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Frobenius morphism and semi-stable bundles

Xiaotao Sun

Abstract.

This article is the expanded version of a talk given at the confer-
ence: Algebraic geometry in East Asia 2008. In this notes, I intend
to give a brief survey of results on the behavior of semi-stable bundles
under the Frobenius pullback and direct images. Some results are new.

§1. Introduction

Let X be a smooth projective variety of dimension n over an alge-
braically closed field k& with char(k) ='p > 0. The absolute Frobenius
morphism Fx : X — X is induced by Ox — Ox, f — fP. Let
F: X — X; := X Xg k denote the relative Frobenius morphism over k.
This simple endomorphism of X is of fundamental importance in alge-
braic geometry over characteristic p > 0. One of the themes is to study
its action on the geometric objects on X. Here we consider the pull-back
F* and direct image F. of torsion free sheaves on X. For example, is
the semi-stability (resp. stability) of torsion free sheaves preserved by
F* and F,? Even on curves of genus g > 2, it is known that F* does not
preserve the semi-stability of torsion free sheaves (cf. [2] for example).
However, it is now also know that F, preserves the stability of torsion
free sheaves on curves of genus g > 2 (cf. [20]). In this paper, we are
going to discuss the behavior of semi-stability of torsion free sheaves
under F* and F,.

Recall that a torsion free sheaf £ is called semi-stable (resp. stable)
if (&) < u(€) (resp. p(€') < u(€)) for any nontrivial proper sub-sheaf
&' C & such that £/&’ torsion free, where u(€) is the slope of £ (See
definition in Section 3). Semi-stable sheaves are basic constituents of
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torsion free sheaves in the sense that any torsion free sheaf £ admits a
unique filtration

HN, () : 0 = HNo(€) C HN;(£) C -+- C HNpyy (€) = €,

which is the so called Harder—Narasimhan filtration, such that
(1) griN(€) := HN;(£)/HN;_1(€) (1 < i < £+ 1) are semistable;
(2) u(gri™(€)) > n(gry™(€)) > -+ > plerii (€))-
The rational number I(€) := p(gri™(€)) — p(griyy (€)), which measures
how far is a torsion free sheaf from being semi-stable, is called the in-
stability of £. It is clear that £ is semi-stable if and only if I(€) = 0.
Thus the main theme of this investigation is to look for upper bound of
I(F*€) and I(F.E).

In Section 2, we recall the notion of connections with p-curvature
zero and Cartier’s theorem, which simply says that a quasi-coherent
sheaf is the Frobenius pullback of a sheaf if and only if it has a connection
of p-curvature zero. In particular, a sub-sheaf of F*£ is the pullback of
a sub-sheaf of £ if and only if it is invariant under the action of the
canonical connection on F*€. This is the main tool in Section 3 to find
a upper bound of I(F*&).

In Section 3, we survey various upper bounds of the instability
I(F*€) in terms of I(£) and numerical invariants of Q%. For curves,
the bound is a linear combination of I(€) and p(% ). For higher dimen-
sional varieties X, the difficulty to obtain such a bound lies in the fact
that tensor product of two semi-stable sheaves may not be semi-stable
in characteristic p > 0. A theorem of A. Langer can solve this difficulty
in certain sense. He proved in [11] that there is a ko for a torsion free
sheaf £ such that the Harder-Narasimhan filtration of F**£ has strongly
semi-stable quotients whenever k > ky. As a price of it, the upper bound
is a linear combination of I(£) and the limit

. ; Fk* Ql
Linax(@) = lim H_n%k__x),

It is natural to expect a upper bound in terms of I(€) and pmax(2%)
(cf. Remark 3.13), but I do not know any such bound in general.

In Section 4, we discuss the stability of F,W. The main tool in
this section is the canonical filtration (4.5) of F*(F,W), which is again
induced by the canonical connection on F*(F,W). After a brief proof of
the main theorem in [20], we reveal some implications in the proof. We
show that the proof itself implies that F,.£ and the sheaf BY of local
exact differential 1-forms on X are stable if u(Q%) > 0 and T*(Q%)
(1 < £ < n(p—1)) are semi-stable. In fact, for € C F.L (resp. B’ C BY%),
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we show that p(€) — p(FuL) (resp. p(B') — p(B%)) is bounded by an
explicit negative number (cf. the inequalities (4.18) and (4.20)). The
work of M. Raynaud have revealed the important relationship between
B} and the fundamental group of X. I do not know if the result above
has any application in this direction.

§2. Frobenius and connections of p-curvature zero

Let X be a smooth projective variety of dimension n over an alge-
braically closed field k£ with char(k) = p > 0. The absolute Frobenius
morphism Fx : X — X is induced by the homomorphism

Ox — Ox, f=fF

of rings. Let F : X — X; := X X k denote the relative Frobenius
morphism over k that satisfies

Fx

T TN

X X1 X

N

Spec(k) ey Spec(k)

According to a theorem of Cartier, the fact that a quasi-coherent £
on X is the pull-back of a sheaf on X; by F' is equivalent to the fact
that £ has a connection of p-curvature zero. Let me recall briefly the
theme from [7] (See Section 5 of [7]).

For a quasi-coherent sheaf £ on X, a connection on & is a k-linear
homomorphism V : £ — £ ®p, Q) satisfying the Leibniz rule

V(f-e)=fV(e)+e®df, VfeOx,ecé&
where df denotes the image of f under d : Ox — QY. The kernel
EV :=ker(V:E — £ ®oy O%)

is an abelian sheaf of the germs of horizontal sections of (£, V).

