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The dynamics associated with certain digital
sequences

Peter Hellekalek ! and Pierre Liardet 2

Abstract.

We present measure-theoretical dynamical systems behind certain
types of digital sequences. This kind of result is a prerequisite if one
sets out to study harmonic properties for this type of sequences with
the method of skew-product transformations.

§1. Introduction

This paper is on dynamical aspects of certain types of digital se-
quences which are based on g-additive functions, including the so-called
(t, s)-sequences. In particular, we exhibit the dynamical system behind
the Sobol’-Faure sequence ([22, 7]) and many other sequences introduced
by H. Niederreiter and C.P. Xing [18, 20].

The background of this paper is the following. In the theory of
uniform distribution, two types of sequences play a central role. The first
type are the “na”-sequences, which are sequences of the form ((na))n>o,
where a = (a,...,a;5) a fixed vector. The symbol (-) denotes the
fractional part, and we let (na) := ({(na1),..., (nas)). The second type
of sequences are the “digital (¢, s)-sequences”. The general principle of
their construction is due to Niederreiter [17, 18] and incorporates earlier
elementary constructions, the so-called van der Corput sequence and the
Halton sequences (see L. Kuipers and H.Niederreiter [11] for details and
references).

The dynamical system behind any na-sequence is clearly the trans-
lation by o on the s-dimensional torus. The cases of van der Corput and
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Halton sequences are also well-understood (see P. Hellekalek [9]). The
dynamics involving more advanced types of digital (¢, s)-sequences like
the Sobol’-Faure sequence are not known. In this work, we will under-
take the first steps towards this open problem. In particular, we will
exhibit
e the dynamical systems associated with a class of g-additive
functions, including the digital (¢, s)-sequences in base ¢ con-
structed from infinite matrices (see Theorems 7 and 10),

e as a special case, the dynamical system behind the Sobol’-Faure
sequence in any prime base (see Corollary 2).

This paper is organized into six parts. The next section provides
the necessary notation, definitions and background to state and develop
our results. The definitions of (¢, m, s)-nets and (¢, s)-sequences are pre-
sented following Niederreiter [17] and classical examples are given. The
section ends with the proof that any (t, s)-sequence is well-distributed, a
natural result which has already been observed by J. Dick [4] (see The-
orem 1.16, p. 31). Our proof is different from Dick’s reasoning.

Section 3 shows the natural interplay between digital (¢, s)-sequences
and g¢-additive sequences which take their values in specific abelian
groups.

Section 4 exposes the construction of a skew product built over a
dynamical system with a so-called cocycle map and reviews basic tools
for proving ergodicity of a given skew product. The aim is to apply the
ergodic machinery, previously used by the authors in several places like
[9, 13, 14, 15]. Any suitable g-additive sequence leads to a skew-product
transformation which is uniformly quasi-continuous (see definition 6) a
fact established and exploited in Section 5 (Theorem 7).

Section 6 furnishes a simple criterion to recognize whenever skew
products issuing from g-additive sequences are ergodic (Theorem 10)
and applications are given. Qur criterion is the dynamical version of the
algebraic one given by G. Larcher and H. Niederreiter [12] for digital
sequences derived from formal Laurent series. Particular examples end
this last part.

§2. Definitions, notations and background

The dynamical systems approach to study statistical properties of
a sequence £ = (z, ), in a compact metrizable space X proceeds in two
steps: in step (i) one has to find the dynamical system behind the given
sequence, and in step (ii) one has to employ properties of this system to
discover distribution properties of the sequence.
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Step (i) usually starts with a probability space (Q2,C,v), a C-mea-
surable map S : Q — Q preserving the probability v (i.e., v = v o S71)
and a measurable coding map ¢ : Q@ — X such that z,, = ¢(S™(wo)), n >
0, where wg is an appropriately chosen element of Q. Additionally, we
require the sequence (S™(wy))r, to be uniformly distributed with respect
to the measure v and, as a counter part, the sequence (z,), should be
uniformly distributed with respect to the image probability voc~!. This
will be the case if the coding map c is continuous.

In this paper, we only consider standard measure-theoretical dy-
namical systems. These are quadruples 7 = (Y,B(Y), 4, T) where Y
is a compact metrizable space, B(Y") (simply denoted by B or omitted
if the reference to Y is clear) is the Borel o-algebra of Y, T is a Borel
map and p is a T-invariant Borel probability measure on Y. Recall that
amap f:Y — Z from Y into a topological space Z is said to be pu-
continuous if the set of points of discontinuity of f is u-negligible. The
map 1g : Y — R denotes the characteristic function of the subset E of
Y, 1g(z) =1if z € E and 1g(z) = 0 otherwise. The subset FE of YV is
said to be p-continuous if its characteristic function is u-continuous. A
point y in Y is said to be (T, u)-generic (or simply 7 -generic) if for all
continuous maps g : Y — R, one has

(1) lljgn% > g(T"y)=/ngu-

0<n< N

The dynamical system 7 is said to be regular if T is y-continuous.

Step (ii) usually requires 7 to be regular, because the restriction to
continuous maps is often too restrictive. Moreover, under the assump-
tion of regularity, the limit (1) still holds for any p-continuous map g
if y is 7-generic. Recall that a subset F of Y is said to be a bounded
remainder set (or a subset with bounded local discrepancy) for the se-
quence w = (T™y),, if there exists 3 € [0, 1], called admissible frequency,
such that the sequence

NeSy(BEw) = Y. (1s(T)-8) (N>1)
0<n<N

is bounded in N. The number Sy(F,w) is, by definition, the local
discrepancy of the first N points of w relative to the set E. Another
reason to work with regular dynamical systems T = (Y,B(Y),u,T) is
that if £ (C Y) is a u-continuous bounded remainder set for the sequence
w = (T™y), where y is T-generic, then there exists G in L*(Y, u) such
that 1z — u(E) = GoT — G (see [15], Theorem 2).
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Let T* denote the s-dimensional torus, s > 1, and let A stand for
the normalized Haar measure on T*. We usually identify T® with the
s-dimensional unit cube [0,1)°. An interval in the unit cube will be,
by definition, a box of the form [u,v) := II5_;[u;,v;) with 0 < u; <
v; <1 for all indices j. A classical, very successful strategy to construct
sequences in the unit cube with low discrepancy is first to find subsets
Z of N points such that the local discrepancy

S, 2) =Y (14(z) = A(J)

z€Z

is uniformly bounded for a suitable family of intervals J. This leads
to the following, now classical definitions of (¢,m,s)-sets and (¢, s)-
sequences in base g for a given integer ¢t € {0,...,m}:

Definition 1. Let t and m be integers such that 0 <t <m. A set
Z of N = g™ points in T is a (t,m, s)-net in base q if S(J, Z) =0 for
every interval J of the form

J_ H[aj ajfl)

with integers dj, a; such that d; > 0, 0 < a; < q% (1<j<s)and
Yimidi=m—t (e, NJ)=¢"™).

