Advanced Studies in Pure Mathematics 26, 2000
Analysis on Homogeneous Spaces and Representation Theory of Lie Groups
pp- 49-75

Matrix Coefficients of the Principal Pj-series and
the Middle Discrete Series of SU(2,2)

Takahiro HAYATA!, Harutaka KOSEKI and Takayuki ODA

§0. Motivation and introduction

Recently several people including the authors investigate various
kinds of generalized spherical functions on relatively small Lie groups.
The typical situation of the problem is as follows.

Let G be a semisimple Lie group with finite center and R a closed
subgroup. Let 7 be an admissible (irreducible) representation of G,
and 7 an irreducible admissible or unitary representation of R. Form
the smooth induction of IndG(n) from R to G. Then we consider the
intertwining space Homg(m, Ind§ (7).

Our concern is the case where R is “large enough” so that the above
intertwining space becomes of finite dimension. This kind of problem is
standard in the local theory of automorphic forms and representations.

If we take a nonzero element T' € Home (7, Ind§()), then the image
Im(T) of T is a realization (or a model) of 7 in Ind% (7).

A most popular case is when R is the maximal unipotent subgroup
and 7 a unitary non-degenerate character of R. Then the intertwiners
are called Whittaker functionals. These are investigated mainly to define
automorphic L-functions in GL,, case (Jacquet, Piatetski-Shapiro and
Shalika [8, 9]) not only for the real field but also for the p-adic fields.
Fundamental results on Whittaker models over the real field are found
in the works of Kostant [11], Vogan [24] and Matumoto [12, 13].

More generally, there is a notion of Gel’fand-Graev representation,
where R is a “good” subgroup of some parabolic subgroup of G. An
attempt to classify representation of G using this kind of realization in
Ind$(n) is worked out by Yamashita [26, 27] for G = SU(2,2).
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If one wants to consider Fourier expansion of an automorphic form
on G with respect to a discrete subgroup I', then depending on the
choice of standard parabolic subgroups compatible with the rational
structure of I', we have various different kinds of Fourier expansions:
one is the classical expansion with respect to the Siegel parabolic sub-
group (say, in Sp(2,R) or SU(2,2)), one is called the Fourier-Jacobi
expansion, a Fourier expansion with respect to certain maximal para-
bolic subgroup ([1]).

However we know little about these expansions except for the holo-
morphic automorphic forms when G/K, K being a maximal compact
subgroup of G, is hermitian symmetric. Beyond this classical objects,
we did not yet have any concrete results even for the most basic problem
to investigate the special functions which appear in Fourier expansions
of automorphic forms. More serious problem is that without some kind
of uniqueness of such special functions (local multiplicity one theorem),
it is impossible even to define the notion of Fourier coefficients of auto-
morphic forms.

But now, when 7 is a discrete series representation, and R is a
stabilizer of a unitary character £: Ng — CW) of the unipotent radical of
the Siegel parabolic subgroup Ps of G = Sp(2;R) or SU(2,2) inside Ps,
we know certain explicit formulae for the realization of 7 in Ind%(n) and
multiplicity one theorem as corollary ([2, 14]). Among others, Gon [2]
gave a very interesting result for the discrete series representation of
Gel’fand-Kirillov dimension 5: roughly speaking, such a discrete series
has a non-trivial model only when £ is indefinite. In some sense, it is
a reverse of the well-known Kocher principle for holomorphic discrete
series. Also one of the authors worked the case of Whittaker model for
the group SU(2,2) ([3, 4, 5]).

To push forward in this direction, in this paper we return to the most
classical problem, i.e., to investigate the matrix coefficients of certain
standard representations of SU(2,2). This is the case R is equal to the
maximal compact subgroup K.

More specifically we have a few direct reasons to investigate this:

1. The functions in the Whittaker models investigated by Miyazaki
and Gon, are considered as the confluence version of spherical
functions;

2. The matrix coefficients of the discrete series are analogue of the
Bergmann kernel in the case of holomorphic discrete series. The
matrix coefficients of principal Pj-series may be useful to define
certain Green functions which should have some relation with
arithmetic intersection theory.
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Apart from number theoretical problem, our results give examples
of integrable system and special functions. Although there is a large
literature on spherical functions, they mostly discuss only zonal spherical
functions if the rank of G > 2. Our cases have non-trivial K-types.

The contents of this article are partly a short review on former
results discussed above, and an announcement on recent results on the
matrix coeflicient as the title indicates.

The contents read as follows:

§1. Notations, principal Pj-series and discrete series of SU(2,2).

§2. Whittaker functions.

§3. Generalized Whittaker functions (Siegel case).

84. Matrix coefficients: Pj-series

§5. Matrix coefficients: the middle discrete series

86. Further problems and some comments

Let us discuss the part of the new results in more detail (§§4, 5).

Our concern in these sections is to have an explicit formula of the
radial part of the matrix coefficients with some K-type of 7; 7 is ei-
ther certain generalized principal series representation, i.e., principal
Pj-series, or the middle discrete series representation of the real unitary
group SU(2,2) of signature (24, 2—).

The non-compact Lie group G = SU(2,2) of dimension 15 has two
types of the standard maximal parabolic subgroups. One, which corre-
sponds to the long root in the restricted root system (Cs-type), that has
non-abelian unipotent radical, is denote by Py = MjAjNj.

Given a discrete series representation o of Mj and a complex linear
form v on the Lie algebra a; = Lie(Aj), the parabolic induction 7p, =
IndgJ (c®e”TPI®1y,) is a principal Pj-series representation of G. Here
p3 denotes the half-sum of roots in the unipotent part Ny, e**?7: Aj —
C* the quasi-character with derivation v + p3: a5 — C, and o ® e”*+#7
is the exterior tensor representation of the Levi part MjA; of Pj.

As for the discrete series representations of SU(2, 2), there exist six
inequivalent discrete series representations having the same infinitesimal
character according to Harish-Chandra. Their Gel’fand-Kirillov dimen-
sion (Dim) is between 4 and 6. We say myvp the middle discrete series
representation if it attains Dim myp = 5.

