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* Strichartz estimates for Schrodinger equations with
variable coefficients and unbounded potentials

Haruya Mizutani

Abstract.

This note is concerned with Strichartz estimates for solutions to
Schrédinger equations with asymptotically flat metrics and subquadrat-
ically growing potentials. We prove the estimates outside a large com-
pact set centered at origin. Under the non-trapping condition, we also
prove global-in-space estimates.

§1. Introduction

Let (M, g) be a complete, connected and smooth Riemannian man-
ifold with a metric g and consider formally self-adjoint Schrédinger op-
erators —(1/2)A, + V(z), where A, is the Laplace-Beltrami operator
associated with g and V(z) is a smooth and real-valued function on M.
We denote by H the unique self-adjoint realization of —3A, + V(z) on
L?(M) and consider the following time-dependent Schrédinger equation:

dyu(t) = Hu(t), t €R;  uls—o = ug € L*(M).

The solution is given by u(t) = e *#ug, where e *# is a one-parameter
strongly continuous unitary group generated by H and is called a prop-
agator. The distribution kernel of the propagator e~ * is called the
fundamental solution (FDS for short) of the above Cauchy problem.

In the flat case, that is the case with H = —3A + V(z) on the
Euclidean space (R¢,§;5), the construction of the FDS has been exten-
sively studied by many authors. It is well known that the FDS of the
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itA/2

free evolution e is explicitly given by

L ez L[ ie—yye—inie
(2mit)dr = Gr) /Rd ¢ dt.

For the case with potential perturbations, it was shown by Fujiwara [5]
that if the potential V is real-valued, smooth and of quadratic type, that
is |02V (z)| < C, for all |a| > 2, then, for sufficiently small 0 < |t| < 1,
the FDS can be written in terms of an oscillatory integral form. Under
the same condition, Kitada and Kumano-go [8] constructed the FDS as
a Fourier integral operator:

e Fug(e) = gy [, VOO OB, €uo )y
where W(t,x,£) is real-valued and smooth, and b(¢,z,£) is uniformly
bounded with respect to (¢, z,£). We also refer to [12] for the case with
magnetic fields and singular potentials. It follows from the above repre-
sentations that for any ug € L2(R%) N L' (R%), the solution e~ *Huq(z)
satisfies the L!(R?) — L>°(R?) estimates:

lle™ ™ uo|| o0 (may < C|t|_d/2”u0||L1(Rd)7 0<[tl <1

Since e~*# is bounded on L?(R?), applying the TT*-argument due to
Ginibre and Velo [6], we see that e ¥ satisfies the so-called (local-in-
time) Strichartz estimates:

e wol| Lo (7. La(ray) < Crlluoll 2 (gays
where (p, q) satisfies the following admissible condition:

p>2, 2/p+d/qg=4d/2, (d,p,q)# (2,2,00).

For the proof of the endpoint estimate (p,q) = (2,2d/(d — 2)), we
also refer to Keel and Tao [7]. Strichartz estimates imply that, for
any ug € L2(RY), e~ ®Hyy € LI(R?) for a.e. t € R and for above gq.
These estimates hence can be regarded as L9-type smoothing properties
of Schrodinger equations. The estimates have been widely used in the
study of nonlinear Schrédinger equations (see, e.g., Cazenave [3]). More
recently, the construction of (microlocal) parametrices and Strichartz
estimates for Schrodinger equations on manifolds have been studied by
many authors under suitable assumptions on the geometry. For exam-
ple, Bouclet and Tzvetkov [2] studied Schrodinger equations on (R9, g),
where g is a long-range perturbation of the flat metric in the following
sense:

102 (gjk(2) — djk)| < Calz) ™71,
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with some positive constant p > 0, where (z) = /1 + |z|?. They then
showed that, for appropriate symbols x*(z, ) supported in frequency
localized outgoing and incoming regions and h € (0,1}, e"*#x*(z, hD)
can be brought to the following form

e HxE (x, hD)ug(z) ~ UM(SE, a)eA2Uh (8%, b)*
for 0 < 4t < 1, respectively, where S*(z, ¢) solves the Eikonal equation
p(x,8,5% (z,€)) = |£]?/2 on a neighborhood of supp x*,

a'i and b’i are h-dependent, smooth, uniformly bounded amplitudes and
Uh(p,w) is a semiclassical F1O:

