector field.
It is now clear that A is effectively locally nilpotent with stratification
because the G,-action on H; \ K; is effective.

(2) Let R =T(X,0Oy). Then A is considered as a locally nilpotent
derivation of R. Let ox be the induced G,-action, which is given by the
coaction

®:R— R, D)= %Ai(z)ti .
i>0
For « € k, define the automorphism ¢, of R by ¢, (2) = ®(2)|i=«. Then
Oq = “@q is the automorphism of X such that 0, 03 = 044 for o, 8 €
k. The k-algebra homomorphism & extends to a k-homomorphism
(I)k(V) : k(V) — k’(V)(t) such that @k(v)(%) = (I)(ZQ)/(I)(Zl)7 where
E(V) = Q(R) is the function field of V over k and z1, 22 € R. Then o,
for a € k is viewed as a birational automorphism of V. Although o, is
biregular on X = V'\ H, it may not be biregular on the irreducible com-
ponent Hy, ..., H,.. Suppose that o, induces a correspondence between
H,; and a curve or a point. However, the correspondence induces an
automorphism on the affine open set H; \ K; by the hypothesis. Hence
04 is biregular on all codimension one points of V. This implies that o,
is a biregular automorphism of V. Since o, - 0g = 0oy for o, 3 € k,
the collection {o, | a € k} defines a G,-action on V. Tt is clear that
this G4-action is stratified and induces the vector field A. Q.E.D.

Example 3.11. Let V = F,, with n > 0. With the notations
in Lemma 1.3, a regular vector field A = f a% + ga% makes the divisor
M +/ integral if and only if asg = 0if n > 0 and asg = by = 0if n = 0.
A is locally nilpotent on F,, \ (M + ¢,) if and only if a9 = bp; = 0 for
n > 0. If the latter condition is satisfied, A is associated with a stratified
Gs-action on F,, provided other constants agg and the b;y are nonzero.

Remark 3.12. Dubouloz-Liendo [6] introduced the notion of ra-
tionally integrable k-derivation and showed that regular G-actions on
a semi-affine variety X are in one-to-one correspondence with ratio-
nally integrable k-derivations 0 : Ox — Ox such that the derivation
I'(X,0) : T'(X,0x) — I'(X,0Ox) is locally nilpotent, where an al-
gebraic variety X is said to be semi-affine if the canonical morphism
p: X — SpecI'(X,0x)) is a proper morphism. Hence a complete
variety or an affine variety is semi-affine.

84. (,-actions on Fano varieties

Our objective in this section is to describe the structure of a smooth
projective variety V with a stratified G,-action, mostly in the case where
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V' is a Fano variety of rank 1. Our result is very restrictive since we
only know of few examples for which all possible G,-actions are known
together with the fixed-point loci and the behaviors of orbits. We shall
see first what is the situation with the simplest example P2,

Lemma 4.1. (1) The standard form of a G,-action on P? is given
by

1
t - (Xo, X1, X2) = (Xo, X1 + (bX2 + 1 Xo)t + 5bc2X0t2, X + caXot)

where t € k, b, c1,co € k with the notations being slightly different from
Example 3.5.
(2) The fixed point locus T" is given by

one point {(0,1,0)} if cb#0
I'=< line {X, =0} if co#0,b=0
line {bXQ + ClXO = 0} if Coy — 0.

(3) Suppose cab # 0. Then the closure of each G,-orbit passes
through the point Py := (0,1,0) and is smooth at Py, and the intersec-
tion multiplicity of the closures of two distinct G,-orbits is 4. By the
blowing-ups with centers Py and its 3 more consecutive, infinitely-near
points, the proper transforms of the closures of general G,-orbits are
separeted from each other. If either c¢o # 0 and b = 0 or ¢o = 0, the
closure of each G,-orbit is a line passing through the point (0, ¢1,¢z) or
the point Py respectively.

(4) If cob # 0 then the G,-action is a stratified action. If either
co # 0 and b = 0 or ¢co = 0 then the action is not a stratified action. The
third G4-action with ¢y = 0 is brought to the second one by a projective
transformation.

Proof. (1) By Theorem 3.3, (2), the system of hyperplanes |H]|
has an induced G,-action. Hence it contains a member H; which is
G4-stable. Then we can choose a system of homogeneous coordinates
(Xo, X1, X5) so that Hy is defined by X, = 0. By Example 3.5, we can
write the associated vector field A as

s(5)-(0 ) () ()

The expression of the G,-action in (1) is obtained from this A. Then
the assertion (2) is straightforward.

