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Dual cones of varieties of minimal rational tangents

Jun-Muk Hwang

Abstract.

The varieties of minimal rational tangents play an important role
in the geometry of uniruled projective manifolds. The goal of this pa-
per is to exhibit their role in the symplectic geometry of the cotangent
bundles of uniruled projective manifolds. More precisely, let X be a
uniruled projective manifold satisfying the assumption that the VMRT
at a general point is smooth. We show that the total family of dual
cones of the varieties of minimal rational tangents is a coisotropic sub-
variety in T*(X). Furthermore, the closure of a general leaf of the null
foliation of this coisotropic subvariety is an immersed projective space
of dimension § + 1 where d is the dual defect of the variety of mini-
mal rational tangents at a general point. When § = 0, the symplectic
reduction of the coisotropic variety can be realized as a subbundle of
the cotangent bundle T*(K) of the parameter space K of the rational
curves.

§1. Introduction

The cotangent bundle of a complex projective manifold carries a nat-
ural holomorphic symplectic form, rendering it a (non-compact holomor-
phic) symplectic manifold (cf. Definitions 2.1 and 2.2). The symplectic
geometry of these non-compact complex manifolds has not been studied
very much, except for a very few special classes of projective manifolds.
Although these special classes are quite limited, their cotangent bundles
exhibit remarkably rich geometry. In the two examples below, we collect
(very selective and limited) samples of results on symplectic geometry
of the cotangent bundles of some of these projective manifolds.
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Example 1.1. Let X be the moduli scheme SUc(r) of stable vec-
tor bundles over a curve C of genus > 2, of rank r with determinant
isomorphic to a fixed line bundle of degree coprime to . Then X is
a Fano manifold of dimension (r? — 1)(g — 1). There exists a mor-
phism h : T*(X) — C D@1 called the Hitchin map (cf.[Hi]). Let
H C T*(X) be the discriminant hypersurface of h, i.e., the union of
singular fibers of h. Then H is covered by a family of P*’s. The images
of these P'’s in X are ‘Hecke curves’ describing family of vector bundles
on C arising from certain analogue of Hecke correspondence (cf.[HR]).

Example 1.2. Let G/P be a rational homogeneous space where G
is a semisimple complex Lie group and P is a parabolic subgroup. The
group G acts on the cotangent bundle T*(G/P) as symplectic automor-
phisms. This induces a morphism p : T*(G/P) — g* to the dual of
the Lie algebra of G by the moment map construction (cf. Section 1.4
of [CG]). The image of p is the closure of a mnilpotent orbit in g* (e.g.
Proposition 1.5 of [Fu]). The exceptional locus E C T*(G/P) of m is
covered by certain projective spaces contracted by u.

The projective manifolds in the above examples, SUc(r) and G/ P,
are Fano manifolds. This suggests that there may exist some interesting
symplectic geometry in the cotangent bundles of Fano manifolds. Of
course, one cannot expect that the cotangent bundle of an arbitrary
Fano manifold has a geometric structure as rich as those of the above
examples. Yet we will show that some features of Examples 1.1 and 1.2
can be recovered in the cotangent bundles of all Fano manifolds (in fact,
all uniruled projective manifolds), satisfying one technical assumption.

To state our result and the technical assumption, we need to recall
the concept of VMRT. For a uniruled projective manifold X, we have
the notion of a minimal dominating family K of rational curves (cf.
Definition 3.3). The tangent vectors to the members of such a family
K of rational curves define a distinguished subvariety C C PT(X) called
the total family of VMRT (cf. Definition 4.5). The technical assumption
we require is

Assumption 1.3. For a general point « € X, the subvariety C,, :=
CNPT,(X) is nonsingular.

This assumption holds for a large class of examples of (X, K). Tt is
equivalent to the normality of C; by Corollary 1 of [HM]. For this reason,
when working with uniruled projective manifolds, it is often harmless to
make this assumption.
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Now consider the dual cone D, := € C T*(X) of C, C PTx(X) in
the sense of Definition 4.1. Let D C T*(X) be the closure of the union
of D;’s as x varies over general points. This irreducible subvariety of the
cotangent bundle is called the total family of the dual cones of VMRT
(cf. Definition 4.5), associated to the given minimal dominating family.
Our main result is the following. We refer to Definition 2.1 for the
terminology in symplectic geometry.

Theorem 1.4. Let X be a uniruled projective manifold and choose
a manimal dominating family of rational curves satisfying Assumption
1.3. Then the total family of dual cones D C T*(X) is a coisotropic
subvariety. The closure of a general leaf of the null foliation on this
coisotropic subvariety D is an immersed projective space P*t1 where
6 > 0 is the dual defect of the VMRT C, C PT,(X) at a general point
re X.

