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Bosonic Formula for Level-restricted Paths

Anne Schilling* and Mark Shimozono!

Abstract.

We prove a bosonic formula for the generating function of level-
restricted paths for the nonexceptional affine Kac-Moody algebras.
In affine type A this yields an expression for the level-restricted gen-
eralized Kostka polynomials.

§1. Imtroduction

Let g be a nonexceptional affine Kac-Moody algebra, that is, one
of type AY (n > 1), BY (n > 3), ¢V (n > 2), DY (n > 4), AP
(n>1), A2, (n>3)or D,(fll (n > 2). Let Uy(g) be the quantized
affine algebra and Uy(g)* the “upper triangular” part of U,(g). Let V
be a Uy(g) T-submodule of a finite direct sum V"’ of irreducible integrable
highest weight U, (g)-modules, and II the limit of the Demazure operator
for an element w of the Weyl group as #(w) — oco. The main theorem
of this paper gives sufficient conditions on V' so that the formula

(1) II ch(V) = ch(V')

holds, where ch(V) is the character of V. When V is the one-dimen-
sional U, (g)*-module generated by the dominant integral weight A then
(1) is the Weyl-Kac character formula. The above result is well-known
when V is a union of Demazure modules for any Kac-Moody algebra g.

Let g’ be the derived subalgebra of g. Consider the U,(g')-module
V given by a tensor product of finite-dimensional Ug(g’)-modules that
admit a crystal of level at most £, with the one-dimensional subspace
generated by a highest weight vector of an irreducible integrable high-
est weight Ug(g’)-module of level £. Such modules V' can be given the
structure of a Ug(g)T-module and as such, satisfy the above conditions.
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Then a special case of (1) is a bosonic formula for the g-enumeration
of level-restricted inhomogeneous paths by the energy function. In type
A;l_)l this formula was conjectured in [3], stated there as a g-analogue
of the Goodman-Wenzl straightening algorithm for outer tensor prod-
ucts of irreducible modules over the type A Hecke algebra at a root of
unity [4]. In the isotypic component of the vacuum, the bosonic formula
coincides with half of the bose-fermi conjecture in {20, (9.2)].

The authors would like to thank Nantel Bergeron, Omar Foda,
Masaki Kashiwara, Atsuo Kuniba, Masato Okado, Jean-Yves Thibon,
and Ole Warnaar for helpful discussions.

§2. Notation

Most of the following notation is taken from ref. [7]. Let X be
a Dynkin diagram of affine type with vertices indexed by the set I =
{0,1,2,...,n} asin [7], Cartan matrix A = (ai;)s,jer, 9 = g(A) the affine
Kac-Moody algebra, and § the Cartan subalgebra. Let {a) :1 € I} Ch
and {a; : j € I} C b* be the simple coroots and roots, which are
linearly independent subsets that satisfy (oy,a;) = a5 for 4,5 € I
where (-,-) : h ® h* — C is the natural pairing. Let Q = ,; Za; be
the root lattice. Let the null root 6 = > sc1 @i be the unique element of
the positive cone G}ZE 1 Z>p a; in @, that generates the one-dimensional
lattice {8 € Q|(ay,B8) =0 foralliel}. Let K =3, ;a/a €hbe
the canonical central element, where the integers a) are the analogues of
the integers a; for the dual algebra gV defined by the transpose *A of the
Cartan matrix A. Let d € h (the degree derivation) be defined by the
conditions (d, o;) = &;0 where §;; is the Kronecker delta; d is well-defined
up to a summand proportional to K. Then {ay, ..., o), d} is a basis of h.
Let {Ag,...,An,d} be the dual basis of §*; the elements {Aq,...,An}
are called the fundamental weights. The weight lattice is defined by
P = @,c; ZA; @ Zag ' ; in the usual definition the scalar ay ' is absent.
The weight lattice contains the root lattice since a; = .. a;;A; for
j € I. Define P¥ = @,c; Z>0 Ai P Zag's. Say that a weight A € P+
has level £ if £ = (K, A).

Let (-|-) denote the standard symmetric bilinear form on h*. Since
{ap,-..,an, Ao} is a basis of h*, this form is uniquely defined by setting
(a¢|aj) = a}’a;laij for l,j € I, (a,|A0) = 1‘00,6_1 fori e I and (AOlAO) =
0. This form induces an isomorphism v : h — h* defined by a}v(a}) =
a;a; for i € I and v(d) = apAo. Also v(K) = 6.

The Weyl group W is the subgroup of GL(h*) generated by the
simple reflections r; (i € I) defined by r;(8) = 8 — (o, B)a;. The
form (-|-) is W-invariant. Suppose a € Q is a real root, that is, the
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a-weight space of g is nonzero and there is a simple root a; and a Weyl
group element w € W such that & = w(a;). Define ¥ € § by w(ay).
This is independent of the expression & = w(a;). Define r, € W by
ra(B) =B — (aV, B)a for 8 € h*.