(3) Let P(a, B) be a point of Uy = {Xy # 0}. Then the G,-orbit is
the set of points

1
t-(1,a,8) = (1,a+ (b3 + 1)t + §bczt?,ﬁ + cot) .
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Eliminating ¢ from
1
r=a+ (bf+c)t+ §b02t2, y =0+ cat,

we obtain the equation of an affine curve on Uy which is the G,-orbit.
If ¢ # 0, the curve is defined by

1
el — ) = (0 + )y — 6) + bly — H)°
The projective closure of the curve is defined by
1
CQ(Xl — CMX())XO = (bﬂ + Cl)(XQ — /BXO)XO + ib(XQ — ﬂXo)z .

If c3b # 0, then this curve is irreducible and smooth at the point Py =
(0,1,0). If ¢3 # 0 and b = 0, then the projective closure of the curve is
defined by

Cg(Xl — CkXo) = Cl(XQ — BXO) .

Hence it passes through the point (0, ¢1,¢cz). If co = 0, the orbit through
a point («, ) is defined by y = § and its projective closure is Xy = 8Xj.
Hence it passes through the point F.

(4) Tt is easy to verify the assertion. For the last assertion, let
Yo = bX5 +¢1 X, Y7 = Xo and Yo = X;. Then the G,-action becomes

t- (}/0) Y171/2) = (YOa 5/17 }/2 + YOt)
which is the case co =1 and b = ¢; = 0. Q.E.D.

We consider next the case of the Hirzebruch surface V=T, (n > 0).

Example 4.2. (1) Suppose that V = F,, with n > 0. Then the
minimal section M is G,-stable because (M?) = —n < 0. Furthermore,
the pencil |[¢| of fibers has an induced G,-action and contains a G-
stable member /... By Lemma 1.3, the associated vector field A on
A? =T, \ (M U/y) is locally nilpotent. This implies that f(z,y) = ago
and g(x,y) = bpox™ + -+ + brox + boo. If apobno # 0, then the point
M N {4 is the fixed point locus, and the G,-action is stratified with
respect to M + (.

(2) Suppose that n = 0. Then the pencils || and |M| contain G-
stable members £, and M. The complement A% = Fy \ ({0, U M)
has the associated vector field

0 0
A= — + byg—
aoo or =+ boo ay
which is locally nilpotent. If aggbgg # 0 then £, N M, is the fixed point

locus, and the GG -action is stratified with respect to Moo + o.
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In the case dim V' = 2, we have the following result.

Theorem 4.3. Let V be a smooth projective surface with an effec-
tive Gq-action. Then the following assertions hold.

(1) 'V is birationally a ruled surface. If there is a (—1) curve E on
V, then E is G,-stable. Hence we can contract E so that the
Gg-action is preserved on the contracted surface. We assume
below that V' is relatively minimal.

(2)  Suppose that V is irrational. Then the fized point locus T con-
sists of a cross-section Sy and a (possibly empty) set of the
fibers by, ..., L., where Sy is not an ample section. Let L :=
Os,(S0). Then there exists a non-zero section s € H°(C,L™1)
such that the zeroes of s defines the fibers {1, ..., 0.

(3)  Suppose that V is a rational ruled surface. Then the G,-action
on V is described in Example 4.2.

(4)  Suppose that V. = P2. Then the G,-action is described in
Lemma 4.1.

Proof. (1) Let H be a very ample divisor. Since H is G-
linearizable, the linear system |H| contains a G,-stable member H.
Since X = V' \ Hyp has a non-trivial G,-action, V' is birationally a ruled
surface. The rest of the assertion (1) is clear.

(2) Any G,-orbit is contained in a fiber of the canonical P*-fibration
7w :V — C, where C is an irrational smooth projective curve. Hence the
fixed point locus I' contains a corss-section Sy. The other components
of I is a (possibly empty) set of fibers ¢1,...,¢,.. The section Sy is not
ample. In fact, if Sy is ample, the complement X = V'\ Sy is affine and
endowed with a G,-action. The quotient morphism is the restriction
7|x of the P!-fibration 7 : V — C such that 7(X) = C. This is a
contradiction because X//G, is an affine curve.