Examples 1.1 and 1.2 can be interpreted in terms of Theorem 1.4.
In fact, Hecke curves in Example 1.1 give a minimal dominating family
in SUc(r) and the Hitchin discriminant H is precisely D, as proved in
[HR]. In Example 1.2, the lines in the projective spaces contracted by
@ are sent to rational curves in G/P which give a minimal dominating
family.

When § = 0, i.e., when D is a hypersurface in 7*(X), which holds
in many examples, we can given an explicit description of the symplectic
reduction (cf. Definition 2.3) of D:

Theorem 1.5. In the situation of Theorem 1.4, assume that 6 =
0. Then there exists a vector subbundle R C T*(K) over a Zariski
dense open subset I C K, which is generically symplectic in the sense of
Definition 2.2, together with a natural dominant rational map D --+ R
which provides a symplectic reduction of D.

The following example is a well-known case of Theorem 1.5. In fact,
it served as a motivation for Theorem 1.5.

Example 1.6. Let X be the smooth hyperquadric Q" C P**!,n >
3. Choose K as the space of lines lying on Q™. The variety of minimal
rational tangents C, C PT,(X) at each z € X is a hyperquadric of
dimension n — 2. Its dual cone D, C T;(X) is an affine hyperquadric.
The moment map associated to the SO(n + 2)-action on X and T™*(X)
is a morphism g : T*(X) — g*,g := so(n + 2), which sends D to the
minimal nilpotent orbit O,,;, C g*. The fibers of y : D — Opin are
Pl’s. This morphism p is the symplectic reduction given by the canonical
symplectic form wx on T*(X). Furthermore, the projectivization PO,y
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is isomorphic to the space K of lines. In fact, the C*-bundle O, — K
is the symplectifcation of the contact manifold K = PO, (e.g. (2.6)
in [Be]). The contact structure on K is given by a line subbundle R C
T*(K) and Oppip, is isomorphic to the complement of the zero section in
this line bundle.

The proofs of Theorems 1.4 and 1.5 are obtained by combining re-
sults from the theory of VMRT’s with some standard arguments in sym-
plectic geometry. Beside their intrinsic interest, we expect our results
and methods will be useful in the application of VMRT technics to the
geometry of uniruled projective manifolds.

§2. Definitions and results from symplectic geometry

In this section, we collect some basic definitions and facts from sym-
plectic geometry.

Definition 2.1. Let M be a complex manifold equipped with a
closed holomorphic 2-form w. For z € M, let

Null,(M) = {v € T,(M),w(v,w) =0 for all w € T,(M)}.

This defines a distribution, called the null distribution on a Zariski open
subset of M. If Null,(M) = 0 for every point z € M, we say that w
is a symplectic form and M is a symplectic manifold. Given an irre-
ducible subvariety Z C M in a symplectic manifold (M,w), consider
the restriction of w to the smooth locus Sm(Z) C Z. The rank of the
null distribution of w|gm,(z) cannot be bigger than the codimension of
Z C M. If this rank is equal to the codimension of Z C M, we say that
the variety Z is coisotropic. The null distribution on Z defines a foliation
on a Zariski open subset Z° C Z, which is called the null foliation of w
on Z.

The most important example of a symplectic manifold is the cotan-
gent bundle of a complex manifold:

Definition 2.2. For a complex manifold Y, its cotangent bundle
T*(Y') has a natural 1-form Ay whose value on T, (T*(Y)) at a point
v € T*(Y) is given by the composition

T,(T*(Y)) ¥ T,(Y) > C

where my : T*(Y) — Y is the natural projection and y = mwy (7). The
2-form wy = dAy is a symplectic form, rendering T*(Y") a symplectic
manifold. A vector subbundle W C T*(Y) is said to be generically
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symplectic if the restriction of wy to a Zariski open subset W° C W is
symplectic so that (W° wy |we) is a symplectic manifold.

For our purpose, the following definition of symplectic reduction will
be sufficient.

Definition 2.3. In Definition 2.1, assume that M is a quasi-projective
algebraic variety and Z C M is a coisotropic subvariety which is also
quasi-projective. Then a quasi-projective symplectic manifold (B, w’) is
called the symplectic reduction of the coisotropic subvariety Z, if there
exists a Zariski open subset Z° C Z equipped with a smooth morphism

red: Z° —+ B

such that w|zo = red*w’.