Let Der(Ox) be the sheaf of derivations, i.e., for any open set U C
X, Der(Ox)(U) is the set of derivations D : Oy — Op. It is a sheaf of
k-Lie algebras and it is isomorphic to Home, (2%, Ox) as Ox-modules.
A connection V on £ is equivalent to an Ox-linear morphism

V : Der(Ox) — Endg(€)
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satisfying V(D)(f - €) = D(f) - e+ fV(D) where Endy(€) is the sheaf of
k-linear endomorphisms of £, which is also a sheaf of k-Lie algebras.

A connection V : Der(Ox) — Endg(€) is integrable if it is a homo-
morphism of Lie algebras. A morphism between (£, V) and (F,V’) is a
morphism @ : £ — F of quasi-coherent O x-modules satisfying

B(V(D)(e)) = V'(D)(®(e)), VD € Der(Ox), e € E.

Then the pairs (€, V) of quasi-coherent sheaves with integrable connec-
tions form an abelian category MIC(X).

Since char(k) = p > 0, the p-th iterate D? of a derivation D is again
a derivation. Thus Der(Ox) and End(£) are both sheaves of restricted
p-Lie algebras. The p-curvature of an integrable connection

V : Der(Ox) — Endg(€)

measures how far the homomorphism V is from being a homomorphism
of restricted p-Lie algebras. More precisely,

Definition 2.1. The p-curvature of V : Der(Ox) — Endy(€) is the
morphism of sheaves ¥V : Der(Ox) — Endy(€) defined by

V(D) := (V(D))P ~ V(DP)

which is in fact a morphism ¥V : Der(Ox) — Ende, (€) i.e. V(D) is
Ox-linear for any D € Der(Ox). ,

Let F': X — X, be the relative Frobenius morphism. Then, for any
quasi-coherent sheaf F on X7, there is a unique connection

Vean : F*(F) — F*(F) ®ox Q.
which is integrable and of p-curvature zero, such that
F e (B F)T.

We call Vcan the canonical connection on the pull-back F*(F). It
turns out that a quasi-coherent sheaf £ on X having a connection of
p-curvature zero is enough to characterize that £ is a pull-back of a
quasi-coherent sheaf on X;. More precisely, given a (£, V) of p-curvature
zero, the abelian sheaf £V is in a natural way a quasi-coherent sheaf on
X1 such that F*(EV) 2 £. Moreover, we have

Theorem 2.1. (Cartier) Let F : X — X1 be the relative Frobenius
morphism. Then the functor

F s (F*(F), Vean)
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is an equivalence of categories between the category of quasi-coherent
sheaves on X1 and the full subcategory of MIC(X) consisting of (€,V)
whose p-curvature is zero. The inverse functor is

(E,V) — €Y.

§83. Instability of Frobenius pull-back

Let X be a smooth projective variety of dimension n over an alge-
braically closed field k with char(k) = p > 0. Fix an ample divisor H on
X, for a torsion free sheaf £ on X, the slope of £ is defined as

c1 (8) .Hr1
)= ——~F
w(€) k(&)
where rk(€) denotes the rank of £. Then
Definition 3.1. A torsion free sheaf £ on X is called semi-stable
(resp. stable) if for any subsheaf £ C € with £/E’ torsion free, we have
u(E") < (resp. <) pu(é).

Theorem 3.1. (Harder—Narasimhan filtration) For any torsion free
sheaf &€, there is a unique filtration

HN.(£) : 0 = HNo(E) C HN1(€) C ---.C HNyy1(€) =€,

which is the so called Harder—Narasimhan filtration, such that
(1)  griN(&) := HN;(£)/HN;_1(€) (1 <i < £+ 1) are semistable;
@) w(et™(E)) > nlEr™(€)) > -+ > ulerifi(€))-

Remark 3.2. In [4, Theorem 1.3.4], the proof of existence of the
filtration is given in terms of Gieseker stability. In particular, griN(€)
are Gieseker semi-stable, thus they are u-semistable torsion free sheaves.

By using this unique filtration of £, we can introduce an invariant
I(€) of £, which we call the instability of £. It is a rational number and
measures how far is £ from being semi-stable.

Definition 3.2. Let pmax(E) = p(gri™(€)), tmin(E) = p(grity (£)).
Then the instability of £ is defined to be

I(€) := pmax(E) — pmin(E).

It is easy to see that a torsion free sheaf £ is semi-stable if and only
if I(€) = 0. We collect some elementary facts.
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Proposition 3.3. Let HN, () be the Harder-Narasimhan filtration
of length £ and p; = p(grfN(€)) (i=1,...,£+1). Then

(1) /J,max(g/HNz(g)) = Hi+1, /J/mm(HNZ(g)) = M

(2)  p(HN1(E)) > p(HN2(E)) > -+ > p(HN(E)) > p(€)

(83) For any torsion free quotient £ — Q — 0 and any subsheaf
& CéE,

Q) 2 pmin(€),  p(E) £ pmax(E)
(4)  For any torsion free sheaves F, £, if pimin(F) > tmax(E), then
Hom(F, £) = 0.

Proof. (1) follows the definition. (2) was proved in [3, Lemma
1.3.11] for curves, but the proof there works also for higher dimensional
varieties. The sub-sheaf case in (3) follows from [4, Lemma 1.3.5]. To see
that 4(Q) > pmin(€), by Theorem 3.1, we can replace Q by the last grade
quotient of HN,(Q), thus we can assume that Q is semi-stable. Then
the quotient morphism induces a non-trivial morphism griiN(€) — Q.
Thus $(Q) > p; > pmin(€). (4) follows from (3). Q.E.D.

In this section, we discuss the behavior of I(£) under the Frobenius
pull-back. We start it by introducing some discrete invariants of a tor-
sion free sheaf and its Frobenius pull-back. A sub-sheaf F C F*& is
called Vqn-invariant if Vean(F) C F Q@ Q¥, where Vay is the canonical
connection on F*E&.

