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Bases of Chambers of Linear Coxeter Groups

John H. Walter

§1. Introduction

Let V' be a vector space over the real numbers R. The subgroups of
GL(V) that are generated by reflections are called reflection groups. We
study in this paper those reflection groups from which a polyhedral cone
may be constructed and which lead to a chamber system in V. Using
a result of J. Tits [5], it follows that these groups are obtained from
representations of Coxeter groups. So they are called linear Cozeter
groups. From this point of view, these groups were also extensively
studied by E.B. Vinberg [6] in the case where they have a finite number
of canonical generators. We extend this theory in order to investigate the
reflection subgroups of a linear Coxeter group. We make no restriction
on the number of generators or on the dimension of V. Our object is
to present this subject using the concrete geometric methods that are
associated with the chamber systems in a real vector space.

We apply these results to give a proof that a reflection subgroup of
a linear Coxeter group is again a linear Coxeter group. This generalizes
the result that asserts that a reflection subgroup of a Coxeter group is
a Coxeter group which was independently proved by M. Dyer [3] and
V.V. Deodhar [2]. Our results also characterize a base for the reflection
subgroup, which will be useful in a sequel to this paper.

§2. Linear Coxeter Groups

2.1. Polyhedral Cones

Let V be a vector space over R, and denote its dual by VV. Let
T be a subset of V. We are interested in reflection groups that act on
T. Commonly the choice for T" will be V itself, but in dealing with
reflection subgroups, it is useful to choose T' to be the convex set that
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is left invariant by the associated linear Coxeter group, namely, its Tits

cone.
Let AY be a subset of Vv and set

(1) CA)={veT|A\(v)>0 forall \Y € AV},
(2) CAV)={veT|\(v)>0 forall \Y € AV}.

For AV € VYV, respectively set Dyv and D3, to be the half-spaces
C({AV}) and C({\V})°. Then

(3) C(AY)= () Da and C(AY)°= (] DSv.
AVeAY AVEAY

Likewise set Hyv = AV~1(0) for \Y € VV. Then H,v is the hyperplane
in V which is the envelope for Dyv. A convex subset C(AY) of V given
in (3) is said to be a polyhedral cone in T if C(AY)° # 0. If |AY| =2, it
is sometimes called a dihedral cone.

Definition 2.1. Let IIV C VV. For aVv € IIY, set Fov(IIV) =
Hov N C(I1Y) = Hyw NCIY \ {a¥}) and  F2 (IIY) = Hav N C(IY \
{a¥})°. Given AY C V'V, a subset IV is said to be a base for C(AY)
if C(IIY) = C(AY), and F2, (IIV) # 0 for all v € IIV. In this case,
Fov(I1Y) is said to be a face of C(IIV). We say that IV is a base if it is
a base for C(IIV).

Clearly if ITY is a base, it is a base for C(AY) for any AV D ITY such
that C(AY) D C(IIV). If IV is a base for C(AVY), then the hyperplanes
H,v with @V € IIV are called the walls of C(AY). Note that having

v (ITV) # 0 is equivalent to having C(IIV) > C(IIY \ {a¥}). Thus if
ITV is a minimal subset of AV such that C(IIV) = C(AY), it is a base for
C(AY).

2.2. Reflection Groups

Denote the pairing VV x V' — R given by (A\Y,z) — (AV,z) =
AV(z). A reflection r € GL(V) is determined by two elements o, € V
and oY € VV with

@ (0¥, ) =2
so that
(5) r:z—z—{a), ).

The vectors @, and a, respectively are said to be a coroot and root
of r. Hence H, = a)/~1(0) is the fixed hyperplane of 7 and Ra, is its
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complementary eigenspace. When «, and o, satisfy (4), they are said
to be paired to r. Thus (cay,c la,), ¢ # 0, are the coroots and roots
that are paired to r.

Given a set S of reflections, W (.S) will designate the reflection group
given by W(S) = (s | s € S). Designate by w" the transformation of
V which is contragredient to w € GL(V'). Associated with W (S) is the
contragredient group W(,S')V {wV | we W(S)}, which acts on VV. If
r is given by (5), then rV : ¥ — z¥ — (zV, a, ). Because (o), z) =0
implies (w" o, wz) = 0, it follows that wHay = Hyvay.

Set H (W(S)) = {H | v is a reflection in W(S)}.

