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parabolic system modeling colonial formation
by chemotactic bacteria
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Abstract.

We consider a diffusion-chemotaxis-growth system which models
pattern formation by a bacterial colony. Inthe case of spatial dimension
one we prove that the initial-boundary value problem for the system
has a unique solution on the entire time interval (0, +0c), and that the
solution remains bounded.

§1. Statement of Results

Budrene and Berg ([1], [2]) observed in experiments that a chemo-
tactic strain of E. coli generate surprisingly complex and ordered spatial
patterns. In order to understand analytically why they generate such
patterns, the second author and his group proposed a mesoscopic model
governed by a diffusion-chemotaxis-growth system. They suggest by nu-
merical simulation that the resulting patterns are possibly generated in
a self-organized way. However, the rigorous study of this system has not
been done yet. As a first step, we will study the fundamental question
of existence of solutions of the initial and boundary value problem for
the system in the case where the spatial dimension is one.

We assume that the bacteria have two states. The active bacteria
move around randomly, and take nutrients in the environment. In addi-
tion, they release a certain chemical which causes a directed movement
toward its higher concentration (chemotaxis). Some of the active bacte-
ria become inactive at a rate depending on the population of the active
bacteria and the nutrient concentration. The proposed model comprises
the population density of the active bacteria u(z,t), the population den-
sity of the inactive bacteria w(z,t), the density of nutrient n(z,t), and
the concentration of the chemoattractant c(x,t) at position z € (0,1)
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and time ¢ € [0, 00). The diffusion-chemotaxis-growth system in the one
dimensional case becomes:

(= dyuee + wg(u)nu — (u(x(c)),), — alu)b(n)u,
Ny = dpnge — g(u)nu,

¢t = deCrz + au — fe,

wy = a(uw)b(n)u,

ug(0,t) = ug(L,t) =0, nx(0,8) =n.(l,t) =0,
cz(0,t) = ¢ (I, t) = 0,

u(z,0) = wo(z), n(z,0)=no(x), c(z,0)=co(x),
w(z,0) = wo(x).

Here, dy, > 0, d, > 0 and d. > 0 are the diffusion rates of u, n and
¢, respectively. « > 0 and 3 > 0 are the production by the bacteria
and degradation rates of ¢, respectively. d,, d,, d., a, 3 are positive
constants and w is a nonnegative constant. x{(c) is the sensitivity func-
tion and is assumed to be of class C3[0, 00) and satisfy 0 < x(c) < M,
0 < x'(e) <M and |x"(c)| + |x" ()] < M for all ¢ > 0 with some posi-
tive constant M. The active bacteria are assumed to become inactive at
a rate a(u)b(n) per capita, where a(u) and b(rn) are monotone decreasing
smooth positive functions defined for u > 0 and n > 0, respectively. Fi-
nally, we assume that the growth rate of bacteria is of the form wg(u)n,
where g(u) is a smooth bounded positive function such that g’(u) > 0.
To be specific, in this paper we will assume that

ag

a(u) = 0 b(n) =TT
14+ — 14+ —
ai b1
_ gou™ B kc?
g(u) - (u*)m +'U/m7 X(C) - 62 +CZ

for some positive constants ag, a1, bo, b1, go, m, u*, k and 6.

For an integer j > 2, let H(0,!) denote the Hilbert space of all
L?-functions whose derivatives up to order j are in L? and satisfy the
homogeneous Neumann boundary conditions at = 0 and z = [. Our
results are stated as follows:

Theorem 1. Let ug € H%(0,1), ng € H%(0,1), co € Hy(0,1) be
nonnegative functions. Moreover, let wy be a non-negative continuous
function on [0,1]. Then, there exists a unique solution to (P) for all
t > 0. Moreover, we have

[u@ll g + IOl g1 + el < M,
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and

t+1
/ / (W2, +n2, + 2 +ul+nl+c)drds <M
0

for any t > 0, where M is a positive constant independent of t.

Remarks.

(i) The theorem implies that any solution of (P) remains bounded

uniformly in ¢ > 0.

(ii) The conclusion holds true also for more general a(u), b(n), g(u)
and x(c).