The following result is useful in checking the coisotropicity of certain
subvarieties. Although this result must have been known to experts, we
can not find a good reference. We will apply it to S = P9+, When
S = P!, this is Proposition 4.5 of [Dr].

Proposition 2.4. Let S := G/P be a rational homogeneous space,
as i Example 1.2, with dimS = § + 1 > 1 for a non-negative integer
6. Let M be a quasi-projective symplectic manifold of dimension 2n.
Let Z C M be a subvariety of dimension 2n —§ —1 > 1. Suppose that
for each general point z € Z, there exists a morphism k : S — Z with
z € k(S) and dim x(S) = dimS. Then Z is coisotropic and a leaf of the
null foliation through z is an open set in the image of k.

Proof. From the countability of the number of components of Hom(S,
Z), the assumption implies that there exist a quasi-projective manifold
U and a dominant morphism p: S x U — Z such that for each v € U,
the image of S, := S X {u} under p has dimension equal to dimS. It
follows that a general point v € U and a general point y € S, satisfy
the following conditions.
(i) The image z := p(y) is a smooth point of Z.
(i) The differential (dp)y : Ty(S x U) = T,(Z) is surjective.
(ii) For w, = pls,, its differential (dp.)y : Ty(Sy) — T.(Z) is
injective.
(iv) The image P, := 11,(S,) is smooth at z.
Using the choice of (u,y) as above and the morphism i, : S, — M, we
have the following three claims.

Claim 1. Given a vector w € T,(Z), there exists w € H(S,, u:T(M))
satisfying w, = w.
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Proof. 'We can find w’ € Ty(S x U) satisfying dpu,(w') = w by the
condition (ii) in the choice of y. Since the vector bundle T'(S x U) is
globally generated on S,, we have a section

we HOS,, T(S x U)ls,)

satisfying w, = w’. Then under the homomorphism du : T(S x U) —
w*T(M), the section

@ = dp () € H(Su, iy T(M))
satisfies W, = w. Q.E.D.

Claim 2. Given a vector v € T,(P,) C T,(M), there exists ¥ €
HO(S,, u:T(M)) satisying 9, = v and ¥ vanishes at some point of S,.

Proof. Using the isomorphism T,(P,) = T,(S,) from the condi-
tions (iii) and (iv), we have a vector v' € T, (S,) such that du(v') = v.
Recall that T'(S,) is generated by sections and any vector field on S
vanishes at some point. Thus we can find a section

v € HO(Sy, T(Sw))

that vanishes at a point of S, and satisfies 0, = v'. Then ¢ := du(?)
satisfies the required conditions. Q.E.D.
Claim 3. w(T,(P,),T.(Z)) = 0, in other words, T,(P,) C Null,(Z).

Proof. The pull-back of w by the morphism pu,, : S, — M defines
a homomorphism

o+ A () T(D) — O,

For any v € T,(P,) and w € T,(Z), let ¥ and w be as in Claim 1 and
Claim2. Then w'(%, @) is a holomorphic function on S,,. Since ¥ vanishes
at a point of S, this holomorphic function must be zero. It follows that

W (0, W)y = w(v,w) = 0.
This proves the claim. Q.E.D.

From the generality of y, the inclusion T,(P,) C Null,(Z) of Claim
3 holds for any general point z of P,. Note that dim7T,(P,) = 6 + 1,
which is equal to the codimension of Z C M. This implies that T,(P,) =
Null,(Z) and Z is coisotropic. Moreover subvarieties of the form P,
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given by general points v € U are tangent to the null foliation on an
open subset of Z.

To complete the proof of Proposition 2.4, just note that the null
foliation is uniquely defined at a smooth point of Z by w|z. Thus the
germ of the image of k through a general point z must coincide with
that of some P, defined above, which is the germ of the leaf of the null
foliation through z. Q.E.D.

§3. Vector bundles associated to a minimal dominating family
of rational curves

In this section, we recall some basic notions regarding a minimal
- dominating family of rational curves and introduce a number of vector
bundles associated to such a family. It is convenient to use the following.

Definition 3.1. A subvariety Y in a complex manifold M is an
immersed P? if the normalization Y™™ is biholomorphic to projective
space P and the normalization morphism Y™™ — Y C M is an
immersion.

Definition 3.2. A rational curve C' C M on a complex manifold
M is standard if under a normalization h : C - C C M,

R*T(M) =2 O(2) @ O(1) @ QdimM-1-p

for some nonnegative integer p. In this case, C' C M is an immersed P!
and the O(2)-factor in h*T (M) corresponds to T(C).