Let g’ be the derived algebra of g, obtained by “omitting” the degree
derivation d. Its weight lattice is Py = P/Zag 15. Denote the canonical
projection P — Py by cl. Write a¢! = cl(o;) and A% = cl(A;) for i € I.
The elements {a¢' | i € I} are linearly dependent. Write af : Py — P
for the section of cl given by af(Afl) = A; for all i € 1. Write P =
@D,c; Z>o AZ. Define the level of p € P to be (K, af(y)).

Consider the Dynkin diagram X obtained by removing the vertex
0 from the diagram X, with corresponding Cartan matrix A indexed
by the set J = I — {0}, and let § = g(A) be the simple Lie algebra.
One has the inclusions g C g’ C g. Let {@; : i € J} be the simple roots,
{A; : i € J} the fundamental weights, and Q = D, s Za; the root lattice
for §. The weight lattice of g is P = @ie J ZA; and P & P, /ZAy. The
image of A € P into P is denoted by A. We shall use the section of
the natural projection P,; — P given by the map P — P, that sends
A — Afl — Ag for i € J. By abuse of notation, for A € P, A shall
also denote the image of the element A under the lifting map P — P
specified above.

Let P’ = @D;cs Z>oA;. For X € F+, denote by V' ()) the irreducible
integrable highest weight U,(g)-module of highest weight A.

Let 6 = § — apap = Y, asi € Q. One has the formulas (6]6) =
2a9, 8 = agr(6Y), and ay = K — ap8¥. Observe that

cl(ap) = —ag? Zaiafl = —cl(v(8Y)).

i€J

For A € P* let V(A) be the irreducible integral highest weight mod-
ule of highest weight A over the quantized universal enveloping algebra
U,(g), B(A) the crystal base of V(A), and us € B(A) the highest weight
vector.

By restriction from U,(g) to Uy(g’), the module V(A) is an irre-
ducible integral highest weight module for U,(g’) of highest weight cl(A),
with crystal B(A) that is Py-weighted by composing the weight function
B(A) — P with the projection cl. Conversely, any integrable irreducible
highest weight U, (g’)-module can be obtained this way.
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§83. Short review of affine crystal theory

3.1. Crystals

A P-weighted I-crystal B is a colored graph with vertices indexed
by b € B, directed edges colored by i € I, and a weight function wt :
B — P, satisfying the axioms below. First some notation is required.
Denote an edge from b to b’ colored i, by b = f;(b) or equivalently
b = e;(b’). Write ¢;(b) (resp. €;(b)) for the maximum index m such that
f™(b) (resp. e*(b)) is defined.

1. If b’ = f;(b) then wt(b') = wt(b) — ;.

2. ¢i(b) — €i(b) = (&), wt(b)).
An element u € B is a highest weight vector if e;(u) is undefined for all
i € I. The i-string of b € B consists of all elements e*(b) (0 < m < ¢;(b))
and f/*(b) (0 < m < ¢i(b)). The nondominant part of the i-string is
comprised of all elements which admit e;.

We also define the crystal reflection operator s; : B — B by

OO w) if g(b) > i(b)
si(b)=qb if ¢s(b) = €i(b)
e @4 b) if gy (b) < ei(b).

It is obvious that s; is an involution. Observe that
2) wt(si(b)) = riwt(b) = wt(b) — (o), wt(b)) .

Define the notation ¢(b) = > .c; ¢:(b)A; and €(b) = 3, €i(b)As.
If a Uy(g)-module (resp. Ug(g’)-module, resp. Uy(g)-module) has
a crystal base then the latter is naturally a P-weighted (resp. Pg-
weighted, resp. P-weighted) I-crystal (resp. I-crystal, resp. J-crystal).
3.2. Tensor products

Given crystals B; and Bs, contrary to the literature (but consistent
with the Robinson-Schensted-Knuth correspondence in type A), define
the following crystal structure on the tensor product Bs ® B;. The
elements are denoted by ® by for b; € B; (i € {1,2}) and one defines

$i(b2 ® b1) = ¢i(b2) + max(0, #;(b1) — €i(b2))
€i(b2 ® b1) = €;(b1) + max(0, —¢;(b1) + €i(b2)).
When ¢;(ba ® by) > 0 (resp. €;(b2 ® b1) > 0) one defines

b2 ® fi(b1) if ¢i(b1) > €;(b2)

Filb2®b1) = {fi(b2) @by if ¢i(b1) < €(b2)
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and respectively

bo ® ei(bl) if ¢i(b1) > 6'L'(b2)

sl @by = {ei(bZ) ®b1 if ¢i(b1) < €i(b2).

An element of a tensor product of crystals is called a path.