Definition 3.3. Let ¢(€) = ¢ be the length of the Harder—Narasimhan
filtration HN4(€) of £ and s(X, E) be the number of Vcan-invariant sub-
sheaves HN,(F*E) C F*E that appear in HN4(F*E).

Our goal is to bound I(F*E) in terms of I(£), {(F*E), s(X,E) and
some invariants of X. The lower bound of I(F*£)

1
I(&) < = I(F*E)
D
is trivial by using Proposition 3.3 (3).
When X is a curve of genus ¢ > 1 and £ is semi-stable, a upper

bound of I(F*£) has been found (See [17], [18] and [19]). One of the
main observations in the proof of [19, Theorem 3.1] is

£
(31) I(F*E) = Z{umin(HNi(F*s)) — Hmax(F*E/HN;(F*E))}
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where £ = ¢(F*E). Then, when &£ is semi-stable, all of the sub-sheaves
HN;(F*E) (1 < ¢ < ¥) are not Veap-invariant. Thus Vs, induces non-
trivial Ox-homomorphisms

F*£
HN,(F™* ————— <i<
which, by Proposition 3.3, imply
(3.2) in (AN (F*€)) < (—F*g— ®0%) (1<i<o
. HMmin i S Umax HN/L(F*S) X <1 <Yt).

When Q}( has rank one, we have, for all 1 < i < ¢,

£ F*E

Mmax(IjIN—i(F*—g) & Q%{) = ﬂmax(m) + N(Qﬁ()

(3.3)

which implies immediately
I(F*E) <2- (29 —2) < (rk(€) — 1)(2¢9 — 2).
In a more general version, we have

Theorem 3.4. Let X be a smooth projective curve of genus g > 1
and € a vector bundle on X. Let 6(F*E) = ¢, s(X,E) = s. Then

p-1(€) SUEF*E) < (€—5)(29 —2) +p- 5 - 1(E).

Proof. Let S be the set of numbers 1 < 45 < £ such that HN;, (F*&)
is a Vcap-invariant sub-sheaf of F*€. Let p; = pu(griN(F*£)), notice
Pmax(F*E [HN; (F*E)) = pi1, pmin(HN; (F*E)) = pi, we have

£
I(F*E) = pin — peyr = Y (s — pir1)
=1

4
= {ttmin(HNi(F*E)) — pimax (F*€ /HN;(F*E)) }.

i=1
When i ¢ S, HN,;(F*E) is not Vcap-invariant, which means that
HN;(F*E) Y22, (F*E) @ Qk — F*€/HN;(F*€) @ Ok
is a nontrivial Ox-homomorphism. By Proposition 3.3 (4), we have

Pmin(HNG(F*E)) < pmax(F*E/HN;(F*E) ® Q}{)
= Umax(F*E/HN;(F*E)) + 29 — 2.
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Thus, for ¢ ¢ S, we have
Pornin (HN; (F*E)) — timax (F*E/HN;(F*E)) < 29— 2.
When ¢ € S, by Theorem 2.1, there is a sub-sheaf & C & such that
HN;(F*£) = F*&; and F*E/HN(F*E) = F*(E/E;). Then
I(F*€) < (£~ 5)(29 = 2) + Y (Hmin(F"Ei) — pmax(F* (E/E1))).
ies
Notice that pmin(F*E) < p(F*E;), pmax(F*(E/&:)) = p(F*(E/&;)) and
(&) < bmax(E), (€/E;) 2 pmin(E). Therefore we have
;u'min(F*gi) - umax(F* (5/81)) S pI(E)
Thus
p-IE) SIF*E) < (L—38)(29—2)+p-s-IE).

Q.E.D.

When dim(X) > 1 and £ is semi-stable, an upper bound on I(F*£)
was given in [11, Corollary 6.2] by A. Langer. Before the discussion of
his result, let us make some remarks. It is easy to see that all of the
arguments above go through except the equation (3.3) does not hold in
general. Thus one can ask the following question

Question 3.5. What is the constant a;(€,X) such that
Pmax(F*E/HN;(F*E) ® Q%) = pmax(F*E/HN;(F*E)) + a;(€,X) ?
More general, what is the upper bound of

Nmax(gl ® 82) - ﬂ'max(gl) - :Ufmax(g‘Z)
for any torsion free sheaves £ and &7

Remark 3.6. Let a;(€,X) be the constants in Question 3.5 and
a(€,X) be the mazimal one of a;(€,X) (1 <i<{). Then, for any tor-
sion free sheaf £ on a smooth projective variety X, the proof of Theorem
3.4 implies the following inequalities

pIE)SIF*E)Y<(l-38)-alE,X)+p-s-1(E)

where £ is the length of the Harder-Narasimhan filtration HNo(F*E) and
s is the number of V can-invariant sub-sheaves HN;(F*E).
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The difficulty in answering Question 3.5 lies in the fact that tensor
product of two semi-stable sheaves may not be semi-stable in the case of
positive characteristic (such examples are easy to construct, see Remark
4.10). However, the following theorem was known by many people (see
[11, Theorem 6.1], where it is referred to a special case of [14, Theorem
3.23]).

Theorem 3.7. A sheaf is called strongly semi-stable (resp. stable)
if its pullback by k-th power F* of Frobenius is semi-stable (resp. stable)
for any k > 0. Then a tensor product of two strongly semi-stable sheaves
is a strongly semi-stable sheaf.

One of theorems proved by A. Langer in his celebrated paper [11] is
the following

Theorem 3.8. For any torsion free sheaf £, there exists an kg such
that all of quotients gri!N(F**€) in the Harder—-Narasimhan of F**E are
strongly semi-stable whenever k > kq.

