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The Milnor fiber as a virtual motive

Francois Loeser

In this text, which correponds to our talk at the Conference “Sin-
gularities in Geometry and Topology” held in Sapporo in July 1998, we
present our results, obtained in collaboration with Jan Denef, on the
virtual motive associated to the Milnor fiber.

§1. Introduction

1.1. Let X be a smooth and connected complex algebraic variety
and consider f : X — C a non constant morphism. For any singular
point z of f~1(0), the Milnor fiber at z is defined as

F, := B(z,e) N f1(¢),

for 0 < |t| « € <« 1, with B(z,¢) the open ball of radius e centered
at z. There is some abuse of notation here, since, strictly speaking, F, .
depends on the choice of € and ¢, but all the invariants we shall consider
will not.

Maybe the most natural invariants of the Milnor fiber to look at
first are the Betti numbers

bi(F,) := rkH'(F;, C).

In fact, these numbers are in general very difficult to compute as soon
as the singularity of f = 0 at z is not isolated. Much more easy to
determine is the Euler characteristic

x(Fz) = Z(—l)ibi(Fx)-

When X is of dimension n and the singularity of f = 0 at z is isolated,
x(Fz) = 1+ (=) bp_1(F;), and bp_1(F;) is nothing else but the
Milnor number.
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1.2. Of course, the information given by this Euler characteristic
is quite weak. An already better invariant may be obtained by taking in
account the natural monodromy action on the cohomology of F,. The
action of the monodromy operator M gives a canonical decomposition

(1.2.1) H(F,,C)= @ H'(F.,C),
AECX

with H*(F,,C)) the part where the eigenvalues of M are equal to \.
Hence one can refine the invariant x(F;) by defining

X(Fe)x = Y _(=1)'tkH*(F;, C)».

%

By A’Campo’s formula [1] (in fact a direct consequence of the commu-
tation of the nearby cycle functor with the direct image with proper
support functor [22]), the following simple formula for x(F;), in terms
of a resolution of f = 0 holds:

X(Fw))\ = Z X(Sm n Tr_l(x))'
Am=1

Here the notation is the following: we are given a resolution 7 : X — Xof
f =0, X is smooth, 7 is proper and birational, the preimage E of the
singular locus of f~1(0) is a divisor with (strict) normal crossings, and
m is an isomorphism onto its image outside F, and S,,, denotes the open
subvariety of E where 7~1(f~1(0)) is locally given by z™ = 0, z being
a local coordinate.

Since the cohomology groups H*(F,;, C) carry a natural mixed Hodge
structure [19] [21] [12] [13] [14], one can consider generalized Hodge num-
bers

eP? =Y (~1)*hPIH(F,, C)

and
X = Z(—l)ihp’qu(Fw»C))"

In fact the data of the e}’?’s is equivalent to that of the Hodge spectrum
defined in [19] [21] [20] [14]. (For an analogue of A’Campo’s formula for
the Hodge spectrum see Remark 4.2.2.)

The commun feature for all these invariants is that they all may
be defined as some kind of Euler characteristics. The main object of
this paper is to provide, in some sense, universal invariants of Euler
characteristic type for the Milnor fiber.
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§2. TUniversal Euler characteristics and motives

2.1. Universal Euler characteristics

Invariants of Euler characteristic type take usually their values in a
ring and satisfy relations of the type F(AUB) = F(A)+F(B)—F(ANB)
and F(A x B) = F(A)F(B). Consider now Sch, the category of reduced
and separated schemes of finite type over C (i.e. varieties) and define
the abelian group Ko(Sch) as the quotient of the free abelian group
generated by symbols [S], S in Sch, by the relations

18] = (5],
for S’ isomorphic to S and
[$] =8+ [S\ S,
for S’ closed in S. There is a natural product on Ko(Sch) such that
[S18] = [S x 57,

which provides Ko(Sch) with a ring structure. To any constructible
subset W of a variety S one can naturally associate an element [W] in
Ko(Sch) such that

WuWw'] = [W]+ [W']—-[WnW|

(just write W as the disjoint union of a finite family of varieties S; and
set [W] = Y_[S;]; this is independent of the choice of the S;’s). Clearly
S+ [S] is the “universal Euler characteristic” of algebraic varieties.