3.3. Energy function

The definitions here follow [16]. Suppose that B; and B; are crystals
of finite-dimensional Uj,(g’)-modules such that B ® B; is connected.
Then there is an isomorphism of P,-weighted I-crystals Bs ® By &
B; ® By. This is called the local isomorphism. Let the image of b, ®b; €
By ® B; under this isomorphism be denoted b] ® b5. Then there is a
unique (up to a global additive constant) map H : B, ® By — Z such
that

—1 ifi =0, eo(b2®by) = eo(b2) ® by
and eg(b] ® b%) = ep(b]) ® b5,
H(e(b2 ®b1)) = H(bz ®b1) + {1 if i =0, eo(bs @ b1) = by ® eo(b1)
and eo(b) ® b)) = b} ® eo(bh),
0 otherwise.

This map is called the local energy function.

Let B = By, ® :-- ® B; with B; the crystal of a finite-dimensional
Uy(g')-module for 1 < j < L. Assume that foralll1 <i<j <L, B;®B;
is a connected P,-weighted I-crystal. Given b = by ® --- ® b; € B,
denote by bg“’l) the (i + 1)-th tensor factor in the image of b under the
composition of local isomorphisms that switch B; with By as k goes
from j — 1 down to ¢ + 1. Then define the energy function

(3) Es()= > Hj(8" @by

1<i<j<L

where Hj; : B; ® B; — Z is the local energy function. It satisfies the
following property.

Lemma 1. [5, Prop. 1.1] Suppose i € I, b € B and e;(b) is defined.
If i # 0 then Eg(e;(b)) = Eg(b). Ifi = 0 and b has the property that
for any of its images b’ = b}, ® --- ® by under a composition of local
isomorphisms, eg(b') = b, ® --- ® eo(b},) @ --- ® by with k # 1, then
Eg(eo(b)) = Ep(b) — 1.
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3.4. Classically restricted paths

Say that b € B := By ® --- ® B is classically restricted if b is a
g-highest weight vector, that is, e;(b) is undefined for all i € J. For

A € P denote by P(B, ) the set of classically restricted b € B of
weight A. Define the polynomial

(4) KB MNa= Y ¢*®

beP(B,N)

where Ep is the energy function on B. For g of type A;ll 1 K(B,A)(9)
is the generalized Kostka polynomial [18, 19, 20].

3.5. Almost perfect crystals

Let B be the crystal of a finite-dimensional Uy (g’)-module. Say that
B is almost perfect of level ¢ [17] if it satisfies the following weakening
of the definition of a perfect crystal [9, Def. 4.6.1]:
1. B® B is connected.
2. There is a A’ € P, such that there is a unique b’ € B such that
wt(b') = A’ and for every b € B, wt(b) € A' — P, ; Z>o.
3. For every b € B, (K, e(b)) > £.
4. For every A € P} of level ¢, there is a b,b’ € B such that €(b) =
o(b') = A.

B is said to be perfect if the elements b and b’ in item 4 are unique.

3.6. Level restricted paths

From now on, fix a positive integer £ (the level).

For 1 < j < L let B; be the crystal of a finite-dimensional U,(g')-
module, that is almost perfect of level at most £.

Let B = BL®---®B1, A, A’ € P weights of level £, and P(B, A, A’)
the set of paths b =b., ® --- ® by € B such that b® upy € BQB(A) is a
highest weight vector of weight A’.

In the special case that A = £Ag, the elements of P(B, A, A’) are
called the level-£ restricted paths of weight A’.

Theorem 2. [9] [13, Appendix A]. Let g be a nonezxceptional affine
Kac-Moody algebra, B the tensor product of crystals of finite-dimensional
U,(g')-modules that are almost perfect of level at most ¢, and A € P}
a weight of level £. Then there is an isomorphism of P.-weighted I-
crystals

(5) BaBA) = P @b BW)

AP bEP(B,AN)
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where A’ is of level £.

This isomorphism of P, -weighted crystals can be lifted to one of
P-weighted crystals by specifying an integer multiple of ag 1§ for each
highest weight vector in B@B(A). However for our purposes this should
be done in a way that extends the definition of the energy function for
B. To this end, choose a perfect crystal By of level £, and assume that
forall 0 < i< j <L, B; ®B; is connected. Let by € By be the unique
element such that ¢(by) = A. Define the energy function F : B — Z by
E(b) = EB,B,(b®by) where Eg p, : B® By — Z is the energy function
defined in (3). For b € P(B,A,A’), define an affine weight function
wt(b ® up) = af(A’) — E(b)ag'6. This defines the P-weight of every
highest weight vector in B ® B(A) and hence a P-weight function for all
of B@B(A).

Then one has the following P-weighted analogue of (5):

(6) BeBaiA)2 @ P Bwt(b®ua))

Alep: beP(B,AA’)

where A’ is of level £. This decomposition can be described by the
polynomial

¢ K(B,AN,Bo)g)= Y, ¢"O.
beP(B,A,AN")

Our goal is to prove a formula for the polynomial K(B, A, A’, By)(q).