Definition 3.3. Let X be a nonsingular projective variety. An irre-
ducible component K of the normalized space RatCurves™(X) of rational
curves on X (cf. I1.2.11 of [Ko]) is a minimal dominating family if for
a general point z € X, the subscheme K, C K consisting of members
passing through z is non-empty and complete. It is well-known that
every uniruled projective manifold has a minimal dominating family (cf.
IV.2 of [Ko] where the term ‘generically unsplit family’ is used).

Remark 3.4. In [Hw] or [HM], we used the notation K for a mini-
mal dominating family, while we use K in Definition 3.3. In this paper,
we will use K to denote an open subset in K defined in the next propo-
sition.

Proposition 3.5. Given a minimal dominating family K on a pro-
jective manifold X, the following holds.

(i) The Zariski open subset K C K consisting of members of K

which are standard is nonempty and nonsingular.
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(i) Letp:U — K and p: U — X be the universal family mor-
phisms, i.e., p is a P*-bundle such that for a member [C] € K,
we have C = p(p™*([C])). For each point y € U, define T :=
Ker(dpy) and T} := Ker(du,). Then p is a smooth morphism
and TP NTY =0 for each y € U.

(iii) The tangent morphism 7 : U — PT(X) sending y € U to
P((dp)y(T?)) is a generically injective immersion factoring p:

K <& u - Pr(X)
I im
X = X

where w is the natural projection.
(iv) For a point x € u(U) C X, the restriction of T to the fiber
Uy = p~(2)

Tzt Uy — PTR(X)

is an immersion. It is generically injective if x is a general
point of X.

Proof. (i) is Corollary TV.2.9 of [Ko] or Theorem 1.2 of [Hw]. The
smoothness of p in (ii) is by the same reasoning as 11.3.11.5 of [Ko].
Since a standard rational curve is an immersed P!, we have (du), (T%) #
0 for any y € U, proving (ii). The morphisms 7 and 7, in (iii) and
(iv) are immersions by Proposition 1.4 of [Hw]. The morphism 7 is
generically injective from Theorem 1 of [HM] and so is 7, for a general
zeX. Q.E.D.

From Proposition 3.5, the manifold ¢/ has two natural distributions
T? and T* satisfying T°? N T# = 0. It is convenient to introduce an
additional distribution P C T'(U), which plays an important role in the
geometry of VMRT (cf. p. 54 of [HM]).

Definition 3.6. In the setting of Proposition 3.5, for each y € U
and z = u(y), since the morphism 7, : U, — PT,(X) is an immersion by
Proposition 3.5 (iv), we have the affine tangent space Ty, (U,) C Tx(X) to
the image of the germ of U, at y. Using the differential (dy), : Ty (U) —
T, (X), define the subspace P, C T, (U) by

Py = (dp)y (T, Us)).

This defines a vector subbundle P of T'({) with the property TP & T+ C
P.
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Proposition 3.7. In the setting of Definition 3.6, let T C T*(U) be
the annihilator of P. There are canonical inclusions p*T*(X) C T*(U)
and p*T*(K) C T*(U) such that T C pu*T*(X) N p*T*(K).

Proof. Since p and p are smooth morphisms from Proposition 3.5
(ii}, we have natural inclusions p*T*(X) C T*U) and p*T*(K) C
T*(U4). Since Z annihilates P C T(U) which contains both T+ =
Ker(dp) and T* = Ker(dp), we have the inclusion Z C p*T*(X) N
p=T*(KC). QED.

Definition 3.8. In the setting of Proposition 3.7, denote by x :
Z — T*(X) the composition of the inclusion Z C p*T*(X) and the
natural collapsing morphism p*T*(X) — T*(X) and by 7 : Z — T*(K)
the composition of the inclusion Z C p*T(K) and the natural collapsing
p*T(K) — T*(K). Recall from Definition 2.2 that

e T*(K) = K, my : T"U) U and wx : T(X) = X

denote the natural projections. Defining w := my|z, we have the com-
mutative diagram

™K) <~ T 5 TX)
e 4 lw I 7mx
kK <& u 5 X

Definition 3.9. Using the notation of Definition 3.2, let h : C —
C C M be anormalization of a standard rational curve in M. We denote
by h*T (M) C h*T(M) the vector subbundle corresponding to O(2) &
O(1)P and h*T*(M)° C h*T*(M) the vector subbundle corresponding
to (/)dim M—-1-p ipn

R*T*(M) = O(=2) ® O(—1)? @ OdmM—1-p,
For each y € C, the fiber (h*T*(M)°), C Ty, (M) is the annihilator of
(R T(MYH), € To (M),

Recall the following well-known fact from the classical deformation
theory of rational curves (see e.g. p. 58 of [HM]).