2.2. Motives

In our situation we are interested in keeping track of the monodromy
action, in particular we want to have some analogue of the eigenvalue
decomposition (1.2.1). This is in fact one of the reasons why motives en-
ter in the picture: if a finite group G acts on a smooth projective variety
X, there is a direct sum decomposition h(X) = @ h(X)q of the motive
h(X) associated to X, with o running over the set of irreducible charac-
ters of G. The notion of motives being maybe not so familiar to people in
singularity theory (though they are in fact easy to define, natural, and,
we hope to convince the reader, useful), we shall give now some basic
definitions (a good recent reference is [18]). Let V denote the category of
smooth and projective C-schemes. For an object X in V and an integer
d, Z%(X) denotes the free abelian group generated by irreducible subva-
rieties of X of codimension d. We define the rational Chow group 44(X)
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as the quotient of Z¢(X)® Q modulo rational equivalence. For X and Y
in V, we denote by Corr” (X,Y’) the group of correspondences of degree r
from X to Y. If X is purely d-dimensional, Corr"(X,Y) = A" (X xY),
and if X =[] X;, Corr"(X,Y) = @ Corr"(X;,Y). The category Mot of
C-motives may be defined as follows (cf. [18]). Objects of Mot are
triples (X,p,n) where X is in V, p is an idempotent (i.e. p? = p) in
Corr®(X, X), and n is an integer in Z. If (X,p,n) and (Y, q,m) are
motives, then

Hompot (X, p, 1), (Y, q,m)) = ¢ Corr™ ™(X,Y) p.

Composition of morphisms is given by composition of correspondences.
The category Mot is additive, Q-linear, and pseudo-abelian. There is a
natural tensor product on Mot, defined on objects by

(X,p,n)®(Y,g,;m) = (X xY,p®q,n+m).

We denote by h the functor h : V° — Mot which sends an object
X to h(X) = (X,id,0) and a morphism f : Y — X to its graph in
Corr®(X,Y). This functor is compatible with the tensor product and
the unit motive 1 = h(Spec C) is the identity for the product. We denote
by L the Lefschetz motive L = (Spec C, id, —1). One can prove there is
a canonical isomorphism

P ~10L,

so, in some sense, L corresponds to H?(P!). We denote by V the invo-
lution v : Mot® — Mot, defined on objects by (X, p,n)Y = (X, *p,d —n)
if X is purely d-dimensional, and as the transpose of correspondences
on morphisms. For X in V purely of dimension d, h(X)Y = h(X)®L™¢
(Poincaré duality). For any field E containing Q one defines similarly
the category Mot ® E of motives with coefficients in F, by replacing the
Chow groups A" by A" ®q E.

Since algebraic correspondences naturally act on cohomology, any
cohomology theory on the category V factors through Mot and Mot® E,
for E an extension of Q, hence motives have canonical Betti and Hodge
realizations.

Consider Ko(Mot), the Grothendieck group of the pseudo-abelian
category Mot. It is the abelian group associated to the monoid of iso-
morphism classes of motives with respect to @. The tensor product on
Mot induces a natural ring structure on Ko(Mot). One defines similarly
the ring Ko(Mot ® E) for E an extension of Q. Of particular interest to
us will be the case when F is the extension Q(u«0) of Q generated by all
roots of unity in C. To simplify notation we set A := Ko(Mot®Q(1e0))-
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Realization functors on Mot induce realization morphisms on the
level on Grothendieck groups. In particular, we shall consider the Hodge
realization morphism

H:A— Ko(MHSc),

with Ko(MHS¢) the Grothendieck group of the abelian category of com-
plex mixed Hodge structures.

By the following result of Gillet and Soulé [9] and Guillén and
Navarro Aznar [10] one can assign to any algebraic variety a natural
Euler characteristic (with proper suppports) with value into the ring
Ko(Mot) of virtual motives.

Theorem 2.2.1. There exists a unique morphism of rings
Xe : Ko(Sch) — Ko(Mot)

such that x.([X]) = [M(X)] for X projective and smooth.