Consider the subset consisting of the highest weights of the K-types
occurring in 7p, |K in the weight lattice of the maximal compact sub-
group K of G. Then we can find that it is a “translation” of the similar
set of the highest weights of the K-types of a large discrete series rep-
resentation of G, here “large” is in the sense of Kostant-Vogan. i.e.,
Dim7m = 6 in our situation. Therefore corresponding to the minimal
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K-type of a large discrete series, we can consider the “corner” K-type
of our 7 ([4, §4.3]).
Let 7 be the irreducible finite-dimensional representation of K such
that its dual 7* is the corner (resp. the minimal) K-type of wp, (resp. mmp)-
Fix a basis {v;}o<i<a of the representation space W, of 7, and let
{v}} be its dual basis in W-. Then we can form (d+1) x (d+1)-matrix

O(g) := (W(g)”f,v;)ogi,jgd = (Ci,j(a))ogi,j§d~

Here (*, %) is the given inner product on the representation space H, of
a Hilbert space representation 7. The value of ® is determined by its
restriction ®|A to the radical part A = (Rs)?, because of the Cartan
decomposition G = KAK.

Our main result is to show that 1) if 7 = wp, the radial part of each
entry of the matrix ® satisfies a holonomic system which is equivalent to
Appell’s hypergeometric system of type F, in fact, it is the modified F5
system ([23, p. 211, (2.1)]) and to have an integral representation of it in
terms of Gaussian hypergeometric series (Theorem 4.4); 2) if 7 = myp
the radial part is expressed by the sum of the Gaussian hypergeometric
functions , F; of one variable with Harish-Chandra transformation of the
variables (Theorem 5.4).

Let us explain the outline of the method of proof. Set M = Z4(K)
the centralizer of A in K. Then ®(mam™!) = ®(a) for any a € A and
m € M. This M-compatibility implies that many entries of the matrix
®(a) vanishes (cf. (4.15)). Let Q be the Casimir operator in Z(g). Then,
since 7 is quasi-simple, the A-radial part pa(€2) of Q acts on ®|A as a
scalar multiple of x.(€2), the value of the infinitesimal character x, of
m at

pA(R2)(2]4) = X« (2)(2|A).

Moreover we consider a gradient-type operator called the Schmid oper-
ator V,, .+ (§1.9). Using a non-compact root é such that the shift of the
corner K-type 7 by 6 is no longer a K-type of 7, we can construct

P 0 pa(Vpr)(®]A) =0.  (cf. (1.7))

Those differential operators produce a number of difference-differential

equations satisfied by ¢; j(a), whose straightforward solutions will give

the results.

, We make a few remarks. Our result of the case 7p, is quite similar
to that of Iida [7]. There should be an explanation by the fact that the

restricted root system of Sp(2;R) and SU(2,2) are both of Ca-type.
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As seen from the results, the complexity of the solution reflects the
size of the representation of G. So the matrix coefficients of the “large”
discrete series also satisfy the similar formula as that of 7p,, which will
be discussed elsewhere.

This article is based on the talks in the symposium held at Hayashibara
Institute on July, 1997 and in the subsequent symposium held at Yukawa
Institute in Kyoto University on August, 1997.

§1. Notations, principal Pj-series and discrete series of SU(2, 2)

1.1. Lie groups and Lie algebras

Our Lie group is the special unitary group of real dimension 15
G= SU(Z, 2) = {g S SL4((C) | tglg,zg = 12’2}; .[2’2 = diag(l, 1,-1, —1)

with Lie algebra

g:Lie(G)={(f§ 5) € s14(C) fX+X=tY+Y:o}.

We fix a maximal compact subgroup K = S(U(2) x U(2)) of G with its
Lie algebra

£ = Lie(K) = {(g‘ g,) € s4(C) fA+A:tB+B=o}.

It is 7-dimensional. We fix a compact. Cartan subgroup T of G consisting
of the diagonal matrices in K. Complexification of g, ¢ and t = Lie(T)
are denoted by gc, ¥c, and tc, respectively.

We denote by X;; the matrix unit with 1 at (¢, j)-component. The
complement space of the Cartan decomposition g = €@ p is given by

{05 %)

A maximal abelian subspace in p is given by

Z e MQ((C)}

a= RHl D RH2
with Hy = X3 4+ X31, Ho = X254 + X42. Moreover we set

Azexp(a)v M= ZK(A)7 mzaf(a)'
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Then
M = {exp(6v/—1Ip)y |0 € R,j = 1,2}, m=Ry~-1I,

with matrices
v = Iy = diag(1,-1,1,—1).

Define matrices h;,e; + (1 = 1,2) by

hl = diag(l, —1,0,0), €1+ = X12, €1,— = X21,
h2 = dlag(0,0, 1, '—1), 62,_,_ = X34, 62’_ = X43.

Let 3(¢c) = Cly2 be the center of ¢c. Then {h;,e;+ (i = 1,2)} is a
basis of the commutator algebra [bc, tc], and ¢ = 3(tc) @ [Ec, Ec]. The
set {h1,ha, I22} is a basis of the Cartan subalgebra {c.
It is convenient to set Z;; = X;; — X;; for (4,7) = (1,3) or (2,4).
Then 1 1
Zy3 = 5(12,2 +hi —hs), Zoy= -2-(12,2 — hy + ha).

1.2. The restricted root system

Define two linear forms A; € a* (¢ = 1,2) on a by A\(H;) = ;.
Then the restricted root system of g with respect to a, which is of type
Cj, is given by

A= A(g,a) B {:I:)\l + )\2,2'22)\1,:*:2)\2}.

For a fixed positive system Ay = {A; £ Xa,2)\1,2X2}, the associated root
space decomposition is given as

g=atm+ Y g
AEA
with gox, = RE4, gox, = REs, gx, 42, = RE3 +REy, gy, —», = RE5 +
REg and
gp = tgli ={'X|Xe 9u}

Here
1 -1 0 0
By = V_l 0 0 E __\/—]. 1 -1
1=75 {1 -1 ’ 2= "9 10 0 )
0 0 -1
1 -1 -1
E 1 (-1 1 E V=11 -1
379 1 -1 4T T o 1 -1



Matriz coefficients of SU(2,2) 55
1 1 1 1
o1 1 poY_l[ 1 -1
575 1 17> 6= "o 1 19>

regarding blank entries as zero. Put also ny, = Y 5 a4 8-

1.3. The Casimir operator
By definition, the Casimir operator is given by

2 6
1 _ _ _ _
Q= H} +H} + 51§ +2 > (E;'E; +'E;E;) + Y _(E;'E; +'E;E;)
j=1 j=3
as an element of U(g). It is rewritten as
1 2 6
Q= H} + Hf - 6H, — 2Hy + 3 I} +4Y E;'E; +2)  E;'E;,
j=1 7j=3

by using the commutation relation [E;,*E;] = H; (j = 1,2), [E;, "E;] =
H; + H, (j = 3,4), and [Ej,tEj] = H, — Hy (] =5,6).

