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On cuspidal sections of algebraic fundamental groups 

Jakob Stix 

Abstract. 

Rational points in the boundary of a hyperbolic curve over a field 
with sufficiently nontrivial Kummer theory are the source for an abun­
dance of sections of its fundamental group extension. We refine Naka­
mura's approach to these sections and obtain an anabelian theorem for 
hyperbolic genus 0 curves over quite general fields, for example Qab. 
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The anabelian geometry of cusps governs the anabelian geometry of 
affine smooth curves of genus 0. By understanding cuspidal sections of 
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algebraic fundamental groups well enough we extract anabelian results 
for curves of genus 0 over rather general base fields as an application. 

We will work over fields k of characteristic 0 and with full pro-finite 
fundamental groups only. Tame or logarithmic as well as pro-£ versions 
of the material presented here involves only trivial modifications. 

1.1. Anabelian geometry for curves of genus 0 

The etale fundamental group of a geometrically connected variety 
U over a field k with algebraic closure kalg sits in an extension, see [4] 
IX Theorem 6.1, 

(1.1) 

where U = U ®k kalg, and Gal(kalglk) = 1r1 (Spec(k)) is the absolute 
Galois group of k that we denote by Galk. The group 1r1 (U) is called the 
geometric fundamental group of U lk. We abbreviate the extension 
( 1.1) by 1r1 (U I k). Due to neglecting base points, the extension 1r1 (U I k) 
is only functorial in U I k if regarded as an extension of Galk with 1r1 (U)­
conjugacy classes1 of maps of extensions. 

In a sequence of papers [14] [15] [16], Nakamura developed anabelian 
geometry of hyperbolic (i.e., the Euler characteristic is negative) smooth 
curves of genus 0 based on a detailed study of cuspidal sections (to be 
defined below in Section 1.2). Nakamura shows in [15] Theorem 1.1 
that, for a finitely generated extension kiQ, two hyperbolic genus 0 
curves U I k and VI k are isomorphic over k if and only if the extensions 
1r1 (U lk) and 1r1 (VIk) are isomorphic as extensions of Galk. The picture 
was later completed to include also a natural bijection 

as a consequence of more general results on affine anabelian curves by 
Tamagawa [24]. Subsequent work by Mochizuki [9] [10] extended the 
scope further to base fields k contained in a finitely generated extension 
of a p-adic field QP. The author [20] [21] included also base fields of 
positive characteristic2 , with the case of a finite base field already being 
covered by Tamagawa [24]. The main result of the present note with 
respect to anabelian geometry of genus 0 curves extends Nakamura's 
result to more general base fields. 

1By definition, two maps of extensions j,g : Ir1 (Ul/k) -+ 1r1 (U2 Ik) are 
1r1 (U2)-conjugate if there is an element 1 E 1r1 (iJ2 ) such that f = 1(-)r- 1 o g. 

2The presence of Frobenius requires some care with the correct statement. 
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Theorem A. Let U and V be hyperbolic curves over k with smooth 
projective completions of genus 0. If k is algebraic over Q such that 
kQab is finite over Qab, then U ~ V as k-curves if and only if there is 
an isomorphism n1(U lk) ~ 1r1(VIk) of Calk-extensions. 

This is a special case of Theorem 63 proven in Section 9 with Theo­
rem 30 providing the fact that over such base fields k every isomorphism 
of fundamental group extensions automatically preserves the anabelian 
weight filtration, see Section 5. The proof benefits from the terminology 
and structure of the anabelian local cohomology sequence, see Section 6, 
the notion of orientation, see Section 7, and an anabelian theory of units, 
see Section 8. Moreover, the proof relies on a precise analysis of the prop­
erties of the base field k that allow to characterise cuspidal sections and 
to define actual parameters in the base field, the double ratios, which 
serve as moduli parameters to distinguish different genus 0 curves. 

Actually, extracting moduli parameters from a given n 1 (U I k) rather 
than showing that an isomorphism 1r1 (U I k) ~ 1r1 (VI k) necessarily comes 
from an isomorphism U ~ V as k-curves is a first step towards a better 
understanding of anabelian geometry of curves. While the understand­
ing of morphisms shows that the functor n 1 is fully faithful, see [10], we 
would also like to know an a priori description of the essential image of 
n 1 . The approximation that our approach here has to offer focuses on 
the moduli parameter values that we ca~extract from the extension, a 
priori elements in the pro-N completion k*, see Definition 2. Obviously, 
as a necessary condition for an extension to lie in the esse~al image, 
these moduli parameters have to lie in the image of k* --+ k*. In Sec­
tion 10 we show how the j-invariant can be extracted from n 1 ( E- { e} I k) 
where E I k is an elliptic curve with origin e E E. 

1.2. Cuspidal sections 

A k-rational point u E U(k) yields by functoriality a section 

of n 1(Uik), with image the decomposition group of a point above u. 
Having neglected base points only the class of a section up to conjugation 
by elements from n 1 (U) is well defined. Let us denote by Y'K1(U/k) the 
set of conjugacy classes of sections of n 1 (U I k). The section conjecture 
of Grothendieck's anabelian geometry [5] speculates the following. 

Section Conjecture (Grothendieck). The map U(k) --+ Y'K1(U/k) 

which sends u f--t Su is bijective if U lk is a geometrically connected, 
smooth, projective curve of genus 2: 2 over a finite extension kiQ. 
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The section conjecture is wide open in general, see [23] for a sur­
vey. The first affirmative examples can be found in [22] §7 and very few 
others have been found in the meantime. An approach using Tannakian 
formalism has been advocated by Esnault and Hai [3]. The injectivity 
part in the section conjecture is a consequence of the Mordell-Weil theo­
rem and was known to Grothendieck. A stronger pro-p injectivity result 
was obtained by Mochizuki [10] Theorem 19.1, see [23] §7.2 for a survey. 

For affine smooth hyperbolic curves U jk there is an obvious failure 
of the section conjecture if there are k-rational points in the complement 
Y = X\U of U in its smooth projective completion X, since these points 
give rise to cuspidal sections to be defined now. 

Let y E Y(kalg) be a geometric point and 01,y the corresponding 
henselisation of the local ring. The fundamental group of the connected 
scheme of nearby points Uy = UxxSpec(01,y) at y can be computed 
as the decomposition subgroup of a place above y and sits in an extension 

which we abbreviate by 1r1 (Uy / r;,(y)), and where r;,(y) C kalg is the 
residue field of the closed point in Y underlying y. Then Uy -+ U 
yields a natural map of extensions 

the image of which coincides with the extension described by the inertia 
and decomposition subgroup at y, see Section 3. 

Definition 1. A cuspidal section of 1r1 (U jk) is a section that fac­
tors over 1r1 (Uy) for a pointy E Y with (necessarily) residue field k. The 
image of 

!/'n1(Uyjk)-+ !/'n1(Ujk) 

is called the Paket (engl. packet) based at the cusp yin [5]. 

Being cuspidal does not depend on the representative chosen in a 
given conjugacy class of sections. The correct version of the section 
conjecture for affine curves asks that all but cuspidal sections come from 
rational points. The condition on the genus gets replaced by asking the 
Euler-characteristic to be negative. 

Grothendieck in [5] raised the question of how many inequivalent 
cuspidal sections there are per boundary point, and he also gave the 
correct answer: uncountably many. This question was first addressed 
by Esnault and Hai in [3] where Tannakian methods are applied. We 
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give here a fairly elementary treatment3 based on pro-finite group theory 
which works over fairly general base fields. The notion of a field with 
non-trivial Kummer theory naturally occurs, see Section 2. The main 
results here are Theorem 17 and Theorem 21 in Section 4 that we can 
summarize as follows. 

Theorem B. Let k be a field with nontrivial Kummer theory, and 
let U /k be an affine hyperbolic curve with a k-rational cusp y. Then the 
cardinality of the packet of cuspidal sections _lased at y is uncountable, 
more precisely has the same cardinality as k*, if one of the following 
conditions holds. 

(i) The injectivity part of the section conjecture holds for proper 
smooth curves of genus at least 2 over k. 

(ii) For any abelian variety A/k the group of k-rational torsion 
points A( k )tors contains no nontrivial divisible subgroup. 

(iii) The Z-rank of k* is infinite. 

1.3. A guide through the paper 

This paper deals with the anabelian geometry of cuspidal sections in 
the case of curves with an emphasis on imposing only mild assumptions 
on the base field. There are three main topics with the common thread 
of a detailed study of the anabelian geometry of cusps. 

In Sections 2-4 we deal within the realm of pro-finite group theory 
with the abundance of cuspidal sections over fairly general base fields. 
Preliminaries for the discussion are a study of the notion of fields with 
nontrivial Kummer theory and a study of the local theory of cusps. 

In Sections 5-8 we pursue a general investigation on additional struc­
ture of a fundamental group of a curve defining anabelian versions of a 
weight filtration4 , an orientation and units. This part is very much in­
fluenced by work of Nakamura [14], [15], [16], [17]. 

As an application of the general investigation we obtain in Sections 9 
and 10 anabelian results where the fundamental group determines the 
isomorphy type of a curve. As a particular feature, our approach, es­
pecially in Section 10, directly addresses how the moduli parameters 
in question are encoded in the arithmetic structure of the fundamental 
group extension. 

Acknowledgements. I would like to express my thanks to the referees 
that have commented on this note for insisting on a better presentation 
and for suggesting various improvements. 

3The author thanks Tamas Szamuely for inquiring a pro-finite presentation. 
4The idea of an anabelian weight filtration is due to Nakamura [17] §2.1. 
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§2. Fields with nontrivial Kummer theory 

In this section we discuss the notion of a field with nontrivial Kum­
mer theory. That notion naturally appears in the anabelian question 
about the cardinality of cuspidal packets, to be discussed in Section 4. 

Definition 2. The pro-N completion of an abelian group A is 

By Kummer theory, we can identify k* = H1 (k,Z(1)) where the 
cohomology group is continuous cohomology of Galk, i.e., cohomology 
as a pro-finite group with continuous cochains, with values in the Tate 

module Z(1) = ~n 1-Ln· 

Definition 3. We say that a field k has nontrivial Kummer 
theory if the group 

k* = H1 (k,Z(1)) 

is infinite. Otherwise we say that k has trivial Kummer theory. 

Example 4. (1) Among fields with trivial Kummer theory are real 
closed fields and the maximal solvable extension of an arbitrary field. 

(2) Finite extensions of Q, local fields and more generally fields k 
that admit a discrete valuation v : k* --+ r with nondivisible value group 
r have nontrivial Kummer theory. Indeed, the induced map f;: k*--+ f 
has infinite image. 

The notation for the torsion subgroup of an abelian group A is Ators, 
while A[n] denotes the n-torsion of A. 

~ Lem~a 5. The group H1 (k, Q/Z(1)) vanishes if and only if the map 
k;ors --+ k* is an isomorphism. Both properties hold if the projection 
k*--+ k* /(k*)n is an isomorphism for some n 2:': 1. 