§4. General bosonic formula

Let J be the antisymmetrizer
J= Z e(w)w.
weWw
Write
R= H (1- exp(—a))m“lt(a)

aEAy

where A is the set of positive roots of g and mult(c) is the dimension
of the a-weight space in g.

Let p € P* be the unique weight deﬁned by (af,py=1foralliel
and (d, p) = 0 It satisfies (8, p) = ag (K —ay, p) = ag *(hY —1) where
hY =3",cra is the dual Coxeter number. Define the operator

(p) = R~ e ?J(efp).
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where R~! makes sense by expanding the reciprocals of the factors of R
in geometric series. The computation is defined in a suitable completion
of Z[P]. One has II (e) = chV(A) for all A € P*, which is the Weyl-
Kac character formula (7, Theorem 10.4].

Theorem 3. Let g be a nonexceptional affine Kac-Moody algebra, B
the crystal of a finite direct sum of irreducible integrable highest weight
Uy(g)-modules and B C B' a subset such that:
1. B is closed under e; for alli € I.
2. B’ is generated by B.
3. For allb € B andi € I, if €;(b) > O then the i-string of b in B’
is contained in B.

Then
(8) II ch(B) = ch(B').

Proof. Without loss of generality it may be assumed that B’ =
B(A) for some A € P*. Multiplying both sides of (8) by Re”, one
obtains

Z e(w)w(e"*®+°) = Z e(w)w(er+r).

(w,b)eWxB weW

Observe that both sides are W-alternating. The W-alternants have a
basis given by J(A + p) where A € P*. Taking the coefficient of eA+?
on both sides,

(9) > e(w)=1

(w,b)eS
where S is the set of pairs (w,b) € W x B such that
(10) wt(b) = w™ (A + p) — p.

Observe that if (w,b) € S is such that b is a highest weight vector, then
w =1 and b = u,, for both of the regular dominant weights wt(b) + p
and A+ p are in the same W-orbit and hence must be equal. Conditions
1 and 2 ensure that up € B. Let &' =& — {(1,ua)}. It is enough to
show that there is an involution ® : 8’ — &’ with no fixed points, such
that if ®(w,b) = (w’,b') then w and w’ have opposite sign. In this case
® is said to be sign-reversing. Let S; be the set of pairs (w,b) € S’ such
that €;(b) > 0. Define the map ®; : S; — S; by ®;(w, b} = (wry, s;e;(b)).
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Note that s;e;(b) € B by condition 3. The condition (10) for &;(w,b) is

(wri) ' A+p) —p=raw A+ p)—rip+rip—p
=ri(w (A +p) — p) — (&), ploi
= ri(wt(b)) — o = wt(fisi(b)) = wt(ssei(D)).

Since s;e;(b) = fisi(b), €i(sie;(b)) > 0, so that (wr;, s;e;(b)) € S;. This
shows that ®; is well-defined. It follows directly from the definitions
that @, is a sign-reversing involution.

Since 8’ = | J;¢; Si it suffices to define a global involutive choice of
the canceling root direction for each pair (w,b) € &', that is, a function
v : 8 — I such that if v(w,b) =4 then

(V1) (w,d) € S;.
(V2) v(wr, siei(d)) = 1.

Let A = A;, +- - -+ A, be an expression of A as a sum of fundamental
weights. By [6, Lemma 8.3.1], B(A) is isomorphic to the full subcrystal
of B(A;,) ® -+ - ® B(A;,) generated by ua,, ® - @ uy,, -

Given (w,b) € &', let by ® --- ® by be the image of b in the above
tensor product of crystals of modules of fundamental highest weight.
Let » be minimal such that b, ® b._1 ® - -- ® by is not a highest weight
vector. Then b,._1 ®---® by is a highest weight vector, say of weight A’.

Let B be a perfect crystal of the same level as A;,. Given any L > 0,
the theory of perfect crystals [9, Section 4.5] gives an isomorphism of
P-weighted crystals

B(A;,) = B®L @ B(A;)

where j is determined by i, and L and B®L is P-weighted using the
energy function.

Let b, € B(A;,.) have image p_1 ® - - - ® p_r, ® u/ where u' € B(A;).
Assume that L is large enough so that u’ = ua,. If one takes the image
of b, in such a tensor product for L' > L the tensor factors p_; through
p-1 do not change.

Let k be minimal such that px®---®p_1 ®ua,; ®ua- is not a highest
weight vector. Observe that k is independent of L as long as L is big
enough. Then py_; ® -+ ® p_1, ® up; ® up is a highest weight vector,
say of weight A"

So pr € B is such that ¢;(px) > (o), A”) for some i € I; let I’ be
the set of such i € I.