1.4. Hyperbolic trigonometric functions
We identify (a1, a2) € A with (R})? and set

sh(ai) = %(al - U/i_l), Ch(a'i) = %(ai + a’i—l)a
th(a;) = sh(a;)/ ch(a;), cth(a;) = ch{a;)/sh(a;)

and define two variable functions

D = D(ay,as) = ch(a;)? — ch(ag)? = sh(a;)? — sh(az)?

(5-2) (e am)
=-|——-— aiae — .
4 \ as ay a0z

Added to the basic relations

ch(a)®—sh(a)®> =1, sh(a?) = 2sh(a)ch(a), ch(a?) = ch(a)®+sh(a)?,
in this paper we particularly use
(1.1) sh(a1/az2)® + sh(aiaz)? = ch(a?)ch(a3) — 1
= 2(sh(a;)? + sh(az)? + 2sh(a1)? sh(az)?)
ch(ayaz) sh(ai/az)? + ch(ai /az) sh(aiaz)?
= 2ch(a;) ch(az)(sh(a1)? + sh(az)?).
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Moreover for Euler operators 8; = a;8/8a; (i = 1,2), we have

(1.2) 9;(sh(a;)) = ch(a;), 0i(ch(a;)) = sh(ai)
D _ D (=1 sh(a;)? _ eth(a? 1
%" (e ~ (@) ( D (@) + ))

1.5. K-modules and projectors
Let 3 € t&. We mean by 8 = [r, s; u] that r = 3(hy1), s = B(h2) and
u = (Iz,2). Then the non-compact roots A, with respect to (gc, tc) is
= {[£1, +1;+2]}

and the positive system is fixed as A, 4 = {[£1,£1;2]}.
Let dy, dy € Z>g and d3 € Z. For d = [dy,dp;d3] € tg, define

74 € K and its representation space Vy = { f,gii;cz | 0 < kj <dj}c by the
following rule (5 = 1,2):
d d
ra(h)fiuk, = (2k; = d) filh,, ra(la2) fis, = dafisk,

) = (d; — k;) (d) 74( )f(d) = k. f(d)
Td(ey,+)fk1,k2 (dj — k; fk1+61j,k2+62j? a\€j,— )Tk ko 3 by —61;,ka—62;°
We refer to { f,gi)kz} as the standard basis. K is exhausted by

{(74, V) | d = [dy1,d2;d3), d1 +da + d3 € 2Z} ([3, Prop. 3.1]).

The adjoint representation Ad = Ady. of K on pc is decomposed
into a direct sum of two irreducible subrepresentations: pc = p4 +p—,
where

Pt =CXi3 +CXqs + CXo3 + CXoy, p- ="ps.
In fact, Ady = Ad|,, are isomorphic to 7y 1,49, respectively.

vyt (Xas, Xu3, Xog, X14) = (foo, f10, —for, —f11),
— ¢+ (Xa1, X31, X42, X32) = (foo, for, —fi0, —f11), ([3, Prop. 3.10].)
The irreducible decomposition of €c-module Vi ® pe is given by
(1.3) Vi®pc=VyQp-®Va®p-, Va®psr > @ Vits
56&11,:&
Therefore the projectors
(1.4) PF:Va®pe — Vars  (6€B,4)

are uniquely determined up to constant and the explicit formula is found
in [3, Lemma 3.12].
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1.6. Principal Pj-series

Put a5 = RHy, ny = gax, + x40, + 00 —x0y A7 = expay, Ny =
expny and my = RH, + RE; + Ry/—1Z54 + m. Then by definition,
the Jacobi parabolic subgroup Py of G is given by P;y = MjAj;Nj with
MJ = ZK(CLJ) exp(mJ). »

Let Dy, be the discrete series of SU(1, 1) with Blattner parameter po
(Ipo| > 2). Weidentify My ~ C(V)x SU(1,1). By definition, the principal
Pj-series mp,(m, po;v) = IndIGDJ (e‘/‘_l"“gDp0 ® e¥TP3 ® 1) consists of the
smooth functions on G satisfying

f(tmoang) = tma”+pJDp0(m0)f(g) ((t,mo) € My, a € A3, n € Nj)

for quasi-character a¥*#7: A — C* of A (v € C, pj = 3)\).

We consider as a typical multiplicity-one K-type of np,, a corner
K-type 14 with property: 1) it is of minimum dimension in 7p,|x; 2)
Td+s is not a K-type for a non-compact root é such that 7y s € K. For
example, if mp, = 7p,(m,po; ) (m,py > 0), then the corner K-type is
given by d = [0, m; 2po — m] ([4, p. 541]).

1.7. Middle discrete series

We fix the compact positive roots as A, = {[2,0;0],[0, 2;0]}. There
exist 6 positive systems containing Zc. According to Harish-Chandra’s
result, a regular, dominant integral weight A with respect to the pos-
itive system (the Harish-Chandra parameter) defines a discrete series
representation. If {[1,41;+2]} (resp. {[%1, 1;+2]}) is chosen as a (non-
compact) positive system, the set of Harish-Chandra parameters is de-
noted by Einr (resp. Epv). Precisely, for A = [A1, Ag; Ag], A is contained
in =y (resp. Erv) when A; — Ap > |Ag| (resp. As— Ay > |A3|). Then the
resulting representation is of Gel’fand-Kirillov dimension 5, to which we
refer as the middle discrete series representation.

It contains a unique minimal K-type 74 (d = [r, s;u]). Its parameter
d is obtained from the Harish-Chandra parameter by d = A + p, — pc
using a half sum py, pc ([10, IX,§7]). In the middle discrete series case,
one has d = [A; + 1, Ay F 1; A3] for given Harish-Chandra A € Epy or
fimsly A V2N

1.8. R-model
Let R be a closed subgroup of G with double coset decomposition

(1.5) G =RAK, g=Ad(@a r+a+t.

Here a is a regular element in some vector subgroup A of G and vt =
Lie(R). Let (n,V,) an irreducible unitary (or Frechét) representation of
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R and define a smooth induction Ind$(n) and its representation space
C°(R\G) consisting of V;-valued smooth functions satisfying

f(rg) =n(r)f(g) (reR),

on which G acts by right translation. For an irreducible admissible rep-
resentation (m, H,) of G, choose an element ®, , of intertwining space:

I(m,n) = Homg, iy (Hr i, C;° (R\G)).