Proposition 3.10. In the setting of Proposition 3.5, for a given
[C] € K, write C := p~1([C]) and denote by

h:C—=CcX
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the restriction of w, which is a normalization of C. Then there is a
canonical isomorphism

Tic)(K) = HY(C, T (X))/H°(C,T(C)) (= H° (P, O(1)P@OTmX~17P) ).

Furthermore, for a point y € C C U, there is a canonical isomorphism
T,(U) = H*(C,K"T(X))/H(C,T(C) ® my),

where my, is the mazimal ideal of O at y € C.

Definition 3.11. We define a vector subbundle R ¢ T*(K) by
setting its fiber R at [C] to be the annihilator of

HY(C,h*T(X)")/H*(C,T(C)) C Tiey(K)

under the description of Ti¢)(K) in Proposition 3.10. We will regard the
vector bundle R as a quasi-projective variety.

Proposition 3.12. In the setting of Definition 3.11, there exist
natural isomorphisms

(R T*(X)°)y = H*(C, " T*(X)°) = H*(C, h*T*(X))
for each y € C and a canonical injection
e: H(C,h'T*(X)) — T[*C](IC)
such that Ric) = Im(e).

Proof. From the splitting type of h*T*(X) in Definition 3.9, we
have natural isomorphisms

HY(C,h*T*(X)) = H°(C,h*T*(X)%) = (B*T*(X)?),,.
The natural homomorphism
HY(C,h*T*(X)) — H°(C,h*T(X))*
factors through a homomorphism
¢: HY(C,h*T*(X)) = (H°(C,h*T(X))/H*(C,T(C)))" = Tity(K)

where the last equality is from Proposition 3.10. From the splitting type
of h*T*(X) in Definition 3.9, the homomorphism € must be injective and
its image annihilates

HY(C,h*T(X)")/H(C,T(C)).

Thus Im(e) C R¢]. By the comparison of dimensions, we have Im(e) =
Ricy.- Q.E.D.
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Proposition 3.13. In the setting of Proposition 3.10, for a point
y € U and x = p(y), the subspace I, C p*T}(X) in Proposition 3.7
coincides with the subspace (h*T*(X)%), C T2(X). In particular, the
vector subbundle T C p*T*(X) restricted to C coincides with h*T*(X)°.

Proof. Tt is well-known (e.g. Proposition 2.3 of [Hw]) that the
affine tangent space Ty (U;) C T5(X) to the image of the germ of U, at
y under 7, satisfies

Ty Us) = (R T(X)),

where the right hand side denotes the fiber of the vector bundle A*T'(X)*
on C at y. AsZ, is defined as the annihilator of the left hand side, while
(h*T*(X)%), is the annihilator of the right hand side as mentioned in
Definition 3.9, we have the equality Z, = (h*T*(X)°),. Q.E.D.

Proposition 3.14. In the setting of Proposition 3.13, regard p*R as
a subbundle of T*(U) via the submersion p : U — K. Then the subbundle
I C T*(U) coincides with p*R. In particular, for the morphismn : L —
T*(K) in Definition 3.8, we have R = n(Z).

Proof. By Proposition 3.13, the bundle 7 is trivial along the fibers
of p. Thus it suffices to show that for each y € U with [C] = p(y), the
image of the inclusion 7, : Z, — T*(K) obtained from Proposition 3.7
is Rjc]- By Proposition 3.12, the subspace Rc} C T, [*C] (K) is the image
of the natural homomorphism

¢ : H(C,R*T*(X)) — T (K).

By Proposition 3.13, Z, coincides with (h*T*(X)"),. From the definition
of 7, the image of 7, must coincide with that of
(R*T*(X)%)y = H(C,h*T*(X)) = Ti(K).

This implies the proposition. Q.E.D.

§4. Proof of Theorem 1.4

Let us start with recalling some basic facts on dual varieties. A
good reference is Example 15.22 of [Ha]. For our purpose, it is more
convenient to look at the dual cones.

Definition 4.1. Let V be a (finite dimensional complex) vector
space and let V* be its dual vector space. For a point z € PV, denote
by Z C V the 1-dimensional subspace over z. For a projective subvariety
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Z C PV (which may have finitely many irreducible components), the
homogenous cone over Z will be denoted by Z C V. Fix a projective
variety Z C PV and a smooth point z € Z. The affine tangent space
of Z at z is the tangent space to the homogeneous cone ZCVata
point of £\ {0} and is denoted by T,(Z) C V. Its annihilator in V* is
denoted by T.H(Z) € V*. The incidence variety I; C PV x V* is the
quasi-projective subvariety defined by

Iy := the closure of {(z,u) € PV x V*, z € Sm(Z),u € T+(Z)}.