Consider an exact sequence

0— OV — Ov(SO) — OSO(SO) —0
whose direct images by 7 gives an exact sequece
0— Oc — 10y (Sy) = L—=0,

where £ 2 Og, (Sp) with deg £ = (S2). Let £ = 7.0y (Sp). Then € is a
rank 2 vector bundle over C' and V = Proj (£). Let U = {U,},e; be an
open covering of C such that L]y, = Op,e;. Let E|y, = Opy,e @ Oy, é€;,
where ¢; is a lift of e¢; in £. Then

(&€) = <gi,e)( i 0 )

9ji
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over U; NU;. Then 71 (U;) = Proj I'(U;, O¢)[€;, €] and 7= (U;) \ Sp =
Spec T'(U;, O¢) [%] Then the G,-action is given by a locally nilpotent
derivation A defined by A (%’) =s; € I'(U;, O¢). Since % = fﬂ% +
gji» we have s; = f;;s;. Hence {s;} defines a section of H°(C,L™1).
The zeroes of s gives the fiber components of the fixed point locus T'.

Conversely, a section s € H(C, £7!) yields a G4-action on V. Q.E.D.

Now we consider the case dim V' > 3. We assume further the condi-
tion that the Picard number p of V' equals one, i.e., V has (Picard) rank
one.

Lemma 4.4. With the above condition, if V' has an effective G-
action, then V is a Fano variety of p = 1.

Proof. Let H be a very ample divisor. Then |H| contains a G-
stable (possibly reducible) member Hy. Then V' \ (Hp)rea is an affine,
G ,-stable open set. There exists an open set U of V' \ (Hp)req such that
U = Uy x A, where Uy is an affine variety. Hence V is birationally a
ruled variety. In particular, the canonical divisor Ky is not a torsion
divisor. Since p = 1, it follows that —Ky is ample. So, V is a Fano
variety of p = 1. Q.E.D.

The following properties are well known about Fano threefolds (not
necessarily of the Picard number one).

(1) A Fano manifold, i.e., a smooth projective variety with ample
anti-canonical divisor, is rationally connected and hence simply con-
nected [26]. The Kodaira vanishing theorem implies that H:(V, Oy ) = 0
for every i > 0.

(2) Let r be the index of a Fano threefold V, i.e., r is the maximal
positive integer such that —Ky ~ rH with H € Pic (V). Then the
linear system |H| contains a smooth irreducible surface. If r > 2 then
the set of base points of |H| is finite [40]. More precisely, H is very
ample if H? > 3, the base point locus Bs|H| = () if H? > 2 and Bs|H| is
a one-point set if H? =1 (see [39]).

(3) Let V be a smooth projective threefold with H°(V, Ky) = 0.
Then the Brauer group Br(V) is isomorphic to the torsion group T
of H3(V;Z) (see [22, p.166]). If V is a Fano threefold, Br(V) = 0,
whence the torsion group T is zero (see p.168, loc.cit.). The torsion
group T is isomorphic to the torsion group of Hs(V;Z) by the univer-
sal coefficient theorem. In fact, if Hy(V;Z) has the torsion group 77,
then H3(V;Z) = Hom(H3(V;Z),Z) & Ext(Hy(V;Z),Z) by the univer-
sal coefficient theorem, where Hom(H3(V;Z),Z) is a free abelian group
and Ext(Hs(V;Z),Z) = T'. Hence T = T'. The torsion group T' of
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H3(V;Z) is a birational invariant by [1]. For example, if V is rational,
then H3(V;Z) = H3(P3;Z) = 0. So, T = 0.

We are interested in the affine open set X = V'\ H when V is a Fano
threefold and H is an effective ample divisor. X is also the first stratum
if V has a G4-action with H stable. We prove the following result.

Theorem 4.5. Let V be a smooth Fano threefold with Pic (V) =
Z[H), where H is an ample effective divisor 2. Assume that H is smooth.
Let X =V \ H. Then the following assertions hold.

(1) Hi(X3Z) = Ha(X;Z) = 0.

(2) If X is a homology threefold, i.e., H3(X;Z) = 0, then H = P?

and V = P3,

(3) In addition to the assumption in (2), assume further that V
has a non-trivial G,-action and H is G,-stable. Then the quo-
tient surface Y := X//G, is isomorphic to A? and the quotient
morphism q : X — Y is surjective.

Proof.  The proof of the assertion (1) consists of several steps.

(i) We have Hy(V;Z) = 0 because V is simply connected. The
Lefschetz hyperplane theorem implies Hy(H;Z) = 0. In fact, Fujita [10]
proved a generalization of the Lefschetz theorem, which we use here.