We call the image of @, , a R-model of 7.

To describe a spherical function, suppose that (7,V;) € Kisa
multiplicity-one K-type of 7. By restriction, ®, ,, is regarded as an ele-
ment of Homg (V;, C3°(R\G)). Define V) ® V;+-valued function @ 5,7«
by

(@, (9), ) = Pr,p(v)(9) (veVr)

for canonical pairing (w ® v*,v) = v*(v) - w (w € V), v € V., v* € V).
We say @, .~ as a (n,7*)-spherical function of 7, which belongs to

C5ern (R\G/K) = {#: G £V, @ Vi | @lrgk) = n(r) @ 7 (k) " 9(9)}-
In view of (1.5), a function in Cg%..(R\G/K) is determined by its

77—*
restriction to A, i.e., its A-radial ert. We want to find differential
equations of the A-radial part of ®, , r«.
Sometimes they define a holonomic system and the intertwining
space Z(m,n) is isomorphic to, or a subspace of the solution space of this
system; when 7 belongs to the discrete series ([22, 26]) and R-model is

the Whittaker model ([11]) is a typical case.

1.9. The Schmid operator
For ¢ € C5,.(R\G/K), define V, -~ by

(1.6) Vo 8(9) = 3 Rx,6(9) © X;

with orthonormal basis {X;} of p and Rx the differentiation of the
right translation. V, .- is determined independently of the choice of
such orthonormal bases.

Suppose that m has a special K-type T with property that a con-
stituent § of T® Ad is not a K-type of 7. Put the projector P°: 1@ Ad —
6. Then considering the composition

P% 0V, : C2.(R\G/K) — C.(R\G/K)
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(6* is such that 75+ could be contragredient of 75), one has
w7 P 0¥y Br e =0,

Such a special K-type exists if, 1) m: discrete series, then 7 is its minimal
K-type, 2) m: principal Pj-series, then 7 is the corner K-type defined in
§1.6.

1.10. A-radial part of the Schmid operator
Let ¢ € C7%«(R\G/K) and F = ¢|a. Then the A-radial part of
Vp,r+ is defined by

PA(Vn,T*)FI (vn,f*¢)|A'

It is computed as follows.
Decompose X € p¢ into

X =Ad(a™ )X, + X, + Xe
along (1.5). Then

Rxp(a) ® X
= Rada-1)x,.#(a) ® X + Rx, ¢(a) ® X + Rx,$(a) ® X
= (n(X:) ® 1v,.)(¢(a) ® X) + 0(X,)$(a) @ X
— 1y, ® (1 ® Ad)(Xe)(¢(a) ® X) + ¢(a) ® Ad(Xe) X

where 8(X)¢(a) = (d/dt)i=o¢(aexp(tX)). Thus, if we write

(I)ﬂ,n,‘r* (g) = Z Co,w (g) wRvU
w,v

(1.8)

using bases {w} of V,, and {v} of V;«, we can compute the A-radial part
of (1.7). It is a system of difference-differential equations of the A-radial
part of the coefficients {c, (a)}.

In our late discussion, the group A is the same for various choice of
R. 1t is the vector part of the maximally R-split Cartan subgroup of G.
For some “spherical” subgroup R, A might be 1-dimensional, but we do
not discuss such cases in this paper.

§2. Whittaker functions

In this section, we select R = Ny, the maximal unipotent subgroup
of G with Iwasawa decomposition G = N, AK and 1 a nondegenerate
unitary character of N. We consider m = 7p, case, for only the large
discrete series representations admit Whittaker models.
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2.1. Differential equations of Pj-series Whittaker func-
tions
Let  be a nondegenerate unitary character of N,,,. We put

no = n(Es)* + n(Ee)?, ny =n(Es) - V=1n(Es), 12 = V—1n(E3),

then by definition, 7, and 7y are nonzero real numbers. Let 7 be a

principal Pj-series representation and ® = ® , ,+ a spherical function
in C3%.. (N\G/K) defined in §1.8, where 7 € K is a corner K-type of .
For simplicity, we state the results in the case of = mp,(m, —pg; V)

with m > 0 and po > 0. Then the corner K-type is given by [m,0;m —
2po]. Let d* = [m,0;2py — m] for later convenience.

Put &(g) = Z;'n:o c; (g)f;g*) using the standard basis. Then ¢;(g) =
(@(9), (fjo £ € Cy°(N\G) and is called a Whittaker function of 7.

Theorem ([4, Theorem 4.7]). Put

m+po+2—j Po—Jh (a1
K

cj(ay,az) = exp(— "72‘12/2) as).

Then, h; satisfies
(2 9) (8162 - (al/a2)2770)hj = 0;

’ (02 + 82 + 27 ; (01 + 82) — 2120302 + 7,2,0- —v2)h; =0
with Yr; = m+po — 25 — 1.

2.2. Integral representation of Whittaker functions

Let Wy .(2) be a classical Whittaker function ([25, 16.12]) with
Whittaker’s differential equation:

2w 1k 1/4—p?
2.10 Lo WA= N o
(2.10) dz2+( T )W 0

Then one of the solutions of (2.9) can be represented by the following
integral form under the condition 7, > 0.

Theorem ([4, Theorem 5.1]). Suppose that ny > 0. Then,
(2.11) Cj(a]_,az) =cp- (_8772)7"—3'771%e—ﬂ2a§/2a’1n+l’o+2—ja12’o—j

oo 2 2
/ tH—m=pot/2y, () exp (47}2770‘11 S ) .
0

t2 167’]20/% i
Here ¢y is a constant independent of j.

We remark that the Whittaker function for the large discrete series
has the similar integral representation ([5, Theorem 4.5]).
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§3. Generalized Whittaker functions (Siegel case)

We briefly review the recent results of Gon [2] about the middle
discrete series (§3.2) and the principal Pj-series representation (§3.3).

3.1. A spherical subgroup attached to the unipotent radial
of the Siegel parabolic subgroup
Let ng = gax, + 825, + 9x,-2gs Vs = eXp(ﬂs) and Lg = Z(;'(Ns).
Then Ps = LgNg is called a Siegel parabolic subgroup. Identifying Ng
with hermitian matrices:

—a cv/—-1+d
exp(aE; + bEy + cE3 + dEy) (—c\/:T+ d —b ) d

one can parameterize its (nondegenerate) unitary characters & by the
(nondegenerate) hermitian matrices He by

£(X) = exp (2rV—1tr (He X)) (X: hermitian).