Proof. The multiplication by n sequence of «Jl/Z(1) = Gm,tors and 
Kummer theory yield an exact sequence 

1--+ ktors/(ktors)n--+ k* /(k*)n ---7 H1 (k, «Jl/Z(1))[n] ---7 1. 

We conclude that k;ors/(k;ors)n = k* /(k*)n if and only if H1 (k, Q/Z(1)) 
has no n-torsion. This proves the claimed equivalence. 

Let k* --+ k* /(k*)n be an isomorphism. Then for every a E k* 
and mEN we have an E (k*)n·m!. Hence there is ( E t-tn(k), a priori 
depending on m, such that a( E (k*)m!_ Since t-tn(k) is finite, one (is 

good for all m, so a= c-l in-;:;; and the always injective map k;ors --+-;:;; 
is also surjective. Q.E.D. 
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Proposition 6. Let k be a field. Then the following are equivalent. 
~ 

(a) '3.:_ is finite, cyclic and generated by a root of unity, 
(b) k* is countable, 
(c) H1 (k,Qi/Z(1)) = 0 and k;ors = H0 (k,Qi/Z(1)) is finite modulo 

its maximal divisible subgroup Div( k;ors). 

In particular, if k has nontrivial Kummer theory, then k* is uncountable. 

Proof. Clearly (a) implies (b). If (b) holds, then for some n ~ 1 we 
have f* ~ k* /(k*)n, because otherwise infinitely many of the surjections 

k* /(k*)(n+l)!---+> k* /(k*)n! 

~ 

have nontrivial kernel and k* is uncountable. From Lemma 5 we deduce 
that H1 (k, Qi/Z(1)) = 0 and with then as above also the maps 

are isomorphisms. Hence 

(k;ors)n = n (k;ors)nd = Div(k;ors) 
d2:1 

and (c) follows, because k;ors/(k;ors)n is finite. 
It remains to show: (c) implies (a). Assuming (c), Lemma 5 shows 

J;* = k;ors = ( D~rs)) 
is finite and generated by roots of unity, hence cyclic and generated by 
one root of unity, so (a) holds. Q.E.D. 

Corollary 7. The field k has nontrivial Kummer theory if there is 
an a E k and n ~ 1 such that k( y'a)/k is not an abelian field extension. 

Proof. We argue by contradiction and assume k* is finite. If the 
group 

Gal( U k( \(a, JLn)/k) 
n2:1 

is not abelian, then not all y'a are contained in the maximal cyclotomic 

extension k(JLoo). Thus a is not contained in the kernel off* --+ k-r;;:;s*, 
which contadicts (a) of Proposition 6. Q.E.D. 

Proposition 8. Let k be a field. The following are equivalent: 

(a) The extension k(JL2 oo )/k is infinite or JL4 is contained ink. 
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(b) For any finite extension E IF of fields which are finite algebraic 
over k the natural map F* -+ E* is injective. 

Proof. In (b) we may assume that E IF is Galois. The inflation­
restriction sequence then reads 

We may restrict to the p-part. By the usual corestriction argument 
with the p-Sylow subgroup of Gal( E I F) we may further assume that 
Gal( E I F) is a p-group. By devissage, since p-groups are nilpotent, we 
see that in (b) it is enough to ask H1 (EIF,H0 (E,Zv(1))) = 0 for all 
p-cyclic Galois extensions E IF. 

The coefficients H0 (E, Zv(l)) either vanishes or P,p= is contained in 
E. For p odd, either way the action of Gal(E I F) must be trivial as z; 
contains no p-torsion. Hence in this case 

For p = 2 we may argue analogously except in the case that Gal( E I F) 
acts nontrivially via complex conjugation, which means P,4 rj_ F and 
p,2= c E. Therefore (a) implies (b). 

But if (a) fails, then there is a quadratic extension E IF finite over 
k with p,2= C E and E = F(i) such that 

ker (F*-+ E*) = H 1 (ZI2Z,Z(l)) = ker (~-+ if3) = {±1} 

contradicting (b). Q.E.D. 

Corollary 9. Let E IF be a finite extension. The map F* -+ E* is 
either injective or has kernel of order 2 generated by the class of~ 1. 

Proof. By Proposition 8 the kernel is contained in the correspond­
ing kernel forE = F( i), which at most equals the kernel for the extension 
CIJR as shown in the proof above. Q.E.D. 

§3. Cusps and inertia subgroups 

In this section we introduce the notion of cusps of affine smooth 
curves and study the group theory of the inertia subgroup that a cusp 
gives rise to. The results are well known and included for convenience 
of the reader. 

From now on U will be the complement of a reduced divisor Y in 
a geometrically connected, smooth, projective curve Xlk. The Euler­
characteristic is 

x(U) = 2 ~ 2g ~ deg(Y), 
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where g is the genus of X. We say that U is hyperbolic if x(U) < 0. 
In that case it turns out that inertia groups at different cusps are in 
some sense independent. The results can be viewed as analogues for the 
unramified quotient 1r1 (U) of old results of F. K. Schmidt [19] for the 
decomposition groups of places. 

3.1. The universal pro-etale cover 

Recall that a universal pro-etale cover U -+ U of U is a pro­
system of connected finite etale covers U; -+ U such that for any finite 
etale cover V -+ U there is a map U; -+ V above U for i sufficiently 
large. For a geometric point u E U, a choice of point ~ E U above u 
consists of a compatible choice of points ~i E U; above u. The pair (U, ~) 
then pro-represents the functor Fu = (fibre in u) from the category of 
finite etale covers of U with values in finite sets by 

~Hom(U;, V) = Fu(V) 
i 

(f : U; -+ V) -+ !(~;), 

see [4] expose V. In particular, the fundamental group of U with base 
point u, i.e., 

1r1 (U, u) = Aut(Fu) 

can be identified by the choice of~ and the Yoneda embedding with the 
opposite group of Aut(U /U). Since U-+ U is a pro-etale cover, we can 
lift U -+ U to a map U-+ U. Thus we fix a kalg_structure on U. 

3.2. Cusps 

We now fix a universal pro-etale cover U -+ U and a lift U -+ U 
together with an isomorphism of Calk-extensions of 1r1 (U / k) with the 
opposite groups of 

1-+ Aut(U/U)-+ Aut(U/U) ~ Aut(Spec(ka1g)/Spec(k))-+ 1. 

Note that here Aut(-/-) means by definition automorphisms of pro­
objects. But in fact, due to these pro-covers having a cofinal family of 
finite Galois covers, an element of Aut(-/-) is nothing but a compatible 
system of automorphisms for these intermediate finite Galois covers. 

Let X be the normalization of X in U -+ U, i.e., X is the pro­
system (X;) of normalizations X; of X in U; -+ U. Let Y be the reduced 
preimage of Y under X -+ X, i.e., the pro-system of the Y,; =X;\ U;. 
The kalg_structure on U induces a kalg_structure on X and on Y. As 
normalization is unique we obtain an inclusion 

Aut(U /U) ~ Aut(X /X) 
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by which we can let Aut(U jU) act on X and in particular Y. 
Definition 10. The set of cusps of U is 

Cusps(U) = Homk(Spec(kalg), Y) 

as a set with Galk action. The set of prolongations of cusps to U is 
the pro-finite set 

~(U) = Homkaig(Spec(kalg), Y), 

with the ~nuous 1r1 (U) action by J.Y = 1-1 o yo pr( Ji) for Ji E 1r1 (U) 

andy E Cusps(U). 

The projection map Cusps(U) --+> Cusps(U), y f--7 y is equivariant 
and the quotient map for the induced 1r1 (U) action. 

3.3. Inertia subgroups at cusps 

The inertia group Iy/y (resp. the decomposition group D 11 ;y) 

of a cusp y E ~(U) is the stabilizer under the action of 1r1 (U) (resp. 
1r1(U)). Hence for Ji E 1r1(U) we have I1 :YhY = Jily/y'Y-l and D1 yhy = 

'Y Dy/y 1-1 . The choice of y E ~(U) determines a representative for 
the map of extensions K 1 (Uy/ii(y)) -t 1r1 (Ujk) with image the extension 
t»111Y given by 

1 -t Iy/y -t D11;y -t Gal~<(y) -t 1. 

Proposition 11. The extension K 1 (Uy/ii(y)) splits and there is a 
..-._ 

natural free transitive action by !i(y)* on Y'1f 1 (Uy/~<(y))· 

Proof. The roots ( t 11n )nEN of a fixed parameter tat y define a tower 
of finite etale covers of Uy. The intersection of the corresponding family 
of open subgroups of 1r1 (Uy) defines a splitting. The free transitive action 

of H1 (ii(y), Z(1)) =~on the set :7'1f 1 (Uy/~<(y)) is then standard, see 
for example [23] §1.2 Proposition 8. Q.E.D. 

3.4. Unramified local theory 

The maximal abelian quotient of 1r1 (-) will be denoted by 1r]'b (-). 
From the topological computation of fundamental groups via GAGA we 
get the following exact sequence of Galk modules 

(3.1) Z(1) ~ Z(1) ® Z[Cusps(U)] -t 1r]'b(U) -t 1r]'b(X) -t 0, 

where moreover Z(1) · y for a cusp y E Cusps(U) maps to the image 
of Iy/y in 1r]'b(U) regardless of the prolongation y of y, and ~ is the 

diagonal map. The group 1r]'b(X) is a free Z module of rank 2g. 
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Definition 12. A neighbourhood of a section s E Y'1rt(XIk) is a 
finite etale map f : X' ---+ X with X'/ k geometrically connected and a 
sections' E Y'1r1 (X' lk) with 1r1 (f)os' = s. Equivalently, a neighbourhood 
is an open subgroup H of 1r1 (X) together with a representative of s with 
s(Galk) C H up to conjugation by H n 1r1 (X), see [23] §4.2. 

Lemma 13. If x(U) < 0 and U is affine, then # Cusps(V) ---+ oo 
as V ranges over connected finite etale covers of U that, moreover, we 
may choose among the neighbourhoods of a section s E Y'1r1 (U 1 k). 

Proof. By (3.1) the group IYIY has infinite index in 1r1 (U). Q.E.D. 

Lemma 14. If x(U) :::; 0 then 1r1(Uy/"'(Y)) ~ !!JiJIY injects into 
1r1(Ujk) for each cusp y ofU. 

Proof. The kernel of 1r1 (Uy) ---+ 1r1 (U) is contained in the inertia 

subgroup Z(1) C !!JiJiy· As Z(1) is torsion free we may replace U by a 
finite etale cover and thus may assume# Cusps(U) 2: 2 by Lemma 13 in 
case x(U) < 0 and U is affine. Of course, if U is proper there is nothing 
to do and in the remaining case of x(U) = 0 we have U is a form of 
Gm and # Cusps(U) = 2 anyway. With at least two cusps the lemma 
follows at once from (3.1), because the inertia group then even injects 
into 1r]'b(U). Q.E.D. 