Definition 2.2. Let T beasubsetof V,and IV = {ay € VV | i € I}.
Take C(ITV) to be a polyhedral cone in T. Let S = S(IIV) be a set of
reflections s;, 2 € I, where for each i € I, @) is a coroot of s;. Assume
that T is W(S(IIV))-invariant. Then C(I1V) is said to be a chamber of
W (S(I1V)) for the action of W(S(IIV)) on T if

(6) wHay NC(ITY)° =0
for all w € W(S(IIV)) and o) € IIV.

Sett H(W(S);11Y) = {Hpv | B € W(S)'TIV}. As wHay = Hyvay,
(6) is equivalent to having Hgv NC(I1)° = 0 for all Hgv € H (W (S),IIY).

Definition 2.3. If C(IIV) is a chamber such that wC(IIV) = C(IIV)
implies w = 1, then C(I1V) is said to be a regular chamber for the action
of W(S(I1V)) on T and W(S(I1V)) is said to be a linear Cozeter group®.

The translates wC(IIV) of C(IIY), w € W(S), will also be called
chambers of W(S(I1)), and we set C (W(S)) to be the set of chambers
of W(S). When considering a given reflection group W (S(IIV)) acting
on a set T, it will be understood that the chambers in C (W (S)) are
chambers for the action on T. The set C(W(S)) is sometimes called the
chamber system for W(S). When C(II) is a regular chamber, then

(7) wC[)°NC(IIY)° =0
for every w € W(S(IIV)) \ {1}, in which case C(IIV)° is a fundamen-
tal domain for the action of W(S(IIV)) on the subset T(W(S(IIY))) =
UweW(S) wC(I1Y).

Proposition 2.1. LetIIV = {ozv |2 €I} CVV. Take S(ITV) to be

a set of reflections s; with coroots o), i € I, and let T be a W(S(I1V))-
invariant subset of V. A polyhedral cone C(HV) is a chamber for the

!Linear Coxeter groups were defined as such by E.B.Vinberg [6].
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action of W(S(I1Y)) on T if and only if for all w € W(S(I1Y)), either
wC(IIV)°NC(IIV)° = 0 or wC(I1V)° = C(I1V)°. If it is a regular cham-
ber, then H.NwC(I1)° =@ for all H, € H (W (S)) and w € W(S(I1V)).

Proof. Assume that C(II") is a chamber so that wH,v NC(ITV)° =
§ for all i € I and w € W(S(IIV)). So either w¥ay(C(IIV)°) > 0 or
wVaY(C(IIV)°) < 0 for s € I. If wa/(C(IIV)°) > O for all ¢ € I,
then wC(IIV)° = C(wVIIY)° O C(IIV)°. But also w'e) (z) = o (wz)
for x € V; then o (wC(IIV)°) > 0 for all ¢ € I. Hence C(IIV)° D
C(wVITV)° = wC(I1V)°. Thus C(IIV)° = wC(IIV)°. On the other hand,
if wYay (C(I1V)°) < 0 for some ¢ € I, then wC(IIV)°NC(IIV)° C —Dgvn
D3 =0.

Conversely, assume that wC(ITV)° N C(IIV)° = @ or wC(IIY)° =
C(ITV)°. Then in first instance, wHyy N C(IIV)° = @ for i € I. In the
second instance, wH,y intersects only the envelope C(ITV) \ C(I1V)° of
C(I1Y), and again wH,y NC(I1V)° = 0 for i € I.

Finally consider that C(ITV) is a regular chamber. Suppose that H,N
wC(ITV)° # @ for some reflection r € W(S(I1V)) and w € W (S(IT)).
Then rwC(I1V) = wC(I1V). But then the regularity of C(IIV) implies
that w™lrw =1 and so r = 1. Hence H, N C(IIV)° = 0. Q.E.D.

Take IV = {a) | i€ I} C VY, and let S(IIV) be a set of reflections
si, 1 € I, in GL(V) each with coroot o in IIY. Suppose that C(ITV)
is a polyhedral cone. Let ZV(W/(S(IIV))) be the set of coroots of the
reflections in W(S(IIV)). To each a¥ € V(W (S(I1V))) such that H,v N
C(I1V)° = @, either aV(C(IIV)°) > 0 or a¥(C(IIV)°) < 0. Let

(®8) EZVTW(SAT))) ={a’ € BY(W(SAI"))) | ¥ (C(IT¥)°) > 0} .