Proposition 3.9. If all quotients grN(&1), griN (&) in the Harder-
Narasimhan filtration of &1 and & are strongly semi-stable, then

,umax(gl ® 52) S ,uma,x(gl) + ,umax(g2)‘
In particular, if all grtfPN(F*E) are strongly semi-stable, then
(3.4) p-IE) SUF*E) < (£—5) - pmax(Qx) +p-5-1(E)

where £ is the length of the Harder—Narasimhan filtration HN4(F*E) and
s is the number of Vcan-invariant sub-sheaves HN;(F*E).

Proof. Since £ ®&, has at most torsion of dimension n—2, without
loss of generality, we can assume that £ ® & is torsion free. Let

F=HNi(£1 ® &) CEL ®E, wF) = pmax(E1 ® &2).
By'Theorem 3.8, there exists an kg such that for all k£ > kg
Fi = HN (F* (£, ® &)) € FF (£, ® &) = F* & ® FF*¢

are strongly semi-stable. By Proposition 3.3, the nontrivial homomor-
phism (F¥ &)V ® Fj, — F**&; implies

pornin (F**£1)Y ® F) < pmax(F**E2).

Since griN (&), griN(€&,), Fi, are strongly semi-stable, by Theorem 3.7,
we have l“(]:) S ,umax(gl) + Nrnax(g2)
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To show (3.4), it is enough to show
(35)  pmin(HNi(F*E)) — ptmax (F"E /HN; (F*€)) < fmax(x)
when HN;(F*E)) is not V ap-invariant. In this case, there is a nontrivial
homomorphism Tx — (F*&/HN;(F*£)) @ HN;(F*£)V. Then
fimin (Tx ) < frmax(F* € /HN; (F*E)) + pmax(HN;(F*€)Y)
since all grilN(F*£) are strongly semi-stable. Q.E.D.

The inequality (3.4) has the following corollary, which was first
proved by Mehta and Ramanathan (See [13, Theorem 2.1]).

Corollary 3.10. If pmax(Q%) < 0, then all semi-stable sheaves on
X are strongly semi-stable. If pimax (%) < 0, then all stable sheaves on
X are strongly stable.

Proof. Let € be a semi-stable sheaf of rank r and assume the corol-
lary true for all semi-stable sheaves of rank smaller than r. Then, if
F*& is not semi-stable, all gr™N(F*€) are strongly semi-stable by the
assumption. Thus, by inequality (3.4), F*£ must be semi-stable.

If pmax(Q%) < 0 and € is stable, then for any proper sub-sheaf
F CF*E, w(F) < w(F*E). If u(F) = p(F*E), then F is not a pullback
of a sub-sheaf of £ since £ is stable. Thus the Ox-homomorphism

FYen ek - FXE/F R0k

is non-trivial, which implies pimax(Q%) > 0 since F, F*E/F are strongly
semi-stable with the same slope. Q.E.D.

Now it becomes clear, since p*(F*€) < I(F**£), one can bound
I(Fk*€)
Pk

where the difficult in Question 3.5 vanishes by Proposition 3.9. Indeed,
A. Langer made the following definition in [11]:

fimax(F**E)
pk

k>ko

Pmin (F kg )

= 1i
Fmax(£) 1= iy o

5 Lmin(g) = kliglo

Then he proved the following (See [11, Corollary 6.2]).
Theorem 3.11. Let £ be a semi-stable torsion free sheaf. Then

rk(€) -1
p

Lmax(g) - Lmin(g) S : max{ O, LmaX(Q%() }

In particular, I(F*E) < (rk(€) — 1) - max{ 0, Lmax(Q%)}-
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For a torsion free sheaf £ of rank r, by Theorem 3.8, there is a
ko such that all of quotients gri’N(F**£) in the Harder-Narasimhan of
F**£ are strongly semi-stable whenever k > ko. We choose kg to be the
minimal integer such that all quotients griN(F*o*£) in

0 C HN(F**£) C --- C HNy(F**E) C HNpy(F*0*E) = Foxg

are strongly semi-stable. For each HN;(F**£) (1 < i < £), there is a
0 < k; < ko and a sub-sheaf & C F**& such that

(3.6)  HN;(Fro*g) = Fro—ki*g, Vean(&) € & ® Q if ki > 0.
Let S={1<i<ko|k; =0} Then,fories,

Fhorg

BN, (FRoeg)) <P L)

(7 pmin (AN (FP*E)) — pimax(

For i ¢ S, there is a nontrivial O x-homomorphism

Fkoxg

Fko—ki*Ql
HN; (Fko*£) © X

HN;(F*o*g) —

which is the pullback of & ~=2 Fki*€ @ O} — L€ @ Q. Thus
ko* Fko*g ko—kix(1
(3.8)  Hmin(HN;(F™*E)) — Hmax(m) < prmax (F Qx).

Notice that pP pmayx (FF~5*QL) < pmax (FF*QY ), we have
0 —
(3.9) I(Frog) < —p—sp,max(F’“o*Qﬁ() + 5 pPI(E)
where s = |$| is number of elements in S. Since, for any k > ko,
I(Fk*€) = pk—koI(Fko*£), we have
I(F**€) < £—s Pmax (F**Q%)
P T p pF

By Corollary 3.10, to study I(F*£), it is enough to consider varieties X
With fmax(Q%) > 0. Then we can formulate above discussions as

(3.10) +s-1(&).