Remark that x.([A!]) = L. From now on we shall also denote by L
the element [Al] in Ko(Sch). ¢

Let G be a abelian finite group (in fact the assumption that G is
abelian is irrelevant). Let X be an algebraic variety over C endowed with
a G-action. We say X is a G-variety if the G-orbit of any closed point
in X is contained in an affine open scheme (this condition is always
satisfied when X is quasi-projective). One defines in the usual way
isomorphisms and closed immersions of G-varieties and so one may define
a ring Ko(Sch, G), the Grothendieck ring of G-varieties over k, similarly
as we defined Ko(Sch).

For any character a of G, let us denote by p, the corresponding
idempotent in Q(poo)[G]- Let X be a smooth projective variety on
which G acts. There is a natural ring morphism g from Q(ieo)[G] to
the ring of correspondences on X with coefficients in Q(uc) sending a
group element g onto the graph of multiplication by g. Let us denote by
h(X, &) the motive (X, u(pa),0) in Mot ® Q(oo)-

The following equivariant analogue of Theorem 2.2.1 is proved in
[6].

Theorem 2.2.2. For any character a of G, there erists a unique
morphism of rings
Xe(- @) : Ko(Sch,G) — A

such that x.([X], @) = [M(X,a)] for X projective and smooth with G-
action.
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2.3. An example: Fermat Hypersurfaces and Jacobi mo-
tives

An important and classical example of varieties with group action
giving rise to interesting motives are Fermat hypersurfaces. These mo-
tives will also occur naturally in our motivic analogue of the Thom-
Sebastiani formula (Theorem 5.4.2). For n > 1, we consider the affine
Fermat variety F}' defined by the equation z¢+---4+ 122 =1in A" The
action of ug, the group of d-th roots of unity, on each coordinate induces
a natural action of the group u7; on F}. Hence, for a, ... , a, characters
of ug4, one defines the Jacobi motive J(a,... ,a,) as the element

J(oa, ... yon) = x(FZ, (01, .. ,an))

in A. It is clear that J(ay, ... ,ay) is symmetric in the o;’s. In fact, as is
quite clasical, one can recover from J(aji, ... ,ay) the usual Jacobi sums
(via étale realization using the Galois action) and the Beta function (via
the period pairing for the Hodge realization) (cf., e.g., [2]).

The following identities which are analogues of classical identities
for Jacobi sums and Beta functions are proved in [8].

Proposition 2.3.1. (1) We have J(1,1) = L.
(2) We have J(1,0) =0 if o # 1.
3) Ifa#1, J(a,a™t) = —1.
(4) We have

J(al,az)[J(alaz,ag) e 8] = J(al,az,ag) - 5,

withe=6=0ifarae#1,e=1,6=1L-1), ifocnaz =1 and
a;F#F1l,ande=1,6=L, ify = ay = 1.

§3. An interlude: Motivic Igusa Zeta functions

3.1. Let p be a prime number and let K be a finite extension of
Q,. Let R be the valuation ring of K, P the maximal ideal of R, and
K = R/P the residue field of K. Let ¢ denote the cardinality of K,
so K ~ F,. For z in K, let ord z denote the valuation of z, and set
|z| = ¢7°"4%. Let f be a non constant element of K[zy,...,Zm]. The
p-adic Igusa local zeta function Z(s) associated to f (relative to the
trivial multiplicative character) is defined as the p-adic integral

(3.11) 2(s) = /R 1f@)lde],
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for s € C, Re(s) > 0, where |dz| denotes the Haar measure on K™
normalized in such of way that R™ is of volume 1. For n in N, set
Z, = {z € R™ | ord f(z) = n}. We may express Z(s) as a series

(3.1.2) Z(s)=>_ vol(Z,)q™™.

n>0

Now, if we denote by X, the image of Z,, in (R/P"*1)™, we may rewrite
the series as