Definition 2. An infinite sequence w = (wn)n>o0 n T° is called a
(t, s)-sequence in base q if, for all integers k > 0 and m > t, the sets

Z(k,m) ={wn; kg™ <n < (k+1)¢™}
are (t, m, s)-nets in base q.

Readily, any interval J that satisfies Definition 1 is a bounded re-
mainder set for any (¢, s)-sequence w. In fact, for any N > 1, and any
m)

ISn(J,w)| < ¢™

For constructions and properties of (¢, s)-sequences we refer the reader
to the fundamental papers of Niederreiter [17, 18, 19]. In particular, it
is known that there are combinatorial obstructions to the existence of
(t,m, s)-nets limiting the construction of (¢, s)-sequences (for example,
(0, s)-sequences do not exist if s > ¢, but for s < g and g a prime number,
such a sequence exists). Also, general lower bounds on ¢, related to the

base g, are given in [20]. For example t > 2 — log, (q_—l);-lr—qil-.

We will employ Niederreiter’s building block construction method
(see [16]) in a simplified version. To this aim we introduce



Dynamics of digital sequences 109

(i) Rg={0,1,...,q9— 1}, the set of digits in base ¢ which will be
identified with the ring Z/qZ of residues mod gq.

(if) Zq, the totally disconnected compact group of g-adic inte-
gers, equipped with its normalized Haar measure p,. An el-
ement in Z, will be represented by an infinite sequence o =
(ag,ai,az,...), a; € Ry for any j > 0 (see [5]).

(iii) ¢, the radical-inverse map (also called Monna map, see [11]),

¢:Zy — [0,1],
o0 a
(p(a()’al)a@," ) = Z qjil .
=0

Note that ¢ is continuous. For any t € [0, 1) there exists a unique element
t:= (to,t1,ta,.. .) in Zg such that t = ZI?;O trg k1 with t;, # q—1 for
all indices k large enough. The map t — ¢ defined on [0,1) is one-to-one,
the right inverse of ¢ and continuous at any point ¢ such that ¢t # 0
(mod q) for any integer n.

An integer n > 0 will be identified with the element 7 = (ng, n1,...)
of Z, via its g-adic representation

n = no+n1q+n2q2+---+njqj+---,

hence noe  ni  na "
oy J
c,o(n)———+—+—3-+---~+qj_|_1

For a given dimension s > 1, we choose
(iv) bijections I/J](i) Ry — Ry, for j > 0,1 < i< s and define the
permutations ¥ : Z, — Z,,

@) ¥D(ag,a1,az,...) = W (a0), 1 (a1), ¥ (az), - ..).

In the sequel we assume that 1/)?) (0) = 0 for all sufficiently large
j and we emphasize this fact by saying that ¥ is a ¢-digit
permutation. Any g-digit permutation ¢ : Z; — Z, induces a
natural ¢-digit permutation on N, namely n — ijo (" (nj)qj7
that we still denote by ¥ but we will set ¥ to emphasize that
the value of 9 is considered in Z,.

(v) N x N-matrices C(V, ... C® over R,.

For n € N, 7 = (ng,n1,ne,...), we set

(3) 2 = (POm)}CcV)  (<ic<s).
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Note that the product, row 19 (72) by matrix C®, is well defined in Zyg.
Explicitly, if C®" = (Cg’g)l;;g, then

$(n)-C0 = (Z W <nk>c§:2) -
k=0 ¢
D),

This construction yields a sequence w = (Xp)n>0, Xn = (Zn
in the torus T°, which is called a digital (¢, s)-sequence in base ¢ if w
is a (t, s)-sequence. The integer ¢ > 0 is the quality parameter of this
sequence. The distribution properties of w depend on the choice of the
digit permutations (¥ and the choice of the matrices C(®.

Example 1. (Sobol’-Faure sequences) Assume that ¢ is a prime
number and let C be equal to the infinite Pascal triangular matrix

) 0 ... ... .0

(;) (%) 0 ... 9
(4) C=

™% (M) (™72 0

mh (M (™-h (mh o

where each entry is taken modulo g. The sequence
(5) Hy:ne (o(-C%), p(R-Ch), ..., o(R-CT 1)

will be called the (generalized) Sobol’-Faure sequence in base q on the
torus T (see Sobol’ [22] for ¢ = 2 and Faure [7] for arbitrary prime
bases ¢). Note that n — ¢(71) is the classical Van der Corput sequence
in base q. Actually, H, is a (0, g)-sequence (see [7]).

Discrepancy of (¢, s)-sequences w in base g has been intensively stud-
ied by H. Niederreiter in [18]. For example, he gave the following sim-
plified bound for the star discrepancy

NDy(w) < C(s,q)g"(log N)*, (N >2)

where the constant C(s,q) depends only on ¢ and s. We shall need a
qualitative result in the following form:
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Theorem 1. Any (t, s)-sequence w is well-distributed.

Proof. 'We show that limy |1/N SN Flwn) — Jx FdA| =0 for all
continuous functions f : T® — R.