Fix an i € I’. Consider the same constructions for b’ = s;e;(b).
Let by ® --- ® b} be the image of b’ in the above tensor product of
irreducible crystals of fundamental highest weights. Then b,,_; ® --- ®
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by =b—1®---®b; and b. ® --- ® b} is not a highest weight vector;
in partlcular it admits e;. Take L large enough so that the image of
b, in B®L ® B(A;) also has the form p’ ; ® --- ® p’_; ® us,. Then
Ph-1® - ®p_L =pp_1® - ®p_p and pj ® - @ p_ 1 @ up; ® uas
admits e;.

The level of the fundamental weight A; is a). For the affine algebras
A(l) and C’(l), Y =1foralli € I. For all others 1 < a) < 2. The the-
orem now follows from Lemma 4 below, applied with the affine highest
weight vector up~, perfect crystal element p; € B, and left tensor factor
element - -- ® b?‘+2 ®b1”+1 Op-1®- - OPk+1 € +- 'B(A’ir+2) ®B(Air+1) ®
B®1-k, Q.E.D.

We remark that in Lemma 4, the function v constructed in the proof,
is independent of A as well.

Lemma 4. Let g be a nonezceptional affine Kac-Moody algebra and ¢’
the level of some fundamental weight. Then there is a perfect crystal B
of level £ with the following properties.

Let A be a dominant integral weight of level £ > ¢'. Denote by S the
set of elements by € B such that by @ up is not a highest weight vector
in BQB(A).

Then there is a map v : S — I (depending only on A, B, and
b1 € S C B) such that if v(b1) =i then

1. ei(bl ® uA) > 0.

2. For any crystal By and element by € By such that the connected
component of the element ba®b1 @ up in Bo@BRB(A) is isomor-
phic to a crystal of the form B(A’), and writing by @ b] @ up =
siei(ba ® b @ up), one has by € S and v(b}) = 1.

Proof. For the involutive property 2, it is sufficient that v is con-
stant on the nondominant part of every string. Hence one only needs to
consider

elements b; that are on the nondominant part

(11)

of at least two strings of length > 2.

Perfect crystals of level one for AL (n>1), B (n > 3), DY (n>
4), A (2) (n>1), A gf} 1 (n>3) and D,(i)_l (n > 2) are listed in Table 1
(see [9 Section 6]). Note that there are no elements satisfying (11). This
guarantees the existence of the map v with the desired properties.

The crystal B(2A;) @ B(0) is a level one perfect crystal for C{"
(n > 2) [8]. The crystal graph corresponding to the integrable highest
weight module V' (A;) of Uy(Cy,) is given by [14, (4.2.4)]
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1@2El3"'n“+‘

BY 1 2 onl n n nl 2 1=

0

w NN,
Dy, ]2 2 - LA@<E>_L2. SR N
n n-1

0

0 0 0

m_l._Z, n_J.II]_n_,E]_n-_I. _2._1.@
0

(2
AS) Ol Fe2, . el m e L 2,5
[1]—+{2] 7 ] [1]

0 0 0

E]_l._Z. &LEI_“_.@_L,EM, __2_,@_L.

TABLE 1. Level one perfect crystals

m_u'_h SO SNy N S RO AN - I B o

The crystal B(2A;) is the connected component of B(A1) ® B(A;) con-
taining up, ® ua, (see [14, Section 4.4]) which fixes the action of e; and
fi for 1 < i < n. The edges in B(2A1) @ B(0) corresponding to fy are
given by [8]
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G —2+0T] fori#1,1

— 0
o —L[i1].
There are the following strings of length greater than one
I —X— [E[e]—*—[ae] for1<k<n
(12a) ] —%—~ k& —X—[0lx] forl1<k<n
] —[Ex] —*— for1<k<n
(12b) e — [FE —

i %> o 2= [

Note that none of the elements satisfies (11).
For type Agl)_l the crystal B(2A;) is perfect of level 2 [10, Sec. 1.6

and 6.7]. The elements are given by with z <y and z,y € {1 <
2<---<n<fA<--<2<1}. The action of f; fori =1,2,...,nis
the same as for the above 07(11) crystal of level one, and fo = oo fio0
where o is the involution that exchanges 1 and 1 (with appropriate
reorderings).

The strings of length greater than one are the same as in (12a) and
(12b). In addition there are the following 0-strings of length 2

G —% [l —% (2]
(13) 1 —2~ [0 -2~ O]
zz] %~ [O[z] —%~ [

The only elements fulfilling (11) are [1]1], [1[2], [2]1], and [2]2] which
belong to a 0O-string and a 1-string of length two. It can be checked that
setting v(b) = 0 for b one of these four elements guarantees the involutive
condition of v.

