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Gauge Theorems for Stieltjes Exponentials

Ronald Getoor

Abstract.

A gauge theorem for the Stieltjes exponential of a right contin-
uous additive functional satisfying a general Kato type condition is
established. Results for the ordinary exponential are then obtained
as corollaries.

§1. Introduction

In a series of recent papers Chen and Song [CS02], [CS03] and
Chen [C02] have made remarkable progress in establishing the gauge
and conditional gauge theorem under quite general hypotheses. The
gauge theorem has the following structure: Given a multiplicative func-
tion M = (M;) and a terminal time 7 of a strong Markov process X
the gauge function g(z) := E*(M,) is bounded on {g < oo} under suit-
able hypotheses on X and M. Usually X is assumed to satisfy some
irreducibility hypothesis which then implies that g is either bounded or
identically infinite. Also M usually is of the form M; = exp(A:) where A
is an additive functional. See the above cited papers and also the book
of Chung and Zhao [CZ95] for some history of the subject. Before the
above cited papers A was usually assumed to be continuous and often
of the form A; = fot q(X,)ds where g is a function on the state space of
X. See however [CR88]|, [S093] and [St91] for notable exceptions.

In their papers Chen and Song and Chen consider both continuous
and a class of discontinuous additive functionals. The arguments in the
two cases are similar in structure but somewhat different in detail. It
turns out that by modifying slightly their approach one can prove a
gauge theorem for arbitrary right continuous additive functionals in a
unified way, assuming only that the underlying process X is a Borel right
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process. The present paper is devoted to spelling this out in some detail.
We obtain a slightly sharper result even in the case considered by Chen
and Song, but our emphasis is the generality and the simplicity of the
result obtained. We work directly with Stieltjes exponentials of additive
functionals obtaining a gauge theorem for such exponentials. Results
for ordinary exponentials then appear as simple corollaries. Our results
are general enough to apply to infinite dimensional processes since we
do not assume any absolute continuity condition.

One of the main purposes of the Chen, Song papers was to prove a
gauge theorem in enough generality that it could be applied to prove a
conditional gauge theorem. A critical hypothesis for their result for a
conditional gauge theorem is that X be in strong duality with another
Borel right process X. Under this duality hypothesis, the hypotheses and
argument in section 3 of [CS00] can be adapted to prove a conditional
gauge result for Stieltjes exponentials along the lines of this paper. We
leave the precise formulation to the interested reader.

We close this introduction with some words on notation. If (F, F, u)
is a measure space, then we use F also to denote the class of all R =
[—00, 0] valued F measurable functions. If M C F, then bM (resp.pM)
denotes the class of bounded (resp. [0, 0o] valued) functions in M. For
f € F,p(f) denotes the integral [ fdu. If (E,€) is a second measurable
space and K = K(z,dy) is a kernel from (F,F) to (E,€) (ie. =z —
K(x,A) is in F for each A € £ and K(z,-) is a measure on (E, ) for
each z € F), then we write pK for the measure A — [ pu(dz)K(z, A)
and K f for the function z — [ K(z,dy)f(y). The symbol “=" stands
for “is defined to be”.

§2. Preliminaries

Throughout this paper (P;,t > 0) will denote a Borel right semi-
group on a Lusin state space (E,£), and X = (X, P*) will denote the
canonical realization of (P;) as a right continuous strong Markov pro-
cess. A (positive) o-finite measure m on (E, ) is ezcessive provided
mP; < m for all t > 0. Since (F;) is a right semigroup, it follows that
mP; T m setwise as t | 0. See [DM87; XII, 36-37]. We fix an exces-
sive measure m to serve as a background measure. In general we shall
use the standard notation for Markov processes without special men-
tion. See, for example, [BG68|, [DM87], [S88] and [G90]. In particular,
Ut .= f0°° e~ P,dt,q > 0, denotes the resolvent and U := U° the poten-
tial kernel of (P;) or X. We assume only that (P;) is sub-Markovian and
so a point A is adjoined to E as an isolated point to serve as a cemetary
and ¢ := inf{t : X; = A} is the lifetime of X and P*(¢ > t) = P;1(z).
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As usual a function f on E is extended to A by f(A) = 0 unless explic-
itly stated otherwise. Thus for example, if f > 0

< 00
Ulf(z) = EF / e~ F(X,)dt = B* / et F(X,)dt.

0 0
We shall assume throughout that X is transient or equivalently that U
is proper. More precisely we shall assume:

(2.1) Transience Assumption. There ezists a function b € £,0 <
b <1 with Ub < 1; reducing b if necessary we may also suppose that
m(b) < oo.