Any such f will be uniformly continuous on the compact space T*.
For this reason, for a given £ > 0, there exists a suitable partition of
T* into g-adic boxes J, = [];_; [a;/¢%, (a; + 1)/¢*%) such that, for any
index a = (aq,...,as),

(6) Ve, ‘f(:r)—f('va)

<eg

where v, = (a1/q%,...,as/q%) denotes the lower left endpoint of the
interval J,. This property can be obtained easily if we choose sufficiently
large positive integers d, m, and d;, 1 < j < s, such that d; > d Vj,
sd >t,and m —t = Zj‘=1 d;. In other words, we consider sufficiently
small boxes J, to obtain (6).

We observe that

k+N-1

Z Flwn) — /sfdA

=¥ ZZ( wn) L, (n) ~ F(va)Ls, (wn)
ZZ( va) L, (wn) — F(v0)A(Ja))

+ (Zf(vmua) - [ 1a).

where »  stands for Zf;],j_l and ) indicates summation over all
a=(ag,...,as), 0 <a, <g¥,1<j<s.

The first and third sums are, in absolute value, both smaller than
. This is due to (6), and holds independently of k. The absolute value
of the second sum is bounded from above by (2/N) || f|lcc 2™~ ¢. This
estimate is also independent from % and follows from

k+N-1

| Y (non) = A)| < 24"

n=k
for any index a. We obtain the bound

k+N-1

b 2 Sl - o] <2t Gl
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which yields the theorem. a

§3. g¢-additive sequences and related (t, s)-sequences

We begin by introducing the familiar notion of g-additive functions
(or sequences). Let A be an arbitrary but fixed additive abelian group
with neutral element 04. For any integer n and any element a € A we
set n-a := Z;-L:l a and (—n)-a = n-(—a), as usual.

Definition 3. A sequence f : N — A is said to be a g-additive
function if

F0)=04 and f(n)=)_ f(n;q),

3>0

where n = ng +n1q + - + njg¢’ + ... is the g-adic expansion of the
nonnegative integer n. In addition, f is said to be strongly q-additive if
flag’) = a-f(¢?) forany 5 >0 and a =0,1,...,q— 1.

In case A is a subgroup of U, the group of complex numbers of
modulus 1, a g-additive function will be called ¢g-multiplicative, in ac-
cordance with common practice. Note that if ¥ is a digital permutation
of Nand f: N — A is a ¢g-additive function, then there is a sequence
g : N — A periodic of period a power of ¢, such that the sequence
n— f(¥Y(n)) — g(n) is g-additive.

Example 2. (Sum-of-digits function) The classical example of a:
g-additive function is the sum-of-digits function s, : N — Z/qZ,

Sq(n) = an (mod q).

j=0

Note that s, is strongly g-additive and, for ¢ = 2, is called the Thue-
Morse sequence in the literature.

Example 3. (General 2-additive functions) Any A-valued 2-addi-
tive function f is strongly 2-additive and is determined by the sequence
(f(2¥))k>0. Readily, any sequence (gx)k>0 in AN determines a unique
2-additive function f. : N — A by setting f(2¥) = £x. These sequences,
also called generalized binary Morse sequences, were introduced by M.
Keane [10] from combinatorial and dynamical points of view.

Let A, be the compact product group A, = (Z/qZ)N, equipped
with its normalized Haar measure Ay, which is also equal to the Haar
measure fi; on Zy. From a purely topological point of view, A, and Z,
are the same space and so, using the same formula, the Monna map ¢ is
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also defined on A,;. We use the symbol II; both for the j-th projection
(ao,a1,az,...) — a; from Z, to Z/qZ and the similar j-th projection
from A, to Z/qZ.

Example 4. (Digital sequences and g-additive functions) Assume
that f: N — A, is a g-additive function and set f; = I, o f. The maps
fi :N — Z/qZ are g-additive and by definition

(7 f(n) = (fo(n), fr(n), fa(n),...).

Let (), i = 1,2 denote arbitrary ¢-digit permutations. Then we asso-
ciate with f and ¢ = (V) 4(?)) the sequence [1/, f] in T? given by

(8) [, £1(n) = (9P @), @ (FBP )))) -

Going back to the general construction (3),let F = {fx : N — Z/qZ; k >
0} be a family of Z/qZ-valued strongly g¢-additive functions and let
f: N — A, be the strongly g-additive function (7). The sequence (3) is
obtained from (8) by taking CV) equal to the identity matrix and C(?
equal to the following matrix C(F):

fo(1) A1) ... fi(D)
fole)  file) - file)

crF = | ..o T
fo(d®) A@@®) ... fu(d®)

§4. Skew product associated to a ¢g-additive function

4.1. Generalities on skew products

Let 7 = (Y,B(Y),u,T) be a standard dynamical system that we
assume to be invertible, let A be a compact metrizable abelian group
equipped with its Haar measure A4 and let v : ¥ — A be a Borel
function. The transformation T, : Y x A — Y x A is given by

(9) T, (y,a) = (Ty,a +~(v)) -

Readily, T’, is invertible and the product measure u® A 4 is T’ -invariant.
In fact, this constitutes a measure-theoretical dynamical system 7., =
(Y x A,B(Y x A), u ® Aa,Ty), called skew product over T with ~. It-
erating T, introduces the cocycle I' : (n,y) — vn(y) ((n,y) € ZxY) for
T with

¥(y) + - +v(T"y) ifn>0,

(10) 7a(y) := { 0a ftn =0,
v(T"y) + 7(T"+1y) 4+ e+ »y(T_ly) ifn<0,
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so that Ty(y,a) = (T"y,a + 1(y)). The cocycle I' is said to be a
coboundary for T, if there exists a Borel map ¢ : Y — A such that for
all rational integers n,

L(n,y) =c(T"y) — cly) p-ae.

There are at least three general basic tools to prove the ergodicity of the
skew product 7., whenever T is already ergodic. The first tool involves
functional equations associated with all nontrivial characters of A, and
has emerged previously in the literature in ([1, 3, 23, 24]). The general
case where A is not commutative, can be found in [14]. Actually, the
criterion can be stated as follows:

Theorem 2. Assume that T is ergodic. The skew product T, s
ergodic if and only if for any nontrivial character x of A the functional
equation

(11) V(y) = x(y(w)V(T(y)) p-a.e.

has no Borel map solution V : Y — U.