(ii) Consider the exact sequence

H'(V,0v) - H\(V,0%) — BX(V;Z) — HX(V,0y)
associated to
02— 0y B0, 0.
This implies that H*(V;Z) = H'(V,0},) = Pic (V) = Z by the hypoth-
esis. By the universal coefficient theorem, it follows that Ho(V;7Z) = Z
because Ha(V';Z) has no torsion group.
(iii) Now consider the long exact sequence of singular cohomology
groups for a pair (V, H),
H*(V,H;Z) — H*(V;Z) — H*(H;7Z) — H3(V,H;Z) —
H3*(V;Z) — H*(H;Z) - HV,H;Z) — H*(V;Z) —
HY(H;Z) — H*>(V,H;Z) — H*(V;7Z) ,
where HY(V,H;Z) = He_;(X;Z) by the Lefschetz duality and hence

HY(V,H;7Z) = 0 if i < 2 because X is affine. Since H*(V;Z)
Ho(V:Z) = Z by (i), HY(H:Z) = Ho(H;Z) = Z and H*(V:Z)

1111

%It is an easy consequence of Pic (V) = Z[H] that H is irreducible and
reduced.
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Hy(V;Z) =0 Dby (i), a part of the long exact sequence reads as an exact
sequence
Hy (V5 Z) = Ho(H;Z) — Hy(X3Z) = 0,

where o : Ho(V;Z) — Ho(H;Z) is non-trivial. In fact, Ho(V;7Z) is
represented as Z[C], where C'is a curve and o(C) = H-C'. Since H is an
ample divisor, H-C > 0. So, H;(X;Z) is a finite cyclic group Z/nZ. By
the universal coefficient theorem, HY(X;Z/nZ) = H,(X;Z) = Z/nZ.
On the other hand, the exact sequence of étale sheaves on X

0= pip — G 25 G =1

yields an exact sequence

HO(X,0%) 25 HO(X,0%) - HY(X;Z/nZ) — Pic (X) =5 Pic (X)
where Pic (X) = Pic(V)/(H) = 0 and H°(X, 0%) = k*. Hence we have
n=1and H,(X;Z)=0.

(iv) Since « is an isomorphism, the above long exact sequence gives
an exact sequence

H3(V;Z) — H*(H;Z) — Hy(X;Z) = 0 .

Since H3(H;7Z) = Hy(H;Z) = 0, we have Ho(X;Z) = 0. This completes
the proof of the assertion (1).

We prove the assertion (2). Since H2(V, H;Z) = Hy(X;Z) = 0, the
long exact sequence in the step (iii) above yields an exact sequence

0— H*(V;Z) — H*(H;Z) — H3(X;Z) — H*(V;Z) = 0 .

Suppose that H3(X;Z) = 0. Then H?(H;Z) = Z and H3(V;Z) = 0
because H?(V;Z) = Z. Let r be the index of V. Then H is a del Pezzo
surface if » > 2 and a K3 surface if r = 1. Since the second Betti number
ba(H) = 1 now, H cannot be a K3 surface for which bo(H) = 22. Hence
r > 2 and H is a rational surface. Since H?(H;Z) = Z as above, it
follows that Pic (H) = H?(H;Z) = Z. This implies that H = P2, Since
Hi(X;7Z)=0by (1), V= P3 by Lemma 2.6. In fact, H is a hyperplane
and X =2 A3

(3) Now the assertion (3) that Y =2 A? follows from [32], and the
surjectivity of ¢ : X — Y follows from [3]. Q.E.D.

Perhaps we need some explanation on the significance of the asser-
tion (3) of Theorem 4.5. If an affine variety X has a nontrivial G,-action,
the slice theorem shows that X contains an Al-cylinder. The property
that X contains an Al-cylinder and how big is it is a crucial matter in
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determining the structure of an affine variety. So, the algebraic quotient
Y := X//G, being isomorphic or not to A? is thought of as a measure to
know how close a given variety is to a rational threefold like P3. Further-
more, the quotient morphism ¢ : X — Y being surjective or not when
Y = A? is another measure. The assertion (3) above is generalized in
Theorem 4.9 below by dropping the assumption that X be a homology
threefold.