1 i (o(z.E)—y-
UM (p,w) = W/deeh(w( =0 w(z, E)ug(y)dyde,

for suitable phase function ¢ and amplitude w. Such a representation is
called the (semiclassical) Isozaki and Kitada (IK for short) parametrix
for e=H_ Moreover they proved that (i) local-in-time Strichartz esti-
mates, outside a large compact set centered at origin, by using the IK
parametrix, (ii) global-in-space Strichartz estimates under the nontrap-
ping condition on the kinetic energy. If the potential V is bounded at
least, then there are also several results for the case on manifolds (e.g.,
see [1], [9], [10], [11] and references therein). However, to my best knowl-
edge, there is no result for the case where both of non-flat geometries
and unbounded potentials in the spatial variable are present.

In this note we consider Schrédinger equations with an asymptoti-
cally flat metric and subquadratically growing potentials. We then con-
struct a (short-time) microlocal approximation of e ®# in terms of two
kinds of Fourier integral operators, and prove local-in-time Strichartz
estimates for any admissible pair (p, ¢) including the end point.

§2. Main results

Let d > 1 and consider R% equipped with a smooth Riemannian
metric g = (gjx). Let —2Ay + V() be a Schrodinger operator on
(R4, g), where A, is the Laplace-Beltrami operator associated to g and
V(z) is a real-valued and smooth function. Let (¢°%) = (g;x)~! and
k(z,¢) = %Zik:l ¥ (x)€;&, the corresponding kinetic energy. We
assume that k(z,€) > cl¢|? for all (z,€) € R?? with some constant
¢ > 0. We also assume that there exists a constant p > 0 such that for
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all & € Z4, there exists Co > 0 such that
|02 (6% (x) — 6;%)| < Calz) ™1,
02V (2)] < Calz)* 71l

It is known that —1 Ay +V(z) is then essentially self-adjoint on C5°(R%),
and we denote by H the unique self-adjoint extension on L?(R%).
Let (yo(t),n0(t)) be the Hamilton flow generated by k(z, £):

Yo(t) = Ogk(yo(t), mo(t)), no(t) = —0zk(yo(t), (1)),
with (yo(0),70(0)) = (z,&). We recall the nontrapping condition:
(1) For any (z,€) € T*R?® with £ # 0, |yo(t,z,&)| — +o0 as t — £oo.

For a set A, xa denotes the characteristic function on A. The main
result is the following:

Theorem 1. Let 4> 0,7 >0,p>2, g <0 and 2/p+d/q=d/2.
Then the followings hold.
(i) For R > 1 large enough,

(2) ||X{|w|>R}6_itHU0|le([_T,T];Lq(Rd)) < CTI‘UOHL?(Rd)‘
(ii) For any r > 0,
(3) ||X{Iz|<r}6_itHu0HLp([_T7T];Lq(Rd)) < CT7T|IUOI|H1/P(R4)'

Moreover, if we assume in addition that k(z, &) satisfies the non-trapping
condition (1), then (3) holds with ||uo|| g1/»(ray Teplaced by [|uol|L2(ga)-
In particular, combining with (2), we have the global-in-space estimates:

lle™* ol o (11710 < Crllvoll L2 ey,

under the non-trapping condition.

§83. Construction of parametrix

Let go = da?/(z)? + de2/(€)? be a metric on T*R?. We say that
a € S(go) if a € C*(R??) and, for any o, 8 € Z%, there exists Cop > 0
such that

1020 a(x,€)| < Capm(z,€)(z) "), z,cer?
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We denote the pseudo-differential operator (PDO) and Fourier integral
operator (FIO) by Op(a) and U(¥, a), respectively:

Op(@)f(a) = Gz [ ¢ Fale.€)f(w)dude,

U6,0)f(@) = g [ @O Ia(o, )7 ()dyde.
(2m)? Jra

As we mentioned above, if gz = 0% then e~ is given by U(v, a)
with some ¢(¢,z,€) and a(t,z,£). On the other hand, if g is a long-
range perturbation of the flat metric and the potential V' = 0 then
e~ tH Oph(x*) is given by Uh(Si,af)e“A/QUh(Si, bf)* modulo some
smoothing term, where Op”(x), U"(S,a) are semiclassical PDO and
FI0, respectively. Our model is regarded as a mixed case of these two
models and we construct the semiclassical parametrix for e~ in terms
of a sum of these two representations as follows.