The second tool is related to the notion of essential values introduced
by K. Schmidt [21]:

Definition 4. An element a in A is called an essential value of the
cocycle I' for T associated with v if for any Borel set B of Y such that
w(B) > 0 and for any neighborhood V' of a, one has

(12) ﬂ( U BNT"Bn{yeY; my) e V})) >0.
nez

To simplify, we will speak of essential values of v for T. Note that
condition (12) can be replaced by the following one which might appear
to be stronger but is in fact equivalent:

(13) U@BNT"Bn{yeY; 1) eV} #90.
nez

The set of essential values forms a closed subgroup E(v) of A and, as a
corollary of a general result of K. Schmidt [21] we have:

Theorem 3. T, is ergodic if and only if E(y) = A.
We need also the following result ([21], Theorem 3.9):

Theorem 4. With the above notations, I is a coboundary for T if
and only if E(y) = {04}.
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The third tool is related to the notion of generic points for standard
measure-theoretic dynamical systems.

Theorem 5. Assume that T is regular, ergodic, and v:Y — A is
pu-continuous. Then 7T, is ergodic if and only if for any T -generic point
y €Y and any point a in A, the pair (y, a) is T,-generic or, equivalently,
the sequence

n— (T"y,a+ v (y))
is uniformly distributed with respect to the product measure p @ A 4.

Proof. See [13], Theorem (2.1).

4.2. Dynamics from g-additive functions

In order to construct the dynamical system associated with a g-
additive function, we will introduce successively the g-adic odometer 7,
the discrete derivative of a sequence, the cocycle associated with a given
g-additive sequence and finally the skew product above 7, using such a
cocycle.

Recall that the g-adic odometer 7, = (7, Zq, tiq) is defined by
T(z) =z +1 (x € Zy).

The map 7 is continuous and it is well-known that 7, is uniquely ergodic
and that yu, is the unique invariant measure.

A k-tuple w = (wg,--- ,wk_1) in {0,1,...,¢q — 1}* will also be de-
noted as a word wg -+ -wg—1 of length |w| := k. The cylinder set [w]
defined by w in Z, is given by

wl={z€Zq; z,m =wj, 0<j <k},

its length being the length of w. In analogy to this definition, we intro-
duce the cylinder set defined by w in N:

[w;N] = {neN;n=ng+nqg+nag®+..., nj=w;, 0<j<k}.
If w = A, the empty word, one puts [A] = Z; and [A;N] = N.

Definition 5. (Discrete derivative) Let A be an abelian group and
let f:N — A be any sequence. We define the discrete derivative Af of
f as the sequence

n — Af(n) = f(n+1) = f(n).
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Let f : N — A be any g-additive function. It is easy to see that the
discrete derivative Af is constant on the cylinder set [(g — 1)*0;N] =
lg—1,g-1,...,¢g—1,3);N] of length k +1,0<i < g—1and k >0,
and takes the value

cki = f((i+1)g") — flg—1) = = f(g— D" = F(ig").

The set Z; can be partitioned in the form

Zo={-1}u |J lg-1)*i,

k>0
0<i<q-1
where [(g — 1)°0] denotes the cylinder set [0] and —1 stands for the
element (g —1,g—1,¢g—1,...). As a consequence, the sequence Af can
be extended to all of Z,;. We use the same notation for this extension:

— Ck,i ifze {(q—l)kl], 0§i<q_17
Af(”“”)—{ 04 ifz=-1.

If A is a topological group, Af : Z, — A is continuous in every point
of Z, \ {—1}. The value 04 of Af at —1 will be replaced eventually
by limg 3 %1 Af(x), if this limit exists. We associate with Af the
cocycle (n,z) — A, f(z) for 7 defined by

Af(x)+---+Af(x+n—-1) ifn>0,
Anf(z)=q 04 ifn=0,
Af(z+n)+Af(z+n+1)+---+Af(x-1) ifn<0,

and the skew product
Tf: Lg x G—Zg x A,
Ti(zya) = (z+1, a+ Af(x)).

In particular, 7¢(z,a) = (z + n,a + A, f(z)) for any n € Z, and

T}L(OvoA) = (TL, f(TL)),

if n > 0. Note that f(n) is not defined for negative integers n.

From now on, we assume that A is a compact metrizable abelian
group. The above skew product 7y := (Zy x A, B(Zq x A), ig @ Aa, Tf)
is regular. In fact, the points of discontinuity of 7¢ belong to {—1} x A.
Due to that fact, Theorem 5 can be rephrased as follows:

Corollary 1. 7¢ is ergodic if and only if any point (x,a) of Zyx A is
(77, g ® Aa)-generic. In particular, if 75 is ergodic, then 75 is uniquely
ergodic.
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Proof. If 74 is ergodic, the individual ergodic theorem says that pi; ® A 4-
almost every couple (z,a) is (7f, tg ® Aa)-generic. We want a stronger
result. Theorem 5 says that for any 7-generic point = and any a €
A, the sequence (z,a) is Tp-generic, but all points in Z, are 7-generic.
Reciprocally, assume that all points (z,a) are (7¢, uq ® A4)-generic and
let v be a Borel probability measure, 7¢-invariant and ergodic. Since
Zq x A is compact and metrizable, by a classical result v-almost all
points are (74, v)-generic. Therefore [, fdv = [, fd(pq ® A4) for all
continuous maps f : X — R, so that v = g ® A4, proving that 7 is
uniquely ergodic. O

Remark 1. As long as we are concerned with general g-additive
sequences f : N — A, the introduction of a ¢-digit permutation ¢ is
irrelevant because the sequence f o ¢ is also g-additive up to a peri-
odic sequence of period a power of q. More precisely, let r be an in-
teger such that ¢;(0) = 0 if j > r and define g : N — A by g(n) =
Z;;é f(®¥;j(n;)¢?). The sequence g is periodic of period ¢” in the sense
that g(n + ¢") = g(n) for any integer n. Then, FF = fo — g is ¢-
additive. The map g extends naturally to a unique continuous map
G on Zg. In fact G(z) = g(>°j_oz;¢’). Consequently, the discrete
derivative of f o ¢ extends to a continuous map on Zg \ {—1} such
that A(f o) = AF 4+ G(z + 1) — G(z). The skew product Tfoqy
related to A(f o 1) is conjugate to the skew product 7¢ by the map
{(z,a) — (z,a — G(x)). Hence, from a dynamical point of view, there is
no restriction to assume that ¢;(0) = 04 for all j.