Theorem 3.12. Let X be a smooth projective variety of pmax(Q%) >
0. Then, for any torsion free sheaf £ of rank r, we have

£L—s

Lmax(g) - Lmin(g) S . Lmax(Qk) +s- I(S)

In particular, I(F*E) < (r — 1)(Lmax(%) + I(£)).
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Remark 3.13. It is clear that Lyax(€E) — Lpin(€) = %*—5—1 and

NmaX(FkO*Q}()

I(F*&) < (£ —s) o +s-I(E).

One may make the following conjecture that

(3.11) I(F*€) < (r — Dimax(Qx) + (r — DIE).

§4. Instability of Frobenius direct images

In this section, we study the instability of direct image F,. W for a
torsion free sheaf W on X. For example, is F,,W semi-stable when W is
semi-stable? Compare with the case of characteristic zero, for a Galois
G-cover m : Y — X, the locally free sheaf 7,QOy is not semi-stable if 7=
is not étale. However, if 7 is etale, then 7, W is semi-stable whenever
W is semi-stable. The proof of this fact is based on a decomposition

(4.1) ™ (m W) =P we.

ceG

To imitate this idea, we need a similar “decomposition” of V' = F*(F, W)
for F': X — X1. In general, we can not expect to have a real decompo-
sition of V' = F*(F,W). Instead of, we will have a filtration

(42) 0= V’n(p—l)+1 C Vn(p—l) c--cvicWV=V

such that Vo/Vii1 2 W ®e, THOQL).

The filtration (4.2) was defined and studied in [6] for curves. Its
definition can be generalized straightforwardly by using the canonical
connection Vean : V — V ® Q4. The study of its graded quotients are
much involved (cf. [20, Section 3]).

Definition 4.1. Let Vy :=V = F*(F,W), Vi = ker(F*(F.W) —»
w)
(43)  Vipri=ker{Ve = V @0y Ok — (V/V2) ®ox Ok}
where V := Van 18 the canonical connection.

In order to describe the filtration, we recall a GL(n)-representation
T¢(V) C V®* where V is the standard representation of GL(n). Let
S¢ be the symmetric group of £ elements with the action on V®¢ by
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(V1 ® - ®up) -0 = V,0) ® - QUgg) for v; € V and 0 € S;. Let
€1, ..., én be a basis of V, for k; > 0 with k) + - -- + k, = £ define

(4.4) vk, k)= > (P @ @eBFn) o
gES,

Definition 4.2. Let T¢(V) C V®¢ be the linear subspace generated
by all vectors v(ki, ..., ky) for all k; > 0 satisfying k1 + -+ + kn = £.
It is a representation of GL(V). If V is a vector bundle of rank n,
the subbundle T¢(V) C V®* is defined to be the associated bundle of
the frame bundle of V (which is a principal GL(n)-bundle) through the
representation T¢(V).

Then the following theorem was proved in [20, Theorem 3.7].

Theorem 4.1. The filtration defined in Definition 4.1 is
(4.5) 0= Vn(p~1)+1 C Vn(p—l) C---CViCcVp=V=F(FW)

which has the following properties
(i) V(Viy1) Ve ®@Qk for£>1, and Vo/Vi = W.

() Vi/Vig1 > (Vee1/Ve) ® QY are injective for 1 < £ < n(p—1),
which induced isomorphisms

V4V Vi1 2 W o, THOQY), 0<£<n(p-1).

The vector bundle T*(2y) is suited in the exact sequence

0 — Sym‘~®PQL ) ® F*Qﬁgp) 2, Sym‘~(t®)-Dr(Ol ) @ F*Qi(.p)_l
— o Sym P (k) @ Frg L Sym! VP (0} @ Frag
— s SymP(QY) ® Frak L symf(Q)) — THOL) — 0

where £(p) > 0 is the integer such that £ — Z@) -p < p.

It is this filtration that we used in [20] to find a upper bound of
I(F.W). To state the results, let X be an irreducible smooth projective
variety of dimension n over an algebraically closed field k£ with char(k) =
p > 0. For any torsion free sheaf W on X, let

(W, X) = max{I(W @ T(Q4)) | 0<£<n(p—-1)}

be the maximal value of instabilities I(W ® T¢(2%)). Then we have
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Theorem 4.2. When Kx - H"™1 > 0, we have, for any € C F,W,

(W, X
(46) W(Ew) = pe) > -0
In particular, if W ® T¥(Q%), 0 < £ < n(p — 1), are semistable, then
F,.W is semistable. Moreover, if Kx - H"™! > 0, the stability of the
bundles W @ T#(Q}), 0 < £ < n(p — 1), implies the stability of F,W.

Corollary 4.3. Let X be a smooth projective variety of dim(X) =
n, whose canonical divisor Kx satisfies Kx - H*~! > 0. Then

(W) <I(F.W) < p" Lrk(W) (W, X).

Proof. The lower bound is trivial, the upper bound is Theorem
4.2 plus the following trivial remark: For any vector bundle F, if there
is a constant A satisfying p(E’) — u(E) < X for any E' C E. Then
I(E) < rk(E)A. Q.E.D.

When dim(X) = 1, we have the following corollary, which was
proved in [10] when W is a line bundle. The fact that semi-stability
of W implies semi-stability of F.W was also proved in [12] by a differ-
ent method. However, the method in [12] was not able to prove that
stability of W implies stability of F,W.

Corollary 4.4. When g > 1, F.(W) is semi-stable if and only if
W is semi-stable. Moreover, if g > 2, then F,.(W) is stable if and only
if W is stable.

Proof. When dim(X) = 1, W@T!(QL) = WL " is semi-stable
(resp. stable) whenever W is semi-stable (resp. stable). Thus F,W is

semi-stable (resp. stable).
Q.E.D.