Corollary 15. If x(U) :::; 0, then for any fj E Cusps(U) the inertia 
group IYIY is free pro-cyclic. 

Proof. This follows at once from the isomorphism Z(1) ~ IiJIY 
implied by Lemma 14. Q.E.D. 

Proposition 16 (Local theory). Let x(U) < 0 be negative. 

----------(1) Let fj1, ih E Cusps(U) be prolongations of cusps with nontrivial 
intersection Ijjl/ Yl n Iy2/ Y2 i=- 1. Then already iii = Y2. 

(2) For any cusp y, the normalizer of IYIY in 1r1 (U) is IYIY, and 
the normalizer ofiYIY in 1r1(U) is DiJiy· 

(3) If an abelian subgroup A c 1r1 (U) intersects IYIY nontrivially 
for a cusp y, then A is contained in Iy 1 y. 

Proof. (1) Since 1r1 (U) is torsion free, see [24] Proposition 1.6, 
the intersection is either trivial or infinite. We argue by contradic­
tion and may replace U by a finite etale cover to assume y1 #- y2 and 
# Cusps(U) 2: 3. Then Iyl/y1 and Iy2 jy2 intersect trivially in 1r]'b(U) by 
(3.1). 
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(2) If '/ E 1r1 (U) normalises Iyjy, then Iyfy n ITYh·Y # 1, hence 
TY =f) by (1) and thus'/ E Dyfy· Note that lyfy = Dyfy n1r1 (U). 

(3) Let '/ be a nontrivial element of An Ip;y and a E A arbitrary. 
Then the intersection of Iyfy with a Iyjy a- 1 = Ia.jjfa.y contains'"'(, hence 
a.f) =f) by (1) and a E Iyjy· Q.E.D. 

§4. Abundance of cuspidal sections 

We give two proofs that quite generally the packets of cuspidal sec­
tion are uncountable, see also Esnault and Hai in [3] Corollary 6.9. 

4.1. The anabelian proof 

We first present an anabelian proof that relies on an anabelian as­
sumption. 

Theorem 17. Let us assume that the injectivity part of the sec­
tion conjecture holds for proper curves of genus at least 2 over finite 
extensions of k. Then the following holds. 

(1) 

(2) 

(3) 

A cuspidal section uniquely determines the cusp y for which it 
factors over 1r1 (Uy)· 
The natural map Yr;,(Uy/k) --+ Yr;,(U/k) for a k-rational cusp 
y of U is injective. 
The set of cuspidal sections is disjoint from the sections induced 
by rational points u E U ( k). 

Proof. Let s be a section. Replacing U by a neighbourhood of s 
we may assume that X has genus .?: 2. 

(1) If the image of sis contained in Dy,jy, and Dy2 jy2 then s maps 
simultaneously to Sy1 and Sy2 under Yn,(Ufk)--+ Yr;,(X/k)' hence Y1 = Y2 
by assumption. The same argument proves (3). 

(2) Let s,t E YndUvfk) become conjugate as sections of 1r1 (Ujk). 
Let '/ E 1r1 (U) be such that s = '/()'/- 1 o t. Then for suitable f) the 
image s(Galk) is contained in Dyfy and '!(Dyjy)'/- 1 = DJ'.iJ/y· Applying 
the same reasoning as in (1) to all finite etale covers of U that are 
neighbourhoods of s we also deduce TY = f). Hence '/ E Iyfy and so s 
and tare already conjugate as sections of Jr1 (Uy/k). Q.E.D. 

Remark 18. (1) Let k be a field such that for any abelian variety 
A/k the group of k-rational poins A(k) has no divisible elements. Then 
the assumption in Theorem 17 holds, see [23] §7.1 Proposition 73. 

(2) Part (2) of Theorem 17 actually follows from the weaker as­
sumption that for all smooth projective hyperbolic curves X' over finite 
extensions k' / k and all a E X' ( k') the centraliser of sa ( Galk) in 1r1 (X') 
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intersects only trivially with 1r1 (X'). Namely, if s(Galk) is contained 
in both Dyjy and D'"Y·YIY but fJ i= r.i}, then there is a neighbourhood 
U' ---+ U of s such that the image y' of fJ is different from the image 
y" of f.Y· After base change by a sufficiently ramified neighbourhood 
V ---+ U of s, which in particular is (after possibly a finite extension k' I k) 
totally ramified above y, we may assume by Abhyankar's Lemma that 
U' xu V ---+ V extends to a finite etale cover of the respective smooth 
completions. Replacing U by V, we may thus assume that U' ---+ U 
extends to a finite etale cover X' ---+ X and that By lifts simultaneously 
to sy' and sy" for y' i= y". This contradicts [23] §3.3 Proposition 28 in 
light of our assumption on the centralizer of s(Galk)· 

(3) For U = Gm a cuspidal section fails to determine its cusp. In 
fact, all sections are cuspidal and belong to both packets, at 0 and oo. 

Corollary 19. If the injectivity part of the section conjecture holds 
for proper curves of genus ~ 2 over k and if k has a nontrivial Kum­
mer theory then each k-rational cusp gives rise to an uncountable set of 
cuspidal sections. 

Proof. Immediately from Theorem 17 and Proposition 11. Indeed 
it suffices to assume injectivity of the section conjecture for curves over k, 
since we do apply this to neighbourhoods of the given cuspidal sections, 
and these are curves geometrically connected over k again. Q.E.D. 

Remark 20. As in Theorem 17 we can replace the assumption on 
the injectivity part of the section conjecture by the assumption on the 
centralizer of the image of geometric sections as in Remark 18 above. 

4.2. The abelian proof 

The abelianised fundamental group extension 1Tfb ( U I k) is the push­
out of the extension 1r1 (U I k) by the quotient 1r1 (U) --» 1Tfb (U). 

Theorem 21. Let k be a field with nontrivial Kummer theory such 
that one of the following two assumptions hold. 

(i) For any abelian variety Alk the group of k-rational torsion 
points A ( k )tors contains no nontrivial divisible element. 

(ii) The Z rank of k* is infinite. 

The image of Y1r 1 (Uy/k) ---+ Y1r 1 (U/k) is uncountable for every k-rational 
cusp y. 

Remark 22. Assumption (ii) holds for k = Qab. For each prime 
p we have a valuation 1/p on Qab with values in 1I(P- 1)Z[1Ip]. For 
different p these are mutually independent, whence for finite sets S of 
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primes a surjective map 

~-+ II 1/(p ~[1/pJ. 
pES 

Choosing a prime f tj. S we conclude that the Ze rank of ~ ® Ze is 
at least #S, and (ii) follows. 

Proof. Replacing U by a neighbourhood of a cuspidal section at y 
we may assume by Lemma 13 that U has at least 2 cusps. It suffices 
to prove that Y'1rl(Uyjk) -+ Y'1f'Jb(U/k) has uncountable image. By the 
well-known description of the set of conjugacy classes of sections in the 
abelian case with an H1-group, see for example [23] §1.2 Proposition 8, 
this translates into showing that the natural map 

has uncountable image. 
The k-rational cusp y can be used to split the diagonal map b. in 

(3.1), so that Galois cohomology and the Shapiro lemma yields 

H1 (k, Z(1)®Z[Cusps(U)]/Z(1)) = H1 (k, Z(1)®Z[Cusps(U)])/ H1 (k, Z(1)) 

= ( E!1H1 (t;;(z),Z(1))) jH1 (k,Z(1)) = (E!1#)!k* 

where z runs over a set of representatives of Galk orbits on Cusps(U). 
Now the exact sequence 

derived from (3.1), yields an exact sequence 

z 

By Corollary 9, the kernel of the map k* -+ ( ffiz ,«z)*) jk* onto the 
component of the cusp y is at most of order 2. The result follows because 
in case (i) the map o is trivial (note that 1r]'b(X) is isomorphic to the 
Tate-module o!J_he Jacobian of X) and in case (ii) it has image of finite 

rank, whereas k* has infinite rank. Q.E.D. 

Remark 23. Let y be a k-rational cusp of U. For a unit f E 

f(U, Gm) with order of vanishing n = vy(f) in y the composite map 
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induces the nth power map 

k* = Y'1r1(Uyjk)---+ Y'1r1(G=/k) = f*, 
the kernel of which is generated by f.Ln(k). It follows that, if there is a 
finite etale cover U' ---+ U , a cusp y' of U' above y and an f E f(U', Gm) 
with Vy' (f) i- 0, then the cuspidal packet at y is uncountable if k is a 
field with nontrivial Kummer theory. However, it seems to be an open 
question, whether a U' with such an f always exists, at least in the 
case when k is a number field, but see [13] Corollary 5. 7 for a negative 
example if U / k is a generic curve. 

§5. The anabelian weight filtration following Nakamura 

We recall the theory of the anabelian weight filtration after Naka­
mura [15] §3, [17] §2.1. As before, U will be the complement of a reduced 
divisor Yin a geometrically connected, smooth, projective curve Xjk. 

Definition 24. The anabelian weight filtration of U is the sub­
set W _2 (U) c 1r1 (U) of al~tia elements W _2 (U) = U Iy/y where the 

union ranges over all f) E Cusps(U). 

The set W_2(U) is pro-finite, hence compact, and preserved under 
conjugation by 1r1 (U). Strictly speaking, the terminology anabelian is 
only justified when W _2 (U) can be described in terms of 1r1 (U / k) alone. 

Definition 25. A weight preserving map is a continuous group 
homomorphism cp : 1r1 (Ujk) ---+ 1r1 (Vjk) of fundamental groups of hy­
perbolic curves such that cp(W_2(U)) r;;;; W_2(V). This does not exclude 
that an inertia group of 1r1 (U) may lie in the kernel of cp. 

If cp : 1r1 (U / k) ---+ 1r1 (V / k) is weight preserving, then Proposi­
tion ~ implies~ cp induces a partially defined 1r1 -equivariant 

map Cusps(U) ---+ Cusps(V), which is defined precisely on those cusps 
f)jy for which cp(Iy;y) i- 1. 

5.1. When the cyclotomic character is non-Tate 

Definition 26. Let £ be a prime number and let k be a field. Fol­
lowing [1] §3, we say that the £-adic cyclotomic character Galk ---+ Z£ 
is a non-Tate character if any Galk-map Zc(1) ---+ Tc A to the £-adic 
Tate module of an abelian variety A/ k vanishes. 

Due to the theory of weights, for a finite extension k/Q and any 
prime number £, the £-adic cyclotomic character is non-Tate. This can 
be improved to the following criterion. 
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Lemma 27. Let£ be a prime number and let Kef!Qab be a maximal 
prime to £ extension, i.e., the fixed field of an £-Sylow group of GaliQiab. 
Then, for an algebraic extension k/!Q such that kKe/ Kc is finite, the 
£-adic cyclotomic character is non- Tate. 