The following result says that a g-additive sequence is well-distribu-
ted as soon as the sequence is uniformly distributed. The proof can
be found in the literature for particular situations only but was finally
proved for general scales of numeration systems by G. Barat in his Doc-
toral Thesis [2]. We shall give a simple proof for constant base ¢, inspired
by [15].

Theorem 6. If a g-additive sequence f : N — A is uniformly
distributed (for the Haar measure of A), then the sequence is well-
distributed.

Proof By assumption, for any nontrivial character x of A one has
limy = N Zn-—O x(f(n)) = 0 and we have to show that

k+N-1

> x(fm)] =o.

14 lim sup |—
(14) imsup
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For any €, 0 < € < 1, choose M > 1 such that izq 0—1)( (f(m))] <

n=

qMe/4. For N > 4gM /e and any k > 0 let a and b the integers defined by
the inequalities ag™ <k < (a+1)g™ <bgM < N+k < (b+1)¢M™. Put
S(u,v) = Zz;i x(f(n)) for short and note that S(r¢™, (r + 1)gM) =
x(f(rg™))5(0,¢™). From the equality

S(k,N + k) = —S(ag™, k) + S(ag™,bg™) + S(bg™, N + k)
and the inequality (b — a)¢g™ < N + ¢, we obtain

|S(k, k + N)) 2¢™ + (b~ a)[S(0,¢™)

<
< 2¢™ + (b —a)gMe/4,
< eN(1/2+1/4+1/4) = eN.

Assertion (14) follows. From now on, it is a standard routine to conclude
that n— f(n) is well-distributed. O

85. Applications to (¢, s)-sequences

In this section we prove the following general result.

Theorem 7. For each i = 1,...,s — 1 let f& : N — A, be a
q-additive function and let D be a q-digit permutation. Set f :=
(O, D), = (p0, 9l Y) and

foepin— (fMoypM(n),. .., fe Doyl (n)).

Assume there exists an integer t > 0 such that

n— (o(R), o(fP o pM(n)),...,o(fE~Y o=V (n)))

is a (t,s)-sequence. Set A = (Ay)*~!. Then the skew product

Trey(T,a) = (12,0 + A(f e P)(z)) ((z,0) € Zg x A)
s uniquely ergodic.

Before beginning the proof we introduce the notion of uniform quasi-
continuous transformations

Definition 6. Let X be a compact metrizable space. A Borel trans-
formation T : X — X is said to be uniformly quasi-continuous if the
set D of its discontinuity points verifies the following property: for all
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€ > 0, there exists a continuous map g : X — [0,1] and an integer N(e)
such that 1p < g and for any integer N > N(g), the inequality

1

15 — n(x) <

(15) SUp > goT"(z) <«
0<n<N

holds.

If T is uniformly quasi-continuous, then T is p-continuous for any
T-invariant measure u. The next result explains the reason why we have
introduced this definition.

Lemma 1. Let X and T : X — X be as in the definition above.
Let € € X be such that the sequence (T™€)n>0 is dense in X and assume
that for any continuous map f: X — R, the sequence of means

M(f): N S0 foThn)

0<n< N
converges uniformly in k € N. Then, T is uniquely ergodic.

Proof. The lemma is classical if T is continuous. To prove the gen-
eral case, we introduce the space Cr(X) of real continuous maps on X,
equipped with the supremum norm ||-||oc, and we consider the linear
map L : Cp(X) — R, L(f) = lmy & Y gcnen f 0 T™(€). Clearly, L is
positive, continuous and L(1x) = 1. By the Riesz representation the-
orem, there exists a unique positive Borel probability measure v which
represents L. Let us prove that v is T-invariant. To this aim, it is
enough to show that for any non negative continuous map f : X — R,
the equality [y fdv = [ foTdv holds. Let D be the set of disconti-
nuity points of T'; the set of discontinuity points of f o T" is contained
in D. Choose an arbitrary € > 0 and let g : X — [0,1] be a continuous
map such that (15) holds as soon as N is large enough, say N > N(e).
The function

fr = max{foT,2|fllwg}

takes the value 2||f||sog on the open set U := g~1(]3, 00)) while the
closed set g~!(1) is included in U and contains D. Therefore, f; is
continuous at any point z of X. By construction, 0 < foT < f; <
foT +2||fl|leg and, after integration,

OS/XfldV—/XfOTdVSZHfHoo&



120 P. Hellekalek and P. Liardet

But we also have

0 < Z fLoTm(¢ Z froT™H(E)

0<n<N 0<n<N

IA

Wfllooy Do g0T(E).

0<n<N

Passing to the limit, one gets 0 < [ fidv — [y fdv < 2| f||ce. These
inequalities lead to the estimate

[ v [ roTar] <2iflie.

Consequently, [, fdv = [y foTdv.
Next we show that for any y € X,

ipy 3 foTw = [ fav.

0<n<N

the convergence being uniform in y. To this goal, let us introduce the
set Dy(y) ={n€N; 0<n < N and T"y € D} and its complementary
set Cn(y) =4{0,1,2,...,N — 1} \ Dn(y). The choice of g implies that

(16) card(Dn(y)) < Ne
for any N > N(¢) (and any y € X). Take n > 0; independently of

e and y, there exists N1(n) such that, from the assumption of uniform
convergence of the family of sequences My (f), the inequality

formike) -~ [ rav] <n/s

‘ 1
sup | —
N
keN TV o< e

holds if N > Ny (n). Without lost of generality, we may replace f by f —
J « fdv. This choice simplifies the proof by making use of the property
Jx fdv =0. For any integer M > Ny(n), set

D]\I,e:(y) = U (n‘Nl(ﬂ),n]ﬂN-
n€Dp (y)

The complementary set of Dys.(y) in {0,1,2,..., M — 1} is the union
of disjoint intervals, namely Iﬁl,e(y), ¢=1,...,L =L(M,e,y), with

L
(17) > card(Iir.(y)) = (1 - eNi(n))M
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in case M > N(¢). We may force ¢ < Z_N:W in order to have non

empty intervals I f;/f,s(y) and set (omitting the reference to M, € and y
to simplify the notation)

J4 = I (y) U (max If; (y), max Ik, (y) + Ni(n)].