Without loss of generality, we assume that He = diag(§:, &) with & > 0.

Let Stabp (£) be the stabilizer of £ in Lg. Define SU () as the iden-
tity component of Staby (&), isomorphic to SU(2) or SU(1, 1) according
to H¢ being definite or indefinite. Take R = SU(§) x Ns and n = x ® &
for an irreducible unitary representation x of SU(). Then one can show
that

g =Ad(a ") (su(€) +ng) +a+t
An sly-triple of su(€)c is given by {he = Ip, e¢ 4, €¢,— }:
e+ = | det(2He)|7Y2(61" Bs — &Es £ V—1(&"Es + £&2E)).

In this section, we refer to the R-model with R = SU(§) x Ng as
the generalized Whittaker model.

3.2. Generalized Whittaker functions for the middle dis-
crete series ‘

Theorem ([2, Theorems 13.11, 14.14]). Let A = [r — 1,s + L;u] €
B and ma a middle discrete series representation with Harish-Chandra
parameter A having T s, as its minimal K-type. Then the generalized
Whittaker model for mp exists uniquely if and only if He is indefinite and
if x s a (imit of ) discrete series Dp, of He with po = r + s (mod 2)
and ||[po| — 7| < s.
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Remarkably it contrasts to well-known “Kécher principle” for the
holomorphic case. This theorem, so to say, a Kocher principle in re-
verse, says that Fourier coefficients of automorphic forms belonging to
the middle discrete series appear only over indefinite characters.

The description of the generalized Whittaker functions is as follows.
Denoting the representation space of Dp, as Vp, = D¢y, +2Z50 Cuvj (we

assume now po > 0), we put

d
Prn,re(9) = Z Z bpo-+2h,k,w(9) Vpo+2n @ fzg,l
h€Zso kaw

Then bj k. = O unless j + 2k + 2w = r + s ([2, Lemma 14.8]) and
the coefficient function by, 4on,w = bpot2h,(r4s—po)/2—w—h,w 1S given as
follows:

Theorem ([2, Theorem 14.14]). For a = (a1, a2) € A, one has

bpo+2h,w(§1_l/2(11, (—52)‘1/2612) =c- afﬁ“,{‘“) (alaz)T+2—po/2

(3.12) 2_ 2
Ry (aafar) - FED (—dm(ad - af)) - 27O

with constant ¢ and

(o) _ r 8 1/_2*&_1_4_}1
b = ——~—T+32—p°—w—h w h ’

RU(8) = W02 Fy (+ 1) /2, s 1 = h+ (1 — 1) /25 8),
FYO(0) = 56T/, By (a1

where o Fy and 1 Fy is the Gaussian hypergeometric function and Kum-
mer’s confluent hypergeometric function, respectively.

Note that Rgl_"’p O)(t) and FFo) (t) are well-defined Laurent polyno-
mials under the condition of the above Theorem. See [2, Theorem 14.14
(b-3)] for po < 0.

3.3. Generalized Whittaker functions of the principal P;-
series

In this subsection, we assume that H; is definite. Fix an (n + 1)-
dimensional irreducible finite-dimensional representation x, of H¢ and
a standard basis {v;}7_, of xx-

We consider the generalized Whittaker model for a principal Pj-
series m = wp, (m, —po; V), assuming m > 0, pg > 0 for simplicity. Then
the corner K-type of w is given by [m,0;m — 2pg] and as usual, set
d* = [m,0;2py — m].
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Theorem (]2, Theorem 8.14]). If the generalized Whittaker model ez-
ists for w, then it satisfies n > m and n+ m € 2Z.

Put n’ = (n—m)/2 € Z and
n m d*
Br s (@) =D ) cikl9)v; ® £
3=0 k=0

Then c;j i = 0 unless j = n' +m — k ([2, Lemma 6.2]); we simply write
¢y instead of cp/ 4 m—k k-

Theorem ([2, Theorem 8.15]). For (a1, az) € A, one has

(313) ex(&rPar &g Pas) = e (-1 (7:) (wi k)

. a;n—k+1)0+2a12€+P0+2 (a% _ a%)n' . e—27r(a"1’+a§)
1
: / F(m(a® + a3(1 — £))) £ k(1 — )7+ gy,
0

for constant c, where
F(z) = ezz‘("+P0+2)/2W(p0_n_2)/2,,,/2(2z)
and Whittaker’s confluent hypergeometric function W, (cf. (2.10)).

The similar results for Sp(2; R) were obtained by Miyazaki [14]. In
fact, the Whittaker function of Pj-series of Sp(2; R) satisfies almost the
same differential equations as those of SU(2, 2).

§4. Matrix coefficients: Pj-series

4.1. (7, 7*)-matrix coefficients

From now on, we concentrate on the problem of matrix coefficients.

Let (m, H;) be an irreducible admissible representation of G and
(7, V) its multiplicity-one K-type. We identify the representation spaces
V, V* with their unique images in H,, H} respectively.

The matrix coefficient of 7 is defined by

(m(g)v, w")
forveV C Hy, w* € V* C H;. Put

2r(9) = D (n(9)v,w") w @ v* € CF. (K\G/K),

v,w



64 T. Hayata, H. Koseki and T. Oda

where {v} and {w} run bases of V and {v*} and {w*} are their dual
bases, respectively.

We take R = K and 7 = 7 in the notation of §1.8, then ®, coincides
with the spherical function ®, , --. In fact, defining @, . by

(4.14) B (v)(9) = Y_(m(g)v,w*)w,

v,w

then we see that ®, ; is in Z(m, 7).

We remark that because of (m(g)v, w*) = (v,7*(g~!)w*), we can
regard ®,(g~') as a matrix coefficients of 7* by changing the role of
right and left actions of K.

In the following, we choose as such a basis the standard one intro-
duced in §1.5. Namely, letting 7 = 74 with d = [r, s;u], then 7] ~ 7,
(d* = [r,s;—u]) so that V = B, (Cflgi)ll, V* =@, .1, (Cf,gill. For
d)

h

simplicity we write the index M = (k1,l1; k2, l2). Then, taking w = f,g

d*
and v* = ,52 1)27 define

enrlg) = (n() (£, (D)%),

Note that the isomorphism (74)* ~ 74+ is given by

- -0 () ()

The component cp(g) is determined uniquely by its restriction to
A considering the Cartan decomposition G = KAK. For any element
m of the centralizer Zx(A) of A in K, ¢ € C..(K\G/K) satisfies

f(d*)

r—k,s—I*

¢(mam™) = ¢(a)  (a € A).
Accordingly, if cas (M = (k1,11; k2, 12)) is not zero then it should satisfy
(4.].5) ki+li+ky+1la=7r+s.