Proof. We argue by contradiction. Let ko C k be a subfield that 
is finite over Q, and let A/ko be an abelian variety such that there is 
a nontrivial Galk-map 1/J : Zc(1) --+ Tc A. Since GL(Tc A) has a pro-£ 
subgroup of finite index, we may assume by passing to a finite extension 
of k and k0 that the action of Galka on T c A is via a pro-£ group. Since 
kKe/ Ke is finite, a further finite extension of k0 and k allows to assume 
that k0 Kc = kKc and moreover that GalkKe is an £-Sylow subgroup of 
GalkoiQiab. By pro-finite Sylow theory, we have then that 

im(GaliQiabko --tGL(TeA)) =im(Galkxc --tGL(TeA)). 

It follows that 

which provides a contradiction, since A(Qabko) is finite by Theorem 1 of 
Ribet's appendix to [6], and thus Hom(Qe/Ze, A(Qabko)) = 0. Q.E.D. 

The following is a special case of [1] Lemma 3.1. 

Lemma 28. Let£ be a prime number and let k' /k be a finite field 
extension. Then the £-adic cyclotomic character is non-Tate fork if and 
only if it is non- Tate for k'. 

Proof. If there is an abelian variety A' /k' and a nontrivial Galk,_ 
map Ze(1) --+ TeA', then with the Weil-restriction of scalars A = 
Rk' jk(A') we find a nontrivial Galk-map Ze(1) --+TeA= indk' jk(Te A') 
by Frobenius reciprocity. The other direction is even more obvious. 

Q.E.D. 

5.2. Characterisation of inertia subgroups after Nakamura 

Local theory in anabelian geometry aims to show that any group 
homomorphism of Calk-extensions automatically preserves weights. For 
hyperbolic curves over fields such that the £-adic cyclotomic character 
is non-Tate for some prime number£, this was achieved by Nakamura 
as we will recall now. 

Definition 29. A pro-cyclic closed subgroup I c 1r1 (U) is essen­
tially cyclotomically normalized if there is a subgroup N of the 
normalizer N,,1 (u)(I) of I in 1r1(U) which projects to an open subgroup 
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in Galk and the induced action of Non I is via the cyclotomic character. 
The pro-cyclic closed subgroup I C 1r1 (U) is cyclotomically normal­
ized if it is essentially cyclotomically normalized with N = N7r1 (u)(J). 

Theorem 30 (Nakamura). Let k be a field and let U /k be a hy­
perbolic curve. Let£ be a prime number such that the £-adic cyclotomic 
character is non- Tate. Then the following are equivalent for a nontrivial 
closed pro-£ subgroup I in n 1 (U): 

(a) I is contained in an inertia subgroup Iyjy, 
(b) I ~ Zc is cyclotomically normalized, 
(c) I ~ Zc is essentially cyclotomically normalized. 

Proof. We assume (a). As Iyjy is pro-cyclic, we find I ~ Zc. If 
'/ E 1r1 (U) normalizes I then I'Y·Yh·Y = '/ Iyjy '1-l intersects Iyjy non­
trivially in I. Hence '"Y·Y =f) and'/ E Dyjy = N7r1 (u)(Iy;y)· As Iyjy is 
cyclotomically normalized the same follows for I and (b) follows. 

That (b) implies (c) is trivial. It remains to deduce (a) from (c). 
We argue by contradiction. Then, by Proposition 16 (3), we have trivial 
intersection In W_ 2 (U) = 1, and can choose a compact set 0 # C c I 
avoiding 1. The Hausdorff property yields an open normal subgroup N 
of n 1 (U) such that CN/N has empty intersection with W_ 2 (U)N/N in 
n1(U)jN. 

The group generated by W_ 2 (U) n NI in NI/N is cyclic of order 
a power of £ hence the image of some Iyjy nN I which therefore avoids 
CN/N. Thus the intermediate £-cyclic cover U" -+ U' corresponding 
to N(I)£ C NI is unramified over the corresponding cusps X' - U'. 
For some finite field extension we obtain a nontrivial Galois invariant 
map from I ~ Ze (1) -+ T £A' where A' is the Albanese variety of X', a 
contradiction to Lemma 28. Q.E.D. 

We ~ce an anabelian description of inertia subgroups, and hence 

the set Cusps(U) and the anabelian weight filtration W_ 2 (U). 

Corollary 31. Let k be a field such that the £-adic cyclotomic char­
acter is non- Tate for a prime number £, and let U /k be a hyperbolic 
curve. Then the set of inertia subgroups in n 1 (U) coincides with the set 
of maximal closed subgroups of 1r1 (U) among those which are pro-cyclic 
with nontrivial £-part and which are cyclotomically normalized. 

Proof. An inertia subgroup Iyjy is pro-cyclic, has nontrivial £-part, 
and is cyclotomically normalized. Moreover, an inertia subgroup is a 
maximal such subgroup as otherwise Iyjy were properly contained in an 
abelian subgroup contradicting Proposition 16 (3). 
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Conversely, let I be a maximal pro-cyclic and cyclotomically nor­
malized subgroup with nontrivial £-part. Then, by Theorem 30, there is 
some IiiiY which contains I ®Ze. Proposition 16 (3) shows that I <;:;; IiiiY 
and by maximality in fact I= Iiily· Q.E.D. 

5.3. Characterisation of cuspidal sections after Nakamura 

Corollary 32. Let k be a field such that the £-adic cyclotomic char­
acter is non-Tate for a prime number£. A sections E Y1r 1 (Uik) for a 
hyperbolic curve U/k is cuspidal if and only if the image s(Galk) cyclo­
tomically normalizes a subgroup of7T1 (U) isomorphic to Ze(1). 

Proof. A cuspidal section at the cusp y cyclotomically normalizes 
Iii 1 y and thus Iii 1 y ®Zc ~ Ze ( 1) for some choice of f) depending on various 
base points and paths. Conversely, let s(Galk) cyclotomically normalizes 
the subgroup I ~ Ze(1). By Theorem 30 there is an inertia subgroup 
IiiiY that contains I. For CJ E Galk we find 1 -f. I<;:;; IiiiY n Is(o-).iils(o-).y so 
that s(CY).f) =f) by Proposition 16 (1). Thus s(Galk) <;:;;DillY= 1r1 (Uy) 
and s is cuspidal. Q.E.D. 

§6. Anabelian local cohomology for curves 

The purpose of this section is to give an anabelian definition of the 
sequence (3.1). We will introduce an anabelian orientation module that 
is isomorphic to Z(1) but defined entirely in terms of the fundamental 
group of the curve in question. 

The Pontrjagin dual of the localization sequence 

EB H~(X, Q/Z)-+ H 2 (X, Q/Z) 
yECusps(U) 

for the pair (X, U) with coefficients in Q/Z reads 

yECusps(U) 

The map ,6. is even injective except if X = U. 

Let U~h be the scheme of geometric nearby points of y, i.e., the 

preimage of U in X~h = Spec( O~,y), where O~,y is the strict henselisa­
tion of the local ring at y E X. By excision we have 
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Naturality of (6.1) and summation over all y E Cusps(U) leads to a 
commutative diagram 

EB EB 
yECusps(U) yECusps(U) 

EB H~(X, Qjz)v 
yECusps(U) 

where the top horizontal map is an isomorphism since X~h has no coho­
mology in degrees ~ 1. This identifies the map 

in the dual of the localization sequence with the natural map of an inertia 
group 

Iyfy = n~b(U~h) --+ n~b(U) 

for a choice of cusp f) above y reflected in the choice of base points. The 
image is independent of the choice of the prolongation f) and will be 
denoted by Iy. 

For a hyperbolic curve U jk, apart from the map~' all constituents 
of ( 6.1) have an anabelian definition in terms of the fundamental group 
n 1 (U/k) together with its weight filtration alone. Here is the anabelian 
definition of the map ~-

Definition 33. For X of genus 0 we define the orientation mod­
ule Or7r1 (U/k) and~ through the exactness of the sequence 

EB 
yECusps(O) 

b­Iy --t n~ (U). 

If X has positive genus, then X is an etale K(n, 1), cf. [21] Appendix A, 
which in particular means that the natural map 

is an isomorphism. We define the orientation module as 
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The y component of the map .6. is defined by functoriality from the 
case of the pair (X, X- {y}) and as the Pontrjagin dual to a map 

as follows. There is a maximal intermediate quotient 

with ker(a) central in E. Then canonically ker(a) = Iy and pushing 

(6.2) 

2 -
by x E Hom(Iy,Q/Z) defines by(X) E H (7r1 (X),Q/Z) as a central ex-
tension. 

Definition 34. The anabelian local cohomology sequence for 
the pair (X, U) of a hyperbolic curve U and its smooth completion X is 
the sequence 

(6.3) E9 
yECusps(U) 

as constructed above. The map .6. is even injective except if X = U, 
and the groups Or,q(U/k) and Iy are all isomorphic to Z(l) as Galois 
modules. 

It remains to compare the anabelian definition of .6. with the geo­
metric definition. 

Theorem 35. Let U be a hyperbolic curve with smooth completion 
X. The anabelian local cohomology sequence (6.3) 

yECusps(U) 

is naturally isomorphic to the local cohomology sequence in etale coho­
mology (6.1) up to a sign for the map .6.. 

Proof. We only need to compare the anabelian definition of .6. with 
the geometric definition. For that purpose we restrict to the n-torsion 
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part and twist by /hn. In the following diagram 

the upper left facet commutes up to sign by [2] cycle 2.1.3. We com­
pute the maps going around the diagram along the outside border and 
establish that the bottom facet also commutes only up to a sign, which 
yields precisely the claim of the theorem. 

Let f be a parameter of X at y. The mod n tame character in 
Hom(Iy, Jhn) 

Iy --+ Jhn a r-+ a( Vf)/ Vf 
maps under the comparison map to the Jhn torsor 

of nth roots off, which equals 8Kum(f) by [2] cycle 1.1.1. By [2] cycle 
1.1.4, we may interpret 

as the trivial line bundle on X~h plus the trivialisation given by f over 
U~h which maps under excision and the natural map to the class of the 

line bundle O(y) E H1 (X, Gm) associated to the divisor y. By the very 
definition of [2] cycle 2.1.2, the class 8Kum(O(y)) = c1(0(y)) is the cycle 
class ely of y. By [11] Lemma 4.5, the corresponding central extension 
in H2 (1r1(X), /hn) is given by the mod n push of the homotopy sequence 

(6.4) 

of the complement lL o of the zero section in 

lL = Specx ( Sym• 0( -y)) 

which is the geometric line bundle whose sections naturally coincide with 
sections of O(y). 
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The section 1 above X - {y} defines a map 

X- {y}--+ lL 0 --+ X 

which leads to a map of extensions 

1 - Iy __ ____.,.. E ---?-- 1r1 (X) ______,.. 1 

t X 1 II 

and all that remains is to identify the character x as the tame character. 
The trivialisation of lL over X~h via f leads to a diagram 

which on fundamental groups gives 

and reveals that X = 1r1 (f) which is exactly the tame character. Q.E.D. 