Write J¢ = [ag, be) (interval in N) for short. By construction, by — as >
Ni(n) and T* (y) is a continuity point of the maps T™ for integers m > 0
such that ag +m < by. Hence, there exists a neighborhood W, of T (y)
such that for any z in W, and any integer m, 0 < m < bp — ay, one has

|fo T ™ (y) — f(T™2)] <

13

For any integer £ = 1,2,3,..., L, select an integer k; satisfying T*(¢) €
W,. This choice is allowed due to the fact that {T™¢; n € N} is dense
in X. Summing the above inequalities leads to

bz 0,11

| S o - X ST < Ge a0

neJ’

while

by—as—1

S FoT™ (g < (be - ar)
m=0

ﬂkld

Taking into account (17), we cut the sum S := 221:—01 foT™(y) into
three parts to obtain

bp—ayr—1
Z' ZfoTn IZ me-{—k/ )’
=1 neJt m=0

L b{ 041

+Z’ Z fo T’"+’“(§)l+eN1(nM|lfHoo

L
< Z(bg - ae)—g +eN1(m) M| flloo-
=1

If we put € = 5 fllx-lH)Nl(n , then for any M > N(¢) (note that N(e) >
Ni(n) by (17)) we derive

M-1

sup’MZfoT” ’

yeX
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Going back to the general case, we have proved that for any continuous
map f : X — R the sequence of means % ZTIL_OI f oT™(y) converge
uniformly in y to [ « fdv. Tt follows that T' is uniquely ergodic with the
unique invariant measure v. O

Lemma 2. Let A= Ay x--- X As_1 be a direct product of compact
metrizable abelian groups. For any g-additive function f® : N — A,
and any q-digital permutation »® : N —» N (0<i<s-1), the skew
product Ttey, where foihp = (FM o@D .| fE=Doys=1) s uniformly
quast-continuous.

Proof. The set D of discontinuous points of 774y is contained in {1} x
A. For any integer k > 1, the function g = 1{1sx 4 is continuous and
since 7 realizes a circular permutation of the ¢ cylinder sets in Z, of
length k, one gets

1 " 1 1
sup — 9o They(T) < 4 + 5
T€Lq OS;N ) q N
proving that 7rey is uniformly quasi-continuous. O

Proof of Theorem 7
Let L :[0,1)° — Z; x (Ag)*~! be the one-to-one map defined by

L(to,t1,...,ts—1) = (tA(),fI,...,ts/_\l). By construction, the sequence
n— L(p(R), o(fM oM (n)), ..., o(f=D o ple=(n))) is just
(18) n— (fi, f e (n))

and satisfies the following property: for any integer m > ¢, any s-uple of
words w = (wp,...ws—1) on the alphabet {0,1,...,q — 1} with |wo| +
-+ + |ws—1| = m —t, and any integer k > 0, one has

¢ = Z Lo [wa] x - x [ws 1) (70 f @ 1(n))

kqm<n<(k+1)g™
= q"pg(fwo]) -+ - pg([ws-1]) -

The linear combinations of characteristic functions L) x [wr] x - X [we-1]
with Z;;é |w;| > t being dense in the space of all continuous maps f :
Zq x (Ag)*~! — R equipped with the uniform convergence topology, we
may easily adapt the proof of Theorem 1 to show that the sequence (18)
is well-distributed in the compact group Z,; x (A;)*~!. But the same
result holds for the sequence T}l"/)((), Oa,)+-1) = (R, f o p(n) — f #1p(0)).
Then, due to Lemma 2 we may apply Lemma 1 to conclude the unique
ergodicity of Treq. |
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Corollary 2. Let q be a prime number and let H, denote the digital
(0, q)-sequence (5) of H. Faure. Then the skew product Ty, defined on
Zg % (Ag)*~1 is uniquely ergodic.

§6. Applications to ¢g-additive functions

6.1. Discrete valued g-additive functions

We begin with a result that describes the structure of a general
g-additive function with discrete values and continuous derivative.

Theorem 8. Let A be a discrete abelian group and let f : N — A
be a g-additive function. The discrete derivative Af can be extended
continuously to all of Zy if and only if there exist an integer s, a q-
additive periodic sequence g with period q°, and an element o in A such
that ’

(19) ) =g +| %o

for alln € N.

Proof. It is clear that Formula (19) defines a g-additive function whose
discrete derivative can be extended continuously to all of Z,. Recipro-
cally, assume that Af has a continuous extension on Z,. The group A
being a discrete space, Af must be constant on some cylinder set con-
taining —1 = (¢ — 1,¢ ~ 1,¢ — 1,...). Therefore, there exists an integer
s > 0, such that Af is equal to a constant ¢ on [(g—1)°; N}. In particular,
for any digit e € {0,1,...,q — 2}, one has f{(e+1)¢°) —bs — f(eqg®) = ¢
with bs = 3", f((g — 1)¢’). Hence the following equalities

f(@®) = f(0) = f(2¢°) - f(q°)
= f(3¢°) - f(2¢°)

= f(l¢—1¢°) - f((qg —2)¢°)

hold, ensuring f(eq®) = e-f(¢®) for e = 0,...,¢ — 1. In addition, com-
puting A f on the cylinder set [(g—1)**10], we get f(g**!) —bs — f((g -
1)¢°) = ¢, but we also have f(¢*) — bs = c¢ hence, with the previous
relations, we obtain f(¢°*1) = ¢-f(¢°). The same relations hold if we
replace s by s + k, k > 0. Therefore f(eq*t*) = eg®-f(¢*). To obtain
the decomposition (19), we introduce the periodic sequence g of period
?*,
g(n) = D f(n;g),