First, consider a partition of unity on {z;|z| > R} x R%:

Uz, &) +hT (2, ) + b (2,6) =1, |z| >R, £E€RY,
where 1, h* € S(go) so that
suppl C {(z,€) € R*;|z| > R/2, |z > (£)},
supp h* C {(2,€) € R*; R/2 < |z| < (6)/2, £z - &/|z[|¢] > —1/2}.

We also consider the dyadic partition of unity with respect to the fre-
quency. Let ¢ € C§°(R%) be such that suppy C [1/2,2], ¢;(£) =
p(§/27) and

D> wi©) =1, g=1,
=0

and set h;-t (z,€) = h*(z,€)p;(£). We then have the following theorem:

Theorem 2. Suppose u > 0. Let R > 1 be large enough and
0 < § <« 1 small enough. The followings then hold:
(1) There exists a time-dependent phase function ¢ € C*((—4,5) X
R24;R) such that, for z,& € R? and |t| < 6,

10208 ((t,2,6) — - € + thi(@, &) + 1V ()] < Caplt]*(@)?~ >+,

For sufficiently large jo > 1, there exists a family of time-independent
phase functions {SJi € C*(R?%;R); 5 > jo} such that

10202 (S (2,€) — 2 - €)] < Capla) 71,
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uniformly with respect to x,& € R? and j > jo.
(2) For any N > 0, there exist bounded families of amplitudes

{an(t) € S(go); It] < 6},
{bx; € S(90);5 = jo},
{ci,; € S(90)34 = jo},
such that, for all s € R with N > 2s+ 1,
Op(D)e™™ Op()* = U(y(t),an () + On-ssms (), 1t <6,
Op(hf)e™™H Op(hf)* = U(SF,b% e/ 2U(SF, c5 ;)"
4+ Og-ayg: (2770271 0 < 41 < 6.
Moreover, if we choose N > 2d 4+ 1 then the distribution kernels of
Op(1)e*# Op(l)* and Op(h;)e~"H Op(hi)* satisfy
|K(t,z,y)| < Clt|"¥2, z,6€R%, 0<t| <4,
K5 (t,z,y)| < Clt™Y%, z,€ eRY, 0< £t <5, j > jo,
respectively.

For the proof of Theorem 2, we refer to [11].

§4. Sketch of the proof of Theorem 1

We here give an outline of the proof of Theorem 1 by using The-
orem 2. Observe that Theorem 2, combined with a trick by using a
duality argument due to Bouclet and Tzvetkov [2, Lemma 4.3] and the
Keel and Tao theorem, imply Strichartz estimates for Op(l)e *# and
Op(hji)e_“H:

(4) I OP(Z)G"“H“0||Lp([—T,T];Lq(Rd)) < CTHUOHL?(Rd)’
B) Op(h;'t)e_the_thud|L?([~T,T];LQ(R¢)) < Crlluol| p2za),

uniformly with respect to j > jo. We consider a 4-adic partition of unity

FUH) + Y550 f3(H) = 1d, where f, f € C(R) and f;(\) = f(A/2%).
Then, we can prove that

(a) Li-functional calculus. For any 2 < ¢ < oo, Op(h;-—L)f(H ) and
Op(h;t)fj (H) satisfy

10p(hH) TN, o+ 0P fy (]|, ,, < Cu2740/271/0) >,
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(b) Littlewood-Paley estimates. For 2 < ¢ < co and 1 < jg < o0,
there exists Cy j, > 0 such that

1/2

1 0p(A=)ulla < Coollull e + Cago | S (10P(RE) 5 (HD)ull,
Jj2Jjo
By (5), Littlewood-Paley estimates with v = e~*#uy and Minkowski
inequality, we have Strichartz estimates for Op(h*)e~*# . Since Op(l)+
> . Op(h*) =1d, we obtain (2).

Strichartz estimates with the derivative loss 1/p can be proved by a
standard method using the WKB parametrix for e=®H Op(y;,) for [t] <
h, where xp(z, &) = x(z, h€) with x € C°(R??) (see, e.g., [2]). Finally,
if k(x,&) satisfies the non-trapping condition (1), then the missing 1/p
derivative can be recovered thanks to the local smoothing effects due to
Doi [4]. For the details of the proof, we refer to [11].
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