§7. Orientation and degree 

As it matters here, we stress that the Tate twist Z(1) has an an­
abelian definition as the geometric fundamental group 1r1 (Gm) of Gm 
with the Calk-action induced from Jr1 (Gm/k). 

Definition 36. An orientation on 1r1 (U j k) consists of an isomor­
phism T of the orientation module Orn,(U/k) with Z(1). Note that every 
isomorphism T is automatically an isomorphism of Calk-modules. 

Definition 37. A local orientation at each cusp f)jy is a family 
of isomorphisms Tyjy : I:y;y--+ Z(1) such that the following holds. 
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(i) Equivariance with respect to 1r1 (U) and the cyclotomic char­
acter Xcyl of Galk, namely, for r E 1r1(U) and a cusp fJIY the 
following commutes 

(ii) The kernel of the map EByECusps(U) Iy -+ 1r]'b(U) from (6.3) is 

the diagonally embedded Z(1) under the identification by the 
local orientations, which is well defined by (i). 

Definition 38. The standard orientation on 1r1 (U I k) is given 
locally by the tame characters and globally by the evaluation at the 
fundamental class 

OrKI(U/k) = H2 (X, CCJ!IZ)v =Hom ( H2 (X, Z(1)), Z(1)) -='+ Z(1), 

whichever is applicable for 1r1(Uik). 

Remark 39. (1) The anabelian local cohomology sequence (6.3) 
and its comparison with (6.1) shows that an orientation on 1r1(Uik) 
induces canonically local orientations at each cusp fJIY· 

(2) Since inertia subgroups at different prolongations of cusps inter­
sect only trivially, see Proposition 16, local orientations fuse to form a 
1r1 (U) equivariant map 

that satisfies a global consistency condition, namely condition (ii) of 
Definition 37. 

(3) The core of the argument in Section 6 showed that tame char­
acter and evaluation at the fundamental class are indeed compatible in 
cases both definitions make sense. 

(4) An arbitrary orientation on 1r1(Uik) will be a multiple of the 
standard orientation by a factor c E Z*. We call the resulting orientation 
'c times the standard orientation' or simply the c orientation. 

A weight preserving map of Calk-extensions of hyperbolic curves 
induces a natural map between the respective orientation modules. 

Definition 40. The degree of a map cp : 1r1(Uik) -+ 1r1(VIk) 
which is weight preserving between the fundamental groups of hyper­
bolic curves U I k and VI k equipped with an orientation is the element 
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deg( cp) E Z, such that multiplication by deg( cp) agrees with the map 

under the identification induced by the chosen orientatio~ 

The local degree or ramification index of cp at fj E Cusps(U) over 

z E ~(V) is the unique Cc.p (Y I z) E z, so that cplrjj/y : Iyjy -+ Iz; z 

equals multiplication by Cc.p (f) I z) after identifying the inertia groups with 
Z(l) according to the chosen local orientations. 

As the restriction to W _ 2 ( U) of cp is equivariant with respect to 
conjugation, the local degree only depends on the cusps y E Cusps(U) 
and cp(y) := z E Cusps(V) and we write cc.p(ylz) = cc.p(Yiz). 

The following absorbs an argument exploited by Pop in the context 
of birational anabelian geometry. 

Proposition 41. Let cp : 1r1 (U I k) -+ 1r1 (VI k) be a weight pre­
serving map between oriented fundamental groups. Then for any cusp 
z E Cusps(V) the fundamental equation 

deg(cp) = L cc.p(ylz) 
yc-+z 

holds in Z, where y ranges over cusps of U with cp(y) = z. 

Proof. Using orientations, we extract from the map of anabelian 
local cohomology sequences for 1r1 (U I k) and 1r1 (VI k) induced by cp the 
following commutative diagram 

A Ll. A 

Z(l) _____,.. E9yECusps(U) Z(l) 

l·deg(c.p) t·E~(yjz) 
A Ll. A 

Z(l)------* ffizECusps(V) Z(l). 

The proposition follows since ~ is the diagonal embedding. Q.E.D. 

If we restrict the discussion to isomorphisms cp : 1r1 (U I k) -+ 1r1 (VI k) 
preserving the weight filtration, then cp : Cusps(U) -+ Cusps(V) is bijec­
tive and the fundamental equation shows that deg( cp) = cc.p (y I z) E Z* 
for all cusps y and z = cp(y). 

Definition 42. An orientation preserving isomorphism is an 
isomorphism cp as above with deg( cp) = 1. 
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§8. Anabelian theory of units 

The anabelian approach to units on 1r1 (Uik) is by maps to 7r1 (Gmlk). 
The extension 7ri(Gmlk) is a group object in the category of Calk­
extensions with multiplication given by 

and unit s1 : Galk --+ 1r1 ( Gm) induced by the rational point 1 E Gm ( k). 

Definition 43. The group of pro-units on 1r1 (U I k) is the group 

with the group structure inherited from the group object 7r1 (Gmlk). 
The constant pro-units are those which factor through Galk. 

Definition 44. The group of units on an oriented 1r1 (U I k) is the 
subgroup 0*(7rl(Uik)) <;;; 0*(7ri(Uik)) consisting of those maps that 

for each cusp y E Cusps(U) induce integral maps Iy = Z(1) --+ Z(1), i.e., 
the multiplication by some Ey E Z C Z. 

Proposition 45. The automorphism group of 1r1 (Gmlk) is isomor­
phic to the semidirect product k* >1 Z* with respect to the natural action 
of Z* on pro-N completions. The group of automorphisms which act as 
the identity on 7ri(Gm) = Z(1) is k*. 

Before we start the proof we recall that we identify 1r1 (Gm) = Z(1) 
and that the Tate-module Z(1) is defined as ~n f-ln· We therefore write 

composition in Z(1) multiplicatively. Additive notation would suggest 
having chosen an isomorphism Z(1) ~ Z of the underlying pro-finite 
groups, i.e., having chosen a compatible system of roots of unity, a choice 
that we avoid to make. 

Proof. The group 1r1 (Gm) is a semi direct product with respect to 
the section s 1 associated to 1 E Gm(k). We write elements of 7ri(Gm) 
as aa = as1 (a) with a E Z(1) and a E Galk. 

~unit c E Z* gives an automorphism c : aa f--7 aE:a. An element 
a E k* corresponds by Kummer theory to the cocycle 

The automorphism scaling with a is defined as a : aa f--7 axa(a)a. 
We have cac-l : aa f--7 (ac 1 Xa(a)ta = axa(a)E:a which equals the 
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automorphism 'scaling by o:s '. Thus we have constructed a subgroup 

Let cp E Aut(7r1 (Gm/k)) be an arbitrary automorphism. Then cp 
agrees with some E E Z* on 1r1 (Gm) and after composing with c- 1 we 
may assume that cp differs from the identity by a map u f--1 cp(u)u- 1 

more precisely a cocycle of which, due to the definition of maps of ex­
tensions, only the class in H 1 (k,Z(1)) = k* matters. This completes the 
proof of the proposition. Q.E.D. 

Proposition 46. Let x be a parameter for Gm. For E = ±1 and 
o: E k* the geometric automorphism x f--1 o:x" of Gm induces the auto­
morphism (o:,c) E k* ><1 Z* of7rl(Gm/k). 

Proof. The map x f--1 x 6 preserves the section s 1 and the effect on 
Z(1) can be computed from cohomology, thus multiplies with c. We find 
again the automorphism denoted c in the proof above. 

The scaling map x f--1 o:x acts trivially on etale cohomology of Gm by 
homotopy invariance, hence the associated map on 7rl(Gm/k) has E = 1. 
It remains to observe how the section s1 is shifted. But this is done 
using the Kummer character Xa (-) which mediates an isomorphism of 
fibre functors from fibres above 1 to fibres above o:, hence 'scaling by o:' 
acts on sections as the geometric map x f--1 o:x does. Q.E.D. 

Proposition 47. There is a natural isomorphism 

with the following properties. 

(1) The image of inflation H1 (k, Z(1)) '--7 H 1 (1r1 (U), Z(1)) agrees 
with the group of constant pro-units. 

(2) The map"': O*(U)--+ 6*(1r1 (Ujk)) given byf f--1 "'J := 1r1(!) 

agrees with the boundary map 0Kum of Kummer theory on U. 

Proof. A unit is an equivalence class of sections of the extension 
1r1 (Gm/k) pulled back via 1r1 (U) --+ Galk. Thus the existence of the 
isomorphism and part (1) follow from the identification of differences of 
sections with 1-cocycles. 

Let X! : 1r1 (U) --+ Z(1) be the Kummer character 

I f--1 XJ(r) = (r( \(J)j \(j)nEN 
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associated to f E 0* (U), and let pr : 7f1 (U) ---+ Galk be the projection. 
For (2) and 1 E K1(U) we compute "'J(I) as the effect of 1 on the Galois 
extension kalg(U)[ \IJ])/k(U) for all n ~ 1: 

which under the identification of (1) becomes OKum(f) =Xi· Q.E.D. 

Let W-2(7rfb(U)) c Jrfb(U) be the subgroup generated by inertia. 

The group Div~(X) of divisors of degree 0 on X with support in Y has 
a map 

which assigns to a divisor the corresponding linear combination of tame 
characters, and which induces an isomorphism 

The Jacobian of the curve X is Pic~ and the Albanese variety of X is 
denoted by Alb x. Of course, it is well known that for proper curves Pic~ 
is isomorphic to Albx. Distinguishing Albanese variety and Jacobian 
helps to keep track of the covariance of the objects and allows for easier 
potential generalizations to the case beyond curves. 

For two Galk-modules M, M' we denote by Jt'om(M, M') the inner 
Hom, i.e., the group of homomorphisms as a Galk-module. 

We define a homomorphism 

as the composite of the boundary map of Kummer theory for Pic~, the 
--0 - A 

map 7f1 (Pic x) ---+ £ om(7r1 (Albx ), Z(1)) of Galk-modules given by the 
Weil pairing, and the edge map in the Ext-spectral sequence: 

., 
y 

Ext~ ( 7rfb(X), Z(1)) 

H1 (k, K1 (Pic~)) 

Wei!~"" 

~ H1 (k, £om(7r1 (Albx ), Z(1))). 
edge 
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Proposition 48. The maps fl,, T and '/ fit into the following map of 
exact sequences 

1 

O*(U)/k* 

~div 

1 

(TPic~ )(k) 

+ 
0*(1r1(Ujk))/f: 

~res 

Proof. The right column is exact because it can be identified with 
the long exact Ext-sequence of Galk modules for 

The identification is based on the following. First, the Weil-pairing yields 

Secondly, the edge map 

in the Hochschild-Serre spectral sequence for 1r1 (U) -+ Galk and the 
module Z(1) is injective, because the projection 1r1 (U) -+ Galk is split 
over an open subgroup and H2 (k,Z(1)) = Hom(CQ/Z,Br(k)) contains no 
torsion. Therefore the differential d~' 1 vanishes and the exact sequence 
of low degree terms reads by Proposition 4 7 

which determines 
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Now we show the commutativity of the two squares. We have 

reso~>, =To div 

since for a function f E 0* ( U) the restriction "'f I Iy to inertia at y equals 
vy(f) times the tame character, where vy is the valuation associated to 
yEX. 