0<j<s
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where n = Zj>0 njqj is the standard expansion of n in base q. Now,
(f=9)n) =2 s, njg?~%-f(¢®) but this sum is precisely |_qu o with
a = f(g°). O

We consider Theorem 8 for the case where A is a finite g-torsion
group:

Theorem 9. Assume that A is a finite group such that every ele-
ment of A is of order a power of q and let f : N — A be a g-additive
function. Then the following assumptions are equivalent:

(i) Af can be extended continuously to all of Zg;
(ii) f is periodic and the period is a power of g (i.e., there erists
an integer K > 0 such that f(n + ¢¥) = f(n) for alln € N);
(ili) Af, defined on Zg, is a coboundary for T.

Proof. (i) = (ii): Due to Theorem 8, we only have to show that n —
[n/q®|-a is periodic with a period equal to a power of g. By assumption
there is an integer r such that ¢"-a = 04, hence [(n+ ¢*T")/¢°]-a =
[n/q®|- o as expected.

(#4) = (¢) and (i7) = (479): These implications are obvious. In fact, if
f is periodic with period a power of g, say g%, one can extend f to the
continuous map G on Z, by the formula G(z) = f (Zj{:_ol z;q%).

(443) = (i): Assume that Af is a coboundary and cannot be extended
by continuity to all of Z,. In other words, the sequence n — ¢, o (With

cno = f(@") — fla—1) — f((a—1)g) — -~ f((g — 1)g""')) does not
converge. Since A is finite, for any integer k > 0, there exists n; > k such
that f(¢™)—f((¢—=1)¢")—f((g=1)g**")—- = f((g—=1)¢™ ') # 04 and

we can construct two increasing sequences of integers (mg)r and (ng)
such that mg < ng and f(¢™) — f((g—1)g™) — f((g—1)g™ ) —-- - —
f((g —1)g™ 1) = ¢ # 04. We claim that c is an essential value of the
cocycle Af. Take any Borel set B in Z, with hy(B) > 0. There exists
M > 0 such that hy(BN7=9" (B)) > 0 for all m > M. Now observe that
the set of z € Zg such that (zp,, ..., Zny—1,Zn,) = (g—1,...,¢—1,0) for
infinitely many integers k has Haar measure 1. Hence, there exists k such
that my > M and he(BN 79" (B)N{z € Zg; Agmi f(z) = c}) > 0.
This gives a contradiction with the fact that the set of essential values of
a coboundary is reduced to the trivial subgroup {04} (see Theorem 4).
0O

This result will provide a simple criterion to recognize whenever 7¢
is ergodic.
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6.2. Criterion for ergodicity

Let ® be the Z/qZ-module of all Z/qZ-valued g-additive functions
and set

Po={ge®: 3¢eN, VneNgn+q) =gn)}.

Definition 7. A family F = {fr : N — Z/qZ, k > 0} of q-additive
functions will be called independent modulo ®q if for all m > 0 and
(€0,-.-r€m—1) € (Z/qZ)™ the following implication holds:

efotr tem1fm1€P® = g=e=...=€¢p_1 = 0.

Theorem 10. Let F) = {f" : N Z/qZ, k> 0}, r=1,...,5—
1 be s — 1 families of q-additive functions, let f(7) : N — A, denote the
g-additive function

FOm) = (£ ), £7 (), £ (), ),

and define the g-additive function F : n — Ag_l by

F(n) = (fMn),.... ().

The skew product (Tp,Zq X Ag_l, e ® AA:—I) is ergodic (hence uniquely
ergodic) if and only if the hypothesis

(H) the family F = {f,gr); k>0,1<7r < s} is independent modulo
Pg

holds.

Proof. We use Theorem 2. Assume that the skew product is not ergodic.
There exists a nontrivial character x of A;_l and a Borel map V
Zy — U such that x o AF = V o7/V. Note that x o AF = A(x o F)
(with a multiplicative law) and by Theorem 4, the group of essential
values of A(x o F') for 7 is reduced to {1}. Moreover, the corresponding
cocycle takes its values in Uy, the group of g-th roots of unity in U.
Consequently, we may also assume that V takes its values in U, (see
Theorem 4). Theorem 9 implies that x o F' is periodic with period a
power of q. The character x has the form

1 s—1 m, . .
(20) x(a) = exp (2171-5 Y3 el

r=1 j=0
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with o = (aP,..., a7y € Ag_l, the XY) being integers in {0,1,...,q9—
1} that correspond to characters x(™ of A, namely

1 ¢-
x™ (1) = exp (21%5 ijr)-uj) (u = (ug,u1,u2,...)).
§=0

Let g be the Z/qZ-valued g-additive function given by the nontrivial
linear combination

s—1 m,

(21) g=> > X0

r=1j=0

By construction exp(%g) = x o F, so that g belongs to ®;. This proves
that the hypothesis (H) is not verified. Reciprocally, assume that there is
a nontrivial finite linear combination (with coefficients in Z/qZ) between
elements of F which belongs to ®4. In other words, one has a nontrivial
relation (21) with g in ®q. Extend g to a continuous map G : Z; — U,
and let x be the character of Ag‘l defined by (20). By construction, x is
nontrivial and the continuous map V' = exp(%%G) verifies the functional
equation V(z) = x(AF(z))V(rz). Hence, by Theorem 2, the skew
product in not ergodic. O

Remark 2. (i) The hypothesis (H) implies that all maps f,ir) are
distinct.

(ii) Up to a coboundary for 7, Theorem 10 contains the case where
digit permutations are involved (see Remark 1). We let the interested
reader rephrase the theorem for digit permutations.

Corollary 3. Under the assumption of Theorem 10, the sequence
n— (on), o(fMM),...,o(feV(n))) is well-distributed in T°.

The proof is clear. O

6.3. Applications

Theorem 10 is a basic and efficient tool to prove ergodicity. Let us
illustrate this fact through a few interesting applications.