Recall that a set B € £ is m-polar (resp. m-semipolar) provided
{t : X; € B} is empty (resp. at most countable) P™ a.s. Here £"
denotes the o-algebra of nearly Borel sets. A nearly Borel set N is m-
inessential provided it is m-polar and E\N is absorbing for X. By [GS
84; (6.12)] any m-polar set is contained in a Borel m-inessential set. A
property or statement P(z) is said to hold quasi-everywhere (q.e.) or
for quasi-every x provided it holds for all z outside some m-polar set.
The exceptional set may then be supposed to be m-inessential. We also
write a.e. for m-a.e.

(2.2) Definition. A positive additive functional (PAF) is an (F¢)-
adapted increasing process A = (Ag;t > 0) with values in [0,00], for
which there ezist a defining set Q4 € F and a Borel m-inessential set
N4 (called an exceptional set for A) such that
(i) P*(Q4) =1 forallz & Na;
(ii) 0,04 C Q4 for all t > 0;
(iii) For all w € Q4 the mapping t — A:(w) is right continuous on
[0, 00[, finite valued on [0, ((w)[ with Ag(w) = 0;
(iv) For allw € Q4 and s,t > 0, Aspi(w) = As(w) + As(Oiw);
(v) Forallt > 0, A;([A]) = 0 where [A] is the dead path identically
equal to A.
(vi) For w € Qy, As(w) = A¢)—(w) fort > ((w).

‘We let AT denote the class of all PAFs. If in (2.2-iii) right contin-
uous is replaced by continuous, then A is a positive continuous additive
functional (PCAF) and we write .Z;" for the class of such functionals.
Two PAFs A and B are m-equivalent provided P™(A; # B;) = 0 for
all t > 0. One can check that A and B are m-equivalent if and only
if they have a common defining set A and a common exceptional set
N such that A;(w) = Bi(w) for all ¢t > 0 and w € A. See the argu-
ment just below Definition 3.1 in [FG 96]. Equality between elements
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of A* will mean m-equivalence unless explicitly mentioned otherwise.
An A € A* may be decomposed as A = A° + A¢ where A° is a PCAF
and A = Y AA, is the sum of the jumps of A,AA, = A, — A,_.
0<s<t

Because of (vi), AA; = 0 on Q4. Of course Q4 = Q and Ny = ¢ are
allowed in Definition 2.2. By restricting X to the Borel absorbing set
E\N,4 one may usually reduce to the case in which N4 is empty. In
order to keep this exposition as simple possible I will restrict attention
to this case. To be precise we define

(2.3) AT ={Ac AT : Ny = ¢}.

Our results will be stated for A € AT, but the interested reader should
have no difficulty in formulating them for A € AT. If A € AT, then
P*(Q4) = 1 for all z. Hence A is almost perfect as defined in [S88,
p-173].

If A € A", then its characteristic (Revuz) measure 4 is defined by

N R
(2.4) pa(f) =1 lim 1 E / £(X.)da,

for f € p€™. Moreover p4(f) =1 lim g-mU%f where
g—o0

¢
(2.5) Ui f(z):=E* /0 e T f(X,)dA;

is the g-potential operator of A. As usual Uy := U§. Clearly pa does
not charge m-polars.
We shall also need the Stieltjes exponential Exp(A) of A € At:

(2.6) Exp(4) :=e* [ (1+24,).
0<s<t

Clearly Exp(A) is increasing, right continuous and finite on {(t,w): 0 <
t < ((w),w € N4} and Exp(Ag) = 1. On Q4 the compensated powers

A(™M of A are defined by A§°) =1and fort < (¢
A™ = 'n,/ A" YdA; >0
10,¢]

It is well-known that Exp(A4;) = 3 %A@, see [DD70, p189]. Recall
n>0

that a terminal time 7 for X is a stopping time which satisfies t-+706; = 7
on {t < 7}. A straightforward induction argument yields the following
result. See [SS00] for much more general results.
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(2.7) Lemma. Let A € At and let o be either a terminal time or a
constant time. Let 7 = o AN (. If E*(A,-) < C < 1 for all z, then
E*[Exp(4, )] <1 -C)7! for all z.

If Be &, 7r(B) :=inf{t > 0: X; ¢ B] denotes the exit time from
B. Evidently 7(B) < (.
(2.8) Proposition. Let A € A" and suppose that A has bounded jumps;
that is, there exists 0 < ¢ < oo such that sup, AA; < ¢ a.s. Then there
ezists an increasing sequence (Gr) of finely open nearly Borel sets with
E = UGp,7(Gp) T ¢ a.s. and for each n,pas(G,) < oo and Ualg, <
(2¢+ 1)n.
Proof. Suppose first that ¢ < 1. Define

M, := Exp(—A;) = e 4¢ H (1- AA,).