The image of I in V* under the projection to theA second factor PV x
V* — V* is the dual cone of Z, to be denoted by Z* C V*.

The following is immediate from the definition.

Lemma 4.2. Let Z = Z; U...U Zy be the decorppositz’on nto irfe—
ducible components. Then Iz =17, U---Ulg, and Z* =Z7U---UZ},
set-theoretically.

Definition 4.3. For an irreducible variety Z C PV, the fiber di-
mension of the morphism Iz — Z* is the dual defect of Z and is denoted
by ) Z-

The next proposition is a direct consequence of the duality theorem
(e.g. Theorem 15.24 of [Hal).

Proposition 4.4. For an irreducible variety Z C PV, the fiber of
I, — Z* over a smooth point of Z* is bireqular to P°2. This fiber is sent
to a linear subspace P°2 C Z C PV under the projection PV x V* — PV
to the first factor.

Now we are ready to define our main object of study.

Definition 4.5. Assume the setting of Proposition 3.5. The closure
of the image of 7 in Proposition 3.5 (iii) is called the total family of
VMRT (varieties of minimal rational tangents) of K and denoted by
C C PT(X). The closure of the image of 7, in Proposition 3.5 (iv) is
called the VMRT at x and denoted by C, C PT,(X). Its dual cone will
be denoted by D, := é; C T} (X). The total family of dual cones of
VMRT is the subvariety D C T*(X) defined as the closure of the union
of D,;’s as x varies over general points of X.

Proposition 4.6. In Definition 4.5, let

C;=ClU---UC
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be the decomposition into distinct irreducible components, as in Lemma
4.2. Then the dual defects satisfy é¢c, = - -+ = 0¢, , which we will call the
dual defect of C,. In particular,

o~

o~ %k ——
C, =C U---UC
has k distinct components.

Proof. Since C is irreducible, so is D. Thus for a general z € X, all
components of C; have the same dimension and the same dual defect.
By the duality theorem (e.g. Theorem 15.24 of [Hal), this implies that

E;* has k distinct components. Q.E.D.

Proposition 4.7. In the setting of Definition 3.8, the closure of the
image x(Z) coincides with D C T*(X) in Definition 4.5.

Proof. Note that for a general point x € X, the VMRT C, is the
closure of 7, (U,). For any y € U, and z = 7,(y), we have the equality
T,(C;) = Ty(Uy), which implies

Tzl(cz) = Iy

when we regard Z, as a subspace of T, (X)) via Proposition 3.7. It follows
that

Ie, = the closure of {(z,u) € PT,(X) x T (X), z € Sm(Cs),
weTHC)}
= the closure of {(7;(y),u) € PT,(X) x T;(X), y € Ug,u € T,}.

By definition, D, C Ty (X) is the closure of the image of I, C PT,(X)x
T*(X) under the projection to T;(X). Consequently, the closure of the
image x(Z) must coincide with D. Q.E.D.

Now we impose Assumption 1.3 of Section 1.

Proposition 4.8. Let X be a uniruled projective manifold with a
minimal dominating family of rational curves satisfying Assumption 1.3
in Section 1. Let x € X be a general point. In the notation of Proposition
3.5, the subvariety Uy, = p~1(x) is complete and the morphism 1, : Uy —
PT.(X) is an embedding.

Proof. Let K, C K be the subscheme of members of K through
z. To show that U, = p~'(z) is complete, it suffices to show that
all members of K, are standard. Let K?°"™ be the normalization of
Ks. The morphism 7, in Proposition 3.5 can be extended to a mor-
phism 7, : K™ — PT,(X) by [Ke] which gives a normalization of
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C; = 7(Kn°™™) by Corollary 1 of [HM]. By the same argument as
in Proposition 1.4 of [Hw], it is easy to see that if a member of K, is
not standard, the morphism 7, must be ramified at the corresponding
point. Thus C, must be singular at the image point, a contradiction
to Assumption 1.3. This proves the completeness of Uf,. Then 7, is a
normalization of C, by Proposition 3.5 (iv) and it is an embedding of U
from Assumption 1.3. Q.E.D.

Proposition 4.9. In the setting of Proposition 4.8, regard I, as a
subspace of TX(X) for each y € U, via Proposition 3.7. Then we have
the equality

Io, = {(mz(y),v) € PTL(X) x T3 (X), y € Up,u € T,}.