The elements of XV+ (W (S(I1V))) will be said to be positive with respect
to C(IIY). Because IV C ZV+H(W(S(I1V))), the following proposition
follows from Proposition 2.1. '

Proposition 2.2. A polyhedral cone C(IIV) with base I1Y is a reg-
ular chamber if and only if

(9) c(r) = N Dav.
av ETVH(W(S(IV)))

To each Y € W(SIIV))VILY, sgv = Syvav = wsavw ! is in
W(IIY)). So for all Hgv such that ¥ € W(SY))VIlY and
Hgv N C(I1V)° = 0, either 8Y(C(IV)°) > 0 or sgvBY(CIIY)) > 0.
Set TV(IIY) = {BY e TV(W(S(II))) | Hev NC(I1V)° = 0} and set
TVHIY) = ZV(IIV) n ZVH(W(S(I1Y))). Then C(I1V) is a chamber of
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W(S(I1V)) if and only if XV (IIV) = W(S(IIV))IIV. This is equivalent to
having Dgv 2 C(I1Y) for B¥ € ZVH(IIV). But IIY C ZV(IIV); so the
following proposition follows.

Proposition 2.3. A polyhedral cone C(I1V) with base I1Vis a cham-
ber for W(S(I1V)) if and only if

(10) cr)y= () Dav.
ﬁVEEV“’(HV)

2.3. Dihedral Groups

The argument which we present is directed towards the utilization of
Theorem 3.1 which establishes that (W (S(IIV), S(IIV)) is a Coxeter sys-
tem if each C(II})) is a regular chamber, I}/, being any pair contained in
ITV. Thus the case where W(S(IIV)) is a dihedral group requires special
attention.?

Theorem 2.4. Let S = {r,s} where r and s are reflections in
GL(V). Respectively, let «¥,a and 3,3 be coroot and root pairs for r
and s. Let ITY = {aV, 8"}, and let C(I1V) be the dihedral cone given by
C(IIY) = Dov N Dgv N'T where T' is a W(S)-invariant subset of V and
S = S(IV). The following conditions on the roots and coroots of r and
s are necessary and sufficient for C(IIV) to be a chamber for the action
of W(S) on T.

(1) (0¥,6) <0 and (6%,a) <0,
(12) {aY,8) = 0 if and only if (BY,a) =0,
(13) (o, B)(8Y,0) = dcos”

Yn € Z\ {0}, when {(aV,B)(8Y,a) < 4. Furthermore, W(S(II")) is

finite if and only if (13) holds. If C(IIV) is a chamber, then it is a
regular chamber.

Proof. Since Dyv N Dgv is a chamber for the action of W(S(IIV))
on V if and only if Dov N Dgv NT is also a chamber for the action
of W(S(ITV)) on T, we take T' = V. Thus C(IIY) = Dov N Dgv. Let
Vo = Hov N Hgv. Then Vj is the fixed subspace for the action of W(S)
on V, and V, C C(I1Y). Clearly W(S) acts faithfully on V/V; and
C(I1V)/Vy is a chamber of W(S) on V/V, if and only if C(IT) is a
chamber on V. Without loss of generality, we may assume that Vp = 0.
Then dim V' = 2, and C(I1V) is bounded by the half lines K,v = Hyv N

2This result clarifies a result stated by Vinberg [6].
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C(IIV) and Kgv = Hgv NC(IIY). Set Cs(I1V) = C(IIV) UsC(IIY). Since
C(MIV)NsC(I1Y) = Kgv, Cs(I1V) is the sector in V that is bounded by
K,v and sK,v.

Consider first that C(ITV) is a chamber and that (a",3) > 0. Let
R™ be the set of positive real numbers. Then (4) implies that Rt C
C(I1V). Hence —R*3 = sRT3 C sC(IIV). Because C,(IIV) contains
RS = RT3 U —R*3, the angle 8, from K,v to sK,v satisfies 8, > .
But sH,vNC(IIV)° = §; so Hov NsC(ITY)° = §. Therefore ; = 7. Hence
H,v D Rg, which is equivalent to (aV, 3) = 0. Because H,v is a wall of
Cs(IIV), V = C,(IIV)UsC(I1V) = C(IV)usCIIV)urC(IIV)ursC(I1V).
Consequently W (S) is a fours group; so rs = sr. This implies Ra. € Hgv;
thus (8Y, @) = 0. Likewise {(«¥, 3) = 0 is a consequence of (3Y,a) > 0.
This establishes (11) and (12). The condition (13) is established at the
end of this argument.