0<s<t

Then a.s., t — M; is right continuous and decreasing, M; > 0 if t < ¢
and Mg = My, = 1. It is well-known and easily verified that M, s =
MM, 00, and d(M; ') = M 'dA,. Define

<
(2.9) g(z) := E””/O M;b(X,)dt

where b is the function in (2.1). Clearly g > 0, and

I

¢ ¢ ¢
Usg = E / o(X,)dA, = E / M / M,b(X,)ds dA,
0] 1] t

¢ K}
= E / M.b(X,) / M;'dAids = Ub—g.
0 0

Hence 0 < g < Uband Uag < Ub. It is easily checked that g is excessive
relative to (X, M) — the M subprocess of X— and consequently g is
nearly Borel and finely continuous. Thus the sets G, := {g > 1} form
an increasing sequence of finely open nearly Borel subsets of E with
UG, = E. Let 7, be the exit time from G,. Since G is finely closed,
9(X; ) < %, a.s. on {1, < ¢}. Hence

= > Blg(X,.) = B M / Mb(X)dt] > B [ /  Mb(xde

But b > 0 and M; > 0 on [0,(][ a.s., so we must have lim,, 7,, = ¢ a.s.
Since Uag < Ub one has Uylg, < nUb < n. Therefore pa(Gn) <
npaUb < n - m(b) < oo where the second inequality comes from (the
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proof of) the lemma at the bottom of page 508 in [Re 70]. This estab-
lishes (2.8) when ¢ < 1. If ¢ > 1, let A7 = (2c) !4, so that A* has
jumps bounded by % Let g be defined as in (2.9) but with A replaced
by A*. Since Us = 2cUa~ and pa = 2cpax,Gp = {g > %} has the
desired properties. u

The proof of (2.8) is easily modified to prove the following:
(2.10) Proposition. Let A € A+ and suppose that sup A4, < ¢ < 0o
t

a.s. P® forxz € E\N4. Then there ezists an increasing sequence (G,) of
finely open nearly Borel sets such that E\UG,, is m-polar, 7(G,) T ¢ a.s.
P* for x € E\N_g, and for each n,ua(Gr) < 00 and Uslg, < (2¢+1)n
on E\NA.

From time to time we will spell out the situation when At replaces
A*T. Usually it is just a matter of keeping track of the exceptional set
N4 as illustrated in (2.10).

§3. Kato Classes

In this section we introduce some Kato classes of additive function-
als. The definitions are modifications of those in [C02]. Let ||- || denote
the norm in L*°(m); that is for f € €™, ||fllcc = m-esssup, |f(z)|. We
shall also use the g.e. supremum norm for f € £; that is || f||qe = inf{3:
|f| < Bg.e.}. Clearly ||fllge = || fllco- Recall that f € £™ is quasi-finely
continuous (qfc) provided it is finely continuous off an m-polar set which
may be assumed to be m-inessential. Since an m-null finely open set is
m-polar, it follows that if f is gfc, then || f|loc = || fl|qe-

(3.1) Definition. Let 0 < 8 < oc. Then I?ﬁ (resp. IZ'Z;) consists of

those A € A" that have bounded jumps as defined in (2.10) and such
that there exist a positive measure v on E, a set K € £ with v(K) < oo
and 6 = 6(v, K) > 0 with the following property:

(3.2) If BCE™ with BC K and v(B) <6, then
||UAlBUKC”oo <p (7'3517- ”E.(AT(BUKC)—-“qe < ,3)

Remarks. For and D € £™, Uylp is excessive for X restricted to
E\N4 and hence gfc. But E'(A,(py—) < E [1p(X¢)dA; = Uslp and
therefore K, 3 C K, 5 Replacing v by v|k one may suppose that v is finite
when convenient.

Once again to keep the exposition simple we are going to eliminate
the exceptional sets.



Gauge theorems for Stieltjes exponentials 97

(3.3) Definition. If0 < 8 < oo, then A € Kg (resp. K};) provided
A € A" and has bounded jumps as in (2.8) and there ezist v, K and §
as in (8.1) such that B C K,v(B) < é§ imply

sup Uplpuke(z) < B (resp. sup EE(AT(BUKC)—) < B).
z€E TeE

We are going to work under (3.3) and leave the straightforward ex-
tension to the more general situation to the interested reader. Obviously
if 0 < B <7, then Kg C K, and Kj C KJ. It is convenient to define

(34) Ky := nﬁ>0K5 and Kg = ng>0KE.

It will turn out that the Kz; are the appropriate classes for the gauge
theorem. Moreover in an important special case a sufficient condition
that A € Kj is that AP € Kj where AP is the dual predictable pro-
jection of A. We now describe this result. Let A € AT have bounded
jumps. Then there exists a unique predictable element A? € A*- the
dual predictable projection of A- such that for any positive predictable
process (Z;)

(3.5) E° / ZydA, = E° / Z, dA?.
0 0

See [S88, §31].