(313) Z(s) = Z card (Xn) q—ns—(n+1)m

n>0

since vol (Z,) = card (X,,) g~ (»t1)m,

3.2. Now let X be a smooth and connected complex algebraic
variety and consider f : X — C a non constant morphism. We denote
by L£(X) the space of formal arcs on X: there is a natural bijection
between the space of C-points of L(X), L(X)(C), and X (C|[t]]). There
is a natural structure of C-scheme on £(X), but we shall always consider
L(X) with its reduced structure. Similarly, for n > 0, we can consider
the space £,(X) of arcs modulo ¢"*!: a C-point of £,,(X) corresponds
to a C[t]/t"+1C][t]-point on X. The space £,(X) may be endowed with
a natural structure of C-scheme of finite type, and there is a natural
morphism

T L(X) — L(X)

given by truncation. In this setting L(A™) and £,(A™) may be consid-
ered as analogues of R™ and (R/P"*!)™. Pursuing this analogy further,
one considers the reduced subscheme Z,, of L{A}*) whose points are the
series ¢ such that ord;f(¢) = n and the image X,, of Z, in L,(A}),
which has a natural structure of variety over C. More generally, for W
closed in X, we shall denote by Zw,,, the closed subscheme of Z,, whose
points are arcs ¢ with ¢(0) in W and by Xw,, its image in £,(AJ}).

A natural analogue of the right-hand side of (3.1.3), which is a series
in Z[p~!]{[p~*]), is the following series in Ko(Schy){L~1}{[L~*]]

(3.2.1) deom(s) = Z [Xn] 1,-ns—(n+)m
n>0

Here L~* is just the name for a formal variable which could as well be
written T' = L%,

3.3. More generally, p-adic Igusa local zeta functions involve mul-
tiplicative characters. Let 7 be a fixed uniformizing parameter of R and
set ac(z) = zr~°2 for z in K. For any character a : R — C* (ie.
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a group morphism with finite image), one defines the p-adic Igusa local
zeta function Z(s,a) as the integral

(331) Z(s,0) = [ a(aclf@))Ife)ldel,

for s € C, Re(s) > 0 (see [11], [4]). To extend definition (3.2.1) to the
more general situation involving characters, we shall use motives in the
following way.

We fix an integer d > 1. Let g : W — C* be a morphism of C-
varieties. For any character « of pq, one may define an element [W]g o
of Ko(Motr ® Q) as follows.

The morphism [d] : C* — C* given by z — z° is a Galois covering
with Galois group pg. We consider the fiber product

d

Wga —— W

! l

[d

c* —— C*.
The scheme Wg,d is endowed with an action of 14d, so we can define
Wls.a := Xc(Wy.a, )-

In our setting we can consider the morphism f, : X, — C* whose
value at a series ¢ is the coefficient of order n of f(p). When d divides
d’ we have a canonical surjective morphism of groups pg — g given by
z +— z%/% which dualizes to a injective morphism of character groups
Ha — ftar- We set i := lim fiy. We shall identify fig with the subgroup
of elements of order dividing d in fi.

Now let a be in i an element of order d. Viewing « as a character
of ug, we may now define the series

(3.3.2) Zmot(5,0) = D [Xnlf, .o LT (4O
n>0

in Ko(Mot, ® Q)[[L™*]]. More generally, for W a closed subvariety of X,
one defines similarly a series Zmnot,w (s, @) by replacing in the previous
definition X, by the variety Xw,,.

3.4. Rationality and formula on a resolution

Let D be the divisor defined by f = 0 in X. Let (Y,h) be a res-
olution of f. By this, we mean that Y is a smooth and connected
k-scheme of finite type, h : Y — X is proper, that the restriction
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h : Y\ h YD) - X\ D is an isomorphism, and that (h=1(D))req
has only normal crossings as a subscheme of Y. Let E;, i € J, be the
irreducible (smooth) components of (h~!(D))yeq. For each i € J, denote
by N; the multiplicity of E; in the divisor of foh on Y, and by v; — 1
the multiplicity of E; in the divisor of h*dz, where dz is a local non
vanishing volume form, i.e. a local generator of the sheaf of differential
forms of maximal degree. For i € J and I C J, we consider the schemes
Ef = F; \ U]':,s,'Ej, Er := NierE;, and E}’ = Ey \ Uje_]\[Ej. When
I=0,wehave Eg =Y.