Now consider that (11), (12) and (13) hold. If (aV, 8) = (8Y,a) =0,
then W(S) must be a fours group, in which case, C(IIV) is a regular
chamber. So consider that (o¥,3) < 0 and (8Y,a) < 0. Replace the

pair 3V, by the pair ¢8Y,c™'3 where ¢* = égz—gg Then {(aV,8) =
(8Y,a), and C(I1V) remains unchanged along with (a",8)(8Y,a). Let
¢ : VV — V be the correlation that is defined by ¢ : o — aand
¢: Y — B.Let f:V xV — R be the bilinear form that is given by
setting f(z,y) = (¢~ (), y). Then f is W(S)-invariant and symmetric.
Also {(a¥,8) = f(«, 8). By (4), f(a,a) = f(5,8) = 2; set a = f(a, 8).
The discriminant of f is 4 —a? =4 — (o, 8) (8Y, @). So f is indefinite,
degenerate or positive definite according as a® > 4, a = 4, or a? < 4.
Let u = sr, and set U = (u). Since |W(S)| > 4, u? # 1. The discriminant
of the characteristic polynomial of u is a?(4 — a?). So u has 2, 1, or 0
eigenspaces according as f is indefinite, degenerate or positive definite.
In the first two cases, u has real eigenvalues; so |u| = co. Then u and u?
have the same eigenspaces. These must be the isotropic lines of f.

When (a¥,8)(8Y,a) > 4, f is indefinite, its isotropic lines di-
vide V into four sectors V1, Va, Vs, V,, which are permuted by the group
W(S)/U. These lines are interchanged by r and s; hence they are the
eigenspaces for u. As Cs(IIV) N sCu(I1Y) = uK,v = tKav, Cs(ITY) is
contained in one of these sectors, say, V;. It follows then that V; =
Un=> u™Cs(I1V) and that U acts regularly on {u"C,(IIV) |n € Z}.
From this, it follows that W(S) acts regularly on {wC(I1V) | w € W(S)}.
Therefore C(I1V) is a regular chamber.

The situation is similar when (aV, ) (8Y,a) = 4and f is degener-
ate. The difference is that in this case there two sectors V; and V5 which
are separated by the unique isotropic line. This forces Ra = RS.
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Next suppose that (@, 3) (8Y,a) < 4, in which case f is positive
definite and W(S) is finite. Then f gives rise to a scalar product® where
a=a-f3 = 2cosf and 6 is the angle between the half lines RT o and
R* 3. The difference 6y = II — @ is the angle between the half lines Kov
and Kgv and hence 6 is the angle of the sector C(IIV). So 26, is the
angle of the sector C;(ITV), which is also the angle of the rotation u. Let
n be the least positive integer such that C,(ITY) Nu™Cs(I1Y) # @. Then
C;(I1Y) is a chamber for U if and only if 26n = 2x. This is equivalent
to having (o, 8)(8Y,a) = f(a,B)? = a® = 4cos® = where n € Z \ {0}.
Clearly Cs(I1V) is a chamber for U if and only if C(IIV) is a chamber for
W (S). This proves that C(ITV) is a chamber as well as showing that (13)
is a consequence of C(IIY) being a chamber. Since [C(W{(S))| = |W(S)],
C(I1Y) is also regular.

Finally, note that is finite if and only if u has no real eigenvalues,
which is equivalent to (13) Also we have shown that (12), (11) and (13)
imply that C(IIV) is regular and that these conditions are implied when
C(I1Y) is a chamber, in which case it must be regular. Q.E.D.

§3. Characterizations

3.1. Characterization of Linear Coxeter groups

The next result is due to J. Tits [5]. This argument was developed
from his result which establishes the contragredient representation of a
Coxeter group (cf. Bourbaki [1, V, §4.4] or Humphreys [4, p. 126]).

Theorem 3.1. Let S be a set of reflections s;, ¢ € I, in GL(V)
and let o , o; be a paired coroot and root of s;. Set T = {a) | i € I} and
II={a;|iel}. Let T be a W(S)-invariant subset of V. Suppose that
C(IIV) is a chamber for the action of W(S(ITV)) on T such that C(IL};)
is a regular chamber for W(S(I1;;)) for each pair HLVJ- ={a},a)} C .
Then (W(S),S) is a Cozeter system, and W(S) is a linear Cozeter
group acting on T

Proof. The proof of Theorem 3.1 as we have stated it is obtained
from Tits [5, Lemme 1]. Tits’ argument is centered about the proof of
the following statement?:

8¢f. Bourbaki [1, V, §2.3].