Let € C F.W be a nontrivial subsheaf, the canonical filtration (4.5)
induces the filtration (we assume V,,, N F*€ # 0)

4.7) 0CVhNF*EC --- CVINF*ECVyNF*E = F*E.

Let VinF*E
Fpi= =2 c =% , e = 1k(Fy).
Ve g Ve T

Then p(F*€) = ﬁi Yo Te - w(Fe) and

(48)  u(E) = WEW) = s S e (uFD) — (PR W)).
£=0
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Lemma 4.5. With the same notation in Theorem 4.1, we have
-1

(49)  WEEW) =p-a(BW) = Pk B 4 (W),

14
w(Ve/Verr) = (W @ TH(€)) = —Kx - H" ™! + p(W).
By using above lemma (see [20] for the proof), we have

m )~ pgs)
(4.10) W) — wFW) = Z%” T perk(E)

p(Q%) -~ np—1)
_p : rk)({g) ;( 5 - Z)T‘(‘

It is clear that u(Fp) —u(Ve/Ver1) < I(Ve/Vig1) = (W @T4(Q%)). Thus
the proof of Theorem 4.2 will be completed if one can prove

Lemma 4.6. The ranks vy of Fy C Vi/Viy1 (0 < £ < m) satisfy

i(@;l—) — &)y > 0.

£=0

When m < @, the lemma is clear. In fact, we have

(4.11) i(ﬂéﬂ) O > n(p2— 1)700 > n(pZ_ 1)'
£=0

When m > @, we can write

n(p—1)

@) D = Y "Dy
£=0 {=m+1

i n(p—1
+ Z (E - (p2 ))(rn(p—l)—l - "'Z)‘
¢>n-1)

The numbers 7, (0 < £ < m) are related by the following fact that
Ve/Ver1 ~, (Ve—1/Ve) ® 2% induce injective Ox-homomorphisms

(4.13) FSFae0k (1<e<m).

Using this fact, we proved in [20] the following inequalities

n(p—1
Tr(p—1)—£ —T¢ = 0 £ > %-—))



176 X. Sun

which complete the proof of Lemma 4.6.

The proof of Theorem 4.2 has more implications than the theorem
itself. Recall that the sheaf B of locally exact differential forms on X
is defined by exact sequence

(4.14) - 0— Ox — F.Ox — Bx — 0.

Theorem 4.7. Let L be a torsion free sheaf of rank 1. Then, for
any nontrivial € C F, L with rk(€) < rk(F. L), we have

I(£,X)  w@) np-1
p-1k(€) 2

(4.15) p(E) — p(FL) <

In particular, when p(Q%) > 0 and THQY) (1 < £ < n(p - 1)) are
semi-stable, then F.L and B% are stable.
Proof. Since p(Fe) — p(Ve/Ver1) < UL ® THR%)) = I(T4(Qk))
and I(£, X) = max{ I(T*(%)) | 1 <€ < n(p—-1) }, by (4.10), we only
have to show
~n(p—1 n(p-—1
Sy, no 1)
=0

From (4.11) and (4.12), we have

Z("(PQ— 1) —O)ry > &2__1)7«0 if m#n(p-1).
£=0

Thus it is enough to show m # n(p — 1) when rk(€) < rk(Fy L) = p™.
More general, we can show the following inequality

(4.16) Te 2 Tp(p—1) k(TMPD=4(QL))  when m =n(p — 1),

which implies the following inequality

m m
k(&) = Z Te 2 Tn(p-1) Z rk(T™P=D~4(Q))) = ryp-1) - "
=0 =0

if m =n(p —1). Thus m # n(p — 1) when rk(€) < p™.
To show (4.16) is a local problem. Let K = K(X) be the function
field of X and consider the K-algebra

n(p—1)

R= K[alv"' 7an] _ @ RZ,
£=0

B (allo"" ’qg) -
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where R is the K-linear space generated by
{oft - ofr k4 +kn=0 0<k<p-1}
The quotients in the filtration (4.5) can be described locally
Ve/Vey1 = W ®x Rf
as K-vector spaces. If K = k(z1, ..., %), then the homomorphism
V:W ek R - W @k R ®k Qi ),

in Theorem 4.1 (ii) is locally the k-linear homomorphism defined by

Viw®ad . .of)=—we® Zki(a'fl ok ok @k da.

=1
Then the fact that Fp - Fyp_1 ® QL for Fo C W ® RY is equivalent to
0f; }

(4.17) A4 ;wj ®fj cFr => zj:wj ® a—a': € Foo1 (1 <1< n)

The polynomial ring P = K[8a,, - ,0a,] acts on R through partial
derivations, which induces a D-module structure on R, where

n(p—1)
K[aa 6a]
D= 19 7 nl (I) D
(agl""vagn) =0 )

and Dy is the linear space of degree ¢ homogeneous elements. In par-

ticular, W ® R has the induced D-module structure with D acts on W

trivially. Use this notation, (4.17) is equivalent to Dy - Fp C Fp—1.
Since R™P~1) ig of dimension 1, for any subspace

Fnw-1) C W@ R"®™D,
there is a subspace W’ C W of dimension ,,(,_1) such that
Fuop-1) = W' @ RMP—1),

Thus Dy - Fpp—1) = W/ @ Dg - RMP~1) = W' @ RMP=D~¢ C F 1)y
for all 0 < £ < n(p — 1), which proves (4.16).
If T(2%) (1 < £ < n(p— 1)) are semi-stable, then I(£, X) = 0 and

p(€Q%) nlp—1)
p-1tk(€) 2

(4.18) B(E) — pFL) < -
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which implies clearly the stability of F.L if u(2%) > 0.