(3.6) Proposition. Let A € A have bounded jumps with bound c as in
(2.8). If the dual predictable projection AP of A is continuous, AP € Kj
if and only if A € Kj.

Proof. If T' is a stopping time, 1} 7(t) is predictable. Therefore since
AP is continuous

E®(Ar) — ¢ < E®(Ar-) < E®(Ar) = E*(A}) = E°(AL.),
and this establishes (3.6). ]

The next two propositions are taken from [C02]. We give proofs for
the convenience of the reader. For A € At ,us := Ugl = E'(A¢-) is
the potential (function) of A.

(3.7) Proposition. Suppose A € Kg,3 > 0. Then sup,cgua(z) < oo.

Proof. Let v, K € £ and § be as in Definition 3.3. Then K contains
at most a finite number of points {z1,...,z,} with v({z;}) > 6. It
follows from a result of Saks (see [DS58, p308]) that K\{z1,... 2z} can
be written as the disjoint union of a finite number By, ..., By of sets
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in £ with v(B;) < 4. From (2.8) there exists (G;) with G; T E and
Ualg; < (25 + 1)c for each j. Let F' = {x;,...,z,}. Since E = UG},
there exists an £ with 1 < 1¢,. Hence

k
UA:UA1K0+UA1F+ZUA1B,- S(k+1)ﬂ+(2£+ 1)0. | |
i=1

The definition of Kz depends on what appears to be an arbitrary
choice of the measure v. The next proposition gives an intrinsic criterion
for A to be in Kp, at least when m is a reference measure. If f : E — R,

let || f|| = sup |f(z)|.
z€EE

(3.8) Proposition. Let A € At and B > 0. (i) If A € Kg, then for
every decreasing sequence (D,) C E™ with ND,, = ¢,lim ||[Uaslp, | < 8.
(ii) If m is a reference measure and if for every de:'reasing sequence
(Dn) C E™ with ND,, = ¢, liTILn lUalp, || < g and A has bounded jumps,
then A € Kg.

Proof. (i) Suppose § >0 and A € Kg. Let D,, | ¢. Then there exists
an N such that v(KND,) <6 for n > N. Thus for n > N,Uslp, <
Ual(p.nk)uke and so ||[Uxlp, || < B for n > N. (ii) Let A € A" have
bounded jumps. By (2.8) there exists an increasing sequence (G,,) of
finely open sets in £™ with p4(Gr) < 0o and UG,, = E. Let D,, = E\G,.
Then ND;, = ¢ and so lim |Uslp, || < 8. Fix an n with |Ualp, | < £
and put K = G,,. We claim that there exists a 6 > 0 such that if
B C K and pa(B) < 6, then ||Ualpuke|| < 8. Suppose no such § > 0
exists. Then for each n there exists B, C K with pa(B,) < 277!
and |[Ualp,uk-|| > B. Let F,, = Ug>,Bg. Then (F,) is a decreasing
sequence with pa(F,) < 27" If F := NF,, then us(F) = 0. Hence
0= pa(F) =1 qE%loquglp and so mUj41lp = 0 for ¢ > 0. Letting

q | 0 we see that Us1lp = 0 a.e. m and thus everywhere since Uyl is
excessive and m is a reference measure. Consequently Uslp, = Ualp,\r

and since F,\F | ¢,lim|UalF,| < £. Choose n with |Ualp,| < &.
Now B,, C F,, so

B < |Ualr,ukell < Ualr.|l + Ualk:|l < B
and this contradiction establishes (3.8). ]

Remarks. We emphasize that the measure constructed in the proof of
(3.8) is ¥ = p4. The only place in the proof that the fact that m is a
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reference measure is used is concluding that U41lp = 0 from Uglp =0
a.e. and of course then q.e. Consequently the proof is easily adapted
using (2.10) in place of (2.8) to show:

(3.9) Proposition. Let A € A+ have bounded jumps as in (2.10). If for
every decreasing sequence (D) C £™ with ND, = ¢,lim ||Ualp, |c <
n

g, then A € I?,@.

(3.10) Proposition. Suppose A7 € Kp, (resp. K;;j) forj=1,2. Then
Al + A% € Kg, 1, (resp. K3 15,)

Proof. Let v;, K; and §; serve for A’ € Kg,,j = 1,2. We may suppose
that v; is carried by K;,j = 1,2. Define v = 11 + 15, K = K; U K3 and
6 = 61 A 63. Then

v(K) = v(KiNK3)+v(KiNKsy)+v(KNKy)
< 2[1/1(K1) + V2(K2)] < o0.