4Actually by replacing w by sw,the second statement becomes a conse-
quence of the first; so the argument is directed to proving the first statement.
Also Tits’ statement does not require that s be a reflection.
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(P) Let w € W(S). Then, given s € S with coroot o), either
wC(I1V) € sDay and £(sw) = £(w)—1 or wC(IIV) C Dyy and £(sw) =
f(w) + 1.

where £(w) is the number of factors from S in a shortest expression of w
as a product of elements of S. The argument is by induction on £(w). As-
suming that (P) holds for each dihedral group W (S(IL};)), 4,J € I, Tits
argues by induction on #(w) that (P) holds for W(S). Either Lemma
1 of [1, V, §4.5] or the description of the action of W(S(ILY;)) on its
chambers given in Theorem 2.4 can be used to establish (P) for the sub-
groups W(S(IT;)). The condition (P) for the group W (S) immediately
implies the regularity of its chambers in the following way. Suppose that
w(C(I1Y) = C(IY) for some w € W(S). Then wC(II¥) C D,y for all
i € I.So by (P), £(sayw) = £(w) +1 for all s,y € S. But this fails when
w # 1 since there exist o)’ € IIY such that {(sayw) < ¢(w). Because
W (S) can be regarded as a Coxeter group acting on the chamber sys-
tem C(W(S)) the above argument also shows that this action is effective.
Hence (W (S), S) is a Coxeter system. Q.ED.

Let S = {s; | ¢ € I} be a set of reflections of a reflection group W.
Let o) and «; respectively be paired coroots and roots for s;, i € I. Set
IV ={a) | i€ I} and II = {ov; | i € I'}. We say that the sets IV and II
have the Cartan property if every pair (o), o), 7,5 € I, i # j, satisfies
the conditions (11), (12) and (13) of Theorem 2.4. A direct application
of Theorem 3.1 and Theorem 2.4 gives the following corollary.

Corollary 3.2. Let S be a set of reflections s;, i € I, in GL(V)
and let oY, a; be a coroot and root of s;. Set IIV = {a) |i € I} and
II = {a; | i € I}. Suppose that C(I1V) is a polyhedral cone in a W(S)-
invariant subset T of V.. If C(I1V) is a chamber for the action of W(S)
on T and if IV and II have the Cartan property, then W (S) is a linear
Cozxeter group.

Theorem 3.3. Let S be a set of reflections s;, 1 € I, in GL(V)
and let o) and «;, respectively, be a paired coroot and root of r;. Set
IV ={o)y |t €I} and Il = {; | % € I} s0 that S = S(I1V). Let C(I1V)
be a chamber for the action of W(S) on a W(S)-invariant subset T, and
let IIV be a base for C(I1V). Then the sets 11V and I1 have the Cartan
property, and W (S(I1V)) is a linear Coxzeter group acting on T.

Proof.  For each pair IT}; = {o}’, @} C IV, we argue that C(IT}};) is
a chamber for W(S(IT})). By (10), C(IIV) = ({Dav | & € ZVH(I1V)}.
It is required to show that Hov N C(ILY)° = 0 for oV € BYF(ITY)).
So suppose that for some ¥ € BVH(ILY;), Hov N C(IY)° # 0. Now
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C(IIY) € C({e),a}) where k = ¢ or j. For definiteness, suppose k = 1.
Let Vo = HayNHay; then Hov 2 Vo and HayNC({a, o }) = Vp. Hence
Hay nC(I1Y)° = § inasmuch as C(IIY)* C C({a", oy }). In particular,
this implies that Fg}, (IIV) N C(I1Y) = 0. But IIV is a base; so we have
a contradiction. Therefore, C(ITY;) is a chamber for W(S(IT};)). By
Theorem 2.4, it is a regular chamber and IIY; and II;; = {cy, a;} have

the Cartan property. Thus also IIY and II have the Cartan property.
Corollary 3.2 implies that W (S(I1V)) is a linear Coxeter group. Q.E.D.