To show that (4.18) implies the stability of Bk, for any nontrivial
subsheaf B’ C B of rank r < rk(BY), let £ C F,.Ox be the subsheaf
of rank r + 1 such that we have exact sequence

0—-0Ox —&— B —0.

Substitute (4.18) to u(B') — u(BY) = “E u(€) — 25 u(F.Ox), we have

(p—1)

-1- n
L T W(F.Ox) - 5rp

(p —-1)

By (4.9) in Lemma 4.5, we have p(F,.Ox) = —i—l,u(Q ). Thus

(419) (B - u(Bk) < ().

p(Q)  np-1)
p-(p"—1) 2

(4.20) wB") - u(Bx) < -
Q.ED.

Remark 4.8. When dim(X) = 1, the quotients Vy/Vpy1 = L @ W%
are line bundles and thusry =1 (0 < £ < m) in (4.10). Then we can
rewrite (4.10) (notice tk(£) =m + 1):

&P - mgs) _(p—tk(E)(g-1)
n(E) — p(F.L) —; o TRE) . !

which impiles the following inequality

(p —rk(£))(g — 1)
p

&) — u(F L) < —

and the equality holds if and only if Fo = Vi /Viyi. Thus

P 1—rk(B')(g

. —1).

w(B') — (Bx) <
- When X is a curve of genus g > 2, the stability of F.L was proved
in [10], the semi-stability of By was proved by M. Raynaud in [15], its
stability, which is related with a question of M. Raynaud in [16], was
proved by K. Joshi in [5]. When X is a surface with p(QY) > 0, if
Q% is semi-stable (which implies that T¢(QY) (1 < £ < 2(p — 1) are
semi-stable), thus F,.L and B are stable. The semi-stability of By was
proved by Y. Kitadai and H. Sumihiro in [9].
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In the proof of Theorem 4.7, for a sub-sheaf £ C F,W, we see that

i O MW e THRY) | p@) np-1)
(4.21)  p(€) — W(FW) 5; T k(E) p-rk(€) 2

if m # n(p —1). Otherwise there is a sub-sheaf W’ C W of rank r,(,_1)
such that Fpp—1y = W @ TMP-D(Q%) and W’ ® T4(QY) C F. Let

0 W THQY) — Fr — F, =0
be the induced exact sequence with F, C W/W' ® T¢(2%). Then

Tr(p—1) (Tk T/ZLl -7
H(F) = ) < )f(k(w)) D W) - (i)
% I(W/W' @ THRL))

where 7} := rk(F}). Substituting it to the equality (4.10), we have

”(’”z’:” | IW/W' @ THQY))

" p-1k(€) *

(4.22) WE) — u(EW) <
£=0
Tn(p—1) (I‘k(F*W) B I‘k(g))

p-rk(€) - tk(W)

In the case of positive characteristic, it is well-known that tensor
product of two semi-stable sheaves may not be semi-stable. Thus, even
if W and T¢(92%) are semi-stable, Theorem 4.2 does not imply the semi-
stability of F,W. However the inequalities (4.21) and (4.22) indicate
that it may be possible in some special cases that semi-stability of W
and T*(Q%) can imply the semi-stability of F,W. As an example, we
prove a slightly generalized version of [9, Theorem 3.1].

(W(W') = p(W/W")).

Theorem 4.9. Let X be a smooth projective surface with p(2%) >
0. Assume that QY is semi-stable. Then Fi.(L ® Q) is semi-stable for
any line bundle £ on X. Moreover, if Q0% is stable, then F.(L ® Q) is
stable.

Proof. When dim(X) = 2, we have (cf. Proposition 3.5 of [20])

T¢QL) = Sym*(Q%) when ¢ < p
X Sym?*V=4Ql)@wi P when £>p

where wx = Ox(Kx) is the canonical line bundle of X. Thus TZ(Q}()
are semi-stable whenever Q% is semi-stable.
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For any nontrivial sub-sheaf £ C F,(£ ® 2% ), consider the induced
filtration0 C V,,NF*€ C --- CVINF*¢ C VyNF*E = F*E and

VeNF*E Ve

o = 1k(Fy).
VgHOF*SC W—l—l, Te 1'( l)

Fe:=

If m = 2(p — 1), by using (4.22) for W = Q}, we have
WE) — wFW) <0.

If W = QX is stable, then u(W’) — u(W/W’') < 0 in (4.22) and
w(€) — w(FW) <.

If m # 2(p — 1), we have

_ mouF) -mMys) ey
HE) =~ IEW) <D e e gy @Y

On the other hand, by a theorem of Ilangovan—Mehta—Parameswaran (cf.
Section 6 of [11] for the precise statement): If E;, E, are semi-stable
bundles with rk(E7) 4 rk(E2) <p+1, then F; ® E is semi-stable. We
see that V/Vey1 = £ ® Q% ® T4(QL) are semi-stable except that

Vp1/V, = £ © O ® Sym?™ (k)

may not be semi-stable. Thus we have

wFp-1) = uCEY) (k)
p-1k(€) p-rk(€)

W(E) = p(FW) < 1pes (- 1)

If r,_1 = 0, there is nothing to prove. If r,_; > 0, we will prove
1 (1 Fp-1) = p(Vp1/V3p)) < 1(Q),
by using of the following two exact sequences
0 — Sym??(Q%) ®wx ® L — Vp_1/V, — SymP(Q4) @ L — 0

0— LF*QY — SymP(Q%) ® L — SymP 2(QY) Quwx ® L — 0
where all of the bundles have the same slope p - u(Q%) + ¢1(£) - H.
For Fp—1 C Vp_1/Vp, the first exact sequence above induces an
exact sequence 0 — F,_; — Fp_1 — F_ 1 — 0, where

F, 1 CSym? Q%) ®wx ® L, Fy_; CSymP(Q)® L.
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If F)_, is trivial, then we are done since Sym? 2(Q%) ® wx ® L is
seml—stable with slope p(Vp—1/V;). If F]/_; # 0, we claim

Tp—1 - ((Fp—1) = (Vp-1/Vp)) S k(F_1) - (W(Fy_1) — p(Vp-1/Vp))-
Indeed, if F,,_; =0, it is clear. If 7| ; # 0, we have
rk(F,

( 1) (fl_l) + ( 1)
Tp—1 Tp—

and p(F)_;) < p(Sym? ?(Q%) @ wx ® £) = u(Vy-1/V,). Put all to-
gether, we have the claimed inequality. Thus it is enough to show

rk(F) 1) - (W(Fp_y) = p(Vp-1/Vp)) < p(2x).