Proof. 1In the proof of Proposition 4.7, we have already seen that
Ic, is the closure of the right hand side of the equality. But the right

hand side is closed, because 7, : U, — C, C PT,(X) is an embedding of
a smooth projective variety by Proposition 4.8. Q.E.D.

Proposition 4.10. Assume the setting of Proposition 4.8. Let us
use the notation of Definition 3.8 and recall that x(Z) is a dense subset
of D by Proposition 4.7. Let F be a general fiber of x : T — D, contained
in I, = (uow) () for a general point x € X. Then

(i) F is bireqular to P° where § is the dual defect of the VMRT C,

at x in the sense of Proposition 4.6.

(ii) The morphism w|F is an embedding. The morphisms (pow)|p
and n|F are immersions.

(iii) Let o: S — F be the P*-bundle defined by the pull-back of the
PL-bundle p via the immersion (pow)|r. Denote by E C S the
distinguished section of o given by w(F). Then S is bireqular
to the blow-up of P*t1 at one point and E C S corresponds to
the exceptional divisor of the blow-up.

Proof. By Proposition 4.8, we know that I/, is projective and bireg-
ular to C,. By Proposition 4.9, the fiber F corresponds to a general fiber
of Ic, = D,. Thus (i) is a consequence of Proposition 4.4 and Proposi-
tion 4.6.

The morphism (7 o @)|r : F — PT,(X) is a linear embedding by
Proposition 4.4. It follows that w|r is an embedding. Its image w(F)
is a submanifold in U, = p~!(z). Since T? N T* = 0, we see that
(pow)|p = (7 on)|F is an immersion. Consequently, the morphism
N|r is an immersion, too. This proves (ii).

To prove (iii), it suffices to show that the normal bundle of the
section E in S is isomorphic to O(—1) on E = P?. For a general z € X,
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the line bundle L, := T*|y, on U, agrees with 7;O(—1)pr, (x) where
O(=1)pr,(x) is the tautological line bundle of PT,(X). The normal
bundle of E C S is isomorphic to (w o g|g)* L. Since the image of F in
PT,(X) is a linear subspace by Proposition 4.4, the line bundle w* L is
isomorphic to O(—1) on P? = F C U,. This proves (iii). Q.E.D.

Notation 4.11. In the setting of Proposition 4.10, since o : S — F
is the pull-back of p : i/ — K by the immersion £ := (pow)|rp : F — K,
we have a natural immersion ¢ : S — U with a commutative diagram

s 5 u
o Lp
F 5 kK

The inclusion F' C Z in Proposition 4.10 as a general fiber of x de-
termines a natural section E C (C*I)|g of the pull-back bundle ¢*Z
restricted to E C S. Since the bundle (*Z is trivial along fibers of o
from Proposition 3.14, the section E over E extends to a section S of
¢*T over S. (Equlvalently, F C T determines a section of £*R which
gives rise to a section S of

Q*f*R — C*p*R — C*I
via Proposition 3.14.) Denote by ¢ : S — T the composition
S~Sc¢IT 1T

and by 6 : S — P9t the blow-down of E. Since x ot : S — D contracts
E, we can write y ot = x’ 0§ for some x’ : P°T! — D. Write @’ =
wot Since pow : S — X contracts F, there exists a morphism
v : POt — X satisfying p o w’ = v o0 6. In conclusion, we have the
following commutative diagram

L

u s 4 1
pl 16 Ix

X & ope+t Xy op

Proposition 4.12. In Notation 4.11, we have v = wx o X’ for the
projection mx : T*(X) —» X

Proof. Under the inclusion Z C p*T™*(X) of Proposition 3.7, the
image t(s) of a point s € S should take value in T} (X) for z = v 0 6(s).
From our definition of ¢(s), we have x = p o ((s). Since the latter is
equal to mx o x o t(s), we obtain the proposition. Q.E.D.
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Proposition 4.13. In Notation 4.11, the morphisms v and x' are
immersions. In particular, y(P°*1) and x'(P?*!) are immersed PO+1’s.

Proof. The lines in P%*! through the points §(F) are images of
fibers of o : § — F under the blow-down 6 : S — P%*!. Since the fibers
of o come from fibers of p, the morphism v : P*! — X sends the lines
through 6(E) to members of K, C K, the subscheme parametrizing
members of K through the point z € X. Since K is an irreducible
component of RatCurves”(X), all lines of P°*! are sent to members of
K by «. Suppose that v is not an immersion and ramified at some point
Q € P°+1, Choose a line £y C PO*! passing through @ and §(E). Since
~ is ramified at @), we can find a non-trivial family of lines

{6, CPH e A, Qety}

such that y(¢;) are tangent to v(¢p) at v(Q) for all t € A. Tt follows
that {v(¢:),t € A} is a deformation of () in X fixing a point and a
tangent vector at that point. This is a contradiction to the fact that
v(£p) is standard, unless v(¢;) = (o) for all small |t|. But the latter
implies that v : P**1 — X contracts some curve in P*!, which implies
that v(P°+1) is a point, a contradiction. It follows that -y is an immersion
and so is x’ from Proposition 4.12. Q.E.D.