It remains to show commutativity of the bottom square. For a di­
visor DE Div~(X) the extension Ev = b(T(D)) is obtained by pushing 
the extension of Galk modules (8.1) with T(D). The line bundle asso­
ciated to D comes from a unique degree 0 line bundle on the Albanese 
variety A= Albx of X. The complement II}(D) of the 0-section in the 
corresponding geometric line bundle JL(D) --t A has an abelian geomet­
ric fundamental group 1r1 (JL0 (D)) as its first Chern class vanishes and 
therefore the extension 

splits representing 

Hence, from the canonical trivialisation of JL(D) above U we obtain a 
map of extensions of Galk modules 

0 ______,.. W-2(1r]'b(U)) ---?--Jrj'b(U) __ _,__ 1r]'b(X) ________,._ 0 

t T(D) t t ~ 
0 Z ( 1) __ ______,._ 1r 1 (JL 0 (D) ) _________,._ 1r 1 (A) _________,._ 0, 

from which we conclude that Ev equals 1r1 (JL0 (D)) as an extension of 
Galk modules. This completes the computation of b(T(D)). 

We now compute 'I(D), where we abuse notation to denote also the 
class of Din Pic~ by D. Let iv :A--tAx B be the inclusion induced 
by D as a k-rational point of B = Pic~. The line bundle JL(D) is the 
restriction of the geometric Poincare bundle lP' AxE along iv. We thus 
find the extension ED as the image E of 

and can do the corresponding cocycle calculations in 1r1(lP'~xB). 

The group 1r1(lP'~xB) is an extension of Galk by 1r1(lP'~xB) which is 

a central extension ofT Ax T B by Z(1). The factors T A and T B are 
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Lagrangian subspaces for the symplectic commutator pairing 

2 

[, ] : j\(T Ax T B) -d:(l) 

associated to this central extension. The induced pairing of T A with 
T B is nothing but the Weil-pairing induced by the Poincare bundle 

IP'AxB· 

Note that the image E of 1r1 (JL0 (D)) does not depend on D, whereas 
the Galk module structure does depend on D being induced by the 
conjugation action from the image of the full etale fundamental group 
1r1 (JL0 (D)), or, what amounts to the same, as the conjugation action via 

Here s0 belongs to 0 E A(k) and so,D to (0, D) E Ax B(k). 
For D = 0 the extension 1r1 (JL0 (0)) splits as an extension of Galk 

modules via s0 ,0 . Let f : T A -+ E be a splitting which is s0 ,0 (Galk) 
equivariant. By [23] §7.1 Proposition 70 the difference cocycle 

af--t~,.:= so,D(a)so,o(a)-1 = sD(a)so(a)-1 

represents b"Kum(D). The class 

df =af--t df,. = (x c-t af(a-1(x))-- f(x)) 

of ED in H 1 (k, Jt'om(T A, Z(l))) computes therefore as 

df,.(x) = so,D(a)f(so,D(a)- 1x so,D(a))so,D(a)-1 f(x)- 1 

= ~,.f(x)~;; 1 f(x)- 1 

where the~,. (resp. the f(x)) lift elements from the second (resp. first) 

component ofT Ax T B to 1r1(lP'~xB). Consequently, the cocycles ~,. 
and df,. agree under the Weil pairing. This completes the proof. Q.E.D. 

Corollary 49. Assume that Pic~(k) does not contain a nontrivial 
divisible subgroup. Let the orientation fixed on 1r1 (U I k) be s times the 
standard orientation for some E E Z*. Then 

0*(1r1 (Uik)) = "'(O*(U))E: · f; 

holds in 6* ( 1r1 (U I k)). In particular all units on 1r1 (U I k) correspond to 
geometric units ofU up to an automorphism oj1r1 (!Gmlk). 
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Proof. We have (TPic~)(k) =Hom (QIZ, Pic~(k)) = 0. More­
over, the map '/ in Proposition 48 is injective by the assumption on 
Pic~(k). The corollary now follows from the diagram in Proposition 48. 

Indeed, we have f: <;;; 0* ( 1r1 (U I k)) and 

0*(7rl(Uik))lk* = res~ 1 (c · T(Div~(X))) = ~(O*(U))E 

by definition and a diagram chase exploiting the injectivity of 'I· Q.E.D. 

Remark 50. The assumption of Corollary 49 are fulfilled trivially if 
X has genus 0 or by the Mordell~Weil theorem if k is a finitely generated 
extension of Ql. 

A unit f: 1r1(U lk) --t 1r1(Gmlk) can be evaluated in a sections of 
1r1 (U lk) as follows. The composition f o s yields a section of 1r1 (Gmlk), 
hence by comparing with the section s1 an element 

which we call the value off in s. Composing f with an automorphism 
ac of Ir1(Gmlk) changes the value to (ac.f)(s) = af(s)". 

§9. Anabelian geometry of genus 0 curves - revisited 

Definition 51. A cuspidal ratio over k on the oriented funda­
mental group 1r1 (U I k) is the value 

.\ = AJ;y,y' = f(sy)l f(sy') E f:, 
where sy, sy' are cuspidal sections at k-rational cusps y, y' E Cusps(U) 
and f : 1r1 (Uik) --t 1r1(Gmlk) is a unit such that ker(f) contains the 
inertia subgroups Iy, Iy' at y andy'. 

A cuspidal ratio of 1r1 (U I k) is a cuspidal ratio over some finite 
extension k'lk for the base change 1r1(U Q9 k'lk') with respect to the 
induced orientation. 

The cuspidal ratio AJ;y,y' neither depends on the cuspidal section 
chosen within the corresponding cuspidal packets, nor changes its value 
when f is composed with a scaling automorphism of Ir1(Gmlk). 

Proposition 52. Assume that X has genus 0 or k is a finitely 
generated extension of Q. If the orientation on 1r1 (U I k) is E times the 

standard orientation for some E E Z* then Af;1!iJ!' is theE-power of an 

element in the image of the natural map k* --t k*. 

Proof. Immediate from Corollary 49. Q.E.D. 
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From now on we will mainly be preoccupied with curves U which 
are complements of a divisor Yin a smooth, projective curve X of genus 
0. The fundamental group rr1 (U I k) shall be endowed with its anabelian 
weight filtration and an orientation. 

Definition 53. We say that the fundamental group rr1 (U I k) has 
type (0, n) if the inertia groups generate the geometric fundamental 
group rr1 (U), all cusps of U are k-rational, and we are given a bijective 
ordering y: {1, ... , n}-+ Cusps(U) sending ito Yi· 

We remind the reader that the double ratio DV(a1, a2; a3, a4) of 
a 4-tuple (ai) ink without repetition is defined by the formula 

Definition 54. The double ratio of an oriented fundamental 
group rr1 (Uik) of type (0,4) with ordering y: {1,2,3,4}-+ Cusps(U) 
is defined as the cuspidal ratio 

where j is a unit on rr1 (U I k) such that res(j) = E · T(y3 - y4) with the 
notation as in Proposition 48 and where E is determined so that rr1 (U I k) 
is endowed with E times the standard orientation. 

Remark 55. (1) The do~e ratio of rr1 (U I k) is the E power of an 

element of the image of k* -+ k* and independent of the unit j chosen. 
(2) Let U;.. be the complement in lP'l, of Y = {.A, 1, 0, oo} and equip 

rr1 (U;..) with an ordering of the cusps accordingly and E times the stan­
dard orientation. The resulting fundamental group of type (0, 4) has 
double ratio 

DV(rr1(U;..Ik), y) =X'= DV(.A, 1; 0, oo)"', 

where this follows from Corollary 49 as j may be chosen to be E · rr1 ( t) 
where tis the coordinate on lP'l, and then j(s;..) =X' and j(sl) = 1. 

If E = 1 and so rrl(U;..Ik) is equipped with the standard orientation 
then the following two double ratios add up to 1: 

DV(.A, 1; 0, oo) + DV(.A, 0; 1, oo) =.A+ (1- .A)= 1. 

Definition 56. A geometric subquotient of a fundamental group 
rr1 (U I k) is the quotient of an open subgroup by the normal subgroup 
generated by a collection of inertia subgroups. 
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A geometric subquotient of type (0, n) is a geometric subquo­
tient together with a choice of a structure of a fundamental goup of type 
(0, n) on that subquotient. 

A geometric subquotient of 1r1 (U I k) inherits naturally an orientation 
from an orientation on 1r1 (Uik). The factor c of the orientation remains 
the same. 

Let U be the complement of a divisor Y in a smooth, projective 
curve X I k of genus 0. In this context we define the following list of 
hypothesis on the curve U and the field k. 

(A) For any pair of prime numbers p # q there is a valuation von 
k which is nontrivial on F = k n Qalg and with value group 
r c Q that is neither divisible by p nor q. 

(B) There is a discrete valuation v on k with value group Z such 
that U does not have good reduction over the valuation ring of 
v, in the sense that in any smooth model of X some cusps of 
U coalesce. 

(C) The field k is a function field over ko and U is not defined over 
an algebraic extension of k0 . 

(D) The map k1 --+ kf is injective for every finite extension kl/k. 
Note that (A) and (D) only depend on the base field k, but not on the 
curve U. 

The standard orientation is subject to the following anabelian char­
acterization. 

Theorem 57 (Characterization of the standard orientation). Let U 
be the complement of a divisor Y in a smooth, projective curve Xlk of 
genus 0. Let 1r1 (Uik) be equiped with c times the standard orientation. 
We will assume that property (A) or property (C) or properties (B) and 
(D) as above hold. 

Then the standard orientation, soc = 1, is the only orientation such 
that the following two conditions hold 

(i) For all geometric subquotients of type (0, 4) with field of con­
stants a f!:!!ite extension kl/ k, the double ratio is in the image 

of k'l --+ k'l, and more precisely 
(ii) a suitable choice of preimages in k'l of DV(y1, Y2; y3, Y4) and 

DV(y1,y3;y2,y4) add up to 1. 

Proof. We prove first that c E { ±1 }. By Belyi's theorem, the 
fundamental group of the curve U)., = lP'1 - {>-., 1, 0, oo} over k(>-.) occurs 
for all).. E Qalg -{0, 1} as a geometric quotient oftype (0, 4) of 1r1 (Uik), 
at least if :'!.._e allow some finite extension kl/k. We obtain It E k1 with 

N' =It in k1. 



552 J. Stix 

The assumption (A) of the suitable valuations on k transfers to the 
finite extension k1 . Choose a valuation v suitable for p and q, choose 
).. E Qalg- {0, 1} with ry = v(>.) -j. 0 and set 0 = v(p} The valuation 

extends to a map v : kr -7 r -7 Zp X Zq. The relation ).. c = fJ becomes 
c: · ry = 0 in Zp x Zq, where moreover ry and o come from the diagonally 
embedded Q n (Zp x Zq)· Thus, since ry -j. 0, the p and q component of c: 
are rational and agree. Applying this argument for all pairs p, q we find 
that c: E Z* is in the diagonally embedded Q n Z* = {±1}. 