3.2. The Tits Cone

In this section, all linear Coxeter groups will be regarded as acting
on V. We consider a linear Coxeter group W(S) where S is the set
of reflections S = {s; | 1 € I}, and C(IIV) is a regular chamber such
that IIV = {a) | ¢ € I}, o) being a coroot of s;. For § C J C I, set
V= njeJHa]V? then Vy =V and I = 0. Set F; = C(IIY) N V; and

(14) Fj(IIY) = C(M\II})° NV,

where ) C J C I. The subset F$(IIV) is called a facet of C(II) provided
that it is nonempty. Then C(IIV) = Uy ;c; F$(ITV). The subspace V;
is said to be the support of Fy(ITV) and FS(ITV). The subgroup Wy =
(sj | j € J) is called a parabolic subgroup of W(S). Set Iy = {ay €
IV | j € J}. Theorem 3.1 implies that W is a linear Coxeter group
for which C(IIY) is a chamber. Since W leaves fixed Vj, it also leaves
fixed F;(IIV). If @ C J C K C I, then V; D V. Let J* be the subset
of I such that Ha]y D Vjforj € J*. Then J* is the maximal subset of I
such that V- = V. Hence o (F$(I1")) = 0 for all j € J*. So F3(II") =
V;NCIY \ITY)° = Vy. NC(IY \ II% )° = F9. (I1V). Let M (I1V) be the
set of such maximal subsets J* of I. Thus the set F (C (IIV)) of facets
contained in C(IIV) is given by F (C (IIV)) = {F(I1V) | J € M(I1V)}.
It is clear that the facets in F (C (IIV)) are mutually disjoint and that
C(HSV) = U{Fy(1Y) | F3(TTY) € F(C (IT))} .
et

(15) Tw(S)= |J wo@m).

weW (S)

Denote the complement of the envelope of the convex hull of T'(W(S))
by T(W(S))°. The set T(W(S)) is convex. Consequently T(W(S)) is
called a Tits cone. For w € W(S) and 0 C J C I, wF$(I1V) is a facet
of wC(ITY) with support wV;. The corresponding parabolic subgroup is
wWw~!. Designate F (W(S)) to be the set of facets of the chambers
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(16) TW(8) =JF W (9).

Standard arguments® give the next two propositions and, together
with (16), show that two chambers in C (W (S)) can intersect only in a
common facet and that the decomposition (16) is a partition of T(W(S)).

Proposition 3.4. Let F$(I1V), Fg(II) € F(C(I1Y)) and take w €
W(S). Then if FS(IIV)NwF(IIV) # 0, J = K and w € Wj. In partic-
ular, for wF$(I1V) € F(W(S)),

wWiw™t = {u € W(S) | vwF$(II) = wFS(I1V)}.
Proposition 3.5. T(W(S)) is convez.

Proposition 3.6. Let W(S) be any linear Cozeter group acting
on V. Let C(I1V) be a chamber for W{(S) with a base I1V. Then W(S)
is finite if and only if —C(IIV) C T (W (S)) and thus if and only if
T(W(S))=V.

Proof. The convex hull of C(ITV) U —C(I1V) is V. So T(W(S)) =
V if and only if —C(IIV) C T(W(S)). Let IIV = {a) | i € I} where
S ={s;|i€I}and ) is a coroot of s;. It is well-known® that a linear
Coxeter group W(S) with a finite set S of generating reflections is finite
if and only if —C(IIV) C T(W(S)). Of course, if W(S) is finite, then S
is finite. Therefore, it remains to show that if —C(II") is a chamber for
W (S), then S is finite. So assume that there exists wg € W(S) such that
woC(IIV) = —C(I1Y). Then woC(IIV) C 5;Dqy = —Dgy for all i € I.
However, by (P) of §3.1, this occurs only if s; appears in a reduced
expression of wy as a product of reflections in S. Since £(w) < oo, this
implies that S is finite. Q.E.D.

If Wy is finite, then F$(IIY) is said to have finite type. Set
E (W (S)) to be the subset of F (W (S)) consisting of facets of finite
type. Clearly £(W(S)) is W(S)-invariant. Finally set

(17) EW(S)) = JeW ()

5¢f. [1, V, §4.6]. This argument is an induction based on the mutual
disjointness of the facets in F (C (IIV)).

Scf. [1, Ex. 2, p.130]. This exercise pertains to the present situation
since (P) of §3.1 is available.
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Define the star of a facet wF?(ITV) to be the subset
stwF3(I1Y) = {uFg (1Y) € F (W ($)) | uFxc(11Y) 2 wF3(IY)}

of F (W(S)) . It is clear that uC(II") = uFg(I1V) 2 uFk (V). Therefore
the facets in stwF$(IIV) are those that are contained in a chamber
wC(IIV) = C(uVIIY) for which w¥IIY D wVIIY. Set

(18)  C(wF(IIY)) = {C € C (W (S)) | C° € stwF(I1V)}.