The second exact sequence induces an exact sequence

w(Fp-1) = w(Fp1)

0——>E1-—+.7-' 1 —FEy—0

where E; C L ® F*Q%, B2 C Sym* ?(Q%) @ wx ® L. If By = 0,
it is clearly done since SymP~2(Q%) ® wx ® L is semi-stable of slope
w(Vp—1/Vp). If By # 0, by the same argument, we have

rk(Fy_1) - (W(Fp—1) = B(Vp—1/Vp)) < tk(Bn)(u(Er) — p(£ © F*QX)).
If tk(E;) = 2, then E; = £ ® F*Q% and we clearly have
rk(Br) (u(Br) — p(£ @ F*Q)) = 0 < p(Q).

If tk(E1) = 1, then p(E1) — u(L ® F*Qk) < pmax(Qx) = p(2x) is
a special case of Proposition 3.9, and it is a strict inequality if QL is
stable. To sum up, what we have proved for W = L ® QY is

when m = 2(p — 1)

0
M(S)—H(F*W)S{ @) (p—2) whenm <2(p—1)

p-1k(E)

which is a strict inequality if QY is stable. Q.E.D.

References

[1] A. Beauville, On the stability of the direct image of a generic vector bundle,
preprint.

[2] D. Gieseker, Stable vector bundles and the Frobenius morphism, Ann. Sci.
Ecole Norm. Sup. (4), 6 (1973), 95-101.

[3] G. Harder and M. S. Narasimhan, On the cohomology groups of moduli
spaces of vector bundles on curves, Math. Ann., 212 (1975), 215-248.



182 X. Sun

[4] D. Huybrechts and M. Lehn, The Geometry of Moduli Spaces of Sheaves,
Aspects Math., 31, Friedr. Vieweg Sohn, Braunschweig, 1997.

[5] K. Joshi, Stability and locally exact differentials on a curve, C. R. Math.
Acad. Sci. Paris, 338 (2004), 869-872.

[6] K. Joshi, S. Ramanan, E. Z. Xia and J.-K. Yu, On vector bundles destabi-
lized by Frobenius pull-back, Compos. Math., 142 (2006), 616-630.

[7] N. Katz, Nilpotent connection and the monodromy theorem: Application
of a result of Turrittin, Inst. Hautes Etudes Sci. Publ. Math., 39 (1970),
175-232.

[8] Y. Kitadai and H. Sumihiro, Canonical filtrations and stability of direct
images by Frobenius morphisms, Tohoku Math. J. (2), 60 (2008), 287—
301.

[9] Y. Kitadai and H. Sumihiro, Canonical filtrations and stability of direct
images by Frobenius morphisms II, Hiroshima Math. J., 38 (2008), 243—
261.

[10] H. Lange and C. Pauly, On Frobenius-destabilized rank two vector bundles
over curves, Comm. Math. Helvetici, 83 (2008), 179-209.

[11] A. Langer, Semistable sheaves in positive characteristic, Ann. of Math. (2),
159 (2004), 251-276.

[12] V. Mehta and C. Pauly, Semistability of Frobenius direct images over
curves, Bull. Soc. Math. France, 135 (2007), 105-117.

[13] V. Mehta and A. Ramanathan, Homogeneous bundles in characteristic p,
In: Algebraic Geometry—Open Problems, Ravello, 1982, Lecture Notes in
Math., 997, Springer-Verlag, 1983; pp. 315-320.

[14] S. Ramanan and A. Ramanathan, Some remarks on the instability flag,
Tohoku Math. I., 36 (1984), 269-291.

[15] M. Raynaud, Sections des fibrés vectoriels sur une courbe, Bull. Soc. Math.
France, 110 (1982), 103-125.

[16] M. Raynaud, Sur le groupe fondamental d’une courbe compléte en car-
actéristique p > 0, In: Arithmetic Fundamental Groups and Noncom-
mutative Algebra, Berkeley, CA, 1999, Proc. Sympos. Pure Math., 70,
Amer. Math. Soc., Providence, RI, 2002, pp. 335-351.

[17] N. I. Shepherd-Barron, Miyaoka’s theorems on the generic seminegativ-
ity of T'x and on the Kodaira dimension of minimal regular threefolds,
Astérisque, 211 (1992), 103-124.

[18] N. I. Shepherd-Barron, Semi-stability and reduction mod p, Topology, 37
(1998), 659-664.

[19] X. Sun, Remarks on semistability of G-bundles in positive characteristic,
Compos. Math., 119 (1999), 41-52.

[20] X. Sun, Direct images of bundles under Frobenius morphisms, Invent.
Math., 173 (2008), 427-447.

[21] ] X. Sun, Stability of sheaves of locally closed and exact forms, J. Algebra,
to appear (2010).

Academy of Mathematics and Systems Science, Chinese Academy of Science,
Beijing, P. R. of China

E-mail address: xsun@math.ac.cn