Under the assumptions (B) or (C), we find, upon restriction to a 
finite field extension k1 / k that makes the cusps of U rational, even a 
quotient of type (0, 4) with double ratio not a unit with respect to an 
extension of the valuation v to k1 . The same but simpler argument with 
v: kr -7 Z as above shows that c: E {±1}. 

For the remaining part we assume that c: = -1 and argue by contra­
diction. For one of the geometric subquotients of type (0, 4) considered 
above, let ).. be the double ratio in the geometric sense. Then by as­
sumption we find a, b in the group (k{)div of divisible elements of kr 
such that 

(9.1) 
a b 
:\+1_)..=1. 

Under assumption (D) we have a= b = 1 and thus)..= (lf1 is a primitive 
6th root of unity, which we can avoid by the ubiquity of subquotients of 
type (0, 4) provided by Belyi's theorem. 

Property (C) implies that a and b belong to the constants k0 c k 
forcing ).. to be a constant. But the assumption that U is not defined 
over the constants enables us to find a geometric subquotient of type 
(0, 4) with nonconstant double ratio, hence a contradiction. 

Finally, let us assume property (A). Because the value group of a 
valuation vas in (A) is not divisible, we find v(a) = v(b) = 0. If we pick 
).. E Qalg- {0, 1} with v(>.) > 0, then v(1 - >.) = 0 and 

a b 
v( :\ + 1 _)..) < 0 

in contradiction to (9.1). Q.E.D. 

Theorem 58 (Preserving orientation). Let U and V be hyperbolic 
curves with smooth, projective completions of genus 0. We will assume 
that property (A), or property (C), or properties (B) and (D) from The­
orem 57 hold. 

Then a weight preserving isomorphism r.p: 1r1 (Ujk) -7 1r1 (Vjk) au­
tomatically preserves the standard orientation. 



Cuspidal sections 553 

Proof. As the isomorphism cp preserves the anabelian weight filtra­
tion it also preserves the notion of a geometric subqotient of type (0, 4). 
Let ,\ E k* be the double ratio of a geometric subqotient of type (0, 4) of 
1r1 (U I k) and JL E k* the double ratio of its companion for 1r1 (VI k). Then 
the equation ,\deg(<p) = JL holds ink*. As the same .A's as in Theorem 57 
are available we may argue as in the proof of Theorem 57 and conclude 
that deg( cp) = 1. Q.E.D. 

Remark 59. (1) A version of Theorem 58 for proper hyperbolic 
curves over p-adic local fields was obtained in [9] Lemma 9.1, and also 
in [12] Lemma 2.5(ii). 

(2) Condition (A) is met by algebraic extensions kiQ with kQab IQab 
finite, in particular by Qab, cf. Remark 22, or by finitely generated ex­
tensions of Qp. 

(3) If k is a function field over k0 which is algebraically closed and 
U = Uo ®ko k, then 1r1 (U) = 1r1 (U) x Galk and the Galois action has 
nothing to say about the orientation chosen. 

Lemma 60. Let k be an algebraic extension ofQ such that kQ_ab IQab 
finite. Then the group (k*)div of divisible elements in k* is contained in 
its torsion group of roots of unity JL= ( k). 

Proof. Let first F be a finite extension of Q. An element a E 

(F*)div has trivial valuation everywhere and thus is a unit. The same 
applies to \(a and thus a E ( o} )div where o} is the group of units of 
the ring of integers in F. By Dirichlet's unit theorem (o})div = 1 hence 
(F*)div = 1. 

We now argue by contradiction and assume a E (k*)div is not a root 
of unity. Choose a subfield F c::; k that is finite over Q containing a and 
such that FQ_ab = kQab. Then there is a prime number p ;:::: 3 such that 
flO., tj. F and consequently the field 

F= = U F( pva) c kQab = FQab 

n::C:l 

is an abelian Zp extension of F. By the group theory of 

the field F= is already contained in Un>l F(JLpn ). 
Let a= o;Pn in F(JLpn+= ). We apply [18] Lemma (5.7), which gives 

the injectivity of 
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m n+m n+m 

for N = n + m. We find a 0 E F with aP aP a~ So 
a( is divisible by pn in F* for a suitable root of unity ( E F. As 
f-Loo (F) is finite, one ( is sufficient for all n and with this choice we find 
a( E nn(F*)Pn C f-Loo(F), hence a was torsion to begin with. Q.E.D. 

Corollary 61. We have (Qab,*)div = f-Loo· 

Lemma 62. Let A= DV((1 ,(2 ;(3,(4) be a double ratio of roots of 
unity (i. Then for any p the p-adic absolute value of A satisfies I Alp ~ 4. 
If moreover A E Q, then A is among the following values: 

2, -1, 1/2; 3, 1/3,-2,-1/2,2/3, 3/2; 4, 1/4,-3,-1/3,4/3,3/4. 

Proof. For ( a primitive nth_root of unity, the value (- 1 is a unit 
except if n = pm and then it is a uniformizer in Qp(fJprn ). We conclude 
that 1 ::0: I(- lip ::0: p-ljprn-l(p-I) ::0: 1/2, hence 

= I (I - (3 : (2 - (31 = 11 - (3(1: : 1 - (3(2: I ~ 4. 
(I - (4 (2 - (4 p 1 - (4(1 1 - (4(2 P 

For Q-rational double ratios of roots of unity we observe that we have 
a natural S3 action on the set of values including A r-+ 1/ A, and that by 
the estimate above the only prime factors that may occur are 2 and 3 
with only 2 possibly occuring twice. Imposing this on the full S3 orbit 
already pins down A into the given list, whose values by the way are all 
attained for suitable roots of unity. Q.E.D. 

Finally, we can prove a weak anabelian statement for hyperbolic 
curves with completion of genus 0. 

Theorem 63. Let U and V be hyperbolic curves with smooth, pro­
jective completion of genus 0. We will assume that property (C), or 
properties (B) and (D) from Theorem 57 hold, or property (A'): 

(A') The field k is algebraic over Q with kQab /«Jlab finite. 

Then U ':" V are isomorphic as k-curves if and only if there is an isomor­
phism n1 (U/k) ~ ni(V/k) that respects the anabelian weight filtration. 

Remark 64. Theorem 63 applies in particular to hyperbolic curves 
with completion of genus 0 over «;)lab or to nonconstant hyperbolic curves 
with completion of genus 0 over a function field. The latter should be 
useful in applications to birational anabelian geometry for function fields 
over algebraically closed fields of charactersitic 0. 



Cuspidal sections 555 

Proof of Theorem 63. By Galois descent as established by Naka­
mura in [15] Theorem 6.1, we may replace k by a finite extension and 
therefore assume that all cusps are k-rational. 

Recall from Remark 59 (2) that (A') implies (A). Therefore, by 
Theorem 58, any isomorphism 1T1 (U I k) ~ 1r1 (VI k) automatically pre­
serves the standard orientation. We may therefore in a compatible way 
compute double ratios. 

Let <p: 1r1(Uik) ~ 1T1(VIk) be a weight preserving isomorphism. 
Then as in the remark after Definition 25 we obtain an induced bijection 

<p: Cusps(U) ~ Cusps(V). 

If U is of type (0, 3), then Vis of type (0, 3) and there is nothing to prove. 
Let Yl, Y2, y3, Y4 E Cusps(U) be a 4-tuple with DV(y1, Y2; y3, Y4) = ).., 
and set f-L = DV(rp(y1), rp(y2 ); rp(y3), rp(y4 )) as double ratios of there­
spective quotient fu~amental groups of curves of type (0, 4). A priori 

).., f-L are elements of k*, but there are representatives in k* such that we 
have open embeddings U s;;; U>-. and V s;;; U/1>, with notation as above, 
preserving the chosen cusps. As the kernel of 1r1 (U) --?> 1r1 (U>-.) is gener­
ated by the inertia groups at all the other cusps, and similarly for the 
kernel of 1r1(V)--?> 1T1(U/l>), then the map <p induces a weight preserving 
isomorphism 

<p: 1r1(U>-.Ik) ~ 1r1(U/l>lk), 

which on cusps maps 0 f--1 0, 1 f--1 1, oo f--1 oo, and ).. f--1 f-L· If we can 
treat the case of curves of type (0, 4), then we deduce ).. = f-L· We fix the 
cusps Y2, y3, and y4, and let y = Yl range over all remaining cusps of U 
with Ay the corresponding double ratio. Then we find 

u~ n 
and since the same holds for V, we deduce that U ~Vas k-curves. 

It remains to discuss the case of genus 0 with 4 cusps where moreover 
both curves carry compatible structures as a fundamental group of type 
(0, 4), say U ~ U>-. and V ~ U/1> with notations as above. We can then 
compare various double ratios and find)..= f-L ·a and 1-).. = (1- t-L) · b 
with a, b E (k*)div· It follows that ).. = f-L or a# b and 

(9.2) 
a- ab 

).. = --b = DV(a, oo; ab, b) 
a-

b-1 
f-L = -b- = DV(b, oo; 1, a), 

-a 

and so we have to contradict that ).. # f-L are double ratios of divisible 
elements of k*. Under condition (D) this is absurd. 
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Under condition (C) the divisible elements are constants and thus 
also >. and fJ are constants, a contradiction to condition (C). 

Under condition (A') we replace U and V by suitable finite etale 
covers U' --+ U of genus 0 and the corresponding V' --+ V with again 
all cusps rational after a finite extension k' / k such that at least one of 
the double ratios of quotients of 1r1 (U' / k') of type (0, 4) is not a double 
ratio of divisible elements. This is possible by using Belyi's theorem and 
choosing a suitable >. E Qalg - { 0, 1} as in the proof of Theorem 57 and 
by Lemma 62 and Lemma 60. Q.E.D. 

§10. Anabelian geometry of A'l0,4 and the j-invariant 

The algebraic stack A'l0,4, actually a scheme as we will recall shortly, 
parameterizes pairs 

(X/ S; J!..) E Alo,4(S) 

where X/ S is a smooth, projective S-curve of genus 0 with 4 marked 
points 

J!.. = (yl,Y2,Y3,Y4) 

in X(S) with pairwise disjoint images. The double ratio of a marked 
curve (X/ S, J!..) is 

DV(y) = Y1 - Y3 : Y2- Y3 E O*(S), 
- Y1 - Y4 Y2 - Y4 

where the values Yi are taken with respect to and are independent of 
any choice of parameter on X ~ lP'1 locally on S. The double ratio map 
provides an isomorphism 

DV : A'lo,4 ~ lP'1 - {0, 1, oo }, 

since by [7] Theorem 2.7 we have A'l0,3 = Spec(Z) and by [7] Corollary 
2.6 the stack A'l0,4 is the complement of the marked points 0, 1, oo in 
the universal curve JP1 --+ Spec(Z) for A'lo,3· In fact, it is not hard to 
show directly that every (X/ S, y) E A'l0,4 ( S) is uniquely isomorphic as 
a marked curve to the pull back via DV(y): S--+ lP'1 - {0, 1, oo} of the 
universal curve -

pr2 : 'lifo,4 = lP'1 x (lP'1 - {0, 1, oo}) --+ lP'1 - {0, 1, oo} 

that is equipped with the marked points (,6., 1, 0, oo) where ,6. is the 
diagonal map. Indeed, let f :X--+ S be the projection map and let by 
abuse of notation denote 1, 0, oo the image divisors of y2 , y3, y4 on X. 
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Then cohomology and base change shows that evaluation at 0,1 provides 
an isomorphism 

f*Ox(oo) ~ Os EB Os. 