Theorem 4.5 shows that with the above notation X is not, in gen-
eral, a homology threefold. A simple counter-example is given by a
smooth quadric hypersurface @ in P*. Before stating the result, a smooth
quadric hypersurface is given by a nondegenerate quadratic form in the
homogeneous coordinates { X, X1, X2, X3, X4}. By a suitable change of
coordinates, we may assume that @ is of Fermat type, i.e., it is defined
by X2 + X? + X3 + X2 + X7 = 0. Again, by a change of coordinates,
we may assume that @) is defined by Xg — X1 X35+ XX, =0.

Theorem 4.6. Let Q be a quadric hypersurface in P* defined by
F=X2— X, X3+ XoXy =0. Then the following assertions hold.
(1) Pic(Q) is generated by a hyperplane section Hg = HNQ, where
H = {Xy = 0}, and hence Pic(Q) = Z[Hg], and Kg ~ —3Hy,
whence Q is a Fano threefold.
(2)  Q has the G4-action induced by a G,-action on P*

"(Xo, X1, Xa, X3, X4) = (X0, X1, X2, X3 + Xot, X4 + X11) .

The surface Hg is Gq-stable, and the induced action on X =
Q\ Hg = Spec klx,y, z,ul/(xz —yu — 1) is given by a locally
nilpotent derivation & such that 6(x) = 6(y) = 0,(z) =y and
o(u) = .

(3) X s simply connected, H{(X;Z) = H(X;Z) = 0 and
H3(X;Z) 2 7Z. Hence X is not a homology threefold.

(4) Y := X//G, is isomorphic to A2, but the quotient morphism
q: X — Y is not surjective.

Proof. (1) This follows from [11, Exp. 12, Cor. 3.7]. Hence X :=
Q \ Hg is factorial and I'(X,Ox)* = k*. This also follows from [16,
Example 1.12].

(2) It is straightforward. By loc.cit., the quotient surface Y :=
X//G, = A% = Speck[z,y] and the quotient morphism ¢ : X — Y is the
projection (z,y, z,u) — (z,y). Furthermore, ¢(X) = A% — {(0,0)} and
every fiber of q over a point of ¢(X) is reduced and isomorphic to Al.
This proves the assertion (4).
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(3) By Nori’s result [35, Lemma 1.5], we have an exact sequence
7 (AY) = m(X) = 1 (A%\ {(0,0)}) = 1.

Hence m(X) = 1. Namely, X is simply connected. By [42, Theorem
1.2], we have h1%(Q) = h*1(Q) = 0. Since b1(Q) = 0 and b2(Q) = 1 by
Lefschetz theorem, we have bo(Q) = bs(Q) =1, b1(Q) = b5(Q) = 0 and
b2(Q) = bs(Q) = 1. Since h3°(Q) = h%3(Q) = 0, we have b3(Q) = 0.
Hence the Euler number x(Q) is equal to 4. On the other hand, Hy is
a quadric surface in P3. Hence x(Hg) = 4. So, x(X) = 0. If b3(X) =0
which is equivalent to H3(X;Z) = 0 because H3(X;Z) has no torsion by
Hamm’s theorem [12, Lemma 1.2], then X is contractible and y(X) = 1.
This contradicts the above calculation of x(X). Hence, b3(X) = 1 and
Hy(X;Z)=7.3 Q.E.D.

Remark 4.7. Let V be a cubic hypersurface in P4*. Then V is a
Fano threefold and Pic (V) is generated by a hyperplane section. How-
ever, V' has no G,-actions because V is irrational and unirational. See
[5] and [17]. Similarly, if V is a quartic hypersurface in P*, it seems
that V has no GG,-actions because some of quartic hypersurfaces are not
rational, but unirational. See [21].

Concerning the assertion (3) in Theorem 4.6, we have a more general
result.

Theorem 4.8. Let V' be a Fano threefold such that Pic (V') = Z[H|
for an ample effective divisor H. Assume that the index r of V is greater
than one and H is smooth. Let X := V\H. Then X is simply connected.

Proof. Let S be a general member of |H|, which is irreducible and
smooth. Since r > 2 by the assumption, S is a del Pezzo surface with
Kg ~ —(r—1)T', where I' = H|g. Since 1 < K% <9, we have r—1 = 3,2
or 1, whence r = 4,3 or 2. By the Lefschetz theorem for affine threefolds
(see [35]), we have an isomorphism

m(S\T)=2m(V\H)=m(X).