Suppose B C K with v(B) < 6. Then v;(B) < §; for j = 1,2. Note
that BU K® C (BN K;) UK¥ for j = 1,2 and so

2

Ua,+4,1Buke < Z Ua;1(Bnk;)uks < B+ Ba.
j=1

Of course A; + A, has bounded jumps. The same argument works when
the K are replaced by K3. [

§4. Gauge Theorems

Gauge theorems are usually stated for fluctuating additive function-
als. Formally let A := AT — A~ and introduce the obvious notion of
equality: If A; = A;!' — AJ._,A;-E € AT for j = 1,2, then A; = Ay pro-
vided A} + A; = AT + A in A*. Then it is known that A € A can
be written uniquely as A = AT — A~ with AT, A~ € A" having a com-
mon defining set 2,4 and such that the measures dA; (w) and dA; (w)
on [0, {(w)][ are orthogonal for w € Q4. Actually the only thing that we
shall use is that a.s., AT and A~ have no common discontinuities. Of
course A € A can be decomposed as A = A° + A? where A® € A is
continuous and A? € A is purely discontinuous,

A= " AA =) AAT - ) 47

0<s<t 0<s<t 0<s<t
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with ). |AAs| < oo if t < . In particular t — A; is of bounded
0<s<t
variation on compact intervals in [0,([ a.s. Fix A = AT — A~ € A

Define for t < ¢,
Lf = Exp(4]), Ly = Exp(4;).

It turns out that the appropriate multiplicative functional to consider is
(4.1) Ly:= L} /Ly =e? H (LAZ{—)-

0<s<t 1+ 8 )
Clearly as., t — L is increasing and finite on [0,¢[ and AAE‘E = 0.
Hence Lg.:_ = LZ: and so L¢_ = L¢ where co/oo = 0 by convention.
Moreover t — L; is right continuous on [0, {[ and is of bounded variation
on compact subintervals of [0,([, a.s. Henceforth we shall omit the

qualifier “a.s” in places where it is obviously required such as in the
preceding two sentences. Note that Ly = Loy = 1. The function

(4.2) g(z) := E®[L¢] = E®[L¢_]
is called the gauge of A (or L).

(4.3) Proposition. The gauge g is nearly Borel measurable and finely
continuous. If F := {g < oo}, then F is absorbing.

Remark. Since g may take the value +o0, g is finely continuous as a
map from E to [0, o0].

Proof. Since L¢ € F,g is universally measurable and because L is a
multiplicative functional, L¢ 00y = L¢_ 060y = L¢_ /L, if t < (. Let
M, = (Ly)~1. Then M is a decreasing, right continuous multiplicative
functional that is strictly positive for ¢ < (. Now

(4.4) B*lg(X)M) = E*(MiLc_/Lijt<()
E*[Le- /Lt < (] 1T g(x)

as t | 0. Therefore g is excessive relative to (X, M)— the M-subprocess
of X— and hence g is nearly Borel and finely continuous. In particular
F = {g < oo} is finely open and nearly Borel. The computation in (4.4),
aside from taking the limit as ¢ | 0, holds with ¢ replaced by a stopping
time 7. Hence E*(Mrg(Xr)) < g(z) for any stopping time T. Let
D = {g = oo} = E\F. Then D is finely closed and so g o X7(py = oo
a.s. on {T(D) < ¢} where T(D) := inf{t > 0 : X; € D} is the hitting
time of D. Hence if z € F

o0 > g(z) > E*(Mp(pyg o Xr(py; T(D) <)
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and since Mp(py > 0 on {T(D) < (}, this forces P*(T(D) < () = 0.
Hence F' is absorbing. [ ]

Of course g(z) < E”:(LZ') and so we may obtain bounds on g by
estimating E* (L'CF) Thus in what follows we are going to assume that
A e At. For A € At let c(A) denote the infimum of the c such that
sup;.c AA; <cas. Then A€ A* has bounded jumps provided c¢(A) <
0o. We come now to the main result of this section. The proof is
borrowed from Chen and Song [CS02].

(4.5) Theorem. Suppose A € Kj with 3 < 1. Then the gauge g(z) =
E*(L¢) is bounded on {g < oo}.