Let x0 ,x1 E H0 (X,Ox(oo)) be the sections mapped under the above 
isomorphism to (1, 1), (0, 1) E H0 (S, Os EB Os). Then x 0 , x1 locally gen­
erate 0 x ( oo) and the induced map X ---+ lP'1 is a fibrewise isomorphism, 
hence by flatness an isomorphism that moreover maps Y1, Y2, Y3, Y4 to 
A, 1, 0, oo. The uniqueness is clear by the exact 3-transitivity of the 
PGL2 action on lP'1. 

10.1. On the section conjecture for .4£0 ,4 

The map SC from rational points to conjugacy classes of sections of 
the section conjecture, see Section 1, for .4£0 ,4 factors as follows. 

.4t'o,4(k) 
sc 

.91r1 (Jito,4/ k) 

{ 
fundamental groups 

} n:1 (Uik) oftype (0,4) 
"' DV 

with anabelian 
weight structure 

">' DV 

e 
~ 

(IP'1 - {0,1,oo})(k) 
sc 

.91r1 (IP'~ -{O,l,oo} /k) 

The map n:1 : (XIk,y) f--7 n:1 (Uik) with U =X\ {y} and equipped with 
the specified extra structure is surjective by defi~ition and bijective if 
curves of type (0, 4) over k are anabelian in a weak sense. 

The map 8 has an anabelian definition as follows. The quotient 
of n:1 (U I k) by the normal subgroup generated by the inertia subgroups 
above y1 is geometric and canonically isomorphic to 1r1 (IP'k -{0, 1, oo} lk). 
A cuspidal section associated to y1 of n:1 (U I k) maps to a unique geo­
metric section 8( n:1 (U lk)) of 1r1 (IP'1 - {0, 1, oo} lk). The diagram com­
mutes, because the curve (IP'l, {A, 1, 0, oo}) maps to the section S>. of 
n:1(lP'1- {0, 1,oo}lk), where A= DV(A,1;0,oo) equals the double ratio 
of the k-point (IP'1, {A, 1, 0, oo}) E .4t'o,4(k). 

Consider the map .4£0 ,5 ---+ .4£0 ,4 that forgets the fifth point. We 
can identify .4£0 ,5 with the complement of the 4 marked points in the 
universal curve 'rifo,4 ---+ .4t'o,4 of type ( 0, 4). We a breviate by 1fo,4 the 
fundamental group of the complement of the four marked points in a 
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chosen geometric fibre of At"0 ,5 --+ At"0 ,4. There is an extension, see [8] 
Lemma 2.1, 

(10.1) 

We endow '1!?0 ,4 with the regular log structure defined by the divisor 
given by the 4 universal sections. Then Alo,5 = 'i&'J~Jv is the locus of 

triviality of the log structure and thus by purity 1r1 (At"o,5) = 1r~og ('ilfo,4). 
The pullback along the section Yi defines a log structure Mi on At"0 ,4 
with constant rank 1. We obtain a diagram of (logarithmic) fundamental 
groups 

1-----.Z(1) -----.niog(At"o,4,Mi) -----.nl(At"o,4) ------+-1 

l Yi l Kl(yi) II 

where Yi maps Z(1) injectively onto an inertia group above Yi and the 
extension in the top row is the first Chern class extension of Yi ( O(yi)). 
The top row splits as Pic(At"0 ,4) = 1. Any splitting leads to a section 
of the bottom row which cyclotomically normalises the inertia at Yi and 
thus is a cuspidal section at Yi· 

As a converse map to 8 we define for a section s E :7'K,(.$/o,•/k) 
the extension fL as the pullback vias of the universal extension (10.1), 
which is an extension of Galk by 1fo,4 endowed with an anabelian weight 
filtration and 4 ordered cuspidal sections. It is not difficult to see that 
s c--+ IL restricted to geometric sections and 8 are mutually inverse. It 
is tempting to believe that a more refined study of (10.1) may even give 
a proof of the section conjecture for At"0 ,4. 

10.2. Proper units 

In order to discuss the case of higher genus, in particular elliptic 
curves, we need to address again Proposition 48. A cuspidal ratio de­
pends only on the restriction of the unit to its divisor in 

up to a cuspidal ratio that comes from a unit in the image of 

(TPic~ )(k) C O*(nl(U/k))/f*, 

which we choose to call proper units and which are constructed as 
follows. To an L E ( T Pic~ ) ( k) belongs by the Weil-pairing a Galois 
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invariant map 1r]'b(X) ---+ 1r1 (Albx) ---+ Z(l), which defines a map of 
semidirect products 1r1 (Albx lk)---+ 7r1 (Gmlk) and thus the proper unit 

which has trivial divisor. Using Kummer theory for Albx we get a 
pairing 

(TPic~ )(k) x Afb:;(k)---+ k* 

that maps (L, y'- y) to the cuspidal ratio AJL;y',y· This immediately 
yields the following lemma. 

Lemma 65. The cuspidal ratio of a proper unit with respe;:!_ to cusps 
that differ by n-torsion in Albx takes values inn-torsion of k*. 

Lemma 66. Then-torsion off' is generated by the image of f.Ln(k). 

Proof. Let a E k* with representatives ar mod (k*t be n-torsion, 
i.e., for r E N we have ar E k* such that a~+n = a;+n. For some 
( E J.Ln(k) depending on r we thus have ar+n( = a;. As there are 
only finitely many nth roots of unity, one ( will do it for all r. Then 
ar( = ar+n( = 1 modulo (k*t shows that a= (- 1 . Q.E.D. 

10.3. The j-invariant 

We are going to describe the j-invariant5 . of an elliptic cuvre E with 
origin e E E in terms of 1r1 (E- {e}lk) under mild assumptions on k. 

Theorem 67. Let £ be a prime number and let k be a field such 
that the £-adic cyclotomic character is non- Tate. Let E I k be an elliptic 
curve with origin e E E(k), and let k' lk be the minimal finite extension 
such that the 2-torsion 

of E is k' -rational. We further assume that one of the following holds: 

(i) k'* '---+ 0 is injective, or 
( ii) k I k0 is a function field and E is not a twist of an elliptic curve 

defined over ko. 

5The author acknowledges a discussion with Hiroaki Nakamura held in 2005 
where the question how to recover the ]-invariant was addressed while the author 
enjoyed the hospitality of the University of Okayama. 
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Then the ]-invariant of E is encoded group theoretically in the funda­
mental group extension 1r1 ( E - { e} I k) as 

where ).. E k' is the unique element such that, for units 

with divisor 2Pi - 2e and i E { 0, 1, oo}, the equations 

describe these cuspidal ratios in k'* up to sign. 

Remark 68. The notion of j being encoded group theoretically 
means that all the data required to describe j as an element of k can be 
extracted from n1 ( E- { e} I k) as an extension of Galk in group theoreti­
cal terms, i.e., forgetting that we have the underlying punctured elliptic 
curve. 

Proof. By Corollary 32 the assumptions on k suffice to characterise 
cuspidal sections group theoretically, even after finite scalar extension, 
and thus also characterise the Galk-set of cusps. 

We consider 1r1 ( E - { e} I k) as equipped with a choice of cuspidal 
section Se based at e. The finite etale cover 

E - E[2] -+ E - { e} 

which is given by multiplication by 2 is characterized as the unique 
ZI2Z x ZI2Z-cover which is unramified over E together with a choice 
of a lift of se. The set of cusps of E - E[2] as a Galk-set thus has a 
distinguished element, again denoted e and three other elements P0 , P 1 

and P co. Let k' I k be the smallest Galois extension such that all cusps 
of E- E[2] are rational over k', i.e., such that the Galk-set of cusps of 
n 1(E- E[2Jik) has trivial Galk'-action. 

Fixing the points of order 2 imposes on E ® k' the structure of a 
twist of the Legendre form as 

E ® k' = {cY2 = X(X -1)(X- >-.)} 

such that Po= (0, 0), P1 = (1, 0) and Poo = (>-., 0) for some).. E k'*- {1} 
and e is the point at infinity. Let xi be a unit on n1 ( E ® k' - E[2] I k') 
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with divisor 2Pi - 2e. The functions X, 1 - X, and A - X are all 
units onE Q9 k'- E[2], and we have x0 = n 1 (X), x 1 = n 1 (1- X) and 
X 00 = 11"1 (A- X) up to a multiplicative constant and a proper unit. 

Since the unit Xi is only well defined up to a proper unit and a 
multiplicative constant, and since we evaluate with respect to cusps that 
differ by 2-torsion, by Lemma 65 and Lemma 66 the cuspidal ratio 

considered as an element in 0 I ± 1 is well defined independently of the 
choice of x 0 . With the A from the Legendre form we find 

so that in particular the cuspidal ratio takes values in 

k'* I ± k~~v ~ 0 I ± 1. 

Similarly, the cuspidal ratio of x1 with respect to P 00 and P0 gives 

It remains to show uniqueness of A. Arguing by contradiction, let 
us assume that f.L E k'* - {1} with f.L "1- A also gives rise to these values 
of cuspidal ratios in k'* I± k~~v· Then there are elements (, ~ E ±k~~v 
such that 

A= (f.L and 1- A= ~(1- f.L). 

Therefore ( "1- ~ and 

A= (- (~ = DV((-1 · 1 c- 1 ) 
(- ~ 'oo, '"' 

1-~ 
f.L = ( _ ~ = DV(~, oo; 1, () 

are double ratios of elements from ±k~iv U { oo }. Under assumption (i) 
we have k~iv = 1 and thus { (, 0 = {1, -1} showing that f.L = A. Under 
assumption (ii) the set ±k~iv is algebraic over ko, hence A is algebraic 
over k0 , therefore j (E) E k0 and E I k is a twist of an elliptic curve 
defined over k0 , contradicting assumption (ii). Q.E.D. 

Remark 69. A similar construction gives the moduli parameters 
for a hyperelliptic curve X over k from the fundamental group extension 
n 1 (U lk) of the complement U in X of the branch locus of the hyperel­
liptic double cover X --+ lP'l. In fact, the moduli parameters in question 
are the double ratios of 4-tuples of branch points. 
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