Now denote by Jg the set of I C J such that d| N; for all ¢ in I and
by Ug the union of the E}’s, with I in J4. Let Z be locally closed in Uj.
For any character a of p4(k) of order d, we will construct an element
[Z]f,0 in Ko(Moty, ® Q) as follows. If on Z we may write f o h = uv?
with « non vanishing on Z, we set [Z¢ o] = [Z]u,o- In general, one covers
Z by a finite set of Z,’s for which the previous condition holds, and we

set
[Zf,a] = Z[(Zr)f,a] - Z (Zri N Zr) 1]+

T T1#72

One can check this definition does not depend of any choice.
We can now state the following result which is proved in [6]:

Theorem 3.4.1. For any element o of i of order d,

(3.4.1) Zmotw(s,0) = L™ Y [(B3 Nh7(W))f.a]
Iedy

L — 1)L~ Nis—w
&=y

_ L"NiS—Vi

i€l
in A[[L~?]].

In particular it follows that Zpot,w (s, @) is a rational series in L™°.
It also follows that if the order of the character o does not divide any
of the N;’s, then Zyot,w (s, ) is identically zero (hence only of finite
number of the functions Zyet,w (s, ) are not identically zero).

The proof of Theorem 3.4.1 is based on the following geometric
lemma which is a special case of Lemma 3.4 in [7].

Let X, Y and F be algebraic varieties over C, and let A, resp. B, be
a constructible subset of X, resp. Y. We say that amap 7 : A — B is
piecewise trivial fibration with fiber F', if there exists a finite partition of
B in subsets S which are locally closed in Y such that 7=1(.5) is locally
closed in X and isomorphic to S x F, with 7 corresponding under the
isomorphism to the projection S x F' — S. We say that the map 7 is a
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piecewise trivial fibration over some constructible subset C of B, if the
restriction of 7 to 771(C) is a piecewise trivial fibration.

Lemma 3.4.2. Let X and Y be connected smooth schemes over
C and let h: Y — X be a birational morphism. For e in N, let A, be
the reduced subscheme of L(Y') defined by

Ac = {p € Y(C[[t]) | ordidetT, = e},

where J,, is the jacobian of h at p. Forn in N, let hypy : Lo(Y) — Lyo(X)
be the morphism induced by h, and let A, ,, be the image of A in L,(Y).
If n > 2e, the following holds.
a) The set Acp s a union of fibers of hp..
b) The restriction of hns« to A p is a piecewise trivial fibration with
fiber A¢ onto its image.

Remark 3.4.3. These motivic Igusa functions specialize, by consid-
ering the trace of the Frobenius on their étale realization, in the p-adic
case with good reduction, to the usual p-adic Igusa local zeta functions.
They also specialize, by considering Euler characteristic of their Betti
realization, to the topological zeta functions Zip(s) introduced in [5],
which were, heuristically, obtained as a limit as ¢ goes to 1 of p-adic
Igusa local zeta functions. We refer to [6] for details.

§84. The virtual motive attached to the Milnor fiber

4.1. Since Zmot,w (s, ) is an A-linear combination of rational se-
ries of the form L=V~ /(1 — L~V*~"), with N and n in N \ {0}, one
can consider its limit as s — —o0, by defining

L—Ns—n

Am T fmem = b

One easily checks that one obtains in this way a well defined element

lim Zyot,w (s, )
§—r—00

in A. It follows from Theorem 3.4.1 that we have the following expression
for ims_, oo Zmot,w (8, @) in terms of a resolution of f = 0:

(411)  lim Zumow(s,@) =L > B NRTH W) g6l — L)L
IeJy

Note that it is not a priori clear that the right hand side of (4.1.1) is
independent of the resolution, but it follows from the fact that the left
hand side is canonical.
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4.2. We assume from now on that W is contained in f~1(0). In
that case, it follows from (4.1.1) that lim,_,_ oo Zmot,w (s, @) is divisible
by 1 — L, so we may define

W L™
Sa,VV,f = ﬁ SEIEIOO Zmot,W(37 a).
Strictly speaking SZ,W’ 7 is only defined up to (L — 1)-torsion in A, but
this is not a serious problem, since (L — 1)-torsion is killed by realization
functors. (In fact we do not know whether there exists or not any non
trivial (L — 1)-torsion element in A.)