For type B the crystal B(2A;) is perfect of level 2 [10, Sec. 1.7
and 6.8]. It consists of the elements with z <y and z,y € {1 <
e <n<0<m<---<1};z=y=0is excluded. The action of f; for
it =1,2,...,n is given by the tensor product rule using the action on
the level 1 crystal of B,(,l) as given in Table 1, and fo = oo f; oo where o
is the involution that exchanges 1 and 1 (with appropriate reorderings).
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The strings of length greater than one are those of equations (12a)
and (13) and in addition the following n-string of length four

(14) i [n]o] A= [o]z] —*—[o]a] —A—[]a] .

The same four elements as for Agf?_l satisfy (11) and again setting v(b) =
0 for these ensures the involutive property of v.
For type DV the crystal B(2A,) is perfect of level 2 [10, Sec. 1.8

and 6.9]. It consists of the elements with z <y and z,y € {1 <
2<---<nA<---<1},thecasesz =n,y=mandz =0,y =n
being excluded. The action of f; fori = 1,2,...,n is given by the tensor
product rule using the action on the level 1 crystal of D,(ll) as given in
Table 1, and fo = 0 o f1 o 0 where ¢ is the involution that exchanges 1
and 1 (with appropriate reorderings).

Again the strings of length greater than one are the same as in
equations (12a) and (13) plus the following n-strings

] - ElE]-—t[Ela]
In—lln—l |——n—> n-1 lﬁl -, EE
iln] [ m ] [F=].

In addition to the four elements [1]1], [1]2], [2]1], and [2]2] also

the elements [ 51 [ a1 |, [n1 [57 |, [2] 57 |, and [5] &1 | satisfy (11).
The latter ones are contained in an (n—1)-string and an n-string. Setting
v(b) = 0 for the first four elements and v(b) = n for the last four elements
ensures the involutive property of v.

The crystal B(0) @ B(A;) ® B(2A,) is a level 2 perfect crystal for

D1(12-|)—1 [10, Sections 1.9 and 6.10]. The elements of this crystal are @, [=],

andwithx,ye{1<2<---<n<0<ﬁ<---<T}andx§y;

r = y = 0 is excluded. The action of f; for i = 1,2,...,n is given by

the tensor product rule using the action on the level 1 crystal of D,(f,,),l
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as given in Table 1, and the action of fy is given by
0o —2[1]
] —2—~[]x] forz #1
0y
—0> forx #1

and undefined otherwise.
The strings of length greater than one are given by (12a), (14) and

(16) 20 2 o 2] 2]
(17) [x] —— [o] —"— [5]

There are no elements with property (11).
The crystal B(0) & B(A1) @ B(2A;) is a level 2 perfect crystal for

Agl) [10, Sec. 1.10 and 6.11]. The elements of this crystal are @, [x],

andWithx,ye{l<2<---<n<ﬁ<---<T}andx§y.
The action of f; for ¢ = 1,2,...,n is given by the tensor product rule
using the action on the level 1 crystal of Agi) as given in Table 1, and
the action of fy is the same as in (15).

The strings of length greater than one are as in (12a) for n > 2, (12b)
and (16). Again there are no elements with property (11). Q.E.D.

Remark 5. Suppose g is of type Afllll in Lemma 4. The function
v amounts to a canonical choice of a simple root ¢ among those such
that the given element admits e;. Consider b € B(A,) such that b #
up,.. In addition to the realization of the crystal B(A,) by the space of
homogeneous paths using the crystal given in the proof of Lemma 4, one
may also consider the realization in [2] by n-regular partitions. Suppose
A is the partition corresponding to b. Then up to the Dynkin diagram
automorphism that sends r + i to r — i modulo n, the choice of violation
v corresponds to the corner cell of A that is in the rightmost column of \.
This choice of corner cell is used in [15] to define the smallest Demazure
crystal of B(A,) containing b.

§5. Inhomogeneous paths

Theorem 6. Let g be as in Theorem 3, and B, A, and By be as in (6).
Suppose in addition that for all1 < j < L and b € Bj, if bQbg — by @ b/
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under the local isomorphism B;®By — Bo®B; and eq(b®bg) = eo(b)Rbo
then eo(by @ b') = ep(by) @ b'. Then

(18) T (ch(B ® ua)) = ch(B ® B(A)).

Proof. It is enough to verify the hypotheses of Theorem 3, applied
to BQus C B®B(A). B ® B(A) is isomorphic to a direct sum of
irreducible integrable highest weight modules by Theorem 2. B ® uy is
obviously closed under the e;. It follows from [11, Lemma 1] that B®ua
generates BQB(A). To check the third condition of Theorem 3, let b € B
and 7 € I be such that €;(b® up) > 0. Then €;(b) > ¢;(ua) = (o), A).
This implies that the i-string of b ® ua inside B ® B(A), consists of
vectors of the form b’ ® up where b’ € B.