Proof of Theorem 1.4. From Proposition 4.13, we see that a gen-
eral point of D lies on an immersed P! in T*(X) contained in D C
T*(X). This implies Theorem 1.4 by Proposition 2.4 with § = P9+,

Q.E.D.

§5. Proof of Theorem 1.5

The following proposition is crucial for the proof of Theorem 1.5.

Proposition 5.1. In the setting of Definition 3.8, denoting by wi
the canonical symplectic form on T*(K) and by wx the canonical sym-
plectic form on T*(X), we have the equality of two holomorphic 2-forms
N*wx = x*wx on T.

Proof. Recall the notation of Definition 2.2. Let 7x : T*(X) —» X
(resp. mx : T*(K) — K) be the vector bundle projection. Let Ax (resp.
Ax) be the canonical 1-form on T*(X) (resp. T*(K)) whose value at
a € T*(X) (resp. B € T*(K)) is given by the composition

To(T* (X)) EX T, (o) (X) 25 C

(resp. Ta(T*(K)) Z5 Trp () (K) =5 ©).
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Then wx = dA\x and wx = dA\g¢. We claim that n*Ax = x*Ax which
implies the proposition. We will check this claim at a given point s € Z,
over a point y € U through the following commuting diagram obtained
from Definition 3.8, Proposition 4.7 and Proposition 3.14.

T™K) > R & T 5 D c T+X)
T 4 lw I mx
kK =x & u 4 x = X

In the notation of Proposition 3.13, a point of 7, can be identified with
an element s € HO(C,h*T*(X)%) where [C] = p(y). Let us denote by
S[c] € T[*C] (K) the cotangent vector determined by s via the isomorphism
in Propositin 3.12

HO(C,h*T*(X)°) = Rig) C Ti(K).

Denote by sy € Ty, (X) the evaluation of s at y. To prove the claim,
we will check the equality

n*Ac(v) = X" Ax (v)

for any v € Ts(Z). From Proposition 3.10, dw(v) € Ty (U) is represented
by an element w € H°(C, h*T(X)) modulo H°(C,T(C) ® m,). Then

7" Ae(v) = Me(dn(®)) = {sicy, dlmx on)(©)) = {sicy, d(po@)(v)) = (s,w)
where the first two pairings (,) denote the one induced by
while the last pairing denotes the one coming from
H°(C,n*T*(X)) ® H°(C,h*T(X)) — C.
On the other hand,
X" Ax (v) = Ax (dx(v)) = (sy, d(mx © x)(v)) = (sy,d(p 0 @) (v))
where the pairings denote the one induced by

Note that d(u o w)(v) = w, where w, denotes the evaluation of w €
H°(C,h*T(X)) at the point y € C. But we have the equality

(s, w) = (sy,wy)

because the left hand side is a holomorphic function on €' 2 P!. This
proves the claim that n*Ax = x*Ax. Q.E.D.
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Now we are ready to prove the following more precise version of
Theorem 1.5.

Theorem 5.2. We assume the setting of Theorem 1.4. Let R C
T*(K) be the vector subbundle defined in Definition 3.11. Then R is a
generically symplectic subundle in the sense of Definition 2.2 if and only
if 8 =0. When 6 =0, the map x : T — D is birational and the rational
map

nox 1:D--»R

is a symplectic reduction of (D,wx|p) to (R,wklr).

Proof. When é = 0, the morphism x : Z — D is birational from
Proposition 4.4 and Proposition 4.9. The closures of the general leaves
of the null foliation on D must agree with the x-images of the fibers
of n by Proposition 2.4. Thus 1 o x~! gives the symplectic reduction
and the symplectic form induced by wyx on the reduction R must be
the restriction of wx by Proposition 5.1. This also shows that R is
generically symplectic if 6 = 0.

Finally, if R is generically symplectic with respect to wg, then by
Proposition 5.1, the null distribution of x*wx on Z (in the sense of
Definition 2.1) must be given by the fibers of . Thus § = 0 from
Theorem 1.4. Q.E.D.
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