Proof. Let v,K and é be as in (3.3) for A € Kj;. Since v(K) < oo
we may choose M large enough that v(K N{M < g < oo}) < 6. Let
B:=KU{M < g< oo} =K UEKN{M < g < o}). Then
E (A;(B)-) < B. Consequently by (2.7)

(46) E(L.,.(B)_) L7vy:i= (1 — ,8)—1 < 00.
Fix an . Then

9(z) = E°[Ly(p)—;7(B) = (] + E*[L¢—;7(B) < (]
Y+ EE[LT(B)g(X‘r(B)); T(B) < C]

Let F = {g < oo} and suppose that z € F. But F is absorbing and so
g(Xt) < coa.s. P* on [0,([. Hence goX,(gy < M on {7(B) < (} as. P*
since g is finely continuous. Therefore g(z) < v+ ME®[L,(g);T(B) < (]
on F. Since a.s., L;(gy < (1 + ¢)L,(p)— where ¢ = c¢(A), we see that
g<v+Mv(1+c)on F ={g < oo} ]

(4.7) Remark. If one only assumes that A € K 5 with 8 <1, then g
is only defined on E\N4. It follows that g is finely continuous on E\N4
and g is bounded on {g < 0o} N(E\N4). Under the hypotheses of (4.5),
{g = o} = {g > M} where M = sup{g(z) : g(z) < co}. Thus both
{g < >} and {g = oo} are finely open. Therefore if E cannot be written
as the disjoint union of two finely open nearly Borel sets one of which is
absorbing, in particular if F is finely connected, then g is either bounded
or identically infinite. This is the classical form of a gauge theorem.

INA

(4.8) Corollary. Let A € AT and define B, := A + . (e®4s —1).
0<s<t

Then B € A*. If B € Kj for some B < 1, then ga(z) := E®(ef<) is
finely continuous and bounded on {ga < oo}.
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Proof. Since Y, AA, < 0o on [0,{[ on Q4 it is clear that B € AT
0<s<t

and has the same defining set as A. Now (4.8) is evident because e
Exp(B). n

A¢=

Remark. If A = At — A~ € A and one defines Bff := AFf° +
> (eAAsi—l), then B; := B;f —B; € Aand e#* =Exp(B;)/ Exp(B; ).

0<s<t

Therefore ga(x) := E*(e”¢) is nearly Borel, finely continuous and {g4 <

- - + — - .
oo} is absorbing. Here e4¢< = e e ¢ with 0o - 0 = 0 as customary.

Suppose A € A* is purely discontinuous (A = A%) and all of its
jumps are totally inaccessible. In this case the dual predictable projec-
tion AP of A has an especially nice form which we now describe. Let

(49) J:= {(t, LL)) : Xt_ (U)) # Xt(UJ), Xt_(CU) c E}

be the set of totally inaccessible discontinuities of X. Here X;_ denotes
the left limit in the Ray topology. A Lévy system (N, H) for X consists
of a kernel N = N(z,dy) on E with N(z,{z}) = 0 and a PCAF, H,

with empty exceptional set and bounded one potential such that if F €
(E™ ® ™) with F > 0 and Z = (Z;) with Z; > 0 is predictable, then

o0
(4.10) E®Y Z,F(Xs_,X,) = E" / ZNF(X,)dH,
s€J 0
where NF(z) = [ F(z,y)N(z,dy). If A € A* is purely discontinuous
with totally inaccessible jumps, then there exists such an F' vanishing
on the diagonal such that

(4.11) A=A = ) F(X,_,X,).

seJ,s<t
See §73 of [S88]. If X is a special standard process and X{_ is the left
limit in the original topology of E, then X;_ and X are indistinguish-
able on [0,¢[ and so X,_ may be replaced by X2 in (4.11) and s is
automatically in J when X, (= X2 ) # X,,s < (. See [S88, (47.10)].
Moreover if A = AF then

(NF x H)y = / t NF(X,)dH,

is the dual optional projection of AF. Suppose F is bounded. Since
NF x H is continuous, (3.6) implies that A¥ € K} whenever NF x H €
Kj;. In particular if NF * H € Kg. The next proposition treats an
important special case. It is the case considered in [C02]. It is an
immediate consequence of (3.6), (3.10), (4.5) and (4.8).
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(4.12) Proposition. Let A € At have the form A = A° + AF where
A° is continuous and AF is as in (4.11) with F bounded. If A° € K 3
and NF x H € K with B4~ < 1, then g is bounded on {g < co} where
g is defined in (4.2). If G=e¥ —1 and NG+ H € K> with B+v <1,
then ga is bounded on {ga < oo} where g is defined (4.8).

§5. Additional Conditions for the Gauge to be Bounded

In this section we develop some conditions that are equivalent to the
boundedness of the gauge function. We follow a well-trodden path that
was originally broken by Chung and Rao [CR88] and explored further by
Chen and Song and Chen in their papers. The direct results using the
Stieltjes exponential appear to be new. In what follows A = AT — A~ €
A as in the beginning of section 4 and L is defined in (4.1). The gauge
g is defined in (4.2). We begin with the following proposition which is
the part of Lemma 9 in [CR88] and Lemma 7 in [C02] that carries over
to the present situation.