Finally, Lemma 1 with B replaced by B ® By guarantees that the
affine weight function on B ® B(A) determined by its value on highest
weight vectors, agrees on the subset B ® up with the function wt(b) =
af(wt'(b)) — Eg, B, (b®bo)ag 18 where wt' : B — P is the original weight
function. Q.E.D.

Remark 7. Observe that even without the extra hypothesis on the
action of ey in Theorem 6, one obtains a bosonic formula. The extra
condition is only needed to show that the energy function b — Epg g,(b®
bo) gives rise to the correct affine weight for all elements of the form b®u,
and not just on the highest weight vectors. Perhaps this extra condition
is always a consequence of the other hypotheses.

Now the formula (18) is written more explicitly. Let m € Z and
A, N € af(P]) be of level £. A formula equivalent to (18) is obtained
by taking the coefficient of chV(A’ — mag'8) on both sides:

[¢™K(B,A, A, Bo)(g) = Y e(w)

(w,b)eS
where S is the set of pairs (w,b) € W x B such that
(19) w (A 4 p) — mag ' — p = wt(b @ uyp).

Let M be the sublattice of P given by the image under v of the Z-span
of the orbit W8Y. Let T C GL(h*) be the group of translations by the
elements of M, where t, € T is translation by & € M. Then W &~ TxW
and ro = t,(gv)re. For o € M and A € P of level ¢, one has (7, (6.5.2)]

(20) ta(A) = A+ fo — ((Ala) + L |o|20)6.
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The action of 7 € W on the level £ weight A is given by
T(A) = T(X + ZA()) = T(X) + £A,.

Now p = hVAg + P where AV is the dual Coxeter number and 7 is the
half-sum of the positive roots in g.

Recall that W leaves ¢ invariant. In (19) write w = t,7 where
7 € W and o € M, obtaining

wt(b ® up) =7 H_o(A + p) —mag i —p
=—magd—p+7 A +p—(L+h)a
—{(" +pl = a) + 3 |af* (¢ + hY)}é}
=lAo—P+7 (N +p— (£+h")a)
+{-mag' + (V" +pla) — 3 o€+ hY)}6

Since both sides are weights of level £, by equating coefficients of § and
projections into P, one obtains the equivalent conditions

" (21) wt(d) = —A -5+ 7Y (A" — (£ + hV)a +p)
and
(22) ag 'E(b) = ag'm — (A" + pla) + & |a|>(¢ + RY).

Therefore one has the equality
(23)

KB AN B)(@) = Y0 30 Y elr)gP®reol@mie)-golalesn)
| EW aEMbEB

where b € B satisfies

wt(b) = —A -5+ 7 (A — (£ + hV)a + B).

§6. Type A

6.1. Conjecture of [3]

For simplicity let us assume that g is of untwisted affine type, where
ap=1and (p|d) =hY —1[7, Ex. 6.2].

Let A € P be a weight of level £ but not necessarily dominant.
Consider the weight A + p. If it is regular (not fixed by any w € W)
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then there is a unique w € W such that w(A + p) € P+. It follows from
the definition of II that

e(w)chV(w(A + p) — p) if A + p is W-regular and
(24) Mer = w(A +p) € P*
0 if A + p is not W-regular.

Then for alli € I,
(25) —Mer = IemAto)—p,
Suppose 7 # 0. Then

ri(A+p) —p=(£+h")Ao +ri(A+7) — (R Ao + D)
={lAy — oy + Ti(K).

For i = 0, recall that
ro = ty,9v)Te = teTe = Tot_g.

Then

t-o(A+p) =A+p—(£+hV)0+{(A+p|0) — 161>+ hY)}6
=U+h")Ao+p+A—-(+hY)0+ {(Alf) — (1 +0)}s

and

ro(A+p)—p=re{({+hY)Ao+P+A— (£+h")0
+{(Al6) - (1 +0)}5} —p
= (£+h")Ao + 75— (6Y,P)0 + ro(A)
+ €+ hY)0+ {(A16) — (1 +£)}6 — (R Ao + D)
= €A +1o(A) + (£+1)0 + {(A]6) — (1 + £)}d.
Now let g be of type Afllll. Let P be identified with the subspace
of Z™ given by vectors with sum zero.

Fora € P define the Demazure operator II to be the linear operator
on Z[P] such that

s0:= TI(e®) = T '(eP) T (eP+)
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where J = Y y7e(r)7. Let ¢ = e°. Then for a € P,

I efhogri(a)—as fori#0

CAo a0 __
(26) —IMethoe® = {HeZAoere(a)+(l+1)9q£+1‘(°“9) for i = 0.