Hence it suffices to show that m;(S\T') = 1. If r = 4 then S = P? and
[ is a line. Hence S\ T = A? and m;(S\T) = 1. If r = 3 then S is

30ne of the referees suggested us the following simple argument for the step
(3). By the argument in the step (2) above, ¢ : X — A2\ {(0,0)} is a locally
trivial Al-bundle (actually a principal G,-bundle). Hence g gives a homotopy
equivalence of topological manifolds, and X has the same homology type as
A2\ {(0,0)} ~ R*\ {(0,0,0,0)}, which is itself homotopy equivalent to the real
3-space S3.
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isomorphic to P xP! and I ~ ¢+ M, where ¢ and M are respective fibers
of two projections onto P!. So, S\ T contains A% as an open set and
71 (S\T) = 1. Suppose now that r =2 and 1 < K% < 7. Then we have
Kg = H? and S is obtained from P? by blowing up s points in general
position lying on a cubic curve C' on P2, where 2 < s = 9 — H3 < 8.
If s # 8 then H® > 2 and Bs|H| = (). Hence we can take C to be a
smooth curve. In fact, |Hg| is the restriction of [H| onto S, and |Hg| has
no base points. If s = 8, then |Hg| is the proper transform of a pencil
generated by two smooth cubic curves on P? intersecting transversally
in 9 points, out of which we choose 8 points to blow up. So, for any
value of s (2 < s < 8), we can choose S so that the image of I on P2
is a smooth cubic curve. The divisor I' on S is the proper transform
of C, and P? \ C is an open set of S\ I'. Hence we have a surjection
71 (P2\C) — 7 (S\I). Since 71 (P?\C) = Z/37Z, we know that 71 (S\T")
is abelian.

On the other hand, by the Lefschetz theorem for affine threefolds,
we have

Hy(S\T;Z) =2 H{(X;Z) .
Since Hy(X;Z) = 0 by Theorem 4.5, we have 7 (S\T')=1.  Q.E.D.

We have shown in Theorem 4.5 that Y is isomorphic to A% under
the assumption that V has a non-trivial G,-action with G,-stable H
and X is a homology threefold. In the following theorem, we show that
the same result holds without assuming that X is a homology threefold.

Theorem 4.9. Let V be a smooth Fano threefold with Pic (V) =
Z[H], where H is an ample effective divisor. Assume that the index r
of V is greater than one and H is smooth. Let X =V \ H. Assume
further that V' has a non-trivial G,-action and H is G,-stable. Then
the quotient surface Y := X//G, is isomorphic to A?.

Proof. The proof consists of several steps.

(1) Let ¢ : X — Y be the quotient morphism. Since X is factorial, so
is Y by [16]. Since V is rationally connected and the quotient morphism
g : X — Y extends to a proper morphism g : V' — Y, where V' is
birational to V and Y is a smooth completion of Y, the surface Y is
then rationally connected and hence rational. So, Y is rational and
has no non-constant invertible regular functions. Furthermore, every
fiber of ¢ is one-dimensional, and Y has at most quotient singularities
because there is locally a smooth hyperplane of X dominating the given
point of Y. Since Y is factorial and rational, every singularity is Eg-
singularity. Set Y anew a smooth normal completion of Y. Namely, Y
is a normal projective surface such that Y is smooth at every point of
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D :=Y —Y and D is a divisor with simple normal crossings. Then ¢
defines a rational mapping ¢’ : V' — Y. We eliminate the indeterminacies
of ¢" by blowing up a G,-fixed point of H and subsequently blowing
up the smooth centers which consist of G,-fixed points, and obtain a
morphism ¢ : V — Y such that the divisor D = V — X is a divisor with
simple normal crossings.

Since 5(X) = —oo as X contains an A'-cylinder and since Ky +H ~
—(r—1)H with the index r, it follows that » > 1. Then H is a del Pezzo
surface. B