Each chamber C' € C (wFS$(IV)) has the form C = uwC(IIV) for some
u € W (S). In particular, we may take v = 1 since clearly wC(IIV)
is in C(wF$(IIV)). Any two chambers v;wC(IIV) and vewC(IIY) in
C (wF$(I1V)) intersect in Fiz = viwC(I1Y) N vawC(I1V) where FP, €
stwF9(I1V). For wF(IIV) € F (W (S)), set

(19) N(wF3(IIY)) = | JC (wF3(II")).

Theorem 3.7. Let F° = F(I1V) € F (W (S)) where IV = {¢ |
1 € I}, and let wC(I1V) = C(uwYIIY) € C(F°) where uw € W(S), Set J, =
{Fel|uwal(F°)=0} and Ky = I\ J, = {j €I |u’a((F°)>0}.
Set TV = J {u"TlY, | C(u¥I1Y) € C(F°)}. Then the following holds.
(i) uC(I1Y,) € C(Wy). When C' € C(W;), then C' N C (V) €
C(F°), and C(F°) = {uC(I1V) |u € Wy}.
(ii) N(F°) = C(IV) CT(Wy), and TV is a base for the polyhedral
cone C(TV) where TV = |J{(uVII} ) |u € Wy} .
(iii) F° C N(F°)° if and only if F° € € (W (S)) .

Proof. (i) The hyperplanes Hyvay, aj € IIy  are hyperplanes of
reflections ryvay € Wj. Clearly uC(IIy ) is a polyhedral cone. It is
a chamber for W, for otherwise there would exist H, € H (W) such
that H, NuC(ITy )° # @ in contradiction to H, NuC(I1V)° = 0. On the
other hand, if C' € C(Wj). Then C' 2 V; D F°; hence it contains a
chamber C; € C (F°). Since the chambers in C(F°) belong to distinct
chambers of the stabilizer of F°, which is W;, C' contains only one
chamber of W(S). This forces C' N C(I'V) € C(F°). Clearly C(IIV) €
C(F°); so IV = I}, UIlY, and C(F°) = {uC(I1") | u € W;} inasmuch
as C(Wy) = {uC(I}) |u e Wy}.

(i) Now I'V = J{(uVII} ) | uC(I1V) D F°}. But because F° ¢
Hyvoy for uwav € TV, F° C Doy ,v. But then uC(IIV) C Dgy,,v for
uC(IV) € C (F°). Thus N(F°) C C(I'°). However, T(W(S)) C T(W;)
and the set C (W) partitions T(W). Then the set {C' N C(I'°) | C’ €
C (W)} partitions C(I'°) into the set C(F°). Thus N(F°) = C(I'®).
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Now UuVa;;erv Fivay (T'V) is the envelope B(I'V) of C(I'Y), and each
F2, v (T'V) contains the face Flvay (uC'(I1Y) of uC(I1V) € st F°. Conse-
quently F;’val (T'V) # 0; so for each u¥ay €T, nga: (T'V) is a face of
C(T'V), and thus I'V is a base.

(iii) Because F° C Vj, it is contained in the Tits cone T(W) of W;.
But F° C T(Wy)° if and only if T(W;) = V. It follows from Proposition
3.6 that T(W;) = V if and only if W; is finite, in which case F° ¢
E (W (S)). So it remains to show that F° C N(F°)° if and only if
T(W;) = V. Now T(W;) 2 T(W(S)). So F° € T(W;)° is equivalent to
both T(W;) # V and F° € N(F°)°. On the other hand, F° C T'(W;)°
is equivalent to T(W;) = V and thus to having the envelope of C(T'V)
being contained in the walls H,v, v € TV, of C(I"°). But v/ (F°) >0
for all u¥ay € I'V. This means that F° ¢ C(I'V)° = N(F°)°. Q.E.D.

Corollary 3.8. Let W(S) be a linear Cozeter group acting on
V, and let T(W(S))° be the interior of its Tits cone T(W(S)). Then
E(W(S)) =T(W(S))°.

Proof. By virtue of Theorem 3.7, it follows that F° C N(F°)° =
C(TV)° if and only F° € £ (W (S)) where I'V is defined by (3.7). But
C(IV)ye C T(W(S)). So F° C T(W(S))° if F° € £(W(S)). On the
other hand, if F° ¢ T(W(S))°, then F° 2 E(W(S)), and it follows
that F° ¢ T(wW w™')° where wW, w™! is the subgroup of W(S) that
fixes F°. As we argued in Theorem 3.7, this implies that W} is infinite
and so F° ¢ £(W(S)). Then F° ¢ E(W(S)), and by (16), T(W(S))° =
E(W(S)) . QE.D.