4.2. Matrix coeflicients of Pj-series

For simplicity, we consider only 7p, = wp,(m, —pg; v) with m,py >
0. Then the corner K-type of 7p, is given by [m, 0; —2py + m]. We put
d* = [m,0;2py — m] as in §4.1. Since {m — 1,1;m — 2pg — 2] does not
give a K-type of mp,, it follows

(4.16) PPopa(Vess)®rp =0 (6 =[-1,1;-2)).
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Obviously @, r, satisfies the following equation for the Casimir element
Q,

(4.17)  pa(Q)® = x(7p,)®, x(7p,) =v*+ (po — 1)? — 10+ m?/2.

We simplify each of them along §1.10. The consequence is shown in
succeeding subsections.

4.3. Euler-Darboux equation

Firstly, consider the radial part of V = V. .. itself. Since pc =
p+ +p—, V is decomposed into V. + V_ canonically. Set Xi(;r) =X
Xi(j_) = X,;. Then in view of (1.8), the radial part of V. is computed
as follows:

Proposition 4.1. Denoter=717,81 and 75 =1 Q7" ® Ady. Then

(4.18) paVa)o= Y TEeeX[)),
i=1,2, j=3,4
where
+ 1 2y—1 2 * 2 2
T3 = 2 (81 F sh(ay) ™ 7(Z1s) + cth(a1)(2 F 71 (Z13)) + D Sh(a1)>’
1

T = 3 (02 % oh(ad) 7 r(Z2a) + cth(ad) (2 F 75(Z04)) — 5 sh(ad)),

2
Tlf = :t% (ch(al) sh(az)‘r(eljF) +sh(as) ch(az)r(ei)

+ sh(as) chag)i (e%F) + sh(ay) ch(aq )7L (e?F)) ,
T2ﬂ3: = :F% (sh(al) ch(az)7(ek) + ch(a1) sh(az)7(el)
+ sh(ay) ch(a1)7} (€l) + sh(az) ch(ag) 7% (eft)) .

Operating Pl=115-2 to (4.18), one has the system of difference-
differential equations in terms of the components cg,;k, := C(k, 0;k,,0) Of
@, . Eventually, the explicit formula of (4.16) reads

(4.19)  2(ky + 1)*sh(ay) ch(ag) D™ ek 41505 -1
= —k2 (81 + 71,4+ sh(a3) ™' — 72,— cth(ay)?
+ (k1 + 1) sh(a?) D™ cky ik,
2(kg + 1)*ch(a;) sh(ag) D™k, —1:kp+1
= k1 (82 — 11, sh(a3) ™! + 72,4 cth(az)?
— (k2 + 1) sh(a3) D) ciyhy
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with ¥; 4 = ¥i 4 k, ks = (k1 — k2 £ (—1)*(2po —m))/2. Consulting (1.2),
we see that (4.19) are equivalent to
(4.20) ((81 + 71,4+ sh(a?) ™ — 45— cth(a?) + (k1 + 1) sh(a?)D ™)
(82 = y1,-sh(a3) ™" + 2.+ cth(a3) — (k2 + 1)sh(a3)D1)
+ k1 (ko + 1) sh(a?) sh(a%)D_z) Chyjky = 0.

Set ¢k, (a) = ch(a; )4+ ch(ag)?- hg, (a) with AL = (u £ (k1 — k2))/2.
(Note that ky + k2 = r + s.) Then it is rewritten in terms of h, as

(4.21) (8182 — (k2 +1)sh(a3) D10y + (k1 + 1)sh(a?)D ™" 82)hi, = 0.

The case of m = 0 is slightly different. Because of the lack of non-
compact roots which make the corner K-type vanish, we use another
equation generated by the composition of two Schmid operators. The
resulting equation is the same as such mentioned above.

4.4. Poisson equation
Next consider (4.17). Put F; = E; — *E; and

D;t =

)

ajaz £a7lta;t i=3,4,
al/agzl:ag/al 7,=5, 6.

The radial part of the Casimir operator is obtained by a similar calcu-
lation:

Proposition 4.2. It holds for ¢ € C*(A) that
pa@ = (3 (82 +2(cth(a?) + (~1)" sh(a?) D)5
i=1,2
+sh(a?) 2 ((r(F0)? + 7*(F)?) + 2¢h(a?)( @ T)(FY)) )

+ 37 2D (r(F + Dis(r @ T (F) + 7 (Fi)?)
i=3,...,6

(4.22)

+2~17'* (hl + h2)2)¢

Hence the equations satisfied by ci, .k, result from (4.22). Taken hy,
in place of cg,;k,, they finally become

(4.23) (8] + 03 +2(—,+sh(a) ™" + (92,- + 1) cth(a?) + sh(a?) D~
+ ka cth(a;)(sh(a1)? + sh(az)?)D~1')6;
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+2(71,- sh(a}) ™! + (1 - 72,4) cth(af) — sh(a3) D
— ki cth(az)(sh(a1)? + sh(a2)®)D™1)82 + x/(7p,) ) hi, = 0
with x'(7p,) = x(7p,) + 2m + (2po — m)(2po — m — 8)/2.

4.5. Integral representation of solutions

Now we introduce new variables yi1, y2 by ¥; = —sh(a;)2. Then the
above equations (4.20), (4.23) for hj, are rewritten as follows.

Theorem 4.3. Let y; = —sh(a;)? for (a1,az) € A. Then,
1. (Euler-Darboux equation)

? ko+1 0O ki+1 8
— — 4+ — |hg, =0,
<8y18y2 Y1 — Y2 Oyr Y1 — Y2 8yz) k1

2. (Poisson equation)

o2 82
1 (g1 — 1)~ + dya(ys — 1) o + x(r
Y1 (yl )8y% yQ(yZ )ay% X( PJ)
0o
+ 2((72,— +2)(2y1 — 1) + 71,4+ + 251 (y1, yz)) e
15)
+ 2((2 —¥2,4+)(2y2 — 1) + 71, + 282(v1, yz)) 521—2) hig, =0.

Here we put Si(y1,y2) = (2yi + k(g1 + y2))(wi — D)(yi — yar) ™" for
(4,4") = (1,2), (2,1).

This system is quite similar to that of lida ([7, Proposition 8.1]).
We obtain an analogous integral formula.