(2) Let A = g %(D). Then A C D. Since ¢la : A — D is a
proper morphism, A is a finite connected union of irreducible compo-
nents which consist of the proper transforms of the divisor H and the
exceptional divisors. We shall show that 7 (A) = 1 by making use of
Van Kampen’s theorem on the fundamental group of a connected sim-
plicial complex. The proper transform of any exceptional divisor which
constitutes A is either the blowing-up of P? or the blowing-up a P'-
bundle over a smooth curve. We prove m1(A) = 1 by induction on the
number of irreducible components of A which are indexed after the or-
der of blowing-ups p : V. — V by which they appear. The divisor H is
rational since H is a del Pezzo surface. So, m1(H) = 1. The exceptional
divisor F; which appear by the blowing-up of the fixed point on H is
isomorphic to P2 meeting the proper transform H’ of H along a smooth
rational curve. By Van Kampen’s theorem applied to E1 U H’, it follows
that w1 (Ey UH') is the amalgamated product of 71 (E;) and m (H') over
7T1(E1 N H/) Since 7T1(H/) = 7T1(E1) = 1, we have 7T1(E1 @] H/) =
After performing blowing-ups at least k£ times, we obtain the exceptional
divisors F1,...,E); and the proper transform of H’, although some of
the exceptional divisors may have the images by ¢ meeting the open set
Y and do not appear in A. Here we denote the proper transforms of H’
and the exceptional divisors obtained by the earlier blowing-ups by the
same letters. By induction, we assume that m (H'UE U --UFE_1) = 1.
In order to compute 71 (H' U Ey U -+ Ex_1 U E}), we need more obser-
vations on what are the centers of the above blowing-ups.

The indeterminacy of ¢ : V — Y or of the subsequently induced
rational mappings is either a base point where the closures of general
G 4-orbits pass through or an irreducible curve C' such that each general
point of C'is a base point of a one-dimensional subfamily of the closures
of G,-orbits. Namely, there exists a morphism ¢"” : V" — C, where
V" appears in the course of blowing-ups p : V' — V. In the first case,
the center of the blowing-up is a smooth point. In the second case, C'
is contained in an exceptional divisor and it is possibly singular. The
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curve C' is possibly the intersection curve of a newly born exceptional
divisor with the old exceptional divisor, in which case C is smooth. If
C' is singular, we blow up smooth points in a threefold to eliminate the
singularities of C. After making the proper transform of C' a smooth
curve, we blow up C to obtain the exceptional divisor E which is a P!-
bundle over C'. Afterwards, the centers to be blown up are the irreducible
smooth intersection curves of two irreducible components, say F; N Fs,
where one of Fy, F,, say Iy, meets a chain of P'-bundles Fj, ..., Fy and
where only possible intersections of F, F3, ..., F, with each other and
with other components of D are the intersection curves Fy N F3, F3 N
Fy,...,Fs_1 N Fy which are all isomorphic to C.

Now we return to the computation of 7 := m (H'UE;U---UFE,_1U
Ey).

(i) If Ej is the exceptional divisor of the blowing-up with center at
either a point or an irreducible smooth curve, Van Kampen’s theorem
shows that m; = 1. In fact, the m; of a P!-bundle over a smooth curve
C' is equal to m1(C) and the 1 of the intersection curve is also equal to
m1(C). Since 1 (H' UE;U---UFEg_1) = 1, we obtain m; (H' UFE; U---U
Ep 1 U Ek) =1.

(ii) Suppose that the center is the intersection curve C' = Fy N Fy
and Fy meets a chain of P'-bundles Fj, ..., Fy. Again, we have 7 (Ej) U
FyU---UFs) = m(C) by Van Kampen’s theorem, where Fj, is the
exceptional divisor arising from the blowing-up of C' and Fs, ..., F; are
identified with the proper transforms by this blowing-up. It is then easy
to see that 7T1(HIUE1U' . ~UEk_1UEk.) = 7T1(H/UE1U' . 'UEk_l) =1.

Thus we have shown that 71 (A) = 1.

(3) Let g :=q|a : A — D, where D (resp. A) is a reduced effective
divisor with simple normal crossings in Y (resp. YN/) Let Z — D be
an unramified connected (topological) covering of D. Then the fiber
product A xp Z — A is a connected unramified covering of A because
the fibers of § are connected, and the unramifiedness of Z — D implies
that Z and A xp Z are the unions of smooth irreducible components
with simple normal crossings. Hence 71 (A) — (D) is surjective by
the covering space theory. This implies that m (D) = 1.