By the following result, proved in [6], the Hodge realization of

S;/’, (oht is equal to the virtual Hodge structure defined by the Milnor

fiber at x for the eigenvalue a(e?"*/?). Hence it is very natural to con-
sider S;/’ {a},f 35 the virtual motive associated to the Milnor fiber at x

for the eigenvalue a(e?"/4).

Theorem 4.2.1. Let x be a point of f~1(0). Denote by
[H*(Fy, C)geznisay] the class in Ko(MHSG) of H*(Fy, C)y(e2nizay with
its canonical Hodge structure. The equality

H(S:xp,{a:},f) = Z(——])i[Hi(Fm, C)a(ezm‘/d)]

holds in Ko(MHSG).

Remark 4.2.2.  As a consequence of (4.1.1) and Theorem 4.2.1, one
deduces an analogue of A’Campo’s formula for the Hodge spectrum.

§5. Exponential integrals and a motivic Thom-Sebastiani The-
orem

5.1. We begin by reviewing exponential integrals in the p-adic case,
so we use again the notations of 3.1.

Let f € R[z1,... ,Zm] be a non constant polynomial. Let ® : R™ —
C be a locally constant function with compact support. Let a be a
character of R*. For 7 in N, we set

Zo.54() = / &(z)a(acf (z))|dz].

{z€R™ |ordf (z)=i}
We denote by ¥ the standard additive character on K, defined by

z — ¥(z) = exp(2inTrg/qQ,2)-
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For i in N, we consider the exponential integral
(5.1.1) Es 5 ::/ ®(x) ¥ (x~ O+ f(z))|dax|.
Rm

For a a character of R*, the conductor of o, c(a), is defined as the
smallest ¢ > 1 such that « is trivial on 1 + P¢, and one associates to a
the Gauss sum

9@ =g 3" a(v)¥(v/r).

vE(R/Pela) )X
The following result is a consequence of §1 of [4].

Proposition 5.1.1. For anyi in N,
(5.12)  Eoss / ()| dz|
{z€R™ |ordf(z)>i}

+(g-1)7"! Z 9™V Zs i c(ay1(0).

Here i — c(a) + 1 > 0. If moreover the critical locus of f in Supp @ is
contained in f~1(0), then, for all except a finite number of characters
a, the integrals Zgp g () are zero for all j.

Using Theorem 3.3 of [4], one deduces from Proposition 5.1.1 that,
assuming that ® is residual, i.e. that Supp ® is contained in R™ and that
®(z) depends only on z modulo P, that the critical locus of f in Supp ®
is contained in f~!(0) and that the divisor f = 0 has good reduction (in
the sense that the conditions in Theorem 3.3 of [4] are satisfied), then
(5.1.3) Es 5 / &(z)|dz|

{z€R™ |ordf(z)>1}

+(q — 1)_1 Z g(a'l)Zcp,f,i(a).

a
e(a)=1

5.2. Exponential integrals

Let X be a smooth connected variety over C of dimension m and
let f: X — C be a morphism. If one is looking for a motivic ana-
logue of p-adic exponential integrals, a hint is given by formula (5.1.3)
which expresses p-adic exponential integrals as linear combinations of
p-adic integrals involving multiplicative characters with Gauss sums as
coefficients. Though Gauss sums are not motivic themeselves, they are
related to Jacobi sums by the familiar relation

(6.2.1) 9()g(B) = g(aB)j(e, B),
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when «, § and af are not equal to 1 and have conductor 1, with

jlaB)y= > a@)bl-z).

zeK\{0,1}

But the Jacobi sums j(a, 3) are motivic, being equal to the trace of
the Frobenius on the étale realization of a Jacobi motive, hence we may
follow the idea, introduced by Greg Anderson in [2], of enlarging the
world of motives by adding Gauss sums motives related to Jacobi motives
by a relation similar to 5.2.1. More precisely, one considers the free A-
module U with basis G4, « in ji(k). We define an A-algebra structure
on U by putting the following relations:

(5.2.2) GL=-—
(5.2.3) GoGy-1 =L for a#1
(5.24) Go,Gap, = J(a1,02) Goyay for ai,09, 0100 # 1.