(5.1) Proposition. Suppose that A* € Kj for B < 1 with Ag < oo
a.s. and that E'(A; ) is bounded. Let € > 0. Define

Ty := inf{t : A >ne}, n>1

where as usual the infimum of the empty set is +oo. If the gauge g is
bounded, then

lim sup E*[L,, ;7 < (] =0

n T

Remark. If AT € Kj, then E (A+) is bounded according to (3.7) and
so A+ < 00 a.s. in this case.

Proof. Since the proof is the same for all € > 0, we shall give it for e = 1,
which is the only case used later. Let K,v,§ be as in the requirement
that A* € Kj. Thus E [AT(Bch)_] < 8 when B C K with v(B) < é.
Since AZ’ < oo it follows that {1, < ¢} | ¢. Here and in the remainder
of this section we omit the qualifier “a.s.” where it is obviously required.
Therefore by Egorov’s theorem, since E*(L¢) < 00, E*[L¢; 7, < €] | 0
almost uniformly on K with respect to v. Recall v(K) < oo. Hence
given € > 0 there exists a closed set D C K with v(K\D) < § and an
N such that if n > N, then

(5.2) sup E®[L¢;mn < (] <e.
z€D
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Now D¢ = K°U K\D and 7(D¢) = T(D) A { where T(D) is the hitting
time of D. But A} = A+ ift > ¢ and so E* (AT(D) )= E'(Aj(Dc)_) <
B < 1. Thus by (2.7)

(5.3) E[L}p1S(1-8)"" <o

Define B, = Af“+ 3 log(l 4+ AA7). Note that et = L and so
0<s<t

E?[exp(Br(p)-)] < (1 —B)~!. Since A*, and hence, B has bounded

jumps, sup, E®[exp(Br(p)y)] < oo. Consequently it follows from Corol-

lary 4.2 in [SS00] that there exists p > 1 with sup, E*[exp(pBr(p))] <

oo. Finally PPt = [Exp(A4;)]P = (L; )P and so
(5.4) sup, E”® [(LT(D))P] =M’ < oco.

Let n > max(N,c(AT)) where ¢(A*) is defined in the paragraph
above (4.5). Then

E® [L41T3n < C] EQ[L(aTn < T(D) T3n < C]
+Ew[L(,T(D) < TpyTan < (] =1+ 11.

If T(D) < 7,, then T(D) + T,007(py < T3n since sup, AAY < n and
Tn < Tan o0 {73, < (}. Therefore writing Tp = T'(D) when convenient,

(6.5) II = E°®[L;T(D) < Ty < T3n <(]
< E®[Lyp)Leobr(py; T(D) + Trobr(py < ¢, T(D) < (]
= E*[LppyEX"P)[Lg;m < (I T(D) < (]

Noting that L¢ = Ly(pyL¢obr(p) even if T(D) > ( because (ofr(py =0
in that case, and that Lyp) < L;( p) one obtains from (5.4),

I< “g”Em[LT(D)aTn < T(D):} < ”g”Ez[(L;(D))P]l/ppx[Tn < T(D)]l/q

where 1/p+ 1/¢ = 1. Moreover {7, < T(D)} C {AT(D) >n} and so

Po[r < T(D)] < 2 (B[4 ) ] + (A1) < 1[0+ (4]

Consequently I approaches zero uniformly in £ as n — oo. On the
otherhand X(Tp) € D on {T(D) < (} since D is closed. Thus from
(5.2), (5.3) and (5.5)

II < eE“”[LT(D)] <e(l—PB)7HL+c(AM)).
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Combining these estimates we find that

(5.6) lim supz E®[L¢; T < ¢] = 0.

Next observe that L¢ > (LC_)_l >e~“¢ . Therefore if c=sup, E* (A7),
Jensen’s inequality implies that E*(L¢) > e~°. Hence

E*[Lr,;n < (] < B [Ly, EXT)(L); 7 < (] = €°E®[Lg; 7 < (]
and combining this with (5.6) completes the proof of Proposition 5.1 m

We come now to the main result of this section. This should be
compared with Corollary 2.16 in [C02].

(5.7) Theorem. Let A and A~ satisfy the hypotheses of (5.1) and
suppose in addition that A~ has bounded jumps. Then the following are
equivalent:

(i) sup, E®[L¢] < oo;

(ii) sup, E”® foc L dA} < oo

(iii) sup, E® [ L;dA; < oo;

(iv) sup, E®[sup; ., Lt] < oo;
Proof. Since Ly = L;—(1 + AAF)(1 + AA; )™ < [1 +c¢(AT)|L;— and
L;— < [1+ ¢{(A7)]L:, the equivalence of (i) and (iii) is clear. Also
dL} = L} dAf and so

/ Lodat = [ (L) "dLd > @) ' Eh - 1> (L — 1]
[0,¢[ [0,¢]

for t < (. Taking t = (, (ii) implies (i). Also taking the supremum over
t € [0,¢l,