Theorem 4.4.
1
he = co / 2Fy (g, pi; 2 —sh(ar)? — sh(az)2(1 — £)) t*(1 — £)™* dt.
0
with py = (m —pg + 3£ v)/2 and a constant cy.

85. Matrix coeflicients: the middle discrete series

Let w5 (A € EpUEry) be a middle discrete series representation of
G (81.7). Then, the Blattner parameter of s in A € Zyyp (resp. A € Epy)
is A+ [1,-1;0] (resp. A+ [—1,1;0]). We only treat the case A = [r —
1,5+ 1;u] € Sy as the other case (A € Epv) is similar.
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We take as n in §1.8 a minimal K-type 7 of 7o and consider the
spherical function ®5 = @, . ,«. Asseenin §1.9, V. .~ ®, vanishes when
it is projected by P° (§ € {[1,1;£2], [1,—1;£2]}). These differential
equations characterize spherical functions ®, ([26, Theorem A)).

Write ®4(a) = . emr(@)fi2), ® f3) for M = (ky, by ko, o), d* =
[r,8; —u] as in §4.1. As is done in §4.3, the radial parts

(5.24) Plops(Ver )@y =0  (6€{[1,1;£2], [1,-1;%2]})

are computed exactly using Proposition 4.1. Accordingly the system
of difference-differential equations for ¢y, is found by an elementary but
rather tediously long calculation to reduce the system into simpler forms
step by step. Here we only write the final step.

For simplicity, put

ento) = (1) () () () e asears 0

and use the following notation

p = ch(ay) ch(az), t= (ch(al)/ch(a,z))2.

Then one has,
8, = (cth(a1)8: + cth(az)d2)/2,
8t = (cth(al)al - Cth(az)az)/4.

We obtain the system of differential-difference equations of cps(a) (hence,
of épr(a)) from the radial part of (5.24). For instance, ¢js satisfies

(Op — lh)emr = LaPC(iy 1y skat1,02—1) F 11Chy li—15ka41,12) (T F K2),
therefore, it can be written in the form

L+l

(5.25) Gm(a) = Y (1) Rrhphth=isy, (1),
=0

For simplicity we denote
O{usk} =0 +u/d+k(t+1)(t —1)71/2,
za(t) = /2 £ 4712,

Comparing the coefficients as a polynomial of p, one can derive the
following from the system.
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Lemma 5.1. 1. If 0 < kg <, then,

(5.26)  (l2 — )86 = o8k lyshat1,02—1)56 — 118 (ks la—1ika+1,0)i—1>

(5:27)  22_(t)0i{us k2 + 1}sari = 2K18 (kg — 1,14 5k041,012) 4
+ 1228 (g 1y ka4 1,2 —1)i—1 = 24 (8) S (ky yshn+1,12—1) )
- ll('z+(t)3(k],ll—l;k2+1,l2),i-—1 - zs(kl,ll—l;k2+1,l2),i)7

(5.28) (s —la+1)smi+1 = (8 — 11)S(ky ly+15kasla—1),i
+(s—1y— i)S(kl,ll;k2+1,lz—1),i+1 = (i~ i)z+(t)5(k1,ll;k2+1,l2—1)7i
+ (201 + 12 = 8 = 1)S(ky 1y sk +1,15—1),i—1-

2. If 0< ky <, then,

(5:29)  (lh —9)sM,i = LS (ks +1,li—1ka,02),i — 128(ka+1,1skz,0a—1),i—15

(5.30) 22— (1)Oe{—u; k1 + 1}sm,s = 2K28(ky 41,1 1ka—1,10) i
+ 11(28(ky 41,1 — 15ka,1)si—1 — 24 (B) Sy 1,1 —15k2,02) )

- l2(Z+(t)s(kl+1,l1;k2,l2—1),i—1 - 23(k1+1,l,;k2,12—1),i),

(6.31) (s =l +1)spmir1 = (8 = l2)S(ky, 1y~ 15ka,la+1),i
+ (8 =11 = 9)8(ky 41,11 —13ka,l2)i+1 — (l2 — )24 () S(ky 41,1 —15k2,00).i
+ (212 + 11 — 8 = 8)S(ky 41,1 —1kn,la) i 1-

5.1. Peripheral entries and Gaussian hypergeometric func-
tions
First assume that [, = Iz = 0. We simply write sk, k, = S(k,,0;k2,0),0-
By (5.27) and (5.30), it follows

Z (t)@t{u; ko +1 }Skl;k2 — klskl—l;k2+1 =0,
z2—(£)Op{—u; k1 + 1}Sky ke — k28141651 = 0.

Eliminating sg, —1;%,+1, We have
(Br{—u; k1 + 1} - Op{u; ko + 1} — k1 (k2 + 1)z_(t)_2)sk1;k2 =0.
Because r + s = k1 + ko, it becomes

r+s+2t+1 u(ks —ka)t+1 ey
(Bf+ (k1 — k2) 4 ek ,k2> Skiey = 0

5 1ot 8 t—1 16
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with Yax, k, = (r + s+ 2)% — (k1 — k2)? — w?. This is a Gaussian
hypergeometric differential equation. Its Riemann’s P-scheme is:

0 1 o0
P r+s+2 _ ki—kotu 0 r+s+2 4+ ki—ko—u

4 4
'r'+z+2 + k1—§2+u —(7‘ + s+ 1) riij:2 _ kl‘%z—”

For later use, let ®(mi,m2) = ®(m1,mz;u;t) be a regular function
around 1 having the P-scheme

0 1 oo

P mi+mo+2 _ my—motu 0 mi+me+2  my-—mo—u

4 4 4 4
mi+mao+2 mi1—matu mi+mao+2 mi—mo—u
142 + 1 42 _(m1+m2+1) 1 42 + 1 42

with condition

my + mz) -t

®(my,mo;u;l) = ( my

We also write ®(m) = ®(m,r + s — m) for simplicity. Then it follows
8(ky,05k2,0),0 = Co®(k1) (co : a constant) since the matrix coefficients are
regular at 1 € G.