It follows from Proposition 2.3.1 that U is a commutative and associative
algebra.

For m in Z, let F™ A denote the subgroup of A generated by h(S, f, 1),
with 7 — dim S > m. This gives a filtration on the ring A; we denote
by A the completion of A with respect to this filtration and we set
U=U® A A. We shall also consider the subring Ajoc of A generated by
the image of A in A and the series (1-L™™)~1 n € N\ {0}. We denote
by Ujoc the tensor product U ® 4 Ajoc, which is naturally a subring of U.

Let W be a closed subvariety of f=!(0). We define, for i > 0, the
motivic analogue E; w,mot of Es s,; as the series

Xe([(Xwn]) 1 [(Xwiilfia
(5.2.5)  Eiw,fmot : Z Lt Dm + Z L1 Gy LG+Dm
a€fi(k)

in U Remark that, since only a finite number of the functions Zye w (s, @)
are non zero, the second sum in (5.2.5) is finite. Furthermore, one can
deduce from Theorem 3.4.1 that E; w,fmot belongs in fact to the ring
Uloc. In [8] the definition of E; w, £ mot is extended to the case where X
is no longer smooth.

Now the standard multiplicativity property of exponential integrals
is no longer trivial. In fact the following result is one of the main results
in [8]:

Theorem 5.2.1. - Let X and X' be irreducible complex algebraic
varieties over C, let f : X — C and f' : X' — C be morphisms of
C-varieties. Denote by f ® f' : X x X' — C the morphism (z,z') v



216 F. Loeser

F(x)+f(z'). Let W (resp. W') be a reduced subvariety of f~1(0) (resp.
F'~Y0)). For every i > 0,

(5.2.6) Ei o5 ,wxw',mot = Ei,f,wmot - Ei,f',w’,mot-

5.3. An algebraic lemma on power expansions of rational
functions

Denote by B the ring Uj,.. We consider the ring of Laurent polyno-
mials B[T,T~'] and its localisation B[T, T !],a; obtained by inverting
the multiplicative family generated by the polynomials 1 — LeT?, a, b
in Z, b # 0. Remark that, in this definition, we could restrict to b > 0
or to b < 0. Hence, by expanding denominators into formal series, there
are canonical embeddings of rings

expp : B[T, T_l]rat — B[T—17T]]

and
expp-1 : B[T, T Ysat — B[[T~%,T).

Here B[T~1,T]] (resp. B[[T~!,T]) denotes the ring of series >, a;T"
with a; = 0 for ¢ < 0 (resp. 7 > 0). By taking the difference expp —
expp-1 of the two expansions one obtains an embedding

7 : B[T, T~ Yas/B[T, T~ '] — B[[T~1,T]],

where B[[T~},T]] is the group of formal Laurent series with coefficients
in B.

Let ¢ =Y ,czaT  and o = 3,5 b;T* be series in B[[T~!, T]]. We
define their Hadamard product as the series '

® *‘¢ = ZaibiT’.
1€Z

A basic elementary result (see Proposition 5.1.1 of [8] for a proof)
states that if two series ¢ and ¢ in B[[T~!,T]] belong to the image of ,
then their Hadamard product ¢* is also in the image of 7. It follows in
particular that the intersection of B|[T]] with the image of expy, which
we shall denote by B[[T];at, is stable under Hadamard product.

Let ¢ = expp(P) be in B[[T]]rat- We denote by A(¢) the constant
term in the expansion of expp_1(P).

We shall need the following lemma, whose proof is completely ele-
mentary (see Proposition 5.1.2 of [8] for the proof).