These equations express the g-equivalence in [3]. Let Z" have stan-
dard basis {¢; | 1 <4 < n} and P be the subspace of Z" orthogonal to
the vector > . ;€. Thena; =€ —€ 41 for 1 <i<n—1,0 =€ — €y,
(:|-) is the ordinary dot product in Z", and W is the symmetric group
on n letters acting on the coordinates of Z". Since IToII = IT and 1I is
ZAg-linear, one may replace every term e® by s, := IIe® in (26). Define
the map Z[P]V [q] — Z[P]W[q] given by s4 — [I(e?Aot®)e=¢Ao  Define
f=gin Z[?]W[q] by the condition that the above linear map sends f
and g to the same element. With this definition, we have

for i #0

£41— n 5 —
S(t4+14anaz,an—1,—1—t+ap)d 1% for i = 0.

(27) —84 = {S(al,l..,aH,l—l,ai+1,...,an)
It is not hard to see that this recovers the g-equivalence of Schur func-
tions given in [3].

6.2. Bosonic conjecture of [20, (9.2)]

In this section it is assumed that g is of type Aflll 1> A = £Ag, and the
tensor factors B; are perfect crystals of the form B¥i»%i in the notation
of {10] with £; < £ for all j. By restriction to U,(g), B, is the crystal of
the irreducible integrable U, (g)-module of highest weight Eijj. In this
case By is not needed. To see this, recall that B; can be realized as the
set of column-strict Young tableaux of the rectangular shape having k;
rows and £; columns with entries in the set {1,2,...,n}. In [19] the Py-
weighted I-crystal structure on the perfect crystals B¥¢ is computed
explicitly. In particular, if b € Bj; is a tableau then ¢4(b) is at most
the number of ones in the tableau b, which is at most £; by column-
strictness. Therefore b® ugp, never admits eg. Thus the energy function
Ep of (3) has the property that for any b € B = B, ® --- ® By such
that eg(b ® uga,) = €o(b) ® ura,, one has Eg(eo(b)) = Ep(b) — 1. Thus
one obtains the bosonic formula in this case.

Since g is of type ASZI, ao=1and hY =n. Take A = A’ =/fAg in
(23). The lattice M is given by the root lattice Q of g, which may be
realized by {8 € Z" | 3.1, B; = 0}. Let B; g be the set of paths b € B
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of weight —p + 771(—(£ 4+ n)B + p). Then

516)— 1
K(B, Ao, tAo)(9) = D> > > £(1)qEEO+EI8)—3 18I (¢+n)
TEW BEM bEB; g

= Z Z Z E(T)qEB(b)_2?=1{%(£+n)ﬂiz+iﬁi}'

reW BEM bEB, g

Notice that ), Brg q¥8®) is (up to an overall factor) the ¢ — 1/q form
of the supernomial S of ref. [20] so that K(B,£Ao,¢Ao)(q) equals the
left-hand side of [20, (9.2)] up to an overall power of g. This shows
that the left-hand side of [20, (9.2)] is indeed the generating function of
level-£ restricted paths. To establish the equality [20, (9.2)] it remains
to prove that also the right-hand side equals the generating function of
level-restricted paths.

6.3. Identities for level one and level zero

As in the previous section let g be of type Afll_) 1 and assume that
B =pBFl®...®@ BF:! Fix £ =1 and A,A’ € P} weights of level 1.
It is easy to verify that P(B,A, A’} consists of at most one element p.
Choose B, A, A’ such that p € P(B, A, A’) exists. Then by (7) and (23)
we find that

n (ntlge, o
(28) Z Z Z E(T)qE(b)—Zﬁl{ 5 Bi +iBi} :qE(p)

TEW BEM bEB, 5 A A’

where B, g, is the set of paths b € B of weight —A — 5 + T_I(K/ -

(n+1)8+Dp).
A similar formula exists for £ = 0:

(29) 35 S (PO G g

reW BEM bEB, 4

where B g is the set of paths b € B of weight —p+ 77 1(~nf3+ ). The
right-hand side is the generating function of paths in B of level zero since
there are no level zero restricted paths unless B is empty. However, the
arguments of Sections 4 and 5 do not imply that also the left-hand side
is the generating function of level zero paths since it was assumed in
the proof of Theorem 3 that the level of the crystals B; does not exceed
£. We have assumed that B; = B¥i'! which are crystals of level one.
However, it is possible to define a sign-reversing involution directly on
B = B*1l®...® B*1:1 without using the crystal isomorphisms that are
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used in the proof of Theorem 3. Let b € B. There exists at least one 0 <
i < n such that e;(by) is defined. Define v(b) = min{i|e;(b1) is defined}
which has the property that v(b) = v(®;(b)) where as before ®; = s;e;.
Hence define the involution ®(b) = @) (b). It is again sign-reversing
and has no fixed points when B # (). This proves that the left-hand side
of (29) is the generating function of level 0 restricted paths.

Equation (28) was conjectured in [20, 21]. For n = 2 identity (29)
follows from the g-binomial theorem, for n = 3 it was proven in [1,
Proposition 5.1] and for general n it was conjectured in [21].
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