5.2. Reduction of general coefficients sps;

To describe general solutions, we introduce the notion of height h
and bias b. Write M = (k1,l1;k2,l2) as before. Define h = h(M, i) =
min(i, ll, lz, l1 + 1y — i), lmin = min(ll, lz), lmax = ma.x(ll, lg) and

0 1 S lmina
b= b(Ma Z) = (Sgn(l2 - ll)) . (7' - lmin) Imin <1 < lmax»
-0 Inax < i.
Then one has the following;:
Proposition 5.2. It holds that
b+h
(5.32) SM,i = Z Qj(—24) (k1 + 11 +5)
j=b—h

for a polynomial Q;(t) = Q;(M,i;t) of degree h — |j — b| satisfying

Qj(—z4) = (—1)48%9Q;(2y).
In fact, Q;(t) depends only on l; and l,.
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5.3. Polynomials Q;(z4)
Proposition 5.2 says that @; is in the form

Qi(z1) = Y Bm(M,i, )24 717%™,

m2>0

By the difference equations of Q; deduced from (5 28), those of 3,,,(M, 1, 5)

—|il-2m

are obtained by comparing the coefficient of z as follows: If

% < lmin, j = 0, then

(6.33)  (s—1i+1)ifm(M,i,5)
= (s = l)l2Bm(M +(0,1;0,-1),s — 1,5 — 1)
+Uh(s—la—i4+1)Bn_1(M+(0,-1;1,0),: — 1,5 + 1)
+ (lh — i+ 1)lBm(M + (0,0;1,-1),¢i — 1, 5)
+ @2+l —s—i4+1)fm_1(M+(0,0;1,-1),7 — 2, 5).

If 7 <0, then
(5:34) (s —i+1)iBn(M,i,j)
= (s — I1)l2Bm-1(M +(0,1;0,—-1),¢ — 1,5 — 1)
+h(s—l—i+1)Bn(M+(0,-1;1,0),i — 1,5+ 1)
+ (ll —i+ 1)l2/8m(M + (07 0; 17 —1)a7: - 17.7)
+ @2+l —s—i+ l)lzﬂm_l(M + (0, 0;1, —1),i - 2,])
Its solution is in the following, which is proved by induction.
Proposition 5.3. Assume that 0 < Iy + 13 < 8,7 < lnin. Then,

—am(MH)Z(J —|—ml n)(j_i_mlz—nxs_iw)

n=0

for

am(M;i,5) = (i_ li,L_ m) (TZ)_I (j)—l(i—ji:—m) (i—jl_z—m)’

where j1 = max{+7,0}.

The results for s < l; + [, is also obtained similarly.

One can check that each 3,,(M, ¢, j) are well defined and are nonzero
ifand only if i —|j|-2m >0, l; —i+jr+m >0and lo—i+j_+m > 0.
Consequently,
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Theorem 5.4. Let w5 be a middle discrete series representation with
= [r— 1,5+ 1;u] € Emn1, and 7 = 74 the minimal K-type of ma with
d = [r,s;u]. For a (1,7*)-matriz coefficient O r -+, put

Qﬂ',‘r,"‘*(g) = Z C(khll;kZ’lZ)(g) fklyll;k2)l2"

k1,l1; ka,l2
Then, cp(a) (M = (k1,11; ke,12)) is zero unless k1 +11 + ka+1la =745
and the explicit formula is given by the following:
1. Suppose that l1+1y < s. The matriz coefficients ck, i,; k,,1,(a1, a2)

can be expressed as follows:

eym(ar,a2) = c()(—l)"_kl_l1 (sh(ay) sh(az))s_ll_l2
li+ls

« Z; (ch(ay) ch(ag))~(rHetD/2Hlta—i (kl) <1;> (Z) (182)

[h IJI]

h—ljl—2m
( 1 h—|j] /Bm M i +b) Ch(al) h(a2)
X]zz_h 2 N ( h(az) ch(ao)

h
X‘I’(k1+ll+j+b,k2+lz_j_b;u;(C (al)) ),

ch(az)

for b= b(M, ), h = h(M, ).
2. Suppose that s <1y +12 < 2s. Let b/ = b(M',i) and h' = h(M',7)
for M! = (r — ky,s — l1;7 — ka,s — I3). Then,

cm(ar, az) = co(—1)""%¥17" (sh(a1) sh(ap)) ~*+1
[N

x ZE (ch(ar) ch(ag)) ~(THot2)/2H20mh~ta s (;D (1:) (Z) (li)

[h/—|.7|]

h'—|j|—2m
X Z( 1)h —lsl Z B (M’ 3,5 + 1) (ch(al) +ch(a2))

Pt for ch(az) = ch(ay)

2
X® | ky+ly4j+6,ki+1—j—b;—u; ch(a) ")
ch(az)

§6. Further problems and some comments

The spherical functions for R = K, R = SO(§) - Ns and R = N,

are different realizations of the same 7w. We have two natural problems
among these realizations:



Matriz coefficients of SU(2,2) 73

1. The change of the holonomic systems of spherical functions with
corner K-type with respect to the change of R (K — SO(§) x
Ns — Ny,), seems the confluence process of the singularity. Is
there any natural geometric formulation of the process in terms
of the deformation of R and their representations?

2. Find the integral kernel to represent the intertwining operator
from one realization of 7 in Indg1 (m) to another in Indg2 (n2),
for different (R;,n;) (i = 1,2).

Because the (restricted) root system of Sp(2;R) is the same as that
of SU(2,2), the spherical functions of the both groups are very similar.
So we give recent literature on the spherical functions on Sp(2;R); it
is mainly concerned about the principal Pj-series and the large discrete
series:

R = Np,, n nondegenerate character: [21] for the large discrete
series, [16] for the principal Pj-series. Also in a different context,
Niwa [20] gives an integral formula for the class-1 principal series.
The holonomic system for the principal series is obtained by [15].

R = Ny,, dim(7n) = oo: Narita [18] for the holomorphic discrete
series.

R O Ng, n definite character: Miyazaki [14]. Also Niwa [19]
gives an integral formula for the class-1 principal series.

R D Nj, dim(n) = oo: Hirano [6].

R = K: Iida [7] for the principal Pj-series,

R = SL(2) x SL(2), n unitary: Moriyama [17].

The first named author also works on the case G = SU(2,2), R =
Sp(2;R) for the principal Pj-series (in preparation). The last named
author find an explicit formula for the A-radial part of the matrix coefli-
cients with minimal K-type of the large discrete series of Sp(2;R) quite
recently (in preparation). The similar result for the large discrete series
of SU(2,2) is very probable.

We should also mention that in view of the isogenies SU(2,2) ~
S0(4,2) and Sp(2;R) ~ SO(3,2), some generalization of our results
to the general orthogonal group SO(n,2) is probable. For example we
believe the matrix coefficients of the principal Pj-series and the middle
discrete series of SO(2n,2) resembles to those of SU(2,2).
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