(5.8) supL; =supL;— <1 -1—/ L;_dA},
t<¢ t<¢ [0,

and so (ii) implies (iv). Clearly (iv) implies (i). Thus it suffices to show

that (i) implies (i) to complete the proof of (5.7). Therefore suppose

that (i) holds. Using (5.1) with € = 1 choose N > ¢(A") such that

A:i=supE®[L.,;7nv <(] < 1.
Define 7% = 0 and 7-1’5]“ =78 + TNOQT}G for ¥k > 0. Then using the
strong Markov property, sup, E® [LT}G ;‘r}{, < (] < Xf. We claim that
TN < 7'1’3, and hence limy 7'1’\“, > (. This is obvious when k = 1. Assume
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that it holds for a fixed k > 0. Writing At(t) = A for typographical
simplicity we have

TEXL = 7k 4 sup{t: AV (7 +1t) — AT(1F) > N}.

If ey < 78, AT (7E) > kKN and so TJ’f,H > T(k+1)n- This establishes the
claim. Now

¢
E® / L,_dA} = ZE’ / L,_dA};7E < (]
o k>0 JIrRrN
=) E° [L,I,%EX(T?&) / Li-dAf;Th < ().
k>0 [0,7n ]

But
E® f L._dA} < E® / Lj dAf
[0,7n] [0,7n
= E°[L},_ 1] < E"eATN ) < N,

and combining these estimates we obtain

<
E“/ Ly dAf <V E*[Lgirh < <eN(1-N)7h
0 k>0
Hence (i) implies (ii) establishing (5.7). ]

(5.9) Remark. Suppose in addition to the hypotheses in (5.7), that E
can not be written as the disjoint union of two finely open sets one of
which is absorbing as in (4.7). Then the condition (5.7 - i) is equivalent to
E*(L¢) < oo for at least one z € E. But in view of (5.8), the remaining
conditions in (5.7) are equivalent to the corresponding condition with
sup, replaced by for at least one xz € E.

We next give a sufficient condition that the gauge g is bounded.
The integral condition in the following result should be compared to the
conditions in Theorem 5.7.

(5.10) Theorem. Let A* € Kz with 8 < 1 and suppose that { < co
a.s. If sup, E* foc Lidt < oo, then g is bounded.

In the course of the proof we shall need the following lemma.
(5.11) Lemma. Let A € Kz with 8 < co. Then ltillg sup, E®(A;) < B.

If B < 1, then there exist C < oo and A > 0 such that sup, E*[L;] <
Cetr.
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Proof. Proposition 2.3 in [C02] asserts that lim sup, E® [;* e~**dA; <
a—o0

B. The proof in [C02] works perfectly well for right continuous A. If
n>0,

Ez/ e—o‘tdAt -——aEz/ e_“tAtdt
0 0
_ / e~ ER(Ayq)dt > B2 (A, ale .
o

This implies that }1‘{% sup, E*(A:) < Be” and letting 7 fall to zero yields
the first assertion in (5.11). If 8 < 1, then it follows from (2.7) that there
exists ¢ > 0 such that sup, E*(L;) < co. Since Q:f(z) := E=[f(X;:)L4]
defines a semigroup, it is well-known and easily checked that this implies
the final assertion in (5.11). ]

We now turn to the proof of (5.10). By (5.11), there exist C < oo
and )\ > 0 such that E*[L}] < Ce*. Since ¢ < oo,

g@) = Y ELgn<(<n+1]

n>0

= Y E*[L.EXM[L;;¢ < 155m < (]

n>0
< Y EF[LEXM[L{Tin < (] < Ce* Y E*[Lain < ().
n>0 n>0

If n <t < n+ 1, then writing ¢ = Ce*

E®[Lnt1sn+1 < (] < E*[Lpya;t <]
= E®[L,EX® Ly 4];t < ¢] < cE®[Lyt < (]

Consequently
<
> E°[Lpn<( <1+ cEz/ Lydt,
n>0 0
and hence g is bounded. u

Remarks. The proof of (5.10) is just the argument on page 831 of
[CR88]. Under the hypotheses in the first sentence of (5.10), the proof

shows that for z fixed, E* foc L;dt < oo implies that g(z) < oco. Note
that in (5.10) it is not assumed that E"(A;) is bounded. If one assumes
in addition that E'(¢) and E"(A; ) are bounded, then the proof of The-

orem 6 in [CR88] may be modified to show that sup, E* foc Ly dt < o0
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is necessary for g to be bounded. This requires showing first that
lim E*[L,;n < ¢] = 0 uniformly in x, which may be proved by an

n—00

argument that issimilar to, but simpler than, the proof of (5.1). We
leave the details to the interested reader.
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