Funny Lemma 5.3.1. Let ¢ and ¢ be series in TB|[T|]rat- Then
A x ) = = A(®) - M#)-
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5.4. A motivic stationary phase formula

Now we consider the Poincaré series

Ew(T) := ZEi,W, f,motT".
>0

Note that Ew,¢(T") has no constant term. One may deduce from Theo-
rem 3.4.1 that the series Ew,¢(T") belongs in fact to Uiec[[T]]:at-

‘We shall now consider S:f,m 7 8s an element of Aj,c (note there is
no (L — 1)-torsion in Aj,.), and we define Sj:,w, F= SZ”W’ glora#l,
and Sz,w,f = 'Sr,W,f — xe([W]), for @« = 1, in Ajoc. Remark that,

since S"f,w’ f corresponds to motivic Euler characteristic of nearby cycles,

o
One easily gets the following formula, which may be viewed as a

motivic analogue of the stationary phase formula:

S¢,W, f corresponds to motivic Euler characteristic of vanishing cycles.

Motivic stationary phase formula 5.4.1. The following rela-
tion holds in Ajec:

/\(Ew’f(T)) =-L™™ z Ga—lsiw’f.
a€fi(k)

The following Motivic Thom-Sebastiani Theorem follows directly
from the motivic analogue stationary phase formula and the Funny
Lemma 5.3.1.

Theorem 5.4.2. Let X and X' be smooth and connected algebra-
ic varieties over C of pure dimension m and m’. Let f : X — A} and
f'+ X' — A}l be morphisms of k-varieties. Let W (resp. W') be a
reduced subscheme of f~1(0) (resp. f'~1(0)). Then

(5'4'1) ZGO“I i,WxW',fefl
- (ZGa“l iw,f) : (ZGa—lsi’W,’f,)_
a o

One can observe that the appearance in the Thom-Sebastiani for-
mula of vanishing cycles instead of nearby cycles is explained here by
the Funny Lemma 5.3.1 which is only valid for series without constant
terms!

5.5. We now explain how one can deduce from Theorem 5.4.2 a
Thom-Sebastiani Theorem for the Hodge spectrum.
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Since a C-Hodge structure of weight n is just a finite dimensional
bigraded vector space V = @p tg=n VP4, or, equivalently, a finite di-
mensional vector space V with decreasing filtrations F and F such
that V = FP®F" when p+q =n+1, one can define similarly a rational
C-Hodge structure of weight n, by allowing p and ¢q to belong to Q but
still requiring p 4+ ¢q € Z.

We denote by Ko(RMHS¢) the Grothendieck group of the abelian
category of rational C-Hodge structures. For d > 1, there is an embed-
ding of fig(C) in Q/Z given by o — a with a(e?™"/?) = 27, This gives
an isomorphism [i(C) ~ Q/Z. We denote by -y the section Q/Z — [0,1).

The morphism H : A — Ky(MHS¢c) may be extended to a mor-
phism H : U — Ko(RMHS¢) as follows. For p and ¢ in Q with p+ ¢ in
Z, we denote by HP? the class of the rank 1 vector space with bigrading
(p,q). We set H(Gy) = —1 and H(G,) = —H" @) for o £ 1.
This is compatible with the relations 5.2.2-5.2.4 since, by a standard
calculation,

H(Jay ap) = _Hl-(7(al)+7(az)—7(al+&2)),’Y(011)+‘/(012)—-7(01+a2),

when oy # 1, a2 # 1 and ajag # 1.

By using a weight argument one can prove that H : A — K,(MHS()
is zero on the kernel of the morphism 4 — A. Hence H vanishes also on
the kernel of the morphism U — [7, and we can extend it to the image
of this morphism.

Assume now X is smooth and let z be a closed point of f~*(0). We
shall denote by Sp(f, z) the Hodge spectrum as defined in [19] and [14]
(which differs from that of [20] by multiplication by ¢).

By applying H to both sides of (5.4.1), when X and X’ are smooth
and W and W’ are points one obtains the following Thom-Sebastiani
Theorem for the Hodge spectrum, which was first proved by A. Varchenko
in [21] when f and f’ have isolated singularities (see also [17]), the gen-
eral case being due to M. Saito [20], [15], [16]).

Theorem 5.5.1. Let X and X' be smooth and connected complex
algebraic varieties. Let f : X — AL and f': X' — A} be morphisms of
algebraic varieties. Let x and x' be closed points in f~1(0) and f'~1(0).
Then

Sp(f & f', (z,2)) = Sp(f,z) - Sp(f',2").
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