3.3. Reflection Subgroups

A Coxeter group is given by a Coxeter system (W (S),S), which
specifies its presentation, and W (S) may always be represented as a lin-
ear Coxeter group’ by means of the contragredient representation. The
involutions in W (SS) that correspond to the reflections in this representa-
tion are those that belong to the set R of the conjugates of the elements
of S. Independently by M. Dyer [3] and V.V. Deodhar [2] showed that
a subgroup of a Coxeter group that is generated by these involutions
is again a Coxeter group. Also J. Tits has noted that Theorem 3.1 is
applicable to this problem. Here we offer a direct proof that a reflec-
tion subgroup of a linear Coxeter group is a linear Coxeter group. This
immediately implies that it is a Coxeter group. The importance of a
direct proof lies in the geometrical insight which it provides, which is

"cf. Bourbaki [1].
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useful when investigating particular reflection subgroups which can be
identified by an explicit construction of the base of a chamber.

In this section, we work with a given linear Coxeter group W =
W (S) and a reflection subgroup Wy. We take T = E(W) to be the
underlying set 7" that is used to define the chambers of W and Wy by
means of (1).

Theorem 3.9. Let W be a linear Cozeter group acting on V with
a regular chamber C(I1V) that has a base 11V. Let Wy be a reflection
subgroup of W that is generated by a set of reflections. Then Wy is a
linear Cozeter group with a chamber C(ILy) that contains C(IIY).

Proof. Set

(20) Co=| () Dy |NnEW).

v+
YVED,

It follows from Corollary 3.8 that E(W) = T(W)°; so C(IIV)° # 0.
Because Cy 2 C(IIV)°, it follows from (10) that Cy is a chamber for Wj.
By virtue of Theorem 3.3, it remains to show that Cy has a base. Let
II§ be the subset of Xy consisting of those coroots vV such that H.v
is a wall of a chamber w,vC(IIV) of W that is contained in Cp; then
vV = w,vay for some o € IV and

Fu(Ig) = Hy N C(Ig \ {77})* 2 Hyv 0 C(wy I\ {wyvei })° # 0.

Therefore II§ is a base. By virtue of (20), C(IIY) 2 Co.

So it suffices to show that Cy 2 C(IIy). Let By be the envelope
Co \ C§ of Cy. By virtue of Theorem 3.4, By = | {wF3(II) € F (W) |
wF9(1I) C By}. Take wF9(I1Y) € F (W) where wF$(IIV) C By. Then
by Theorem 3.7, N(wF9(IIV)) is polyhedral cone, and as T(W) =
E(W), wF°(IIV) C N(wF°(IIV))°. So as wF(IIY) C By, CpnN
N(wFS(I1V))° # 0. Hence CoNN(wF$(I1V)) is a polyhedral cone C(Ag)
where Ay C 2V,

As wF$(IIY) C By, it follows from Theorem 3.7 that wF(I1V) ¢
C(Ag)°. This means that wF$(IIY) is contained in the envelope of
C(AY). Because wF9(I1V) € £ (W (S)), the parabolic subgroup wW jw=?
is finite. Therefore Ay is finite and C'(AY) has a base IIV(wF9(IIV)).
Let IIY (wF9(I1V)) denote the subset of IIY(wF$(IIV)) which consists
of those vV € XyT such that H,v O wF$(IIY). Then Iy (wF$(I1V)) C
2y, and Cop N N(wF$(I1Y)) = C(Iy (wF$(I1Y))) N N(wFS(I1V)). Since
H, N NwF$I1Y))° # 0 for vV € I (wF$(I1V)), it follows that
IIg (wFg(IV)) CIIy. Set Iy = Ung(HV)gBO 1§ (wF$(I1Y)). Then ITY C
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Iy and C(IIY) 2 C(II¥). By virtue of Corollary 3.2 and Theorem 3.3,
I1Y inherits the Cartan property from IIy . Therefore IT} is a base for the
polyhedral cone C(I1), and C(IIy) = NwFe@v)cB, C(IIY (wF9(I1Y))).
Since By = |J{wFS(Il) | wF$(II) C By}, By is contained in the enve-
lope of C(IIY). Since Cy is the convex hull of By, we now have Cy D
C(my) 2 C(Imy). QED.
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