(iii) In a forthcoming paper, as an application of the estimates de-
rived in Theorem 1 we will study the asymptotic behavior of
the solution as ¢ — o0, and show that u — 0,c - 0 ast — oo
while n converges to a nonnegative constant.

§2. Proof of Theorem

First, we note that if the initial data ug, ng and ¢y are nonnegative,
then solution of (P) remains nonnegative by the Maximum Principle.
Since the local-in-time existence of a solution and its uniqueness can be
proved along the same line as in [3], we only verify the estimates. The
proof is-carried out in several steps.

Step 1. Integrating the equation (P) in z yields that

(1) i/ludx = w/lg(u)nu dz — /Ola(u)b(n)u dx,

! !
(2) —d—/ ndx = —/ g(u)nudz,

! !
(3) d cda:_a/udx—ﬁ cdz,
dt 0

l l
(4) jt wd:c-/oa(u)b(n)udx.

Therefore,
l

udx+w—/ndz+——/wd:v—0
dt
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whence follows that

! ! ! ! ! !
(5) /udx+w/nd1:+/wdx:/uod.r+w/n0dac+/woda:.
0 0 0 0 0 0

Therefore,

l
(6) / udr < M.
0
Here and hereafter M denotes various positive constants independent of

t.

Step 2. Multiply both sides of (3) by et and integrate the resulting
equation with respect to t. Then,

! ! t !
/ cdr = e~’8t/ codx + a/ e Plt=s) / udzxds.
0 0 0 0

This together with (6) implies

l l
(7) / cdzg/ codzr + M.
0 0

Similarly, integrating the third equation of (P) multiplied by ¢ with
respect to x yields

1d

1 ! 1 1
(8) = — czdx+dc/ czzdac+ﬁ/ ch:c:a/ ucdx.
2dt Jo 0 0 0

Observe that

! z
e(z,t) = %/Oc(:v,t)d:c-k/ ¢z (&, t)dE

Zo

IA

!
M+ l/c%d:c
0

where }
c(xo, t) = %/ ez, t) dz.
0

Hence

! ] ! !
(9) /ucdm§ M+ l/ c2dx /udm§M2+M l/ c2 dz.
0 0 0 0
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Combining (8) and (9), we obtain

! !
(10) /Cdeg/c02dx+M.
0 0

Let G(x,y,t) be the fundamental solution of the initial-boundary value
problem

¢t = deCox — B (0<z <, t>0),
c(0,t) = c.(1,t) =0 (t >0),
¢(x,0) = co(x) (0 <z <)

Moreover, let H(z,y,t) denote the fundamental solution of the following
problem:

vt = deVpy — BU (0§z§l,t>0),‘
v(0,t) =v(l,t) =0 (t > 0),
v(z,0) = vo(x) (0 <z <)

Then
1 ’ t l

(11) c(,t) = / Glz.y, t)eo(y) dy + a / ds / Gla,y,t — s)uly, s) dy.
0 0 1]

and
(12)

l t l
oG
cz(ar,t):/H(I,y,t)cO’(y)dy+a/ dS/ F (z,y,t — s)u(y,s) dy.
0 0 0 0T

It is well-known that

M, lz —yl?
< —_— ——
(13) 0 < G(z,y,t) < 7 exp ( T ot ),
M, |z -y
< < = — —
(14) 0 < H(z,y,t) < N exp ( T ot ),
(15) ’G (z,y,t)| < — exp _K_____iw—y|2 — ().
BTl = 4d.t

Here 0 < k < 1 and M depends on «.
From (12), (13), (14), (15) and after a series of estimates we obtain

l
(16) / 2 dx < M.
0
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Therefore, by (10) and (15), we conclude that ¢(z,t) < M for any
0<zx<landt>0.