6.3.1. First we pay attention to the criterion given in [12] to en-
sure that a digital sequence based on formal Laurent series is uniformly
distributed. Let Z/qZ[[z~!]] be the ring of formal Laurent series with
coefficients in Z/qZ. Actually; the base ¢ is not assumed to be a prime
number. We begin by associating to any strongly ¢-multiplicative func-
tion u : N — Z/qZ the formal Laurent series [u] = 3~ u(g?)z=3. If
u belongs to ®; with minimal period ¢, then [u] is a polynomial in
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27! of degree d. Choose formal Laurent series L, = >_;5 w2k in

Z/qZ{[z"Y]) (1 <r < s — 1) and define the matrices

u(()r) u&r) e u,(:)
(r) (r) (r)
u u e u
o= |, L
" () (r)
up' Uy e Upp
Consider the digital sequence
(22) U:n— (aCY,... act=1)

which is also the Ag‘l—valued strongly g-additive function
U=@UW,...,ut-b)

with A,-valued strongly g-additive functions U™ N — A, given by
v = Uy (r) LU (r) UL (T), ..) where the strongly g-additive functions
U,ir) : N — Z/qZ are defined by
(23) U (n) = nul)
>0

In [12] the authors proved (with ¢ prime) that the sequence (22) is
uniformly distributed if and only if

(HS) 1,Ly,...,Ls_1 are linearly independent over the ring Z/qZ|z].
To see the equwalence between (HS) and (H) in this particular case,
we first observe that [UJ(.T)] = 2L, - Y w237 (and (U] = L,).
Hence, a nontrivial linear combination of 1 and the L, over Z / qZ]z] gives

rise to a nontrivial relation of the form Py(z) + Zi;} ™ 0 X;r)[UJ(r)]
with Py € Z/qZ[z]. In fact Py must be constant and the nontrivial

linear combination
s—1 my,.
> () -a
r=1 j5=0

over Z/qZ shows that the hypothesis (H) is false. Reciprocally, assume
that a relation (21) holds between the family of g-multiplicative functions

f(r) U(T) In other words

s—1

( Z X§7z ) P(z)

r=1
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for a suitable polynomial P(z) in the variable z. Hence, property (HS)
is false. Finally, we have proved

Proposition 1. Let U : n — (ARCW, ... aC~1) be the digital

sequence (22) constructed from formal Laurent series Li,...,Ls_1 as
above. Then the skew product Ty is ergodic (hence uniquely ergodic) if
and only if the hypothesis (HS) holds. o

6.3.2. Consider the family of 2-additive functions given by

fe(m) =" (2)"3

Jj=20

with (i) = 0if j < k. The sequence F' defined as in Theorem 10 with
s = 2 is nothing else than the Sobol’-Faure sequence Hy in (5) and we
already know (Corollary 2) that the corresponding skew product 74, is
uniquely ergodic. Let us derive this result from Theorem 10 without
using the fact that H» is a (0,2)-sequence. To this aim, we have to
prove that the given family {fi; & > 0} is independent modulo ®q.
This is due to the easy observation that the matrix (4) contains block
of consecutive rows of the form

10 0 ... ... ... O
* 1 0 . T
* % 1 o ... ... 0
* % .. ... * 1 0

A similar proof holds for any prime number ¢ but involves all matrices
C™ (1 <r < q—1) and requires the nice relation (see [7]):

(CT) = k(;) (mod q).

6.3.3. From any ergodic skew product 7¢ with a g-additive function
f N — A, we can produce many others. In fact, let f = (fo, f1, f2,.-.)
be any Ag-valued g-additive function and set F = {fo, f1, f2,...}. For
each i, 1 < i <s—1,let FO = {féi), 1(i)a z(i),...} be a subfamily
of F such that {FM) ... FG~U} form a partition of . Finally, de-
fine the Aj-valued g-additive functions O = éi), fi), z(i),...) and
the (A,)* !-valued g-additive function F' = (f1),... (=), The fol-
lowing proposition and corollary are a straightforward consequence of
Theorem 10:
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Proposition 2. With the above notation, the skew product Ty :
Zq x Aqg — Zg x Ay is ergodic if and only if the skew product

TF 1 Lg X (Aq)s‘1 — Zg % (Aq)s’1

s ergodic.

Corollary 4. With the above notation, assume that the sequence
n — (p(7),p o f(n)) is uniformly distributed in [0,1)2. Then the se-
quence n — (p(ft), p o F(n)) is uniformly distributed in [0,1)%.

Remark 3. When the base ¢ is greater than 2, we can easily
produce Z/qZ-valued g-additive functions g which are not of the form
f o4, where f is a strongly g-additive sequence and v a ¢-digit per-
mutation. This is the case, for example, of the g¢-additive sequence
g given by g(ag’) = ¢j for all @ = 1,2,...,¢g — 1 and j > 0, where
(¢j); is any sequence in Z/gZ which is not the null sequence. To con-
tinue this illustration, let g, £ = 0,1,2,... be a family of such Z/qZ-
valued g-additive sequences with sequences (c;x);>0. Choose each cj
in {0,1} satisfying c;x = (i) (mod 2). Then, the structure of the
Pascal triangular matrix (4) mod 2, exhibited above, can be used to
prove that the family of sequences g, verifies the hypothesis (H). Hence
Ty With ¢ = (g0,91,92,...) is ergodic. In particular, the sequence
n — (¢(R, p(g(n))) is well distributed in [0,1)2 but is not a digital
(0,2)-sequence, due to the fact that this map is not one-to-one.

In a forthcoming paper we will continue this work by considering
several coprime basis ¢1,...,¢-. The main question is to characterize
g;-additive sequences F; : N — A, such that the direct product T =
TR, X --+ X Tr, is ergodic. Note that T is also a skew product above the
ergodic translation (z1,...,25) — (z1+1,...,z, +1) on Zg X --- X Zg,
with the cocycle F' : n — (Fi(n),..., F.(n)). Such functions which are
also digital (¢, s)-sequences are of main interest.
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