(4) We shall show that Y is a homology plane. Note that Y has
at most Eg-singularities. Let Y° =Y — SingY" and Y be the minimal
desingularization of Y. Then Y° =Y \ (D U E), where E is the union
of the exceptional curves of the desingularization. Consider an exact
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sequence of integral cohomology groups for a pair (EN/, DUE),

HYY;Z)— HY(DUE;Z) — H*(Y,DUE;Z) —
H>(Y;Z) - H*(DUE;Z) — H*(Y,D U E; Z) —
H3(Y:Z) =0,

where HY(Y;Z) = 0 and H3(Y;Z) = H,(Y;Z) = 0 since Y is rational,
HY(D U E;Z) = 0 because 71(D) = 1 and F is a rational tree, and
H2(Y;Z) = Pic (Y) is a free abelian group of rank #D + #E. Hence
H2(Y;Z) is isomorphic to H2(D U E;Z). So, Hy(Y°;Z) = H2(Y,D U
E;Z) =0 and Hy(Y°;Z) = H3(Y,D U E;Z) = 0. Meanwhile, a small
open neighborhood (in the Euclidean topology) of an Eg-singularity is
homologous to a ball in C2. This implies that H;(Y;Z) = H;(Y°;Z) =0
for ¢ = 1,2. This shows that Y is a homology plane. Furthermore, Y
is topologically contractible. In fact, the quotient morphism ¢ : X — Y
has irreducible and reduced fibers over all codimension one points of
Y if X is factorial, ¢ has no multiple fibers over the codimension one
points of Y (see the argument in the step (3) of the proof of Theorem
2.9). Hence, by Nori’s theorem [35, Lemma 1.5] and since 71 (X) = 1 by
Theorem 4.8, it follows that 71 (Y) = 1.

(5) We argue by the logarithmic Kodaira dimension of Y°. If
®(Y°) = 2, then the singular point of Y is at most one cyclic singu-
larity by [15]. This is impossible if SingY” # () because Y has only
FEg-singularities. Suppose that Y has an Al-fibration. Then the singu-
larities are at most cyclic singularities. By the same reason as above,
SingY = (. Suppose that Y° has an Al-fibration, but the Al-fibration
does not extend to an Al-fibration on Y (hence Y is singular). Then Y’
has a unique singular point, and the closures (in Y) of general fibers of
the Al-fibration form a family of rational curves with one place at infinity
which pass through the singular point of Y. Then the desingularization
Y of Y is dominated by a smooth surface with an Al-fibration. Hence
E(Y) = —oco. Then, by Koras-Russell [27, Theorem 1.1], ®(Y°) = —oc.
We treat this case later. If ®(Y°) = 0, then by Palka [36, Theorem 7.2],
either Y is smooth or Y has only A; or A, singularity. So, the singular
case does not occur, and the smooth case does not occur either by Fujita
[9] and [18].

We consider finally the case ®(Y°) = —oo. If Y° is affine-ruled,
then Y = A? since Y is factorial and has no non-constant invertible
regular functions. If Y° is not affine-ruled, then Y =2 A%//G, where G
is a binary icosahedral group. Then Y is isomorphic to a hypersurface
22 +y3 +2° = 0in A3 Then m(Y°) = G # (1). Meanwhile, the
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fiber of ¢ : X — Y over the singular point is one-dimensional. Hence
71 (X°) = (1), where X° = ¢~ 1(Y°). Then 71(Y°) = 1 by Nori’s result,
loc.cit. This is a contradiction. Hence we have proven that Y is a smooth
contractible surface.

We have a very conceptual proof of Y being smooth by using an
Affine Mumford Theorem [14]. Since X is simply connected by Theorem
4.8 and the fibers of the quotient morphism are one-dimensional, Nori’s
theorem [35, Lemma 1.5] implies that 71 (Y — SingY’) = 1. In (4) above,
we have shown that 71(Y) = 1. Now, Y is smooth by [14, Theorem 3.6].

(6) As in the proof of Theorem 4.8, we take a general member S of
|H|. Then S is a smooth del Pezzo surface, and I' = H|g is a smooth
curve on S. Since Kg ~ —(r — 1)T" with » > 2, it follows that £(S \ T')
is 0 or —oo. We may assume that r = 2 since we have treated the cases
r =4 and r = 3 in Theorems 4.5 and 4.6. Then S is horizontal to the
quotient morphism. In fact, I' is then isomorphic to a smooth curve,
and S\ T does not contain an Al-cylinder because ®(S \ ') = 0. If S
were not horizontal to the quotient morphism, S would contain a family
of G4-orbits. This is a contradiction. So, the restriction of ¢ : X — Y
onto S\ T' is a dominant morphism, and therefore £(Y) = 0 or —oc.
Meanwhile, there is no homology plane in the case ®(Y') = 0 by Fujita’s
result [9, 18]. This implies that £(Y) = —oco. Since Y is factorial and
(Y, 0%) = k*, it follows that Y = A2, Q.E.D.
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