Step 3. Multiply the first equation of (P) by u and then integrate
with respect to z. Then,

! ! !
l—c—i—/ u? dx+du/ u? dm+/ a(u)b(n)u® dx

- w/olg(u)nu2 dz + /Olu(x(c))zuz dz,

so that
1d [ 2d +d“/l 2d +/l (u)b(n)u? dz
—— — a{u)b(n
57 Ou T+ Ouz x ;
! 1 )
< M/ uzdac+—/ u?(x'(c))"c dx.
0 2du 0

Note that n(z,t) < ||ng||= by the Maximum Principle.
By the Gagliardo-Nirenberg inequality,

l
2 2 2
/ B2 dr < MlulPalies|Ze
0
1 3
< Ml el e lleal i fleall 22
< e (Il + lelf) + K.

with an arbitrary € > 0 and a positive constant K. depending on e.
Therefore,

e [ [

EEOU x+?0uzx Oau)(n)u x
l

< M/ w?da + e (|lulp® + el ") + Ke.
0

Similarly, multiplying the third equation of (P) by ¢, and integrating
the result with respect to x, we obtain

1d [ l ! l
——/cid;c—b—dc/cizdx‘kﬁ/cgdx:—a/ucmdx,
2dt Jy 0 0 0

1d fty de [, : o?
~— dr + = d 2dz < 2 dz.
2dtocx$+2/ocmx+ﬁ/()cm$*2dc/0u T
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Again by the Gagliardo-Nirenberg inequality, we have

!
/qux
0

Mulld ull?,

IA

IN

2 2
ellullzn + Kellullz,
for an arbitrary € > 0 and a positive constant K. depending on €. There-
fore,
(17)
1d

¥ cd -l———/ md:c+ﬂ/c dr<M(||u||H1+K||uflL1).

Hence,

1d s o /l dy 5 d.
Su d
57 (u +c7) dx + ; uz + 5 ez, ) dz
l l
+/ a(u)b(n)u? dm+ﬂ/ ctdx
0 0
! 2 2 2 2 2
< M | wdote (i + lelln) + Kot M (el + Kelul:).

Consequently, we obtain that

t+1
18) [l + flellZ + / (Ul + lel3e) ds < M.

Step 4. We multiply the first equation of (P) by u,, and then
integrate with respect to = to get ’

1d [

24dt J,
!

= /Ola(u)b(n)uum dx — w/olg(u)nuum dx +/0 (u(x(€)),), tae dz.

l
u? dz + du/ ul, dz
0

Therefore, we have

1d [
33 [ s +—/ ul, do < Ko+ 3e(lullfe + el

by a calculation similar to that in Step 3.

(19)
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On the other hand, we obtain from the third equation of (P)

1d [ de [* :
@) 3 [Edo+ T [ Edor [ Edo < eullfn + Kolull
] 0 0

Hence, we have

1d/l 2 9 /l<du2 de o > /lz
- uy + Cpp) dx + —Up, + —Copp | de+ B cidx
2.dt Jo ( ) o \ 2 2 0

< Kot 3e(ullfys + el ) + ellul fe + KellullZs.

Therefore,

t+1
(21) |M%+M%ﬁl(w&+M®%§M

Step 5. Multiply the second equation of (P) by n and integrate the
resulting equation with respect to x. We then have

1d

! ! !
—— nzdz+dn/ nidx—i—/g(u)ngudxzo,

l l
/nzd:cg/ngd:v.
0 0

Next we multiply the second equation of (P) by n., and then integrate
with respect to x, obtaining

therefore

1d [ ! !
———/ n? dm+dn/ n2, d:tz/g(u)unnm dz.

1d l2 dnl 1}
== dz+ = [ n2, dz <M [ n’dz.
2dt/0nza:+2/0nmz‘ /On T

From the Poincaré inequality, the above estimate implies

Hence

l
(22) / n2de < M.
0

Multiply the second equation of (P) by n; and then integrate with re-
spect to x. Then,

1 ! 1
/ nf dr = —dn/ NgiNg AT — / g(u)unn, dz,
0 0 0
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!
d, d
n2dr + = —
/0 ¢ 2 dt ),

Integrating the above inequality in ¢, we have

t+1 pl !
/ /nfdxds-l—dn/ ng(x,t +1)° de
¢ 0 0
! t+1 pl
< dn/ ng(z,t)° dw—}-/ /g(u)2u2n2 dz ds.
0 ¢ 0

! 1 1
1 1

n2dr < —/ g(u)?u®n? dx + —/ n? dx.
2Jo 2Jo

Therefore

t+1 ol
(23) / / n?drds < M.
¢ 0

Similarly we can prove that

t+1 pl
/ /c?dxdsSM,
t 0

and

t+1 pl
/ /ﬁmng
t 0

Thus we have proved Theorem 1.
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